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Coherent manipulation of dipolar coupled spins in an anisotropic environment
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We study coherent dynamics in a system of dipolar coupled spin qubits diluted in a solid and subjected to a
driving microwave field. In the case of rare earth ions, an anisotropic crystal background results in anisotropic g
tensor and thus modifies the dipolar coupling. We develop a microscopic theory of spin relaxation in a transient
regime for the frequently encountered case of axially symmetric crystal field. The calculated decoherence rate
is nonlinear in the Rabi frequency. We show that the direction of a static magnetic field that corresponds to the
highest spin g factor is preferable in order to obtain a higher number of coherent qubit operations. The results of
calculations are in excellent agreement with our experimental data on Rabi oscillations recorded for a series of

CaWOj crystals with different concentrations of Nd>* ions.
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I. INTRODUCTION

It is well known that localized electron spins in a solid
are potential qubits for quantum information processing [1]
since they provide opportunities for scaling and have long
coherence times (up to several milliseconds). Among possible
implementations are quantum dots [2], nitrogen-vacancy (NV)
centers in diamond [3], single-molecule magnets [4—7], and
paramagnetic ions diluted in single crystals [8—13]. If the
number of paramagnetic particles is large enough (>10'?),
the spin manipulations necessary for quantum computing
can be achieved with the standard instrumentation of pulsed
electron paramagnetic resonance (EPR) spectroscopy. The
crystal sample is placed inside the microwave (mw) cavity
of the EPR spectrometer. A static magnetic field By creates
the gap wy between the energy levels of the spin 2. The spin
states are controlled using a pulsed mw field B; of resonant
frequency wy. Each pulse induces nutations of the spin vector
over the Bloch sphere, resulting in an oscillating projection of
its magnetic moment called Rabi oscillations (ROs [14,15]). If
the pulse duration is long enough, a number of oscillations can
be recorded. A successful demonstration of long-living ROs is
anecessary step before one can implement a given type of spin
qubits as a part of a working quantum computer. Note that one
should not mix the decay time of the ROs tx (that we further
call Rabi time [16]) with the phase memory time 7>, since the
last one reflects the spin coherence maintained in the absence
of the driving mw field.

The ROs that are acquired from the paramagnetic centers
diluted in solids decay due to numerous reasons. As follows
from our previous research [9,17], the most influential are:
(i) dispersion of wy (inhomogeneous broadening of the EPR
line), (ii) spatial distribution of B; in a mw resonator, and
(iii) magnetic dipole interactions between the paramagnetic
centers. The first two result in distribution of nutation fre-
quencies inside the spin ensemble so that the decay of ROs
is caused by the dephasing of the Bloch vectors belonging to
different spin packets. In this case, the decay rate is linear in
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the frequency of ROs Q3 (Rabi frequency), which itself is
linear in B;. Dipolar interactions, on the one hand, provide
entanglement of the states of different spins, which is a vital
part of the quantum computation process. On the other hand,
since these interactions are long ranged, a given paramagnetic
center is coupled simultaneously to a considerable number
of other centers in the solid, and the local magnetic field
thus produced has a randomlike character [18]. Because of
a reasonable simplicity of the experimental procedure and the
ability to control various parameters (intensity of the mw field,
the spin frequency and concentration, etc.), paramagnetic ions
diluted in a solid matrix represent a very convenient system
to study decoherence inside the spin ensemble driven by the
mws.

Until recently, the existing theoretical models accounting
for the role of dipolar interactions in the decay of ROs were
all based on certain modifications of conventional Bloch
equations [18,19], with an attempt to justify the empirical
dependence of Tz on Q¢ obtained for E| centers in silica and
[AIO4]° centers in quartz [20], which later was proved to be
quite general [5,9,11,13]

1! = o+ pQk. ey

In our recent paper [17], we presented a microscopic model
that contained no phenomenological parameters and allowed
ab initio calculation of spin dynamics of a dipolar coupled
spin ensemble in the mw-driven regime. It was assumed that
the ensemble consisted of the spin particles with isotropic g
factor [17-19]. Such an assumption is valid if the spins are
dispersed in an amorphous medium or in a crystal of cubic
symmetry. To the best of our knowledge, no attempt to study
theoretically the dependence of tx on the directions of vectors
B\ and B, in the case when the background symmetry is
lower than cubic has been made. In most cases, the crystal
anisotropy does not contribute much to the g factor of a
paramagnetic center which is close to that of a single electron.
A well-known exception is a rare earth (RE) ion: it has
valuable contribution to its magnetic moment from the orbital
motion of its electrons due to the presence of strong spin-orbit
coupling [21]. As a result, effective g factors of several RE
ions under certain conditions exceed 10. Spin qubits based
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on RE ions [11-13] are advantageous as they would allow
spin manipulations in low driving fields. Since the presence of
magnetic anisotropy increases the number of experimentally
controllable parameters that could in principle influence the
decoherence times (namely, the directions of vectors B and
B)), an appropriate choice of these parameters would enable
one to increase the number of one-qubit operations.

In general, there are three nonequivalent directions related
to the eigenvectors of anisotropic g tensor. In this paper, we
consider the simplest case of axially symmetric background
encountered when the local symmetry of the site occupied by
the RE ion is tetragonal, trigonal, or hexagonal. However,
it is straightforward to modify the results for the case of
lower symmetry (orthorhombic, monoclinic, or triclinic crystal
system). This paper is organized as follows: in Sec. II, we
develop a microscopic model of dipolar relaxation in the
transient regime and axially symmetric crystal field. In Sec. I,
we illustrate our model by studying ROs in the concentration
series of CaWQy, : Nd3* crystal.

