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Emergence of localized magnetic moments near antiferromagnetic quantum criticality
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We revisit an antiferromagnetic quantum phase transition with Q = 2ky, where Q is an ordering wave
vector and k is a Fermi momentum. Reformulating the Hertz-Moriya-Millis theory within the strong-coupling
approach to diagonalize the spin-fermion coupling term and performing the scaling analysis for an effective-field
theory with quantum corrections in the Eliashberg approximation, we propose an interacting fixed point for this
antiferromagnetic quantum phase transition, where antiferromagnetic spin fluctuations become locally critical to
interact with renormalized electrons. The emergence of local quantum criticality suggests a mechanism of w/T
scaling for antiferromagnetic quantum criticality, generally forbidden in the context of the Hertz-Moriya-Millis

theory.
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I. INTRODUCTION

A standard theoretical framework for quantum phase
transitions in “good” metals is the Hertz-Moriya-Millis theory,
describing non-Fermi-liquid physics near quantum criticality
in terms of local order-parameter fluctuations [1]. An essential
aspect of this field-theory approach is that it does not allow the
frequency (w) over temperature (7') scaling physics around
quantum criticality, which originates from the existence of
abundant soft modes near the Fermi surface, giving rise to
the fact that the Hertz-Moriya-Millis (HMM) theory lives
above its upper critical dimension and breaks the hyperscaling
relation [2,3]. It has been pointed out that the structure of
the HMM theory may be modified, where the interaction
parameter in the quartic term of the HMM theory is not
a constant but a complicated function for frequency and
momentum, effectively giving rise to nonlocal correlations,
if one goes beyond the Eliashberg approximation [4-8].
Unfortunately, the role of such nonlocal interactions remains
inconclusive.

Recently, the possibility of w/ T scaling has been addressed
in a study of heavy-fermion quantum criticality [9]. Based
on the nonlinear ¢ model description for the dynamics
of localized spins, Kondo fluctuations are shown to cause
nonlocal interactions between such spin fluctuations. Perform-
ing the renormalization-group analysis, nonlocal interactions
between spin-wave modes turn out to make the spin-wave
velocity vanish logarithmically at the quantum critical point.
Local quantum criticality [10] driven by nonlocal interactions
between order-parameter fluctuations will allow the w/T
scaling physics in dynamic response functions.

In this study, we revisit an antiferromagnetic quantum
phase transition in the system of itinerant electrons with
Fermi-surface nesting. In particular, we focus on the case
of Q = 2ky, where Q is an ordering wave vector and kp
is a Fermi momentum. An idea is to take a strong-coupling
approach in the HMM theory [11], which diagonalizes the
spin-fermion coupling term, reformulating the HMM theory
in terms of fermionic holons (renormalized electrons) and
bosonic spinons (directional spin fluctuations) [12], referred to
as U(1) slave spin-rotor theory (Sec. II). As a result, we obtain
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an effective-field theory in the two-patch construction [13],
describing holons, longitudinal (amplitude) antiferromagnetic
(critical) and ferromagnetic (gapped) fluctuations, transverse
spin fluctuations (spinons), spin-singlet (gauge) fluctuations
(gapless), and their interactions (Sec. III A). Introducing
quantum corrections into the effective-field theory within the
Eliashberg approximation (Sec. III A), we perform the scaling
analysis at the “tree” level. Considering the standard scaling
analysis [13,14] in this renormalized effective theory, we fail
to find a critical field theory, where interaction vertices turn
out to be relevant (Sec. III C). On the other hand, assuming
that the “transverse” momentum along the Fermi surface does
not change under the scale transformation, we find a critical
field theory in terms of renormalized electrons and transverse
spin fluctuations, where the dynamics of transverse spin
fluctuations becomes locally critical (Sec. III D). This local
quantum criticality suggests a mechanism of w/T scaling,
generally forbidden in the context of the HMM theory, since
this fixed point is interacting in nature, distinguished from
that of the HMM theory. Although we focus on the case of
two dimensions, we find the same critical field theory in three
dimensions. Emergence of localized magnetic moments is the
nature of this fixed point in the antiferromagnetic quantum
phase transition with Q = 2kp.

A viewpoint of the present study can be described by the
schematic phase diagram in Fig. 1, where the x axis is the
inverse of a spin-fermion coupling constant and the y axis is
temperature, constituting a conventional phase diagram. We
suggest to add an additional axis to this phase diagram, which
corresponds to an ordering wave vector, but appropriately
changeable to be related to Fermi-surface nesting. It is a
conventional view that the fixed point of an antiferromagnetic
quantum critical point with Q # 2k is described by the HMM
theory. Applying the strong-coupling approach above to the
antiferromagnetic quantum phase transition with Q # 2kp,
we check the possibility of a fixed point beyond the HMM
theory (Sec. III B). Although the HMM theory is a critical field
theory for this antiferromagnetic quantum critical point, the
U(1) slave spin-rotor formulation allows us to reach another
fixed point, for which interactions between transverse spin
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FIG. 1. (Color online) A schematic phase diagram for antiferro-
magnetic quantum phase transitions. The x axis is the inverse of
a spin-fermion coupling constant, and the y axis is temperature,
constituting a conventional phase diagram. Here, we suggest to
add an additional axis into this phase diagram, which corresponds
to an ordering wave vector, but appropriately changeable to be
related to Fermi-surface nesting. SDW and FL denote spin-density
wave and Fermi liquid, respectively. UISSR FP represents a U(1)
slave spin-rotor fixed point, and HMM and LQC express Hertz-
Moriya-Millis quantum criticality and local quantum criticality,
respectively. It is a conventional view that the fixed point of an
antiferromagnetic quantum critical point with Q # 2k is described
by the HMM theory. Applying the U(1) slave spin-rotor formulation
to this antiferromagnetic quantum phase transition, regarded to be a
strong-coupling approach, we find the possibility for the emergence
of another fixed point, where the HMM theory becomes modified to
contain relevant interactions between transverse spin fluctuations and
renormalized electrons (Sec. III B). It is not possible to clarify the
condition for which the fixed point will be realized between the HMM
and U(1) slave spin-rotor fixed points at present. An essential aspect of
the present study is that the structure of the HMM theory breaks down
at an antiferromagnetic quantum critical point with @ = 2k, where
interactions between longitudinal spin fluctuations and renormalized
electrons, usually referred to as the spin-fermion coupling, turn out to
be irrelevant (Secs. III C and III D). This situation differs from the case
with Q # 2k, where the structure of the HMM theory is preserved
at least partially for the U(1) slave spin-rotor fixed point. The role of
transverse spin fluctuations becomes more dominant in the antiferro-
magnetic quantum criticality with Q = 2k, giving rise to a critical
field theory within the U(1) slave spin-rotor formulation, where renor-
malized electrons interact with localized transverse spin fluctuations
(Sec. III D).

fluctuations and renormalized electrons are responsible. As a
result, the HMM theory becomes modified to contain such
additional relevant interactions. It is not possible to clarify the
condition for which the fixed point will be realized between
the the HMM and U(1) slave spin-rotor fixed points at present.
Our critical observation is that the HMM theory is not invariant
under the renormalization-group transformation when the
ordering wave vector is near Q = 2k (Secs. III C and III D).
This situation differs from the case with Q # 2k, where the
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structure of the HMM theory is preserved at least partially
for the U(1) slave spin-rotor fixed point. Interactions between
longitudinal spin fluctuations and renormalized electrons,
usually referred to as the spin-fermion coupling, turn out to
be irrelevant, responsible for breakdown of the HMM theory
(Secs. III C and IIID). Instead, the role of transverse spin
fluctuations becomes more dominant in the antiferromagnetic
quantum criticality with Q = 2k, giving rise to a critical field
theory within the U(1) slave spin-rotor formulation, where
renormalized electrons interact with localized transverse spin
fluctuations (Sec. III D), as discussed above.

II. U(1) SLAVE SPIN-ROTOR THEORY

A. A minimal model: Two-patch construction

We start from the Hubbard model,

H=—1Y (clcjg +He)+UY nyynmiy. (1)

ij i

where c;, represents an electron field with spin o at site
i, and t and U are hopping and interaction parameters,
respectively.

