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Phonon transport on two-dimensional graphene/boron nitride superlattices
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Using nonequilibrium molecular dynamics and lattice dynamics, we investigate phonon conduction on two-
dimensional graphene/boron nitride superlattices with varying periods and interface structures. As the period of
superlattice increases to a critical value near 5 nm the lattice thermal conductivity drops sharply to a minimum,
and beyond that it smoothly increases with the period. We show that the minimum in the thermal conductivity
arises from a competition between lattice dispersion and anharmonic effects such as interface scattering. The
initial reduction of thermal conductivity can partially be accounted for by harmonic wave effects induced by
interfacial modulation, such as the opening of phononic band gaps and reduction of group velocity. Beyond the
minimum, reduced inelastic interface scattering is responsible for the recovery. The overall range of thermal
conductivity exhibited by the superlattices is substantially reduced with respect to the parent materials. A
universal scaling of the thermal conductivity with total superlattice length is found, suggesting that the critical
period is independent of total length and that long-wavelength phonons are dominant carriers. Furthermore, we
demonstrate the ultrasensitivity of thermal conductivity to interfacial defects and superlattice periodicity disorder.
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I. INTRODUCTION

Understanding the role of nanostructuring on lattice thermal
transport is a key challenge with several practical applications.
For instance, as thermal emissions continue to spike glob-
ally [1], interest in direct thermoelectric energy conversion
[2–5] from waste heat to electricity has experienced a strong
revival. Despite many promising features such as scalability
and lack of moving parts, wide-scale adoption of thermoelec-
tric materials is severely hampered by low energy-conversion
efficiencies. The efficiency is measured by the dimensionless
figure of merit ZT = S2σT/κ , where S denotes the Seebeck
coefficient, and σ and κ are, respectively, electric and thermal
conductivities [6]. This definition suggests several approaches
to optimizing ZT [3]: for example, enhancing Seebeck coeffi-
cient and electronic conductivity via electronic band-structure
engineering [7–9], and/or suppressing thermal conduction
through phonon engineering [10–12]. However, this approach
is often complicated by competing relationships; for example,
increasing the electronic conductivity by introducing free
carriers comes at the cost of an increased electronic thermal
conductivity [5]. Despite these challenges the state-of-the-art
ZT has continued to steadily increase (recently reaching as
high as 2.6 [13]), with many improvements enabled by ad-
vances in modern nanotechnology and quantum design [2,3].

Since their emergence in the early 1980s [14,15], super-
lattices have attracted considerable attention as candidates for
enhanced thermoelectric design. Through hybridization of two
disparate materials, superlattices provide a viable approach to
capitalizing on the signature properties of both constituent
materials. For example, GaAs/AlAs superlattices [16–22] can
be replacements for AlGaAs alloys in various electronic and
optoelectronic devices, on account of greater carrier mobility
and shallower dopant binding energies [23]. Recently interest
in superlattices has been further renewed [24], stemming from
studies of the thermoelectric performance of semiconductor
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quantum wells [25]. Several new superlattice materials exhibit
promise for thermoelectrics, such as Si/Ge [22,26–32] and
Bi2Te3/Sb2Te3 [33–34], in the latter of which the thermal
conductivities are suppressed the most in the literature in
comparison to parent materials.

Although engineered superlattices have offered a new
avenue of phonon engineering and control over phonon
propagation, to date several outstanding questions remain to be
answered regarding the nature of phonon conduction on these
ordered materials. Initial experimental measurements reported
significant reduction of thermal conductivity by superlattice
structuring, which was widely attributed to an interfacial
Kapitza resistance [17,18,26]. Therefore, as the superlattice
period decreases, the increasing interface density should result
in reduced thermal conductivity. While this was supported by
early numerical solutions to the Boltzmann equation [19],
these deviate from more recent theoretical analyses [35]
and simulations [30,36,37], which suggest that a minimum
conductivity appears at a critical superlattice period. Despite
several decades of analysis, a consistent picture of lattice
thermal transport in superlattices is yet lacking. For example,
Simkin and Mahan predict that the minima in the thermal
conductivity appear when the period is close to the phonon
mean free paths [35,36], while others predict that the minimum
occurs at ultrashort periods [37]. Moreover, it is still unclear
whether phonon transport on superlattices is ballistic and/or
coherent [38]. Also it was not until this year that such minima
were observed experimentally, and attributed to a crossover
between coherent and incoherent transport [39].