II. DRIVEN DIPOLAR RELAXATION IN AN AXTALLY
SYMMETRIC CRYSTAL FIELD

Let us consider an ensemble of N spins interacting with the
external magnetic field B = By + 2B cos wyt and with each
other

T
| |

N
us Y BS +>° N dlisiisk. @

j=1 j<k a,f=x,y,z

In the above Hamiltonian, S is the spin operator of the particle
J» g is the Bohr magneton, and § is the axially symmetric g
tensor written in its principal axes x,y,z

gL 0 0
g=10 g, O0]. 3)
0 0 g

Generally, the directions of By and B, fields with respect to
the axes x,y,z are arbitrary. We choose the axes x and y so
that By is in the xz plane and at angle ® from the z axis. The
direction of B is given by the direction cosines h,,hy,h;

By = (e, sin® + e, cos ©) By,
B, = (exh. +e,hy +e;h;)B,. 4)

We are going to apply two transformations in order to simplify
the first term of the Hamiltonian in Eq. (2). By the first
transformation

s, = (81S] cos® — g, S/ sin®) /ge, S§0 =S/,
Sl = (818! cos © + g1 87 sin ©) /ge. 5)

where gg = \/(g” cos ®)? 4+ (g1 sin ®)?%, we diagonalize the
interaction with the static field, §ByS’/ = g@BoSZjO. The
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second transformation

s, = |:gg|iL (hy cos © — h_sin®) S, + th),S:ViO} /gl,

S)])l = |:ggI<ZL (hy cos ® — h,sin ©) S;\]:o — thyS«X"O} /817
sio=5/ _ 5L 2(p ©® — h. sin ®)2 22
21— V00 81 = 26 8j(nx cos . Sin ®) + 86 2

(6)

is aimed at the interaction with the mw field, so that § B, S/ =

g1B; S){ .- We have neglected the term of the interaction ~ B Szj .
since it does not induce spin transitions. The Hamiltonian in
Eq. (2) can now be written as

cosa)ot +Z Z Dijj Sél,

Jj<k a,f=x,y,z

N
H=Y"(w;S!, +22S]
j=1

(N

where w; = upge By is the Larmor frequency of the spin j
and Qg = upg) B is the Rabi frequency (72 = 1). Defects of
the crystal lattice bring random contributions to the crystal
field resulting in the distribution of g; and g;. We assume
here that the frequencies w; are distributed within the EPR
line centered at wy and with the half-width 0 < wy. Usually
B <« By, and o can be as high as several Q2z. The Hamiltonian
in Eq. (7) now has the same form as in the isotropic case [17],

except that D p are certain linear combinations of the initial

dipolar parameters dé - The Hamiltonian written in the rotating
reference frame (RRF) defined by the unitary transformation

R = exp(iwot Zj.vzl Szjl) is

H' = Z (EJ‘SZJL + QRSJ{J
J
pi* 4+ DI
+ 30 [oistst+ PP 5 st |
Jj<k

®)

where &; = w; — wg is the detuning of the spin j from
resonance frequency, and we have neglected time-dependent
terms of dipolar interaction not in resonance with any possible
transition. Let us introduce a local coordinate system %/, 7,7/
in RRF associated with a given spin j (see Fig. 1). The new
spin operators that we will further mark with tildes are

= (8J'Szjl + QRSJ{I)/QJ’

t
Ml =L

y = S,»{l’ §! = (QRSzjl - stJ{I)/ij &)

Qj =‘/8/2+Qz,

where ; is the nutation frequency of the spin j (note that
Q; > Qp). The Hamiltonian in Eq. (8) takes the following

form:
=>"Q;8+ ) D53k (10)
Jj j<k
af
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FIG. 1. (Color online) Local coordinates in the rotating reference
frame associated with a given spin j (see text).

It is clear that in the absence of dipolar couplings (Dég =0),
the interaction of a given spin j with the steady and mw
magnetic fields would result in its precession with frequency
Q; around the %/ axis of RRF. The dipolar interactions
introduce the correlations between the spin states so that
the dynamics of the spin j would depend on positions
and directions of the nearby spins k, which, in turn, are
also influenced by their local spin background. The average
strength of dipolar coupling in the dilute spin ensemble is
determined by the dipolar half-width Aw, [22], which is linear
in the spin concentration C. In the case of axially symmetric
crystal field, one obtains [23]
4m?gluiC ,  glsin®® + gicos’O

o3 %17

Usually, C is small enough (<10~ spins/cc), so that the
condition Aw,; K 0,2 is satisfied. We can neglect all terms in
the dipolar coupling except D:¥ 5/ Sk, i.e., leave only a secular
part with respect to the first term of Eq. (10). Indeed, the terms
[),{I; S'){ S"V‘ and DJJCIZ{S‘){ S‘f that cause the transition of the spin k
with resi)ect to the ¥ axis would change the total energy by
Q. and are unfavorable since Dj k'« Q. The terms ﬁéf 5 St

Awd =

. 11
g1sin?0 + giicos?® an

020

and D§7 Sj Sk related to mutual transitions of the spins j and k
would change the energy by €2; &+ € which are, on average, of
the same order as either Qg or o. If the mw field was switched
on at the moment ¢ = 0, then, at any time 7 > 0, the magnetic
moment of the spin ensemble is given by

NS (12)
J

The initial density matrix o can be written in the high-
temperature approximation wy < 7', generally valid even at
liquid helium temperatures
) S-
0 ‘>. (13)

p=5el1(1-

The calculation of the trace in Eq. (12) is best done on the
basis of |m;), where m; = %1 is related to the eigenvalues
+1/2 of the spin operator S} . Depending on the experimental
pulse sequence, a certain projection of M(¢) is detected. For
example, the longitudinal (parallel to By) component of the