Focusing on magnetic instability, we perform the
Hubbard-Stratonovich transformation for the spin-triplet
channel,

B
7 = / Dci, D®; exp l—/ dt |:Z cjg(ar — WCig
0 i

—t Z(cl,cjg +He)— ) ch @ - oapcis

ij
1 2
+ZZ°"“’ @

where ®; is an order parameter of magnetization at site i, g is
an interaction parameter for the triplet channel, proportional
to U, and p is a chemical potential.

In this study, we consider an antiferromagnetic transition,
where the ordering wave vector @ is given by twice the
Fermi momentum kg, i.e., Q@ = 2kp. On the other hand,
one may consider the case of Q # 2kp, where the structure
of a Fermi surface is shown in Ref. [8], for example, to
be associated with high-T, cuprates. The key difference
between these two cases lies in the scale transformation for
longitudinal and transverse momenta, orthogonal to and along
the Fermi surface, respectively. We discuss this issue in the next
section.

We write down an order-parameter field as follows:

Q0,5 = (" LTm A+ 8m)n; - 0,4, A3)

where m is an antiferromagnetic order parameter with a
nesting vector @ of the Fermi surface, dm; is an amplitude-
fluctuation field, and n; is a directional-fluctuation field at
site i.
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Inserting this expression into the partition function, we obtain
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B
Z = /DcioDém;Dn[B(lni|2 — exp —/ dt Zcfa(af — W)Cis —IX:(CLCJ'(7 + H.c.)
0 i

ij

. 1 .
_ iQeri Nl e . _— iQr; )2
Xi:(e m +8m;)c; n; - 0upCig + 22 Xi:(e m+ ém;) . “4)

It is straightforward to perform the Fourier transformation, given by

B
Z =chkaD8mkan ) ngn_, — 1) exp —/ dt CTU(BT — U+ €x)Cho
(oo [

k

1 1 1
T T
_ E T E Mmcy Mg - OapChtQ+qf — E 74 E 74 E Smkfckanq O 0BCh+k'+qB
k q k k' q

1 d 1 2
g > {smgsm_g +m[s(g — @)+ 8(q + Q)Iomg} + L =" |1 (5)
q

where L? is a volume of the system. Since c, is coupled to Ck+ Qo it is natural to introduce a spinor ¢, = ( % ) in the

Ck+Qo

momentum space. Performing the Fourier transformation for this spinor, we obtain ¢;, = (Ef ), where ¢; (-, is an electron field

near the + (—) patch of the Fermi surface. In the same way, we introduce dmy = (;

5mkr : _ 5}’}’!,‘] .
mmg) and obtain §m; = ( 5m’_2) after the Fourier

transformation, where dm;; and §m;, represent ‘“ferromagnetic” and “antiferromagnetic”’ amplitude fluctuations, respectively.
Resorting to this double-patch construction, we obtain an effective theory that is valid at low energies,

p .
Z=/DcimD(Sm,A,,Dn,-S(|ni|2—l)exp —/ dr | Y cl @
0 i

¢ — WCisq — St Z(C}Lsgcjm +Hc)—m Z CliaMi - TupCiosp

ij i

— 25’”1‘10;“",‘ <O oBCisg — Z Smizcivani <O apCi—sp + i Z (Smizn + 2m8mi2) + Ldém2 . (6)

L L

We emphasize that c;;, should be regarded as a low-energy
electron field near the Fermi surface, defined on the patch
of s = +; see Fig. 2. We note that ferromagnetic amplitude
fluctuations are involved with low-energy electrons in the same
patch, while antiferromagnetic ones are associated with those
in the opposite patch. Although we use the symbol of ), with
a lattice index i, this should be regarded as just a formality. A
continuum field theory will be constructed in the next section.
We point out that the Fermi velocity has an opposite sign in

. s=+

N
|

FIG. 2. (Color online) A schematic diagram of a Fermi surface
in the double-patch construction. Red curved lines denote a pair of
Fermi surfaces, connected by 2k -, which are filled with electrons. A
coordinate system is defined as the figure for each patch of s = =+.

1

(

each patch, denoted by st in the hopping term, which reflects
the Q = 2k antiferromagnetic ordering. If Q # 2k is taken
into account, the Fermi velocity cannot be parallel to each
other.

An idea is to take the strong-coupling approach [11,12],
which diagonalizes the three spin-fermion coupling terms
of the second line in Eq. (6). Resorting to the CP!
representation,

R; -0y = UmyO’;(;Ui];ﬁ, (7

. f
U= (8)
iy Ty

is an SU(2) matrix field to describe directional spin fluctua-
tions, we introduce a fermion field fj,g, given by the unitary
transformation

where

Cisa = Uiotﬂ fisﬂ~ 9)

It is straightforward to rewrite the pre-HMM theory in terms
of the bosonic spinon z;, and the fermionic holon fy, as
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follows:

B
zZ= / D fiss D8y DU;osd(detU; — 1) exp {— / dt [Z Fhal@e = 1W8ap — UL, 8:Uiyp) frog
0 i

T t 3 3 T 3
—st Y (R ULy Upypfrop + He) —m Y flods fiog = > dmifl 00 fiop = Y dmin fl,00 fisp
ij i i i

1 2 _ al 5
+ 2 Z (Smm + 2m8m,2) + L ng i| } , (10)

i
where all spin-fermion coupling terms are diagonalized.

The diagonalization procedure gives rise to complex correlations in kinetic-energy terms of spinons and holons. Such
correlations between spinons and holons are decomposed, resorting to the Hubbard-Stratonovich transformation [11,12]. The
time part is

_fiTm Uily 0; Uiyﬂfisﬁ - —)C[Of;-ﬁa Sise + )’iZ;a 0:Zioc — Xi Vi, (11)
and the spatial part is
= 5tfjUlay Uir fisp = =5t @lo2io) fist + fls(Cowtlo o fis + fiy (Coo2jozion Fis + Fis g 2io) fis-)

= 1 (SfL ] S+ 2o X 20 = XX+ ST Fiom 2o X 50 = 4 A (12)
where spin-singlet pairing fluctuations are assumed to be not relevant and neglected. Then, an effective theory reads

7 = / Dfise Dzig D8miy Dx; Dy; Dy} Dy D

B , ,
X exXp |:_/ dt {Z[f,];o—(ar - M)fistr - Umf,'];g fi—so - U(gmil + xi)fing flﬂm - UfsmiZfi];gﬁ—xa]
0 i

=t Y (i Fise + S Frsm A+ He) + ) vizldezio =1 ) (2o x5 2jo + 2o 2 20 + Hee)
ij i ij

1

ij

. 1 1 f.z fx_z—
“rllz)w'(kialz_1)+g2(5m,~2n+2m5mi2)+ldd£m2 +,BIZXiYi_ﬂtZ(Xinij++Xij Xizj +H.C.) )

13)
where A; incorporates the unimodular constraint for the spinon field. Although spin-singlet pairing fluctuations are neglected,
relevant approximations have not been made. In other words, integration for x;, y;, Xi];, and iji recovers Eq. (10) essentially.

Next, we perform integrals for x; and y;. But, we determine hopping parameters of Xi]; and iji in the saddle-point

approximation, resulting in band renormalization for spinons and holons. The saddle-point value of iA; — A plays the role
of a mass in spinon excitations. Then, we reach the following expression:

B . .
Z = /DfimDZi(rDsmin exXp _/ dt { § [f,'lsg(at — ) fiso — Umf,lgfi—szr - Uamilf,’igfim - O—‘smﬂf,‘lsgfi—w]
0 i

1
—st Y (floxih Fiso +He) + % > (2l,0ezic —mi)* — 1Y (el xizje +HE) + 4D Jzial
ij i [

ij i

ij

1 1 ;
+ @ Z (‘Smizz + 2m5mi2) + Ldng} - B IZ (Xij xfj + H.c.) — L% , (14)

i

(

where the saddle-point analysis for hopping parameters of =~ We call this formulation U(1) slave spin-rotor theory, the name
spinons gives of which is to benchmark U(1) slave-rotor theory for charge
fluctuations [15]. Unfortunately, U(1) slave spin-rotor theory

X;ZJ-+ = Xizj_* = X;Zj~ (15) turns out to be not stable in contrast with U(l) slave charge-

rotor theory. The positive sign in i 3 iz, 0:2i0 — Smin)?
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favors stronger directional fluctuations, while it is negative in the U(1) slave-rotor theory, serving a parabolic potential for charge
fluctuations. This difference originates from the opposite sign when the Hubbard-U term is decomposed into charge and spin
channels.