Meanwhile, with continually increasing experimental ca-
pabilities at the nanoscale, the fabrication and characterization
of low-dimensional materials has been attracting growing
attention [24,40,41]. The synthesis and characterization of
two-dimensional (2D) materials such as graphene [42], boron
nitride [43], and kindred materials (e.g., the family of transition
metal dichalcogenides [41]) has garnered substantial attention.
Of particular interest is the recent successful fabrication
of two-dimensional graphene and boron nitride composites
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[44], which has further spurred a series of numerical stud-
ies [45,37,46]; recently even ordered 2D graphene/boron
nitride (G/h-BN) superlattices [47] have been successfully
fabricated. Although they share a honeycomb structure,
graphene and boron nitride have distinct electronic struc-
tures, opening new possibilities for next-generation (opto-)
electronics [47]. Nonetheless, their thermal properties are not
well characterized thus far. Despite their similar atomic masses
and lattice constants, boron nitride exhibits ionic/covalent
bonding, in contrast to the covalent sp2-hybrid bonds in
graphene, resulting in different bond strengths. Additionally,
the lattice thermal conductivity of 2D materials is interesting
in its own right, as it has also been suggested that the ther-
mal conductivity of pure two-dimensional materials diverges
logarithmically with increasing total size [48,49].

In this work, we use computational atomistic methods
to study the phononics of two-dimensional graphene/boron
nitride superlattices. While the thermal conductivity of thin-
film and/or nanowire superlattices is often found to exhibit a
minimum at a critical superlattice period [35], the potentially
diverging thermal conductivity of two-dimensional materials
with total length [48,49] introduces an intriguing twist. More
work is needed to thoroughly understand how these phenom-
ena play out in two-dimensional superlattices, as well as the
underlying mechanisms. The plan for this paper is as follows.
In Sec. II we describe the two main numerical methods used
in our work: nonequilibrium molecular dynamics (NEMD)
and lattice dynamics (LD). In Sec. III we present the results
of the NEMD and identify relevant length scales governing
phonon transport. In Sec. IV, descriptions of interface effects
applicable to the different regimes are introduced; Sec. V
presents an extension of our analysis to nonideal superlattices.
In Sec. VI the key findings of our work are summarized.

II. SIMULATION METHODS AND MODEL STRUCTURES

For our analysis, we have implemented two simulation
methods: nonequilibrium molecular dynamics (NEMD) and

lattice dynamics (LD). For both, we employ Tersoff poten-
tials [50] for both graphene and boron nitride. The harmonic
portion of the empirical potential is extracted and used to
generate the LD results. For both materials, we use the
parametrization of Lindsay and Broido [51], which has been
optimized for descriptions of thermal properties. Tersoff’s
mixing rules [50] are applied to describe the interactions
between C and B/N atoms at the interface (Supplemental Mate-
rial [52]). As depicted in Fig. 1(a), the computational supercells
consist of superlattices of regularly spaced graphene/boron
nitride (G/h-BN) segments separated by zigzag interfaces.
Periodic boundary conditions are applied to all simulation cell
boundaries in each case, and thermal conductivity is calculated
in the direction perpendicular to the interfaces. The period P
of the superlattice and the total superlattice length L are varied.
Here and hereafter, P and L are integers indicating the number
of unit cell building blocks in the superlattice, where a “unit
cell” is defined in Fig. 1(a).