M(t) = pnpgTrie ™ p
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magnetization is

goMBonR _
= Z Q;°

1 .
X Z cos |:<Qj + EZ/Dﬁmk> t:|, (14)
+1 k

mip,my,...=

M (1) =

where the time-independent part of M| is neglected, and the
prime symbol in the last sum indicates that the term with k = j
is omitted. The argument of the cosine function has a simple
interpretation: the secular part of the interaction with the spin
k shifts the nutation frequency of the spin j by Di¥my /2.
Summation over all possible spin directions yields

2 !
M) = M‘Z’\?R > Q% cos Qe[ | cos (Dikr/2).  (15)
j k

where My = —Ngeupwy/4T is the longitudinal magnetic
moment at f = 0. The dipolar factor ]_[,:cos([),jcit /2) is
responsible for the decay of ROs. As seen from Eq. (15),
not all spins contribute equally to the ROs. Spins with large
detuning (g; > Qp) have negligible impact since Q% / Q? <
1. Spins with moderate detuning (¢; ~ 2z) represent valuable
contribution during, roughly, the first period of oscillations, but
after that, they become dephased with respect to the resonant
part of the ensemble. Since D){]; <« Qp, the decay of ROs that
is caused by the dipolar interactions reveals itself long after
the first period, and we will further focus on the resonant spins
(g <« ). The subsequent calculations involve integration
over random spin positions r; within the crystal sample
volume V and over their frequency detunings &; within
the EPR line weighted with the spectral density f(er). We
make the following assumptions: (a) the spin coordinates can
be treated in the framework of the continuum approximation,
i.e., regardless of the discrete periodic structure of the crystal
lattice; (b) relative positions of any two spins r j; = r; — ry do
not correlate with their detunings €; and ;. These assumptions
are the basics of the statistical method of line broadening [24]
and are reasonable in the case of the spin concentrations less
than 1 at.%. Thus, the averaging procedure starts as follows

1_[ (cos (kat/Z))rk o

k

N—1
=3 [dareo [ @ncos i/} 0o
\4

In the macroscopic limit N,V — oo, while keeping
C = N/V =const., one obtains

1_[ (cos (D”%/Z))rk o

k

= exp {—C / dskf(ek)/ d’r[1 — cos (kat/2)]}

a7
Integration over 7 j; gives (see Appendix A)
- 2n2g2;ﬂ Qrt
d*ri[1 —cos (D%t /2)] = —= B0 (18)
[l = cos (B /)] = TELEE
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FIG. 2. (Color online) Function G(&) that enters the modified g
factor g, Eq. (19).

This result has the same form as in the isotropic case [17],
except that the isotropic g factor is now substituted for the
modified g factor g that depends on the ratio g|;/g and on the
angle O (i.e., the direction of B)

|5

ﬁG(é’o) g > 8L

2 ’ bl

g2 — i(—) gzg\ (19)
glG(g_!%‘))’ g < gL

Function G(£) is shown in Fig. 2. Combining this result with

Eq. (15), we obtain the longitudinal magnetization

oS ./ Q% + &2t
— s (20)

Qr+e2

=1

M)\(t) = Mo exp(—Tgt) / def(g)

or, in much the same way, the transverse (perpendicular to By)

component of the magnetization
sin |/ Q% + &2t
— @D

Q% +e?

where I'y is the dipolar-induced decay rate

f(e)de
V&% +¢?

The modified dipolar half-width A&, has the same form as
in Eq. (11), but with g instead of g;. The function G(§)
can be replaced by unity in approximate calculation since
0.82 < G(£) < 1. A certain choice of ® would minimize g>
that enters the decay rate I'; and, consequently, increase the
number of coherent oscillations n = Qz /27 T";. This increase
is considerable only when g|| is larger than g, . In this case,
the favorable direction of the static magnetic field would be
close to the z axis (® = 0), with gy, & g, . In the case when
8|l < g1, only a small deviation of g from the in-plane g
factor g, is expected. Thus, gnin &~ g, regardless of the ratio
g11/g1. Note that n indirectly depends on the direction and
strength of the mw field B since the latter determines the Rabi
frequency Q. The integration over ¢ in Eqgs. (20) and (22) is

My (1) = Mok eXp(—th)/de(E)

1
T, = EALT),;QR-/ (22)
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straightforward if one knows the exact EPR lineshape function
f(e). There are, however, two important limiting cases when
the final result can be expressed in general form:

(a) Narrow line o0 <« Q. The lineshape function can be
approximated by Dirac § function f(¢) = §(¢), all spins have
their nutation frequencies equal to Q2, and we obtain

Ty = Adg/2, M, (t) = Moe ¥"/% cos Qgt,

M, (1) = Mye 2%!/2 sin Qgt. (23)
The decay rate reaches its highest value (a half of the modified
dipolar half-width) and does not depend on the Rabi frequency.

(b) Broad line o >> Q. Since now only the central part of

the EPR line is excited, the lineshape function can be replaced
by its resonance value f(0), and

o+,/0r+ Q%
Ly =Ad.f (0)Qpln ————,
Qg

My (t) = Mo f (0) Qre™"" jo (Qg1), (24)
M, (t) = Morrf (0) Qre™"" Jo (1)

Here, Jo(&) is the Bessel function of the first kind, and
Jo(&) = f;o Jo(¢)d¢. In most cases, these functions can be
approximated by the slowly decaying cosine

Jo & > 1D~ JyE +7/2)
~ V201 + (e Vcos (8 +/4).  (25)

While the above asymptotic relations are valid for arbi-
trary symmetric f(g), exact results can be derived irre-
spective of Qg/o ratio in the two frequently encountered
cases of Gaussian (9 (g) = 2mwo?)~"/?exp[—e?/20?] and
Lorentzian fX(g) = o /[n (¢ + o%)] lineshapes

QrAG Qr\’ Qr\’
= en|(3) [« (5) )
2021 20 20
Ay 1 T 02-Q} Q

(ot >1).