B. Integration of amplitude fluctuations

An idea to overcome the inconsistency in the dynamics of transverse spin fluctuations is to introduce quantum corrections
from amplitude (ferromagnetic) fluctuations, renormalizing their dynamics. Taking the Luttinger-Ward functional approach [16]
within the Eliashberg approximation [17], we construct the partition function as follows:

B
2= [ DfiaDze |~ [ ded UL 0 = 0fn = omsly fial =5t 3 (Sl o + Hec)
0 N . ’
i 1

1

1
— —/0 dt’ ZZ <c7 ”Uf,m gzmatz,a) Di(il,)(l' — t/;m)<0 A o + Bf,zi,a,>
T T,
1 @ 3 1
- = dr ZZ ofmf, m— D (x —t'sm)| o’ ”af,_m/——m
0 T 8 T/

1 1
—52_2. { In [—4 - H(”(q,isz;m)} + n“>(q,isz;m)D<“(q,isz;m)}
- 8
iQ q

1 1
P { tn [4_ - “(2)(4’1'9?'")] + H(z)(q,iQ;m)D@(q,isz;m)}
- g
iQ q

B 1 . 1
- / dt Z Z(Z:’raafzm)z -1 Z (Zt!axizjzja + H'C') + A Z |Zi”|2 o Z (th th + H.c. ) + Ld 2g 2 - Ld}‘ ’
0 i ij i

ij
(16)

where D"(q,iQ;m) = with n = 1,2 is the propagator of ferromagnetic and antiferromagnetic amplitude

fluctuations, respectively, and I17(q,iQ;m) is the self-energy of the amplitude-fluctuation propagator, given by the fermion
polarization bubble.
Performing the Fourier transformation, we obtain

n®
Z:/kaszkJexp< {ZZ[fkw( iw—p—zsty yk)fkm—i—am%fgwfkm}
io k

-3 Z Z ZZZZ 0 i 0 () ficrgso i+ IDID V(G i Lm0 fif 0 10 fir—gur (i — i)

i

-3 Z 3 Z Vi Z Z Z Z Ufkm(lw)fk+q_m(lw +iQ)1DP(q,iQ2;m)[o’ fk/sfgr(lw ) fio—q—so (i —iQ)]

iQ iw i q
+ S g G DT oAl (0 g+ iR1D" @ im0 = 52k G0k i ~ zszﬂ}
i q k'

T2 2 { In [@ - H“’<q,i9;m)} + H(”(q,isz;m)D<”(q,isz;m>}
i q

1 1
) 2 { In [4— - H(Z)(q,iQ;m)} + H(z)(q,iQ;m)D(Z)(q,iQ;m)}
i 8
iQ q

1 i iQ'm)

-3 ——d q. f . . _ t

/ [ 4g (Zl 81’Zla)q iQ l H(l)( )(Zi/a/arlefo")*q,*lﬂ + ()\ ZIXZJ/q)Zq(,qu
i q

) m?  TIP@m)
—BLY | 2ztx Ty = A — —————— , 17
B [zxx 8¢ L — M0 )
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where z¢x /@y is a Fourier-transformed expression of x/©

;i t;j with a coordination number z, taking Xi];' = x/ and Xij = x°
in the saddle-point approximation. First of all, the inconsistency for the dynamics of transverse spin fluctuations is

resolved by the renormalization of ferromagnetic amplitude fluctuations. In the temporal part of transverse spin fluctuations,
1.7 Y (q,iQm) T . 1 1 OY(q,iQm)

_E(zwarzz‘a)qmm(zi,a,afziw),q,,m, we observe the sign change from 3 > 0 to _Em

t — I'I(l)(q,iQ; m) > 0. As aresult, the dynamics of transverse spin fluctuations is well defined, as it must be. It is also noticeable

. . . . 2
that the magnetization order parameter is renormalized to m i“ n)
4g

< 0, where

T-n@m)
We would like to compare this effective theory with the HMM theory, given by

iw k

Z = | Dcpgoexp | — ZZ el (—iw — u — zstyr)c —}—Jmﬂﬁ c
= kso €XP kso n Yk )Chkso t — H(z)(m) kso Ck—so

1 1 1 . . ; . / Ly S
=325 25 22 2 2 N0k (@)ckrgso (0 + D Vi Lm0 G (6)ek g (0 = i)
iQ i i q k Kk

[ QR , . o
2 Z B Z B Z Z Z Z[Uc’tfg(iw)ck*"l“”(iw +i)1D(q,i;m)lo Czt/sza/(ta) Yok —g—so (i@ — zQ)]}
i "o U io ¢ kK
1 1
-2 {ln [4— - H(l)(Q,iQ;m):| + n“)(q,isz;m)D“>(q,isz;m)}
< g
i q
1 1
522 { In [4— - U(Q)(q,iﬂ;m)} + H(z)(q,iﬂ;m)D(z)(q,iQ;m)} +pLA
- g
iQ q

m?2 H(z)(m) )
—,
8¢ £ — I?(m)

where only amplitude fluctuations are taken into account. In this respect, U(1) slave spin-rotor theory consistently deals with
not only amplitude fluctuations but also transverse spin fluctuations. In this study, we show that an effective interaction between

renormalized electrons and transverse spin fluctuations, that is, é Yo % i % Dier 2og 2k 2wlo f,jm(i ®) frtgso (i +
iQ))DV(q,im)iw — %i Q)[z,t,a,(i @)z —go (i’ —iS)], gives rise to local quantum criticality in an antiferromagnetic
quantum phase transition, characterized by the emergence of localized magnetic moments.

It is straightforward to obtain the Luttinger-Ward free-energy functional in the Eliashberg approximation [17],

F@m,\;p,g,T)
iy — 1 — f n?gm)
N, io—p—zty) vi om——s
=—— trln o w10 S (kiwim) | + 2 p(kio;m)G (k. iw;m)
1 (m) , f f f
B io k O’m%_n(z)(m) —lw— U+ Z2XfVE
g

Ny i ) 1 1 .
+ 5 DO Inlh =zt xtye + Eo(kio;m)] + T > > [@ — H(l)(q,lQ;m)]
i q

io k
1 1 m*  TIP@m)
+ — In|— —? ,iQ;m]+Ld 2ty A —— |, 18
2ﬂ§; Lg (q.iSx:m) atx’x 8 T — 11 (18)
where

. No . . . . . .
nYq,iQ;m) = ? ZZ {G}l(k +q,iv+ zQ;m)G}l(k,ta);m) + G?z(k +gq,iow+ lQ;m)G?}(k,za);m)},
io k

Ny . . . . . .
H(z)(q,iQ;m) = — Z Z {G}»l(k +q,io+ lQ;m)G?z(k,la);m) + G?z(k +q,io+ zQ;m)G}»l(k,za);m)},

io k
(19)
1 1
T (k,iwym) = -3 Y3 Gik+qio+iQumDNV(q.iQim)— =Y Y Gk +q.io+iQm)DP(q.iQm),
iQ q iQ q

(iw+iQ/2) MV (q,iQ;m)
1 —4gTW(q,iQ2;m)

1
Zekio;m) = ~7 YN Gtk —qiiow—iQum)
q

iQ
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are self-energies of ferromagnetic, antiferromagnetic amplitude fluctuations, renormalized electrons, and transverse spin

fluctuations, respectively, and

-1

. 2)
. —lw— U — ZleVk om %Tng&z) :
Gf(k’la);m) _ 1O o 3 b 7 + Zf(k,la);m) ,
C’m—i_nwm) o—Ww+2txX Vi
a5 — NW(g,ixm) 3~ 19@.i%m)
1

G, (k,iw;m) =

A=zt Xk + T (k,iw;m)

are Green'’s functions of holons, ferromagnetic, antiferromag-
netic amplitude fluctuations, and spinons, respectively. The
self-energy of ferromagnetic (antiferromagnetic) amplitude
fluctuations is given by the polarization bubble of renor-
malized electrons within the same (opposite) patch. The
holon self-energy results from scattering with both amplitude
fluctuations, and the spinon self-energy originates from the
renormalization by ferromagnetic amplitude fluctuations. All
quantum corrections in the Eliashberg approximation are
shown in Fig. 3.