Within NEMD, we simulate phonon transport on G/h-BN
using LAMMPS [53]. All structures are initially relaxed and then
thermalized at 300 K for 0.1 ns with Nose-Hoover thermostats.
After the equilibration period, the thermal conductivity of
each superlattice is determined using the Ikeshoji-Hafskjold
approach [54]. Two heat baths (each 200 unit cells long) are
established at the beginning and middle of the computational
domain, and G/h-BN superlattices are inserted in between
[Fig. 1(a) shows half of such a domain]. A constant heat
flux Q from the heat source to the sink is established in the
simulation cell, resulting in a temperature profile ∇T as shown
in Fig. 1(b). A time step of 0.1 fs and 3.35 Å thickness are
used to determine thermal conductivity k via Fourier’s law
Q = k∇T .

To assess the impact of harmonic modulation (wave
effects) on the thermal conductivity, we also use LD [55] as
implemented within GULP [56]. We extract the harmonic fit
to the empirical Tersoff potentials about the minimum, from
which we obtain bond “spring constants” of 1148, 900, and
1275 N/m, for graphene, boron nitride, and interface bonds,

FIG. 1. (Color online) (a) Schematic of a five-period G/h-BN superlattice with P = 2 unit cells and L = 5 unit cells, where a unit cell has
dimensions 0.246 and 0.426 nm parallel and perpendicular to the interface, respectively. Inset is reciprocal space and k locus used in this work;
(b) Temperature profile of G/h-BN superlattice with L = 700 unit cells and P = 140 unit cells, which corresponds to local Knudsen number
KnBN ≈ 7, KnC ≈ 10 and thus phonon flow features transition regime characteristics (note that the superlattice image on top is illustrative, the
plotted data correspond to a larger period than depicted).
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respectively. Using these spring constants within Simkin and
Mahan’s chain model approach [35] for each superlattice
considered, the extended-zone representation of the lattice
dispersion relationships can be determined. This analysis
allows us to isolate the effects of phonon wave effects (arising
from the superlattice periodicity) on the superlattice dispersion
relationship.

III. NONEQUILIBRIUM MOLECULAR DYNAMICS
AND LENGTH-SCALE ANALYSIS

A. Nonequilibrium molecular dynamics

The NEMD results of the thermal conductivity for G/h-BN
superlattices with different total lengths L are shown as a
function of the superlattice period P in Fig. 2(a). Total lengths
of L = 300, 500, 700, and 1000 unit cells (as defined in Fig. 1)
are considered. For each total length L the superlattice period
P varies from ultrashort (P = 2 unit cells) to P = L/2 unit
cells. From Fig. 2(a), it is clear that the overall superlattice
thermal conductivities are notably reduced from those of the
parent materials. For instance, according to our NEMD results
for pure materials (not shown here explicitly), for length
L = 1000 unit cells the thermal conductivity of graphene
and boron nitride is ∼2000 and ∼1200 W/mK, respectively;
by comparison the thermal conductivities of superlattices of
the same length exhibit thermal conductivities of ∼400 −
−600 W/mK depending on the period. Additionally, the
overall thermal conductivity in Fig. 2(a) increases steadily
as the total length L of the superlattice increases, irrespective
of the period P of the superlattice.