2 2 Q ’ O'R < 1’
FfiL) B VLI R (26)
M arccos (i)’ Qr > 1’
n«/Q%‘,faz Qr g

where K((&) is the modified Bessel function of the second
kind. As shown in Fig. 3, I'; grows monotonously with the
ratio Q2 /o and tends to its limiting value A®, /2 at high Rabi
frequencies. Let us now draw a comparison between our results
and the predictions of the phenomenological models [18,19].
If the range of Qg /o is small enough, the relaxation rate can
indeed be approximated by the linear dependence in Eq. (1)
(see the dashed line in Fig. 3). However, this dependence is not
universal since the coefficients «, 8 depend on the point of the
curve through which a tangent line is drawn. It is clear that,
on a wider range of Rabi frequencies, the approximation in
Eq. (1) becomes incorrect. Our experimental results presented
in Sec. III confirm the nonlinearity of I";(Q2g).

III. RABI OSCILLATIONS IN CaWO, : Nd** CRYSTAL

CaWO; single crystal has a scheelite structure with lattice
constants a = 5.243 A, ¢ = 11.374 A [25]. Nd** ions sub-
stitute for Ca®>* ions in the host crystal at sites with Sy point
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FIG. 3. (Color online) The dipolar-induced decay rate expressed
in units of A@,; as a function of the ratio Qz/o. The two thick
lines represent the cases of Gaussian and Lorentzian lineshapes,
Eq. (26), while the two thin lines are their asymptotic approximations
calculated according to Eq. (24). The dashed line represents the linear
approximation in Eq. (1) in the range 0.05¢ < Q¢ < 0.30.

symmetry. The samples of Nd-doped CaWO; single crystal
were grown using the Czochralski method in the Magnetic
Resonance Laboratory of Kazan Federal University by N. A.
Karpov. Experimental data were acquired by means of
Bruker Elexsys 580/680 X-band spectrometer working at mw
frequency wp/2mw = 9.7GHz and at temperature 7 = 6 K.
Actual concentration of neodymium ions in each sample
(C = 4.00- 10" = 1.04 - 10% ions per cc, see Table I) was
determined by comparative measurement of the EPR line
intensities with respect to the reference sample of CaF, : Er’*
(0.28 at.%). The continuous-wave EPR spectrum shown in
Fig. 4 contained an intense central peak arising from even
Nd isotopes with nuclear spin I = 0 (natural abundance
79.5%) and a number of hyperfine satellites coming from
WBNA(I = 7/2,12.2%) and “SNd(I = 7/2,8.3%). The
lines had nearly Lorentzian lineshapes and almost equal
half-widths o that varied with C and the sample orientation.
Our crystal field calculations, as well as the experimental data,
are in agreement with the literature g factor values g, = 2.034
and g, = 2.528 [26].
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FIG. 4. (Color online) EPR spectrum of the sample no. 1. ByLc,
T =15K.

The measurements described below were taken at the
central peak and at certain '¥*Nd and '“Nd satellites (see
the arrows in Fig. 4). The orientation of the crystal sample in
the mw resonator was chosen to be By L ¢, By || ¢, with the
exception of the sample no. 4, where both By and B; were
perpendicular to the crystal ¢ axis. First, spin-lattice relaxation
times 77 and phase memory times 7, were obtained for each
sample in the concentration series (see Table I). The length of
7 /2 pulse was 8 ns in all 77 and 7, measurements. Because
of the role of random electric fields, o depended on the exact
orientation of B in ab plane, with minima and maxima of
o at certain angles [27,28]. For comparison reasons, all the
data presented below were recorded at the minima of o. At
the maxima, 7, and tx were several percent longer, while
T; showed no visible variation. As for the Rabi times, this
result is much expected since, in the latter case, the mw pulse
affects fewer Nd ions. A similar increase of 7, times and their
dependence on the isotopic concentration are in accordance
with the theoretical estimations that indicate instantaneous
diffusion and spectral diffusion as dominant contributions
into the phase relaxation in CaWOy : Nd3+ crystal [29]. The
spin-lattice relaxation times for the first three samples were in
the range 77 = 15 = 25 ms and did not vary with the isotopic
concentration; these results are consistent with the literature
data [30,31], where direct and Raman processes are singled out
as being the dominant contributions. However, we cannot give

TABLE L Concentration C of Nd** ions, half-width o', inhomogeneity parameter 85, and relaxation times 7; and 7> in the crystal samples

no. 1-4.
Sample no. 1 2 3 4
C Ions per cc 4.00x 10" 1.29%10'8 6.64x10'8 1.04x10%
Atomic % 0.0031 0.010 0.052 0.81
o /2, MHz 35 34 5.0 47
Br1 0.05 0.05 0.05 0.06
T;, ms Central line 23 23 15 0.1
3Nd 23 24 16 -
Nd 23 25 15 -
T,, us Central line 2.5 1.0 0.4 0.14
3Nd 80 25 35 0.25
Nd 100 29 4.2 0.16
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FIG. 5. (Color online) The pulse sequence that was used for
acquisition of ROs.

a direct account of the abrupt decrease of 7 in the last sample
with the highest neodymium concentration. This change may
arise as the result of local deformation of the crystal lattice near
the paramagnetic impurity and subsequent perturbation of the
vibrational spectrum of the crystal, which is more pronounced
at higher C.