Performing the mean-field analysis for the magnetization
order parameter m and the mass parameter of spinons A, one
can find a phase diagram for an antiferromagnetic quantum
phase transition, where the condensation transition of spinons
is expected to allow novel physics. Generally speaking, one
may speculate that the antiferromagnetic transition given by
the formation of an antiferromagnetic order parameter m will

J

(

not coincide with the condensation transition of spinons given
by A = 0. Although this scenario may be possible, we suggest
another scenario based on the renormalization-group analysis
of an effective-field theory within the U(1) slave spin-rotor
representation, where both transitions meet at one point. The
spinon-holon interaction vertex, not taken into account in the
Luttinger-Ward free-energy functional, turns out to play a
central role in the emergence of localized magnetic moments
at an antiferromagnetic quantum critical point.

III. RENORMALIZATION-GROUP ANALYSIS

A. A field theory for antiferromagnetic quantum criticality
approaching from the Fermi-liquid state

Following the patch construction of Ref. [13], we write
down an effective-field theory in the U(1) slave spin-rotor
representation,

B oo o)
7= /wangDqsnDa exp (—/ dr/ dx/ dy{fjg (at —isvpd, — ”—Fa§> Foo
0 —00 —00 2)/

u
+¢1(8: — v302 — 292 + m?) gy + 7‘¢;‘ + ¢ (-0 —

u
v§8§ - v§a§ + m%)(ﬁz + 72¢§‘ + a(—af — vjaf — vﬁai)a

. u
— 81010 [, fro — 82020 [, [oso — €5vrac [, frg — 8012} 0c20 + 2L (—0207 — v20] + m2)z, + EZ|ZG|4

—ie.alz) (3:z5) — (8xzf,)za]}),

regarded to be a continuum version of Eq. (14). f,, 1is
a low-energy renormalized electron field (holon) with spin
o on the Fermi surface of a s = &+ patch. Its dispersion
relation is given by e(k),k1) = svpk| + ;—;ki, where k| is
the longitudinal momentum out of the Fermi surface and
k) is the transverse momentum along the Fermi surface.
vr is a Fermi velocity and y is a Landau-damping co-
efficient [14]. See Fig. 2 for our coordinate system. ¢,
with n = 1,2 represent ferromagnetic and antiferromagnetic
amplitude fluctuations, where their dispersion relations are

given by nonrelativistic E;(kj.k1) = vi(kf + k1) +m] and

relativistic Ep(kj,ky) = :I:\/ v (ki + k1) + m3, respectively,
although these bare dispersions are not very relevant for
their renormalized dynamics. Since only antiferromagnetic
amplitude fluctuations are allowed to be critical, we safely

2y

(

assume that ferromagnetic amplitude fluctuations are gapped
(my # 0) but antiferromagnetic ones are gapless (m, = 0) at
the antiferromagnetic quantum critical point. u, withn = 1,2
are their self-interaction constants. a is a transverse gauge
field with the relativistic dispersion E(kj.k1) = va,/kf 4 k7 .
7o 18 a transverse spin-fluctuation field (spinon), where the
temporal part is given by the one-loop correction from
gapped ferromagnetic amplitude fluctuations, giving rise to
consistency for their dynamics, as discussed in the last
section. v, and m, are the velocity and mass of spinons,
respectively. An essential feature of the present study is that
both the velocity and mass of spinons become renormalized
to vanish at the antiferromagnetic quantum critical point of
my = 0, identified with local quantum criticality. u, is the
self-interaction parameter of spinons. Gapped ferromagnetic
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FIG. 3. (Color online) Feynmann diagrams in the Eliashberg approximation. Renormalized electrons f;, and longitudinal antiferromagnetic
fluctuations ¢, consist of the Hertz-Moriya-Millis theory while transverse spin fluctuations z, and U(1) gauge fields a appear in the U(1) slave
spin-rotor formulation. Longitudinal ferromagnetic fluctuations ¢, give rise to consistency for dynamics of transverse spin fluctuations z,.
All interaction vertices are given by diagrams with three lines, which characterize the U(1) slave spin-rotor theory. Self-energy corrections of
three bosonic fields, ¢,, ¢, and a are given by polarization bubbles of renormalized electrons and transverse spin fluctuations. Self-energy
corrections of renormalized electrons and transverse spin fluctuations are given by typical one-loop diagrams with a bosonic line. Since
longitudinal ferromagnetic fluctuations are gapped, one may neglect all diagrams involved with ¢; except for the spinon self-energy, where it
makes dynamics of spinons consistent. In the lattice-model construction, dynamics of gauge fluctuations are neglected, not incorporated into
the free energy.

amplitude fluctuations couple to both holons and spinons Next, we introduce quantum corrections into this field
with coupling constants of g; and g,, respectively. Critical theory within the Eliashberg approximation, as discussed in
antiferromagnetic amplitude fluctuations couple to only holons the last section. All quantum corrections in the one-loop level
with g, while gapless gauge fluctuations couple to both holons are shown in Fig. 3. Then, we obtain

and spinons with e and e, respectively.

*d dk dk ”
zZ :/Dmez(,qunDa exp <_/ w/ ||/ J_{ [—zw—stk vp @ _iCngn(w)|w|% _;E sgn(a))lwlg}fm
2l 2y N, N,

ol o]
+¢1< I lw+vlkll +U1kL+m1>¢1 + 2 (n2lw] + o* +v2k|| +v2kL)¢2+a(ym+w —l—vzkH —I—vzkl)

/ / / / n/ QH/ aq. I(Q)+Q ky + g,k + 9020w,k kL)

iw+i%)(io —i
M( i 1) g
Yig lQ+v1q|| —i—vlql—i—m1

dk 1749 d d
gng/ / / L/ n/ q”/ gL, f (@ + Q& 4 q.ki + q1) fro(@,kj kL)

X —— ”_722 Sz (@ = QK — gk — qD)z0 (@ kK
Vi —iQ+ Ul‘]” +vig] +my

gk — q1)zq(0' kuvki) + Z:[, (Uzzkﬁ + Uzzki + m?)ZU
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* dQ d d ey
- / 2—/ £ / e [ 5a(2,q),g Dro fL (@ + 2.k + qp.ki + q1) fro (@, ky k1)
—00 - o

81
+_
v/ No

8
+
v/ No

D1(2.q1.9)0 f (@ + Qky + qp.ks + q1) fro(@.ky kL)

2
2(2,91,9)0 f1 (@ + .k + qp. ks + qu) foso @,k kL)

+ JN_Q(Q NIE qﬂ(k 2) o(@+ .k +q.ki +q1)z0(0,ky k1)
2 . RYANE
+ \/g;v—a¢1(9,6],ql)<lw + lE)Zf,(w + Q.ky + g,k + qj_)Zcr(wakka_):| }) (22)

where o = 1, is generalized to 0 = 1,2, ...,N,. Critical
antiferromagnetic amplitude fluctuations give rise to the |a)|%
self-energy correction with a numerical constant ¢, in holon
dynamics (E% in Fig. 3), originating from the z = 2 dynamics
of critical fluctuations [18], where z is the dynamical critical
exponent. On the other hand, z = 3 gauge fluctuations result
in the Ia)I% self-energy correction with a numerical constant ¢,
in holon dynamics (E? in Fig. 3) [14]. Gapped ferromagnetic
amplitude fluctuations do not cause any singular corrections
(X} in Fig. 3). The polarization bubble of I1"(g,i<2) within
the same patch gives rise to Landau damping for both
ferromagnetic amplitude and gauge fluctuations, where y is
a damping coefficient (I'I‘lf and TI7 in Fig. 3). On the other
hand, the polarization bubble of I1®(q,iQ2) given by the
opposite patch results in the self-energy correction of |w| to
antiferromagnetic amplitude fluctuations (Hf in Fig. 3) [18],
where the transverse momentum in the denominator of the

J

(

Landau-damping term is cut by 2k , absorbed into the damp-
ing coefficient y,. One may be concerned that the polarization
bubble at ¢ = 2k will result in a more singular dependence
when there exist z = 3 gauge fluctuations, extensively dis-
cussed in Ref. [14]. However, we believe that this differs
from our case, where critical antiferromagnetic amplitude
fluctuations give rise to more singular self-energy corrections
in holon dynamics. This issue will be further addressed below.
Ferromagnetic amplitude fluctuations give rise to consistency
in the dynamics of transverse spin fluctuations (El in Fig. 3),
as discussed in the last section. They also cause the holon-
spinon coupling term, which turns out to play an important
role in our antiferromagnetic phase transition. The role of
the spinon-gauge coupling term will be taken into account
below.