The most obvious feature in Fig. 2(a) is the minimum in
the thermal conductivity that appears, independent of total
superlattice length L, around a superlattice pitch P of 10–20
unit cells (4–8 nm). For fixed total length L, as the period
grows, the calculated thermal conductivity initially decreases
sharply for short-pitch superlattices, but then undergoes a
relatively smooth increase. The emergence of a minimum
thermal conductivity, substantially lower than that of the
constituent materials, suggests that appropriately designed
two-dimensional superlattices could be good candidates for
low-thermal-conductivity applications, such as thermoelectric
energy conversion. The presence of such minima in thin-film
and nanowire superlattices has historically already received
considerable attention in the literature. From different per-
spectives, several theories account for this nontrivial trend. For
example, Simkin and Mahan [35] attribute it to the competition
between wave and particle nature of the transport, while Jiang
et al. [37] propose another possible explanation: diminution
of wave tunneling versus the number of confined phonon
modes. Venkatasubramanian [33] observed such behavior as
well and interpreted it as a phonon localization phenomenon. It
is interesting to note that these explanations sometimes arrive
at different qualitative predictions, such as the characteristic
length scale where the minimum occurs, and its dependence
on carrier mean free paths and superlattice total lengths. In our
case, the minima always occur at periods of P = 10−20 unit
cells, independent of the total length L of the superlattices.
Additionally, as shown in Fig. 2(b), normalizing the results
by the minimum thermal conductivity collapses the data in
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FIG. 2. (Color online) Thermal conductivity of ideal G/h-BN
superlattices: (a) molecular dynamics results for varying P and L,
minima occur at Pc = 10−20 unit cells; (b) thermal conductivity
normalized by respective minima, showing a general valley trend
and thus signifying universal critical length scales: coherence length
λ ≈ 14 ± 4 unit cells and mean free path �G ≈ 1400 unit cells; (c)
thermal conductivity versus total length L, where linear dependence
indicates the ballistic nature of predominant carriers.

Fig. 2(a) into a single curve, revealing a consistent scaling to
the computed behavior.

B. Relevant length scales

To understand the overall transport physics underlying the
observed trends, in addition to the total length L and the
superlattice period P , we identify several additional length
scales. These are the phonon coherence length λ [19], and
the local and global mean free paths �l,g . The coherence
length demarcates the length at which the wave nature of
phonons become important relative to classical effects (particle
nature) [57], while the mean free path weighs various collision
mechanisms and describes the average phonon flight distance
before scattering.
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FIG. 3. (Color online) Calculated phononic coherence length λ

as a function of the superlattice period P ; the fluctuations are largely
induced by Bose-Einstein weighting.

1. Phonon coherence lengths

We estimate the phonon coherence lengths as originally
derived in Mehta [58] and later extended in Chen [19]. This
approach only requires the phonon density of states as input,
which we extract from our LD calculations (described later).
We firstly weight the LD density of states D (ω) according to
the Bose-Einstein distribution NBE(ω), and normalize such
that

∫ ωm

0 D(ω)NBE(ω)dω = 1, where ωm is the maximum
frequency of all phonon modes. From Fourier analysis, the
coherence time can be defined as

τ =
∫ ωm

0
[D(ω)NBE(ω)]2dω, (1)

which leads to the phonon coherence length as λ = VDτ ,
where VD is the Debye velocity VD = (V −2

LA + V −2
TA )−1/2

for two-dimensional phonon transport. The thus-computed
coherence lengths for different periods P are plotted in
Fig. 3, where Bose-Einstein weighting is responsible for some
fluctuations in our numbers. The average value of coherence
length, however, is found to be 6.02 ± 1.81 nm, which is equal
to 14 ± 4 of our unit cells.

This calculated coherence length is marked on Fig. 2(b).
Interestingly, we find that the coherence length precisely nests
the NEMD conductivity minima. Thus, the minimum thermal
conductivity occurs at a transition from wave-dominated to
particle-dominated transport. To the left of the minimum
(P > ∼6 nm), phonon transport is largely dominated by wave
effects including constructive and destructive interferences
arising from interfacial modulation; to the right of the
minimum (P > ∼6 nm) phonon waves lose their coherence
(i.e., phonon phase becomes unimportant) and transport is
more particlelike.

2. Local and global mean free paths

To further elucidate the phonon transport within the particle
regime to the right of the minimum, we have borrowed an idea
from gas-kinetic theory. The phonon mean free path � gives
rise to the dimensionless Knudsen number Kn = �/Lc, which
is the ratio of the mean free path to a characteristic length scale
LC . This ratio quantifies the degree of ballistic transport within

a given system: The transport can be assumed collisionless
when Kn > 10, diffusive when Kn < 0.01, and transitional
in between [56]. In the discussion below, we consider the
superlattice from two different perspectives: those of “local”
and “global” phonons. In the local perspective, the superlattice
is composed of a regular array of parent materials (graphene
and boron nitride) with a well-defined interface separating the
two; this perspective applies to local phonons that sense and
can be scattered by interfaces. In the global perspective, we
consider the superlattice as a new material altogether, with a
unit cell given by one full G/h-BN period; this perspective
applies to so-called global phonons of the superlattice itself
that do not sense the interfacial modulation.