Each data point of the ROs was obtained after the pulse
sequence shown in Fig. 5, where the transient pulse was
followed by the spin-echo detection sequence, which finally
gave the longitudinal component of the magnetization M.
Some of the recorded ROs are presented in Figs. 6 and 7. Here,
M, (¢) were calculated in the most general way according to
Sec. I as

M (1) = A(t) cos(Qgt + @),
A ~ [1 4 B Q)11 + (w Q1) 1" exp(—k Tgt).
(27)

A decay factor [1+ (Bz1Qr1)*]7¥* was added to the
amplitude A(¢) in order to account for the spatial distribution
of B; in the mw resonator [9]. The corresponding decay
rate is linear in Qg: I'p; = Bp1R2g. However, in contrast
to the dipolar contribution exp(—«T'4¢), the Bj-type decay
is determined by the slowly reducing rational function. The
inhomogeneity parameter B8z represents a relative decrease
of Qg(r) at the sample edges with respect to its maximal
value Qp = Qz(0) at the center of the cavity. In most cases,
Bp1 < 0.1, so this effect can be neglected in 7; and T»
measurements, where short pulses with the lengths less than the
Rabi period are used. For a small sample with the dimensions
[y xl,xlI, placed at the center of TEq; cylindrical resonant
cavity of radius R and length L [9]

Bs1 = v, (I +13) /16R* + 7%12 /L%, vg =3.832. (28)

The parameters Bp; that were found to best describe the
experimental data in the samples no. 1-4 are presented in
Table I. They are very close to the value Bg; = 0.05 for the
3 mm sample that was estimated according to Eq. (28). The
two other parameters, 0 < ¢ < /4 and 0 < u < 1/4, are
determined by the ratio Qg /o . As follows from Eqgs. (23) and
24,

=0, n=0 (Q/o <1,

p=1/4 (Qrjo>1). (29)

The parameter x that was introduced into the exponent in
Eq. (27) is the ratio of neodymium ions corresponding to the
given EPR line to the total number of Nd* ions in the crystal
sample: « = 0.795, 0.015, and 0.01 for the central line, 143Nd
and ' Nd satellites, respectively.

Rabi rates 7, ' as functions of Q collected from all four
samples are represented by symbols in Fig. 8. They are in

» =m/4,
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FIG. 6. (Color online) ROs in sample no. 3 recorded at different
strengths of the mw field (circles). Longitudinal magnetization M,;(¢)
(solid line) and its envelope (dashed line) were calculated accord-
ing to Eq. (27). (a) Qg/2n = 1.8 MHz; (b) Qr/2n = 4.5MHz;
(c) Qr/27 = 8.2MHz.

excellent agreement with the calculated dependences (solid
and dashed lines). Rabi rates 7, ! always grew monotonously
with Qp, i.e., with the strength of the mw field. For samples
no. 1 and no. 2 with lower C, the dependence 7, 1(SZR)
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FIG. 7. (Color online) ROs in sample no. 4 (circles). Longitudi-
nal magnetization M (t) (solid line) and its envelope (dashed line)
were calculated according to Eq. (27). Qr /27 = 6 MHz. (a) Central
line; (b) '*Nd.

was almost linear, meaning that the dominant contribution
came from B; inhomogeneity. This also accounts for the fact
that there is only a small difference between the nutation
signal of different neodymium isotopes in these samples.
On the contrary, 7, l(QR) of sample no. 4 was nonlinear,
indicating the domination of dipolar contribution; the decay
rates of *Nd and ¥ Nd isotopes were much smaller than
the ones of the central line (see Fig. 7 and the dashed
line in Fig. 8). Note that, in our calculations, we did not
account for the dynamics of the nuclear spin of Nd ion. The
hyperfine interaction (hfi) would result in the renormalization
of Qg and of the dipolar interaction parameter f)f”]ﬁ, thus
changing the decay rate, especially in the case when the Larmor
frequency of the hyperfine satellite differs substantially from
that of the central line. The corresponding corrections are of
the order of |Am;|/wy, where A is the hyperfine coupling
parameter, m is the nuclear spin projection (see Appendix B).
Our experimental data were obtained at the closest '“*Nd
and ' Nd satellites corresponding to m; = —1/2; in this
case, |Amy|/wo ~ 0.01, and the hyperfine correction to g
is negligible.

PHYSICAL REVIEW B 90, 174402 (2014)

20 n 1 . 1 L L n L L L + 1
no. 4 A -7
,”’A”
154 e i
T’;\ /,”/ no. 3
o el no. 2 [
= & =4
% 10 . . ©_sample no. 1
>
3 A
o s i
A 5] a’ m Central line |
2 A NG
| I/ o MSNd
0 T T T T T T T T T T T T
0 10 20 30 40 50 60
Rabi frequency (MHz)

FIG. 8. (Color online) Measured (symbols) and calculated
(curves) decay rates of ROs 7' as functions of Rabi frequencies
Qg /27 in samples no. 1-4. Squares, triangles, and circles correspond
to the data recorded at the central line, '**Nd, and '**Nd satellites,
respectively.

As was expected, the longest coherence times were obtained
for sample no. 1. There, we observed g up to 1 us and
over 50 visible periods of ROs. That long-lasting transient
coherence permitted us to detect an interesting phenomenon.
In Fig. 9, one can see the amplitude modulation resulting from
the interference of the signals that come from different parts of
the crystal sample. The arrow shows the dip at 7y = 0.55 us,
which is the first point of destructive interference. Roughly, one
expects this dip to occur when the phases of the oscillations
at the center (¢.) and at the edge (¢,) of the sample differ by
7. It follows from the calculations presented in our previous
paper [9] that ¢, = Qgt and ¢, = (1 + Bp1)2gt. This gives
us an estimated value 7y = /8512 = 0.67 us which is in
reasonable agreement with the experimental one.
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FIG. 9. (Color online) Amplitude modulation of ROs resulting
from the interference of signals coming from different parts of
sample no. 1. The arrow points at the dip located near the time point
t=1/Bp12k.
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IV. CONCLUSIONS

This paper represents a quantitative description of ROs of
paramagnetic impurity ions in the anisotropic crystal field.
We developed a microscopic theory of dipolar relaxation
in the transient regime that contained no phenomenological
parameters and, in contrast to existing phenomenological
models, predicted nonlinear dependence of the decay rate
on the Rabi frequency. In addition, we accomplished an
experimental study of ROs in the concentration series of
Nd:CaWO;, single crystals. The experimental data obtained
for the whole range of spin concentrations, the strengths of
the mw field, and isotopic numbers of Nd ions are in excellent
agreement with our ab initio calculations.