Performing the Fourier transformation toward the real
space, we obtain

e

B o o . c Ca 1 VE
= /Dmengqﬁ,,Daexp —/ dr/ dx/ dyd fil—i—=(=09)" —i==(—92)° —isvpdy — —0; | fio
0 —00 —00 No Ny ZV !

/=52
+ ¢ (Vﬁ

¢1 Ufg:i;)' fm -

_ 8 i(ngff frso —
,—Na ,—Na soJ—so ,—NG

2o
2 ! —oz
N )/TZ’ — v%Byz +m?

025 — 1

N eZ
N,

&
v/ Ng

uz
To; + m%)qsl +62(v2/ =02 — v30)) o + -3 + a(y
°s svpa(rf;[,fm -
(@8 200) + 20 (= 0202 + m2)z, +

alzl (3:z,) — (axzi,)zg]}),

— U
g1g7 1
ofl fro
/=92
ym—v%3y2+m%

V02 282>a

(2} 9:20)

u; 4
7|Za|

(23)

where nonanalytic expressions in derivatives encode self-energy corrections. Resorting to the robustness of the Fermi surface,
we keep the dynamics along the transverse momentum for boson excitations [13]. In other words, boson dynamics along —d?2

are not relevant.

Since ferromagnetic amplitude fluctuations are gapped, they can be neglected safely at low energies. In addition, the self-energy
correction from critical antiferromagnetic amplitude fluctuations is more singular than that from gauge fluctuations at low energies,
allowing us to keep (—83)% only in the holon dynamics. As a result, we find a consistent U(1) slave spin-rotor effective-field
theory in terms of renormalized electrons, critical longitudinal spin fluctuations, transverse spin fluctuations, gauge fluctuations,
and their interactions, where quantum corrections are taken into account in the Eliashberg approximation near antiferromagnetic
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quantum criticality,

B o0 oo 1
_ 1 . C2 Ni s VF o
—/DmezaD¢2DanP<—f dr/ dx/ dy{fw[—z—(—af) — isvpdy — —ay]fm
0 —00 —00 N(T 23/

V=02 2 2) 82 er

YN T 029% )a - 2o f 5o — svpac fi o
_82 a-y /_No ¢2 fvaf» m F fwf

v y

+ ¢2(y2y/—02 — v28 Yo + 2 ¢z +‘1(V

2

glgz t 1 8 2 242 2 Uz 4 . € 1 ¥ )
- o (2020 + 20— 02— 0202 +m2 )zo + =20l — i —=alzl (0s20) — (zl)zo1} ). (24
Nom ofl ozl 8:20) + 2 ( TR Z)z > |Zo | N [24(0x20) — (0x2)2 ]} (24)

For the temporal part of the spinon dynamics, the unimodular constraint has been utilized, keeping the mass term only in the

denominator at low energies. An essential aspect of this field theory is that the |w|% self-energy in the holon dynamics will affect
the scaling properties for all fields and interaction vertices.

B. Scaling analysis in the case of Q # 2kfp

Equation (24) is our starting point for the renormalization-group analysis, which reveals the structure of possible fixed points.
Before going further, however, it is necessary to understand which critical field theory appears for antiferromagnetic quantum
criticality of Q # 2k, which is expected to clarify the difference between Q = 2k and Q # 2k ordering transitions. In order
to understand the importance of Q = 2k for the emergence of local quantum criticality, we apply the U(1) slave spin-rotor
formulation to the HMM theory and reach the following expression for an effective-field theory:

B 1
= / Df.szaD@DaTexp(— f dr / dzr{f;,[—ic—%—afr ~ vy V}fm +¢2(12y/ —02 = 13V?) 2
0 Na

g2
Uz 4 rf V02 292\, T 1 2 292 2 Uz, 4 82 '
+—=¢, t+a —— —v,V')a + 3 vV +m o+ =lzo|" — =0 f] [ s
2" (W-—vz ‘ awm AR I et ol
er T _ ot 818; . € T T i })
— svg-alo - — 50 o z 0;207) — i a’ -[z)(Vzy) — (Vz!)z, , 25
N F Jyo 1 Nom £ fro@) )= NI (25 (Vzo) — (V2))20] (25)

where the Fermi velocity v(Fl) in patch 1 is no longer parallel to the Fermi velocity vg) in patch 2. Recall the band structure of

high-T, cuprates, shown in Ref. [8]. The Fermi-surface curvature is omitted in this expression. Then, it is clear that the main

difference between Eqs. (24) and (25) lies in the dispersion of renormalized electrons, which turns out to play an essential role.
Performing the Fourier transformation, we obtain

d*k !
Z= / Dfso Dz D Da’ exp ( - / / (271)2{ J [—i%n(w)hﬂz - v(p{) ‘ki|fst1 + ¢2(v2lwl + v31k|*) o

L TR U S S - glg& d*k' /00 o
= k T k — == -
+a <V|k| + vy I)a +Z"<2N w + v2|k|? +m) / e ] 2

d? Q
X / (2 q)z Ufjo’(w + Q7k + q)fwr(ka) <lw, - i?)ZZJ(C{), - ka/ - q)ZU’(a)/ak/)

82 t ¢r T ()
Q, Q.k _so(w,k Q.q)- Q.k o(w,k
/ (2n)2|:\/N_(,¢2( q)0 fyo (0 + +q) f-so(@ )+ma( q) - viofl(o+ +q) fso(@,k)
€ q
+ a"(Q,q) (k+ = )zl (@+ Qk+ @)z (k) |} ). 26
N (€.9) < 2) o 9)o( )“) (26)
(
Taking the scale transformation as follows: As a result, we observe that the HMM theory
. c 1 . (s
e e of Summ = foﬁdrfd%{f;,[—z]v—n—afy — vy Vifi +
w=b""0w, k=>b"2k 27) ) e . .
a(y2/—02 — V3V so f—so } remains a critical
we obtain

sector at this fixed point.
However, there exist more emergent excitations in the

3 / / !
=b (' k), (28) U(1) slave spin-rotor formulation, spinons, and gauge fields.

fio(@,k) = b3 fL () k),  ¢(w,k)

which lead their kinetic energies invariant under this
scale transformation. Then, it is straightforward to ver-
ify the spin-fermion coupling constant g, marginal.

Unfortunately, we cannot make the kinetic energy of the gauge
field and that of the spinon field invariant under this scale
transformation. Assuming the Landau-damping term invariant
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for the dynamics of gauge fluctuations and the frequency-
dependent term invariant for the dynamics of spinons, we
obtain
a(w,k) = bid (@ k), z5(w,k) = b2, (@ k). (29)
Since the Landau-damping term is singular, not renormalized,
and the consistency results from the renormalization in the
frequency sector, we believe that these assumptions seem
plausible for the renormalization-group analysis. Assuming
that the momentum sector in the spinon dynamics is invariant
under the scale transformation, one may consider the scaling
of the spinon field, given by z,(w.k) = b*/*z, (o ,k’) with
v, = v_. Then, the prefactor of the frequency sector follows the
scale transformatlon of (gz/mz) =b (gz/m2)/ i.e., relevant,
which implies condensation of spinons. The condensation of
spinons allows us to neglect gauge fluctuations, where they
become gapped due to the Higgs mechanism. As a result, only
renormalized electrons and longitudinal antiferromagnetic

|
T *® dw
Z= /Df.mDZqusza exp (—/ > {f |:

—/ /“ e

27)* /N,
+ Z

d’k
(2m)?

e
./ (271)2 ~/_

a’k’ /‘

@n)?