(a) Local Knudsen number Knl . We estimate mean free
paths for pure graphene �C and pure boron nitride �BN using
the kinetic definition of thermal conductivity k ∼ CV vg�.
Adopting the properties of boron nitride as given by the
Ioffe Institute [59] (thermal capacity C = 0.8 J/g/K and bulk
modulus B = 36 GPa), and from its density 2.28 g/cm3, we
obtain CV = 1.68 × 106 J/m3 K and sound speed 4140.4 m/s.
The above leads to an estimate of �BN ≈ 221.1 nm. Similarly,
for graphene we estimate �C ≈ 600 nm, which is consistent
with Pop et al. [48]. These estimates suggest that local
transport within each graphene (h-BN) subdomain of the
superlattice will be collisionless for pitches P < 140 (50) unit
cells, using the threshold value for ballistic transport to be
Knl = 10. We have drawn a line at P = 140 unit cells on
Fig. 2(b), which demarks this threshold for graphene within
the particle regime: To the left Knl > 10 and the transport
should be ballistic; to the right Knl < 10 and the flow becomes
transitional. Note that in our simulations, the largest period P

that we considered corresponds only to Knl = 6 for graphene.
Using a threshold of Knl = 0.01, we note that P should be
around 140 000 unit cells for diffusive transport, which is much
larger than any system simulated here.

While true local ballistic transport would exhibit a constant
temperature profile within each period in Fig. 1(b), any devi-
ations from the ballistic regime should establish appropriate
thermal gradients in our NEMD results. These are observed in
Fig. 1(b) for the case of P = 140 unit cells (which corresponds
to Knl = 10 for graphene, and Knl = 7 for boron nitride) as
temperature gradients within each period (especially in the BN
subdomains), indicating a phonon flow within the transitional
flow regime.

(b) Global Knudsen number Kng . Turning now to global
perspective, the definition of the global Knudsen number Kng

is less straightforward since the mean free paths for the global
phonons �g are difficult to identify when the superlattices
are viewed as new materials in and of themselves rather than
two distinct materials separated by a sharp interface. The
global phonons are those which are modes of the superlattice
itself, and do not sense the interface as a distinct boundary
between two materials. Given the difficulty to extract the
mean free paths for the global phonons, we instead, as shown
in Fig. 2(c), observe that the computed NEMD superlattice
thermal conductivities scale nearly linearly with the total
superlattice length L (independent of the period P ). This
observation suggests that the most dominant heat carriers—
long-wavelength global phonons—are effectively transported
ballistically for all of our simulated systems, so that L � �g .
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C. Length-scale analysis of NEMD results

The local and the global perspectives considered in tandem
suggest that the dominant heat-carrying global phonons
propagate heat ballistically without sensing the interfaces
and determine the overall scale of the superlattice thermal
conductivity (250–600 W/mK), which is substantially reduced
from the parent materials (1200 W/mK for boron nitride,
5000 W/mK for graphene). On the other hand, the detailed
features of the thermal conductivity in Figs. 2(a) and 2(b),
including the emergence of the minimum, result from the fine-
tuning by the localized phonons that do sense the interfaces.
It is interesting to note that the ratio of global and local
Knudsen numbers would quantify the impact of these localized
phonons.