Finally, let us discuss the relation between the spin coher-
ence times 7> and tg. In quantum computation processing,
it is advantageous to increase both these quantities in order
to obtain a higher number of qubit operations. Generally,
the ratio 7/tz depends on the spin concentration, on the
field inhomogeneity inside the crystal sample, and on the
strength of the mw field during the transient pulse and
the spin-echo sequence. Under our experimental conditions,
we found 7,/tg = 1= 300. The longest T ~ 1us were
observed in the sample with the lowest spin concentration.
It was possible to increase the Rabi times by using smaller
crystal samples in order to reduce the inhomogeneity of B,
but with the substantial loss of the signal intensity.
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APPENDIX A: CALCULATION OF
THE DIPOLAR FACTOR

Here, we calculate the integral in the left part of the Eq. (18)
J =/ d’r[1 — cos (Dift /2)]. (A1)

oo
|
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First, we need to express the effective dipolar coupling D){I;
through the initial dipolar parameters déﬁ This can be done

using Egs. (2)-(10), and délg are defined by the following
relation:

ik qj ok
Y dasSiS;

o, f=x,y,2
2 5QJ 5 Qk
‘ 38S/ - r i )@Sk -1
=z {@SJ s - ELTIE r"")}. (A2)
hl’}k Tk
Thus, we obtain
Bk (8 + 8d)81 2k
o 4hg2r3u
2 .2
X 1—300529+3g! g?sinze cos2¢ ¢, (A3)
8+ 86

where r,0,¢ are spherical coordinates of the vector r j.
Integration over r yields

(g + 88l nE Ut
B 61igg

/2 1
x/ d(pf de|1 — 362 +38(1 — £%)cos2¢p|  (A4)
0 0

where § = |g} — 51/(gf + &4). and finally

5 88l (%
223 ugQpt 2 o G(g“z‘)% g1 > 81, s
_ T8 KpRiRl — )
93N gG(k), g <e

The function G(&) (Fig. 2) is expressed through the
complete elliptic integrals K(¢) and E(¢) as

66 = [—ﬁ BE[ES] - 1+ R[5 0<e <1, o

APPENDIX B: AN ACCOUNT OF
THE HYPERFINE INTERACTION

The hfi that is present in the case of '**Nd and '**Nd ions
was not included into the Hamiltonian in Eq. (2). Let us now
estimate if it has any influence on Tz under our experimental
conditions. The hfi of a given neodymium ion j with its nuclear
spin I (index j is omitted below for simplicity) is

thi =A\|SZIZ+AJ_(Sx1x+Sny)s (B])

where A =g A/g; and A| =g, A/g;, g; is the Lande
g factor, A/2m = —220 MHz and A/2m = —137 MHz

(

represent the hyperfine coupling constants for the isotopes
1“3Nd and '*3Nd, respectively [21]. In the electronic coordinate
system in Eq. (6), the above interaction takes the form

Z AupSailp,

a,p=x,y,z

Hypi = (B2)

where A, are certain linear combinations of A and A | . Index
“2”1in the operator /g, denotes a specific rotation of the nuclear
coordinate system that is applied in order to exclude the terms
with A, and A_,. Since (i) the relaxation time of the nuclear
states in magnetically diluted crystals is usually much longer
than g, (ii) |A| < wy, and (iii) the interaction energy of the
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nuclear spin with the external magnetic field is negligible with
respect to A, the projection m; of the nuclear spin along the
7 axis represents a good quantum number. Indeed, the terms
of the hfi Ay Syilv2, AxyScilyo, etc. that are responsible for
the nuclear transitions are ineffective since they also change
the electron spin energy by wy. We can now replace I, with
m; and neglect the terms with I, and I, that mix different
nuclear spin states

thi = AzzSzlmI + (A)czsxl + AyzSyl)mI- (B3)

This interaction should be added to each j term of the
Hamiltonian in Eq. (7). The first part in the right-hand side of
Eq. (B3) gives a shift A,,m; of the spin Larmor frequency w
that results in the complex hyperfine structure which is clearly
visible in the EPR spectrum (see Fig. 4). Since the second part

PHYSICAL REVIEW B 90, 174402 (2014)

of Eq. (B3) contains no time-dependent terms ~e*“' it does

not shift Qg directly. Instead, it slightly tilts the quantization
axis of the electron spin from z; direction and finally yields
rather small (~ a factor of |Am,|/wy) corrections to w, R,
and to the dipolar coupling parameters. The full expressions
with explicit dependences on By and B; direction cosines
are rather cumbersome and need not be given here. Note
that our experimental data were obtained at the central line
(I = 0) and at the closest '*3Nd and '*’Nd satellites (I = 7 /2,
m; = —1/2); in the latter case, |Am;|/wy ~ 0.01, and the
hyperfine correction to tx is negligible. Even for the most
distant satellites with m; = £7/2, this correction is rather
small. However, at radio frequencies (wy /27 ~ 300 MHz), hfi
would definitely play an important role. The theory in this
specific case cannot be based on the perturbation approach
and lies beyond the scope of this paper.