818:
Ny, m1

/

(271)2

(@)t sz,k+q>f_m<w,k>} - / /

ccsgn(w) 1
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fluctuations appear to describe an antiferromagnetic quantum
critical point, identified with the HMM fixed point. On the
other hand, if we assume the invariance of the frequency sector
in the spinon dynamics, we find that both the velocity and mass
of spinons become irrelevant. Below, we focus on this scaling.
The velocity of U(1) gauge fields turns out to be relevant, given
by v2 = b2v?.

Based on these scale transformations, we can determine the
relevance of interaction vertices. Although the spin-fermion
coupling constant g, is marginal, preserving the structure of
the HMM theory, both the gauge charge of holons and the
spinon-holon coupling constant turn out to be relevant, given

818z 818z

by
/
i, z 1 z
e =btey, (Nam%> =b> (Nam%> , (30)

but the gauge charge of spinons is irrelevant.
Incorporating these scale transformations into the effective-
field theory, we obtain

|2 — v} ~k]fm + ¢a2(nalol + v3 k1) ¢

[ (vl + s

No
d’k
(2m)?

a’(Q.q) Wofl (0+ Q.k+q) frs(w.k)

Uf (w+Q.k+ q)fm(w,k)(iw’ - i%)Zj,/(w’ - QK — q)za/(w',k')})-

€2V

Finally, we reach the following expression for an effective-field theory, expected to describe an antiferromagnetic quantum

criticality with Q # 2kp:

Z:/DfsaDZGD¢2DaT

xexp( fdt/dz{ T|: %—zv(‘)
yary)

/ dt/dzr{a < 352 —v§V2)aT -

er

VoA

This expression is quite interesting due to the follow-
ing reasoning. First, we note that the HMM theory

of Suwv = i dt [d*r{fl[—ig (=02t —iv)) - VIf,, +
¢2(V2\/ _32 - U2V Y2 — e ¢20fraf so}s regarded to be

the standard critical field theory for antiferromagnetic quantum
criticality, becomes modified in the strong-coupling approach
of the U(l) slave spin-rotor representation. In particular,
the effective interaction e, between holons and U(1) gauge
fluctuations is relevant, originating from the fact that the
self-energy correction for holons results from the z = 2 critical
dynamics of longitudinal spin fluctuations, not matched with
the z = 3 dynamics of U(1) gauge fluctuations. In addition,

V}fm + ¢2 (24 =92 — v3V?) ¢y —

T

82 t
o —so
Jretetiesn
glgz

Vo fl fio + 18:20 (.2, 3) — o

f fm(zi/arza’)}) .

(32)

(

such renormalized electrons strongly interact with emergent
localized transverse spin fluctuations. We also point out that
the propagating velocity of U(1) gauge fields is relevant,
modifying the dispersion at low energies. We suspect the
possibility that the gauge dynamics becomes renormalized into
~/=V?2, turning from z = 3 to z = 2. Then, not only g; but also
ey become marginal. Even in this scenario, the spinon-holon
interaction is still relevant. As a result, we conclude that the
fixed point described by the U(1) slave spin-rotor theory should
be distinguished from the HMM fixed point. We suggest to call
it the U(1) slave spin-rotor fixed point for antiferromagnetic
quantum criticality with Q # 2kp.

205129-11



KI-SEOK KIM

92=92°

919z
m,?

FIG. 4. (Color online) A schematic diagram for renormalization-
group flows in an antiferromagnetic quantum phase transition with
QO # 2kp. The U(1) slave spin-rotor theory suggests the possible
existence of another fixed point beyond the HMM theory on the HMM
critical surface. When spinons are forced to condense, the HMM fixed
point would be realized. On the other hand, if the dynamics of such
transverse spin fluctuations becomes localized, we expect to reach
the U(1) slave spin-rotor fixed point, differentiated from the HMM.
In this study, the nature of the U(1) slave spin-rotor fixed point is not
clarified.

Figure 4 shows a schematic diagram for renormalization-
group flows in an antiferromagnetic quantum phase transition
with Q # 2kr. An essential feature is that the U(1) slave
spin-rotor theory allows another fixed point, not described

PHYSICAL REVIEW B 90, 205129 (2014)

by the HMM theory, as discussed above. One may define a
critical surface given by g» = g5 as usual. The U(1) slave
spin-rotor theory gives rise to a fine structure on this critical
surface, where two types of effective interactions denoted by

ey (between holons and gauge fluctuations) and 2%, (between
oy

renormalized electrons and transverse spin fluctuations) sep-
arate the HMM fixed point from the other. When spinons are
forced to condense, the HMM fixed point would be realized,
as discussed before. On the other hand, if the dynamics of such
transverse spin fluctuations becomes localized, we reach the
U(1) slave spin-rotor fixed point. Unfortunately, we are not in
a position to resolve this problem, which means when the U(1)
slave spin-rotor fixed point occurs. We also point out that the
nature of the U(1) slave spin-rotor fixed point is not clarified
in this study. Although we speculate that there appears to be
screening that results in a finite-coupling fixed point given by
(ﬁ;—f&)c, we do not exclude a possible run-away flow along this

direction.

C. Scaling analysis I

We return to our original problem of antiferromagnetic
quantum criticality with Q = 2kp. Performing the Fourier
transformation for our effective-field theory given by Eq. (24),
we obtain

> d dk dk
7 = / Dfis D7y D¢y Da exp (—/ _a)/ 2 / L{ <—i%n(w)lw|; — svpk) — U—Fki>fm
—00 2w J_ N(r 2)/

+¢a(p2lol + vkt )¢ + 61(7/u + vsz)a +z) (

|k

_ glgh /

2N,m
dk/ dk d2 d d
/ / Py / 2 / o / S0 fh@+ Qg + gk + g1 fio(@.kp ko)

A S ~|—v2kl+m>

x (lw - 15>z (0 — Qk| — g,k — q1)z0(@ K k)

LR A

2(2,91,9)0 f1 (@ + .k + qp. ki + qu) foso (k) kL)

+ Wsa(Q AgOVFO L (@ + QK+ gk + q1) fro(@,ky kL)
+—=a(@,q1.42) (ki + D) 2@+ 2.k +q1ke + quza(w,k“,kn} }) (33)
/Ny 2

Assuming the robustness of fermion dynamics, we
introduce the scale transformation of

w=b"lo, k=btkj, ki=bTik, (34

which leads the holon’s renormalized kinetic-energy invariant
under the transformation of

Sso(w,ky k1) = b¥ Soy (@ kuvkﬁ~ (35)

On the other hand, the kinetic energy of critical longitudinal
spin fluctuations cannot be invariant under this scale transfor-
mation. It is natural to assume the invariance of the Landau-
damping term under the scale transformation, resulting in

$r(@,ky, ki) = b gy k)KL (36)

[
Then, we find

=b v}, (37)

which turns out to be irrelevant at low energies. In the same
way, it is natural to keep the invariance of the Landau-damping
term under the scale transformation for dynamics of gauge
fluctuations, which gives

a(w,ky,ki) = b4a(a) kII’kL)' (38)

Then, the velocity of gauge fluctuations also turns out to
be irrelevant. For the scale transformation in transverse spin
fluctuations, we keep the invariance of the frequency term. If
we consider the scale invariance of the momentum term in the
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dynamics of transverse spin fluctuations, the frequency term
turns out to be relevant. Then, the spinon dynamics becomes
static at low energies since only the zero-frequency sector is
allowed, as discussed before. The condensation of spinons
leads us to return to the HMM description. However, we
find that the spin-fermion coupling g, becomes irrelevant,
which means that the dynamics of localized longitudinal
antiferromagnetic fluctuations is decoupled from that of renor-
malized electrons in the zero-temperature limit. Of course,
there must be quantum corrections at finite temperatures due to
effective interactions between renormalized electrons and such
localized longitudinal antiferromagnetic fluctuations, given

by Siw = fif dt [ d*r{fl =i (=02)i —iv)) - VIf,, +
V2o — 02 — %¢20 fjg feso)- We no longer consider this
local quantum criticality in this study. We focus on the case

|

PHYSICAL REVIEW B 90, 205129 (2014)

where spinons do not condense. The scale invariance of the
frequency part is achieved by

Zo@.ky ki) = b 2, (o k] KD (39)

As aresult, we find that both the velocity and mass of spinons
become irrelevant, which decrease to vanish at low energies.

