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Electromagnetic normal modes and Casimir effects in layered structures
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We derive a general procedure for finding the electromagnetic normal modes in layered structures. We apply
this procedure to planar, spherical, and cylindrical structures. These normal modes are important in a variety
of applications. They are the only input needed in calculations of Casimir interactions. We present an explicit
expression for the condition for modes and Casimir energy for a large number of specific geometries. The layers
are allowed to be two-dimensional so graphene and graphenelike sheets as well as two-dimensional electron
gases can be handled within the formalism. Also, forces on atoms in layered structures are obtained. One side
result is the van der Waals and Casimir-Polder interaction between two atoms.
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I. INTRODUCTION

An electromagnetic normal mode is a solution to Maxwell’s
equations in absence of external sources; the mode feeds itself;
the electromagnetic fields are self-sustained. Electromagnetic
fields contain energy. In systems with macroscopic objects
the modes can be divided into three groups: bulk modes,
surface modes, and vacuum modes. All these modes can be
utilized in various applications. They can also be used to find
the interaction energy in the system as caused by correlation
effects. This interaction is traditionally obtained using many-
body theory, often in the form of diagrammatic perturbation
theory based on Feynman diagrams [1,2]. In many systems,
it is easier to obtain the same result using the normal-mode
formulation instead. One can, e.g., show [3] that the exchange
and correlation energy in a metal is nothing but the change
in the zero-point energy of the longitudinal electromagnetic
normal modes in the system when the interaction is turned on.

The bulk modes, modes confined to the interior of the
objects, give rise to interaction energies, like the exchange
and correlation energies, that are important for the stability
and binding of a piece of material. The surface modes [3-5],
modes localized to the surface of objects or to interfaces within
or between objects, are responsible for the surface energy and
surface tension, quantities that determine, e.g., wetting, the
shape of flexible objects, the energy of adhesion, the energy
of cohesion, and the mechanical strength of composites. The
field strengths and gradients can be very high near a surface.
This may lead to catalytic effects, utilized in, e.g., catalytic
converters. The surface modes are responsible for the van
der Waals interaction between mesoscopic and macroscopic
objects. The vacuum modes, modes in empty space, are
responsible for the Lamb shift [6,7]. They are also responsible
for the Casimir interaction [8]. There are speculations that they
might even be behind the dark energy.

Electromagnetic normal modes are very important in many
scientific areas. We briefly touch upon a small selection of
examples. We have mentioned that the field strength from
a normal mode at the surface of an object can be very
high, leading to catalytic effects since this implies a potential
possibility to reduce the energy. The field strength is extra
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high at edges and corners not to mention at small objects like
nanoparticles. The field strength can be strongly enhanced
by letting the modes become populated either by raising the
temperature or by using external electromagnetic fields of
the right frequency. One may stimulate the growth of noble
metal colloidal particles, such as silver and gold by using a
light source to populate the modes. Using monochromatic
light of different laser wavelengths to irradiate an initial
solution of seed crystals, the size and shape of the products
can be controlled. The final size and shape is found to
depend on laser wavelength and power. Nanoparticles of many
different shapes may be produced. A mechanism based on
a wavelength-dependent self-limiting process governed by
the surface plasmon resonance controlling the photochemical
reduction of particles was suggested in Ref. [9]. A coalescence
phase occurs due to strong induced optical forces [10,11].
These forces show resonances at dipolar plasmon wavelengths.

For similar reasons, adding nanoparticles into a chemical
brew can stimulate and speed up chemical reactions. This same
effect makes the normal modes useful in sensor applications.

Due to the normal modes, nanoparticles can be used in
medical applications. Multilayered, multifunctional nanopar-
ticles that were assembled via a layer-by-layer technique were
explored as important new systems for systemic drug and gene
delivery for tumor targeting in a study by Poon et al. [12].

A whole research field has been formed around the
electromagnetic normal mode plasmon or surface plasmon
viz. plasmonics [13] and one device developed in the field
is the plasmonic solar cell. Plasmonic solar cells are a class
of photovoltaic devices that convert light into electricity by
using plasmons [14]. Another competing device with the same
purpose is the nanoantenna or nantenna. A nantenna is a
nanoscopic rectifying antenna, an experimental technology
being developed to convert light to electric power. The idea
was first proposed by Robert L. Bailey in 1972 [15].

The normal modes can also cause a problem. In nanoscience
the van der Waals and Casimir forces are often the dom-
inating forces and can become large. If two parts of a
nano- or micromachine come too close together they may
stick and it can be very difficult or impossible to move
them apart again. This is called stiction. This ends the
very short list of examples showing a small fraction of all
situations where the electromagnetic normal modes are of
importance.
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The original formulation of the Casimir effect was for
planar structures. Of interest here is a work on the van
der Waals interaction in multilayer systems from 1970 [16].
Progress on Casimir force calculations for other geometries
has been slower in coming since these calculations are
more demanding. Spherical and cylindrical geometries have
naturally been objects of focus. Only in 1981 was the Casimir
energy of an infinitely long perfectly conducting cylindrical
shell calculated [17] and the more physical but also much
more involved case of a dielectric cylinder was considered
only in recent years [18-24].

The motivation for the present work is twofold. The first
motivation is to give a general prescription for finding the
normal modes in layered structures. This result will benefit
many different scientific areas. The second is more specific,
viz., to find the mode condition function, which then may
be inserted into the integrals giving the Casimir interaction.
For small enough number of layers, one may find analytical
results for the mode condition function. When the number of
layers increases, the result quickly becomes too complicated
to handle analytically. The expressions will be huge. Then the
result is intended to be found numerically by using a computer.