[1] D. P. DiVincenzo, Science 270, 255 (1995).
[2] D. Loss and D. P. DiVincenzo, Phys. Rev. A 57, 120 (1998).
[3] J. Wrachtrup and F. Jelezko, J. Phys.: Condens. Matter 18, S807
(2006).
[4] A. Ardavan, O. Rival, J. J. L. Morton, S. J. Blundell, A. M.
Tyryshkin, G. A. Timco, and R. E. P. Winpenny, Phys. Rev. Lett.
98, 057201 (2007).
[5] S. Bertaina, S. Gambarelli, T. Mitra, B. Tsukerblat, A. Miiller,
and B. Barbara, Nature 453, 203 (2008).
[6] C. Schlegel, J. van Slageren, M. Manoli, E. K. Brechin, and
M. Dressel, Phys. Rev. Lett. 101, 147203 (2008).
[7] G. Mitrikas, Y. Sanakis, C. P. Raptopoulou, G. Kordas, and
G. Papavassiliou, PhysChemChemPhys 10, 743 (2008).
[8] S. Nellutla, K.-Y. Choi, M. Pati, J. van Tol, I. Chiorescu, and
N. S. Dalal, Phys. Rev. Lett. 99, 137601 (2007).
[9] E. 1. Baibekov, I. N. Kurkin, M. R. Gafurov, B. Endeward, R. M.
Rakhmatullin, and G. V. Mamin, J. Magn. Res. 209, 61 (2011).
[10] F. Mentink-Vigier, L. Binet, D. Gourier, and H. Vezin, J. Phys.:
Condens. Matter 25, 316002 (2013).
[11] S. Bertaina, S. Gambarelli, A. Tkachuk, I. N. Kurkin, B. Malkin,
A. Stepanov, and B. Barbara, Nat. Nanotechnol. 2, 39 (2007).
[12] S. Bertaina, J. H. Shim, S. Gambarelli, B. Z. Malkin, and
B. Barbara, Phys. Rev. Lett. 103, 226402 (2009).
[13] R. M. Rakhmatullin, I. N. Kurkin, G. V. Mamin, S. B. Orlinskii,
M. R. Gafurov, E. 1. Baibekov, B. Z. Malkin, S. Gambarelli,
S. Bertaina, and B. Barbara, Phys. Rev. B 79, 172408 (2009).
[14] L. I. Rabi, Phys. Rev. 51, 652 (1937).
[15] H. C. Torrey, Phys. Rev. 76, 1059 (1949).

[16] J. H. Shim, S. Bertaina, S. Gambarelli, T. Mitra, A. Muller,
E. I. Baibekov, B. Z. Malkin, B. Tsukerblat, and B. Barbara,
Phys. Rev. Lett. 109, 050401 (2012).

[17] E. 1. Baibekov, JETP Lett. 93, 292 (2011).

[18] R. N. Shakhmuratov, F. M. Gelardi, and M. Cannas, Phys. Rev.
Lett. 79, 2963 (1997).

[19] N. Ya. Asadullina, T. Ya. Asadullin, and Ya. Ya. Asadullin,
J. Phys.: Condens. Matter 13, 3475 (2001).

[20] R. Boscaino, F. M. Gelardi, and J. P. Korb, Phys. Rev. B 48,
7077 (1993).

[21] A. Abragam and B. Bleaney, Electron Paramagnetic Resonance
of Transition Ions (Clarendon Press, Oxford, 1970).

[22] W. B. Mims, Phys. Rev. 168, 370 (1968).

[23] A. G. Maryasov, S. A. Dzuba, and K. M. Salikhov, J. Magn.
Reson. 50, 432 (1982).

[24] A. M. Stoneham, Rev. Mod. Phys. 41, 82 (1969).

[25] R. M. Hazen, L. W. Finger, and J. W. E. Mariathasan, J. Phys.
Chem. Solids 46, 253 (1985).

[26] U. Ranon, Phys. Lett. 8, 154 (1964).

[27] W. B. Mims and R. Gillen, Phys. Rev. 148, 438 (1966).

[28] E. 1. Baibekov, D. G. Zverev, 1. N. Kurkin, A. A. Rodionov,
B. Z. Malkin, and B. Barbara, Opt. Spectrosc. 116, 661
(2014).

[29] I. N. Kurkin and V. I. Shlenkin, Sov. Phys.-Solid State 21, 847
(1979).

[30] A. Kiel and W. B. Mims, Phys. Rev. 161, 386 (1967).

[31] A. A. Antipin, A. N. Katyshev, I. N. Kurkin, and L. Y. Shekun,
Sov. Phys.-Solid State 9, 636 (1967).