It is straightforward to show that both g, and e, are
irrelevant. On the other hand, ey is marginal. The interaction
vertex between renormalized electrons and transverse spin
fluctuations turns out to be relevant, given by

818: v g8\
= b4 . 40
<Nam%) <Nam%> @0

As aresult, we reach the following expression for an effective-
field theory at this fixed point:

*®d dk dk
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—ky, — k1) + 2} (0,k, kD 20 (w,ky k)

Sa(Q Q1,9 )VFOfL (@ + k) + .kt + q1) fro(@,ky kL)

00 dk/ dk a2 d d ,
_ 818 / / / L/ / gl / ciL ofd (w+ Q&+ qp.k + q1) fso (0, k), kL)
Naml 2w J_

. / . Q / 7 ’ / ’ !
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Performing the Fourier transformation, we express the above effective-field theory as follows:

2= [ o acsn( [t s [~ av{ o [0 i - 2
o 14

/—02
xy\/Ta(rx ,y) —

WS“(T X YEOf (T, fio (8,6, 3) + 10, 20 (7,2, —

}Zv} fva(taxay) + a(f’x’)’)

818:

Nom af fm(z ng/)}) (42)

It is interesting to notice that the dynamics of gauge fluctuations becomes local, which means that they do not propagate in
space. This locality originates from the fact that the renormalization in fermion dynamics results from z = 2 critical dynamics of
longitudinal spin fluctuations, while the dynamics of gauge fluctuations is given by z = 3. Although it may be possible to reach
a fixed point of ( Ag];f:;% )¢, we fail to find the corresponding critical field theory within the Eliashberg approximation.

D. Scaling analysis II

We emphasize that Eq. (42) is not a critical field theory since the holon-spinon coupling term is relevant. In order to find a
fixed-point theory within the one-loop level, we consider another scale transformation, given by

w=>b""w,

k” =b" zkl/l’ kJ_ :kj_, (43)

where the transverse momentum along the Fermi surface does not change under the scale transformation. We speculate that it is
hidden in this scale transformation one-dimensional physics associated with an emergent localized magnetic moment.
Following the same procedure, we find that all field variables change as follows:

fio(@.kyky) = b' fl (@ k).K)),
a(w.ky.ki) = bia' (@ k).k)),

P(w.ky kL) = big' (@ k) .k,
(44)

za(a) k” kl) = b Z ((1) k”,kl),

under the effectively one-dimensional scale transformation. It turns out that all interaction vertices become irrelevant except
for the spinon-holon coupling term, which is marginal. As a result, we reach the following expression for a critical field

205129-13



KI-SEOK KIM

theory:

PHYSICAL REVIEW B 90, 205129 (2014)

Z = /Dmez(, exp<— /oo ;l—;”f dk”/ dkl{fw(w Ky ko) [—zwmz —svpk||:|fw(a) Ky k)

+ 2l (@, ky k)’ 24 (0, kK L) —

N,

el L L L %

Q
X o f (@ + QK + gy ks +q1) fio(@,ky ko) ( i — 13) NS Q.k — q.k) — qU)ze (@ k,kL)D- (45)

Performing the Fourier transformation, we obtain a critical field theory given by

/Dmez(, exp( / dr/ dx{ 1 (1,%) |:—1 ;‘P( 83)% —isvp8x] fio(T,%)

glgz

U

+18: 20 (7, %))* —

evaluated within the Eliashberg approximation.

This critical field theory describes the dynamics of renor-
malized electrons interacting with locally critical transverse
spin fluctuations at the antiferromagnetic quantum critical
point with Q = 2ky. We would like to point out that not
only longitudinal spin fluctuations but also transverse gauge
fluctuations have been introduced to renormalize the dynamics
of both renormalized electrons and transverse spin fluctuations
in the Eliashberg approximation, and their renormalized
interactions no longer play any roles in the dynamics of
both renormalized electrons and transverse spin fluctuations
at this “tree” level. Considering the fact that the dynamics of
transverse spin fluctuations becomes localized, we interpret
that localized magnetic moments appear to be critical at this
antiferromagnetic quantum critical point.

Figure 5 shows a schematic diagram for renormalization-
group flows in an antiferromagnetic quantum phase transition
with Q = 2kp. Here, we took into account three possibilities,
based on the U(1) slave spin-rotor formulation. The first case
is given by the condensation of spinons, reproducing the
HMM description. However, it turns out that the dynamics of
longitudinal antiferromagnetic fluctuations becomes localized
and the spin-fermion coupling is irrelevant in the low-energy
limit. As a result, we reach the HMM fixed point of Q = 2k Fs

described by Summ = fif dt [ dPr{fl[—i & (=02)* —iv}) -

V1fso + 22/ —02¢2 — I f-se}, where the spin-
fermion coupling is expected to govern anomalous scaling
at finite temperatures. Of course, this HMM fixed point differs
from that of Q # 2kp. The second fixed point is described
by Eq. (42) but not a critical field theory, where the dynamics
of all bosonic excitations of gauge fields, longitudinal an-
tiferromagnetic fluctuations, and transverse spin fluctuations
becomes localized and g, is irrelevant, but % is relevant

oMy

while e is marginal. Although we speculate the existence of

a finite-coupling fixed point for A“;’lgzz, it is not completely
oy

clarified yet. The last is described by Eq. (46), a critical

field theory in terms of renormalized electrons and localized

transverse spin fluctuations. All interaction vertices turn out
glg

marginal in the one-loop level. This well-defined fixed p01nt is

f (T,x)fsg(f,x)[Zj;/(T,x)atZg/(l',.x)]}), (46)

(

identified with antiferromagnetic local quantum criticality of
0 = 2k, which may be regarded to be our main result.

It is straightforward to extend the present analysis into
the three-dimensional case, where the fermion self-energy
is proportional to |w| linearly. It is rather unexpected to
find that not only the scaling ansatz II but also the scaling
ansatz I gives rise to exactly the same critical field theory,
that is, Eq. (46), although it is trivial to see that the scaling
ansatz II preserves the critical field theory of Eq. (46) in three
dimensions. This three-dimensional demonstration suggests

Scaling | Scaling Il
o Q =2k o Q =2k
———€¢—
——€—
——<€¢—
——€—¢
92 & ez 92 & €z
919z 919z
my? m,2

FIG. 5. (Color online) A schematic diagram for renormalization-
group flows in an antiferromagnetic quantum phase transition with
Q =2kr. The U(l) slave spin-rotor formulation allows three
possible fixed points. The first fixed point is realized by the
condensation of spinons, described by the HMM scenario, but the
dynamics of longitudinal antiferromagnetic fluctuations becomes
localized at this fixed point. Since the spin-fermion coupling turns
out to be irrelevant (not shown here), the local quantum criticality
given by longitudinal antiferromagnetic fluctuations is decoupled
from the dynamics of renormalized electrons in the low-energy
limit. The second is described by Eq. (42), but not a critical field
theory, where the dynamics of all bosonic excitations of gauge
fields, longitudinal antiferromagnetic fluctuations, and transverse

spin fluctuations becomes localized and g, is irrelevant, but }5‘;

is relevant while e, is marginal (left). The last fixed point is well
defined, described by the critical field theory of Eq. (46) in terms
of renormalized electrons and localized transverse spin fluctuations.
All interaction vertices turn out to be irrelevant, except for the

holon-spinon couplmg 8182 w? marginal in the one-loop level (right).
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the robustness of the local critical field theory of Eq. (46).
Below, we confirm this robustness, assuming possible singular
corrections in the self-energy of longitudinal antiferromagnetic
fluctuations. However, it is not clarified at all when this local
quantum critical point is realized beyond the HMM fixed point,
regarded to be quite stable in three dimensions. Here, we
point out the existence of another fixed point in the U(1) slave
spin-rotor theory, expected to generalize the HMM theory into
the strong-coupling regime.