This perspective can help shed some light on the recent
suggestions that the thermal conductivity of low-dimensional
systems may diverge as the total length increases [48,49]. Such
a divergence on two-dimensional suspended graphene has been
recently reported, despite the presence of heat baths (pinning
effects) [49]. Although the mechanism for such a divergence
is still debated in the literature [60], it may be related to the
relative weakness of anharmonic scattering in comparison to
the contributions to the heat conduction by long-wavelength,
low-frequency phonons that are activated as the system size
increases. It may also be related to contributions from the
high (diverging) density of states of the long-wavelength z-
acoustic phonon modes that become activated as the sample
size increases [61]. Although it is possible that for our systems
the superlattice conductivity may diverge [we note that there
is no discernible “leveling off” of the calculated conductivity
in Fig. 2(c)], it is, however, very difficult for us to assess the
possibility of a divergence numerically. As described above,
convergence of the thermal conductivity (if it exists) for the
pure materials would start emerging at L ≈ 140 000 unit cells
(Kn � 0.01), which requires large computational domains that
are prohibitively large.

IV. DESCRIPTION OF INTERFACE EFFECTS

Having established the important length scales in our
systems, we now take a more detailed look at the role of
interfaces on the observed modulation of the thermal conduc-
tivity. In general, interfaces can play two critical roles: They
are sources of inelastic scattering and they introduce harmonic
modulation. The former has been well documented in literature
and mostly studied via the Boltzmann equation [19], while the
latter reflects changes to the phonon dispersion spectrum. We
consider both effects here.

A. Interface effects in the wave region—lattice dynamics

To the left of the minimum in Fig. 2(b) where wave effects
are important, the dominant role played by the interfaces
are expected to be via modification to the lattice dispersion
relationship induced by the periodic superlattice structure
(wave interference effects). Lattice dynamics provides a
viable vehicle to study ballistic transport, and our results
are summarized in Fig. 4. Figure 4(a) shows the dispersion
relationships calculated from LD for superlattices with two
different periods: P = 1 and P = 50. Brillouin zone folding
and wave interferences are reflected in these dispersion rela-
tionships. Once the dispersion relationships are established,
the total thermal conductivity k = L

∑
χ kχ is calculated as

a sum of the contributions over all modes χ . The modes in
Fig. 4(a) are colored according to their spectral contribution to
the total thermal conductivity given by κχ = vgx

2ex(ex − 1)−2

where x = hω/kT and vg is the group velocity dω/dk. A more
detailed analysis showing the spectral contribution is presented
in Fig. 4(b) for superlattices of pitch P = 1, 2, 4, 10, and 50.
Here, the opening of band gaps can be easily identified, and
the number of gaps increases with increasing pitch P .

The total thermal conductivity calculated from the sum
is shown in the inset of Fig. 4(b), both when all modes
are uniformly excited [Simkin and Mahan (MS) model]
and according to the Bose-Einstein distribution (BE). In
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comparison to the NEMD results, the LD thermal conductivity
initially drops as the pitch increases, but does not recover (no
minimum is observed). Additionally, the overall reduction is
sharper in the NEMD results in comparison to the LD results.
Lattice dynamics therefore captures some portion, but not all,
of the NEMD drop in the thermal conductivity of Figs. 2(a)
and 2(b). The captured portion of the drop arises from the
dominance of the wave nature of phonons and changes to
the phononic band structure [35], ultimately causing spatial
confinement of phonons and suppression of group velocity as
originally described by Simkin and Mahan [35]. However, the
initial reduction due to harmonic effects as captured by LD
alone is not sufficient to explain the full reduction in Figs. 2(a)
and 2(b) for ultrashort G/h-BN (the acoustic mismatch is quite
low). To fully account for the pronounced reduction, nonlinear
lattice dynamics [62] may be important in that nonlinearity can
further flatten dispersion curves and enlarge band gaps [54].