174402-9


http://dx.doi.org/10.1126/science.270.5234.255
http://dx.doi.org/10.1126/science.270.5234.255
http://dx.doi.org/10.1126/science.270.5234.255
http://dx.doi.org/10.1126/science.270.5234.255
http://dx.doi.org/10.1103/PhysRevA.57.120
http://dx.doi.org/10.1103/PhysRevA.57.120
http://dx.doi.org/10.1103/PhysRevA.57.120
http://dx.doi.org/10.1103/PhysRevA.57.120
http://dx.doi.org/10.1088/0953-8984/18/21/S08
http://dx.doi.org/10.1088/0953-8984/18/21/S08
http://dx.doi.org/10.1088/0953-8984/18/21/S08
http://dx.doi.org/10.1088/0953-8984/18/21/S08
http://dx.doi.org/10.1103/PhysRevLett.98.057201
http://dx.doi.org/10.1103/PhysRevLett.98.057201
http://dx.doi.org/10.1103/PhysRevLett.98.057201
http://dx.doi.org/10.1103/PhysRevLett.98.057201
http://dx.doi.org/10.1038/nature06962
http://dx.doi.org/10.1038/nature06962
http://dx.doi.org/10.1038/nature06962
http://dx.doi.org/10.1038/nature06962
http://dx.doi.org/10.1103/PhysRevLett.101.147203
http://dx.doi.org/10.1103/PhysRevLett.101.147203
http://dx.doi.org/10.1103/PhysRevLett.101.147203
http://dx.doi.org/10.1103/PhysRevLett.101.147203
http://dx.doi.org/10.1039/b711056a
http://dx.doi.org/10.1039/b711056a
http://dx.doi.org/10.1039/b711056a
http://dx.doi.org/10.1039/b711056a
http://dx.doi.org/10.1103/PhysRevLett.99.137601
http://dx.doi.org/10.1103/PhysRevLett.99.137601
http://dx.doi.org/10.1103/PhysRevLett.99.137601
http://dx.doi.org/10.1103/PhysRevLett.99.137601
http://dx.doi.org/10.1016/j.jmr.2010.12.015
http://dx.doi.org/10.1016/j.jmr.2010.12.015
http://dx.doi.org/10.1016/j.jmr.2010.12.015
http://dx.doi.org/10.1016/j.jmr.2010.12.015
http://dx.doi.org/10.1088/0953-8984/25/31/316002
http://dx.doi.org/10.1088/0953-8984/25/31/316002
http://dx.doi.org/10.1088/0953-8984/25/31/316002
http://dx.doi.org/10.1088/0953-8984/25/31/316002
http://dx.doi.org/10.1038/nnano.2006.174
http://dx.doi.org/10.1038/nnano.2006.174
http://dx.doi.org/10.1038/nnano.2006.174
http://dx.doi.org/10.1038/nnano.2006.174
http://dx.doi.org/10.1103/PhysRevLett.103.226402
http://dx.doi.org/10.1103/PhysRevLett.103.226402
http://dx.doi.org/10.1103/PhysRevLett.103.226402
http://dx.doi.org/10.1103/PhysRevLett.103.226402
http://dx.doi.org/10.1103/PhysRevB.79.172408
http://dx.doi.org/10.1103/PhysRevB.79.172408
http://dx.doi.org/10.1103/PhysRevB.79.172408
http://dx.doi.org/10.1103/PhysRevB.79.172408
http://dx.doi.org/10.1103/PhysRev.51.652
http://dx.doi.org/10.1103/PhysRev.51.652
http://dx.doi.org/10.1103/PhysRev.51.652
http://dx.doi.org/10.1103/PhysRev.51.652
http://dx.doi.org/10.1103/PhysRev.76.1059
http://dx.doi.org/10.1103/PhysRev.76.1059
http://dx.doi.org/10.1103/PhysRev.76.1059
http://dx.doi.org/10.1103/PhysRev.76.1059
http://dx.doi.org/10.1103/PhysRevLett.109.050401
http://dx.doi.org/10.1103/PhysRevLett.109.050401
http://dx.doi.org/10.1103/PhysRevLett.109.050401
http://dx.doi.org/10.1103/PhysRevLett.109.050401
http://dx.doi.org/10.1134/S002136401105002X
http://dx.doi.org/10.1134/S002136401105002X
http://dx.doi.org/10.1134/S002136401105002X
http://dx.doi.org/10.1134/S002136401105002X
http://dx.doi.org/10.1103/PhysRevLett.79.2963
http://dx.doi.org/10.1103/PhysRevLett.79.2963
http://dx.doi.org/10.1103/PhysRevLett.79.2963
http://dx.doi.org/10.1103/PhysRevLett.79.2963
http://dx.doi.org/10.1088/0953-8984/13/14/319
http://dx.doi.org/10.1088/0953-8984/13/14/319
http://dx.doi.org/10.1088/0953-8984/13/14/319
http://dx.doi.org/10.1088/0953-8984/13/14/319
http://dx.doi.org/10.1103/PhysRevB.48.7077
http://dx.doi.org/10.1103/PhysRevB.48.7077
http://dx.doi.org/10.1103/PhysRevB.48.7077
http://dx.doi.org/10.1103/PhysRevB.48.7077
http://dx.doi.org/10.1103/PhysRev.168.370
http://dx.doi.org/10.1103/PhysRev.168.370
http://dx.doi.org/10.1103/PhysRev.168.370
http://dx.doi.org/10.1103/PhysRev.168.370
http://dx.doi.org/10.1016/0022-2364(82)90007-5
http://dx.doi.org/10.1016/0022-2364(82)90007-5
http://dx.doi.org/10.1016/0022-2364(82)90007-5
http://dx.doi.org/10.1016/0022-2364(82)90007-5
http://dx.doi.org/10.1103/RevModPhys.41.82
http://dx.doi.org/10.1103/RevModPhys.41.82
http://dx.doi.org/10.1103/RevModPhys.41.82
http://dx.doi.org/10.1103/RevModPhys.41.82
http://dx.doi.org/10.1016/0022-3697(85)90039-3
http://dx.doi.org/10.1016/0022-3697(85)90039-3
http://dx.doi.org/10.1016/0022-3697(85)90039-3
http://dx.doi.org/10.1016/0022-3697(85)90039-3
http://dx.doi.org/10.1016/S0031-9163(64)91972-9
http://dx.doi.org/10.1016/S0031-9163(64)91972-9
http://dx.doi.org/10.1016/S0031-9163(64)91972-9
http://dx.doi.org/10.1016/S0031-9163(64)91972-9
http://dx.doi.org/10.1103/PhysRev.148.438
http://dx.doi.org/10.1103/PhysRev.148.438
http://dx.doi.org/10.1103/PhysRev.148.438
http://dx.doi.org/10.1103/PhysRev.148.438
http://dx.doi.org/10.1134/S0030400X1405004X
http://dx.doi.org/10.1134/S0030400X1405004X
http://dx.doi.org/10.1134/S0030400X1405004X
http://dx.doi.org/10.1134/S0030400X1405004X
http://dx.doi.org/10.1103/PhysRev.161.386
http://dx.doi.org/10.1103/PhysRev.161.386
http://dx.doi.org/10.1103/PhysRev.161.386
http://dx.doi.org/10.1103/PhysRev.161.386