E. Consideration of possible singular physics
of the 2k susceptibility

One may be concerned that the self-energy correction
M®(q ~ 2kr,iQ) for longitudinal spin (antiferromagnetic
amplitude) fluctuations contains more singular dependence
in frequency than the form of Landau damping since there
exist z = 3 transverse gauge fluctuations. Actually, the 2kp
antiferromagnetic-ordering transition has been investigated in
the U(1) spin-liquid state, described by fermionic spinons
strongly coupled to U(1) gauge fluctuations of z =3 [19].
This study addressed that the 2k - susceptibility is possible to
show a divergent behavior at low energies, which is expected to
modify the dynamics of spin fluctuations in the HMM theory.

First of all, we point out that an antiferromagnetic transition
from a Fermi-liquid state is being considered instead of the

PHYSICAL REVIEW B 90, 205129 (2014)

U(1) spin-liquid phase. Of course, the 2kp susceptibility
does not show such a singular behavior in the Fermi-liquid
state. Even if it did, one may suspect that the emergence
of U(1) gauge fluctuations, which arises from the strong-
coupling approach for the antiferromagnetic quantum critical
point, can cause the similar singular behavior for the 2k
susceptibility. However, we would like to argue that the correct
way of renormalization for the dynamics of longitudinal
spin fluctuations may differ from that in the U(l) spin-
liquid state, where both U(1) gauge fluctuations and critical
longitudinal spin fluctuations should be taken into account
on equal footing. In this respect, we performed the scaling
analysis for an effective-field theory with quantum corrections
in the Eliashberg approximation, showing that the effective
interaction between holons and U(1) gauge fluctuations turns
out to be irrelevant for the fixed point given by the scale
transformation of Eqgs. (43) and (44). This implies that singular
vertex corrections for the 2kp susceptibility given by U(1)
gauge fluctuations may not exist at this fixed point, suggesting
the local quantum criticality.

In this section, we extend the scaling analysis for the z = 2
critical dynamics of longitudinal spin fluctuations to a general
z. This consideration is meaningful since more elaborate
treatments for renormalizations may change the z = 2 critical
dynamics into the other. Modifying the Landau-damping term

. 2 . . .
|w| into ||z, we obtain an effective-field theory with quantum
corrections in the one-loop level,

© g dk dk
Z= / Df.y Dz, D¢ Da exp ( —/ —w/ aad / L{ [—i&n(w)mwl — svpk) — U—Fki} fio
o 2w o N, 2y

+¢2(V2|60|% +v3ki)$r +a (Vu + vzkl> a+z) < 8

kil

_ glgz /

INom 5w +v2kL+m>

o dk’ dk a2 d d '
/ / - / 2 / o / o= SL(Q} + Q.ky + gk +q1) fro(w.ky kL)

./ Q / / / / / ’
X (la) — 13> zl,(a) — Q.ky — g,k — q1)z0 (@0 k) k)

ds2 d d
/ 27 / 3 / QL[ ——=$2(2.41.9.)0 [ (@ + .k + q1.kL + q1) foo @ ky kL)

47)

+ msa(Q L1 g VFO L (@ 4k + gk 4 qL) fro(@,ky kL)
+ «/N_G(Q .q1-91) (kn + ) Ho+ Qk +q.kL + q0)z0 (0,k), kL)“)

where the holon self-energy has been also changed from |w| 12 to |w|

First, we consider the scale transformation,

|2/3

. If one inserts z = 3, he has |w as expected [14].

w=b"'o/, ky=b"Tkj, ki=b Tk, (48)
where z > 1 is required. Then, consistent transformations for all field variables are given by
fro(@ky k) = b7 fL () kKD, dalw.ky k) = b5 gy kK,
a(w,kyky) = b5 a'(@ KK, zo(@kyky) = b5 2 (0 kK, (49)
following the same strategy of the scaling analysis I. As a result, we obtain
b vg/, v: = =b: 2/, vz2 =b 7 12/, m? = bfzmg/. (50)
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Interaction parameters are transformed as follows:

PHYSICAL REVIEW B 90, 205129 (2014)

818: RSN ey , ey
(o) =0 (). m=b¥a e e=p e 5D
oty o

1

If we consider the case of 1 < z < 3, both the spinon-holon coupling constant (

818z
N(,m?

) and spinon-gauge coupling constant e,

turn out to be relevant, while the holon-gauge coupling constant e s is marginal. The coupling constant g; is irrelevant, implying
that the HMM theory should be modified for this antiferromagnetic quantum criticality. As a result, we obtain an effective-field

theory,

No

B o0 o0 _
z =/Dmengaexp<—/ dt/ dx/ dy{f;,(z,x,y) [—ic—z(—af)hl —isvpd, — ”—Faf} Foor(T,2,7)
0 —00 —0 27/ :
2

/_81_
a(t,x,y) —
— (T,x,y) A

y

er

+a(z,x,y)y

818:
N,m?

not a fixed-point theory.

VNg

sa(t,x, Y)Vro £ (T,2,) fio (T,2,9) + [8: 25 (T,x, )]

ofys fsa(zgazza/) - iia[zi(axza) - (axzf,)za]}), (52)

On the other hand, if we take the scale transformation as follows:

w=b"'o/, kj=b"Tkj, k=K, (53)
we obtain
frol@ky k) = b5 [l kKD, ga(w.ky k) = b5 ¢y k) K, 5
a(w.kyky) = b5 d'(@ KK, zo(@.ky k) = b5 2 (@ kLK.
Then, all interactions turn out to be irrelevant under this scale transformation as follows:
& :b’%rgé, ef :b’%e’f, e, :b’%eé, (55)

except for the spinon-holon coupling constant, which remains marginal,

/
818z 818:
= . 56

The critical field theory for this fixed point is given by

B '] —1
Z = /Dmezg exp(—/ dt/ dx{fja(r,x) [—ilcvi(—af)‘h —istax] Foo (1,20
0 —00 o

818z
2
oy

+18: 20 (T,0)* —

which implies the robustness of local quantum criticality.

IV. SUMMARY

In this study, we revisited an antiferromagnetic quantum
phase transition from a Fermi-liquid state. In particular, we
focused on the ordering wave vector of Q = 2k, where the
Fermi velocity of one patch is parallel to that of the other,
where both patches are connected by the nesting vector. In
this situation, the scale transformation for the longitudinal
momentum orthogonal to the Fermi surface differs from that
for the transverse momentum along the Fermi surface. An
idea was to extract out the dynamics of directional spin
fluctuations explicitly from the Hertz-Moriya-Millis theory.
Taking the strong-coupling approach, which diagonalizes the
spin-fermion coupling term in the HMM theory, we could
deal with both amplitude and directional fluctuations of
the antiferromagnetic order parameter on equal footing. As

o £ (1.2) fro (T2 (1. 200200 (1.0)] }) ; (57)

(

a result, we constructed an effective-field theory given by
Eq. (21) in the two-patch construction. Recall Eq. (14) for
the lattice construction. Introducing quantum corrections into
the U(1) slave spin-rotor effective-field theory in the one-loop
level, we found a renormalized field theory, given by Eq. (24),
for the antiferromagnetic phase transition with Q = 2k,
which describes the dynamics of renormalized electrons, z = 2
critical longitudinal spin (antiferromagnetic amplitude) fluctu-
ations, z = 1 transverse (directional) spin fluctuations, z = 3
U(1) gauge fluctuations, and their interactions, where z is the
dynamical critical exponent. Considering several ways of scale
transformations, we could find a critical field theory in terms
of renormalized electrons and transverse spin fluctuations,
where only their interactions turn out to be marginal while all
others become irrelevant. A characteristic feature was that such
transverse spin fluctuations become localized, which means

205129-16



EMERGENCE OF LOCALIZED MAGNETIC MOMENTS NEAR ...

that their propagating velocity is renormalized to vanish at this
fixed point. The emergence of localized magnetic moments is
an interesting feature of this study, proposing local quantum
criticality for the antiferromagnetic quantum phase transition
with @ = 2kp.
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