B. Interface scattering in the particle region

The difference between the NEMD and LD results—
namely the (lack of) recovery of the thermal conductivity
beyond the minimum—implies the critical role of anharmonic
processes not present in the LD in giving rise to the NEMD
minimum in Figs. 2(a) and 2(b). To account for the recovery,
anharmonic effects due to intrinsic umklapp damping [63]
and interfacial scattering [64] (that are not captured by LD)
are necessary. Both of these can be identified from the
NEMD results in Fig. 1(b): the former from the thermal
gradients within a given superlattice pitch, and the latter from
the jumps at the interfaces. When the superlattice period
grows, interfaces become sparser and interface scattering
attenuates, which in turn leads to the increase of thermal
conductivity [19,26,63].

In comparison to wave effects, interface scattering in the
particle region is more straightforward and most applicable
to long-pitch superlattices, where the interface represents a
clearly defined border between two distinct materials. To
assess its impact, we estimate the total superlattice thermal
conductivity as the summed contribution of conductivity from
both the local and global phonons as described in Sec. III B,
so that kSL = kl + kg . In this expression, the conductivity
for the global phonons can be expressed from the kinetic
description as kg (L) = CgvgL =∝ L, provided that the total
length L � �g which is valid for all of our simulated systems.

On the other hand, the contribution from the localized
phonons kl (P ) can be modeled by considering the graphene
and boron nitride subdomains, and the interfaces between
them, as resistors in series. Each superlattice of length L and
period P consists of (L/P ) integer units of graphene/boron
nitride subdomains and two interfaces. The total resistance
RTOT of the superlattice is thus

RTOT = L

P
(RG + RBN + 2RI ) , (2)

where RG, RBN, and RI are, respectively, the resistance of the
graphene, boron nitride subdomains, and the interface. The
resistivity is

RTOT

L
= 1

P
(RG + RBN + 2RI ) , (3)

and inverting gives the local phonon contribution to the
conductivity,

kl = 1
RG

P
+ RBN

P
+ 2RI

P

. (4)

Since the thermal resistivity within the graphene (boron
nitride) subdomain is ρG = 1/kG = RG/ (P/2) (ρBN =
1/kBN = RBN/ (P/2), then

kl = 2

(
1

kG

+ 1

kBN
+ 4RI

P

)−1

. (5)

In the near-ballistic transitional regime where P � �l ,
from the kinetic definition of thermal conductivity we estimate
kG ≈ CGvGP and kBN ≈ CBNvBNP , so that finally

kl = 2P(
1

CGvG
+ 1

CBNvBN
+ 4RI

) = βP. (6)

Finally, we obtain kSL = kg + kl = αL + βP , so that in the
particle region the thermal conductivity increases linearly with
both total length L and pitch P . These linear relationships with
period P and total length L are evident in Figs. 2(a) and 2(c),
respectively. In Fig. 2(a), the observed near-linear relationship
with P for large P beyond the minimum is thus consistent
with the recovery of the thermal conductivity as a result of
reduced interfacial scattering.

We note here that although increasing the pitch P will
lead to an enhancement of thermal conductivity according to
Eq. (6), the rate of increase should eventually slow down as the
interfaces become sparser, the transport becomes diffuse, and
phonon-phonon scattering within each constituent material
intensifies. This corresponds to the violation of the limit
P � �l adopted above. In Fig. 2(a), this leveling off for
the largest P > 200 unit cells is somewhat apparent for the
longer-length superlattices (L = 700, 1000 unit cells).

Using Eq. (6) and fitting to our NEMD results, we estimate
an interfacial conductance of 1/RI = 2.562 × 109 W/m2 K.
Therefore, in Fig. 5 we finally illustrate the thermal

0 10 20 30 40 50
0.9

1

1.1

1.2

1.3

1.4

Pitch (Unit Cells) 

N
or

m
al

iz
ed

 C
on

du
ct

iv
ity  lattice dynamics

 molecular dynamics

interface
scattering

interface
modulation

FIG. 5. (Color online) Comparison of normalized thermal con-
ductivity calculated via NEMD and LD. The initial reduction of
the thermal conductivity arises from wave effects, while reduced
interfacial scattering is responsible for the recovery. The interface
scattering model shown here is fitted to the NEMD results, using an
interfacial conductance of 1/RI = 2.562 × 109 /m2 K.
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FIG. 6. (Color online) (a) Thermal conductivity of G/h-BN superlattices with (b) interface defects and (c) pseudoperiodicity. Thermal
conductivity of pseudoperiodic G/h-BN increases monotonically with period P , ranging between (d) the alloy limit and ideal superlattices.

conductivity as the upshot of harmonic modulation effects
(LD results, shown in red) and interfacial scattering (interface
scattering model, shown in green). It is interesting to note that
the combination of discreteness (dispersion) and nonlinearity
can result in exotic effects such as discrete breathers and
solitons on superlattices, which would be an intriguing
direction for future study.

V. EXTENSION TO NONIDEAL SUPERLATTICES

Before concluding, it is important to point out that such
thermal-conductivity minima seldom appear in published
experimental work (except Ravichandaran et al. [39]), despite
numerous theoretical and computational predictions. This
is often attributed to the presence of additional scattering
mechanisms such as defects at the interface (i.e., misfit
dislocations in thin-film superlattices) that can mask the
minimum. We have tested the robustness of the NEMD results
in the presence of both interfacial defects and periodicity
disorder (Fig. 6).

The green line in Fig. 6(a) shows the thermal conductivity
when interfacial 7-5 defects are present. Due to the 2% lattice
mismatch between graphene and boron nitride, these 7-5
“misfit dislocations” [see Fig. 6(b)] may be expected to form at
interfaces [65]. The thermal conductivity of these incoherent
superlattices is substantially reduced from the ideal superlat-
tice (blue line); for example, the lattice thermal conductivity
reduces more than 4.25 times at the minimum compared to
the ideal case. It appears that the strain fields associated
with the dislocations themselves introduce extraneous phonon
scattering mechanisms and enhance interfacial resistance. Ad-
ditionally, if such interfacial defects are present, the minimum
(if it exists) will be difficult to resolve, giving way to a thermal
conductivity that mainly increases with increasing period.

Additionally, within NEMD we also simulated “pseudope-
riodic” superlattices, which exhibit a ±1 atom layer random
perturbation of the superlattice period [Fig. 6(c)]. As indicated
by the red line in Fig. 6(a), slight disorder to the periodicity
can effectively dissolve the minimum as well, probably via
a mechanism closely related to Anderson localization [66].
Therefore, even if the interfaces are defect-free, imperfect
periodicity also could cause the lattice thermal conductivity to

appear to increase monotonically with period. Moreover, the
thermal conductivity of these pseudoperiodic G/h-BN systems
spans between the ideal and alloy limit, but never below.

Given the current challenges in the fabrication of such
atomically sharp interfaces with perfect periodicity in low-
dimensional materials, we predict that experimental measure-
ment of such a thermal-conductivity minimum should be very
difficult to achieve.

VI. CONCLUSIONS

In summary, using nonequilibrium molecular dynamics we
observed a conductivity minimum of G/h-BN superlattices at
a critical pitch, and interpreted it as the result of the interplay
between lattice dispersion effects and interfacial scattering. For
all of the systems considered here, the dominant transporting
phonons are ballistic, long-wavelength carriers that set the
overall scale of the thermal conductivity, which increases
nearly linearly with total superlattice length. Meanwhile,
localized phonon modes induce subtle changes in the thermal
conductivity and produce the minima at a critical superlattice
pitch. The superlattice period tunes finely the transport nature
of phonon flows, spanning from dispersion dominated, through
ballistic, to the transition regime. Interface modulation leads
to phonon localization, but anharmonic effects play equally
important roles on the superlattices consisting of acoustically
akin materials. Interfaces have attracted intense attention in
the past, and numerical results in this work demonstrate that
thermal conductivity depends critically on interface topology.
Additional interesting features remain to be explored: For
instance, low-dimensional superlattices feature large surface
areas well suited for functionalization which open additional
tuning routes.
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