The material is organized in the following way. Section II is
devoted to how the Casimir and van der Waals interactions are
related to the electromagnetic normal modes of the system.
Section III presents the basic formalism used to find the
normal modes of layered structures. Sections [IV-VI treat the
three specific geometries included in this work, viz., planar,
spherical, and cylindrical, respectively. Each of these three
sections have four subsections, A, B, C, and D. The subsections
A and C contain the general nonretarded and retarded,
respectively, results for the geometry at hand. Subsections B
and D each contains a handful of illustrating examples. Finally,
Sec. VII is a summary and conclusion section. The examples
in subsections B and D are illustrated by figures where the
schematic geometry used as input to the formalism is shown.
In some figures, there is a cartoon to the right showing the
actual problem. In some figures, there are two cartoons to the
right. Then the lower cartoon shows the actual problem we
address, while the upper shows the layered structure we use in
the derivation.

II. CASIMIR AND VAN DER WAALS INTERACTIONS IN
TERMS OF ELECTROMAGNETIC NORMAL MODES

At zero temperature, the interaction energy, or Casimir
energy, of a system can be expressed as the sum of the
zero-point energies of all electromagnetic normal modes of
the system

1
E = Z S f. 2.1)
(A remark is in place here. It is rather the shift of the zero-point
energies when the interactions, one is concerned with, are
“turned on” that should appear in the equation. See Ch. 3 of
Ref. [3].) In a simple system with a small number of well-
defined modes, this summation may be performed directly. In
most cases, it is more complicated. The complications can,
e.g., be that the modes form continua or that it is difficult
to find the zero-point energies explicitly. An extension of the
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FIG. 1. Integration contour in the complex z plane suited for zero-
temperature calculations. Crosses and circles are poles and zeros,
respectively, of the function f(z). The radius of the circle is let to go
to infinity.

so-called argument principle [3,25,26] can then be used to find
the results.

In what follows, we let z denote a general point in the
complex frequency plane, w a point along the real axis, and
i& a point along the imaginary axis, respectively. Let us study
a region in the complex frequency plane where two functions
are defined; one, ¢(z), is analytic in the whole region and
the other, f(z), has poles and zeros inside the region. The
following relation holds for an integration path around the
region:

1 d
- f Az f(@) = Y9G = Y 0w 22)

where zp and z., are the zeros and poles, respectively, of
function f(z). If we choose the function f(z) to be the function
in the defining equation for the normal modes of the system,
f (w;) = 0, the function ¢(z) as hz/2, and let the contour
enclose all the zeros and poles of the function f(z) then
Eq. (2.2) produces the energy in Eq. (2.1). The second term
on the right-hand side is just the subtraction of the zero-point
energies in absence of the interactions as discussed in the
remark below Eq. (2.1). In the original argument principle,
the function ¢(z) is replaced by unity and the right-hand side
then equals to the number of zeros minus the number of poles
of the function f(z) inside the integration path. By using this
theorem, we end up with integrating along a closed contour
in the complex frequency plane. In most cases, it is fruitful to
choose the contour shown in Fig. 1. We have the freedom to
multiply the function f(z) with an arbitrary constant without
changing the result on the right-hand side of Eq. (2.2). If we
choose the constant carefully we can make the contribution
from the curved part of the contour vanish and we are only left
with an integration along the imaginary frequency axis:

E = i/w d&n f(i§), (2.3)
47 J_o
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where the result was obtained from an integration by parts. At
finite temperatures, it is Helmholtz’ free energy,

1 1
3= Z Shoir) + B In(1 — ¢=Phei()

1 1
=Z—ln 2 sinh = Bhw; |,
ol 2

that is of interest. Also here, we may use the generalized
argument principle but now with In[2 sinh(8%z/2)]/8 instead
of hz/2 for ¢(z) in the integrand [3,27]. There is one
complication. This new function has poles of its own in the
complex frequency plane. We have to choose our contour so
that it includes all poles and zeros of the function f(z) but
excludes the poles of ¢(z). The poles of function ¢(z) all fall
on the imaginary frequency axis. The same contour as in Fig. 1,
is used but now we let the straight part of the contour lie just
to the right of, and infinitesimally close to, the imaginary axis.
We have

2.4)

1 e R d .
§=o /OO a(i£) 5 In (2 sinh Eﬁhl§>d(is) In £Gi€)
[ con Latie ) n
= — d& coth | =Bhi& ) In f(i§). (2.5)
4 J o 2

The coth function has poles on the imaginary z axis and they
should not be inside the contour. The poles are at

£ 2nn

n =15y =1—//—;
b4 hB

and all residues are the same, equal to 2/h8. The integration is
performed along the imaginary axis and the path is deformed
along small semicircles around each pole. The integration path
is illustrated in Fig. 2. The integration along the axis results
in zero since the integrand is odd with respect to £. The only

n=0,%£1,£2,..., (2.6)

i
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FIG. 2. Integration contour in the complex z plane suited for finite
temperature calculations. Crosses and circles are poles and zeros,
respectively, of the function f(z). The small semicircles are centered
at the poles of the coth function in the integrand. The radius of the
large semicircle is let to go to infinity.
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surviving contributions are the ones from the small semicircles.
The result is

h 2mwi 2 1
= . ——1 ] n) = 5, 1 [ n
§=— DN n f(i&) Zﬁ;nﬂzs)
" ! .7)
g =2 0. 4142
n — hﬂ 9 - ) ) PR
Since the summand is even in n, we can write this as
1 , 2nn
F=— In f(i&,); & =—; n=0,12,...,
B ; " B
(2.8)

where the prime on the summation sign indicates that the
n = 0 term is multiplied by a factor of one half. This factor
of one-half is because there is only one term with |rn| = 0 in
the original summation but two for all other integers. When
the temperature goes to zero, the spacing between the discrete
frequencies goes to zero and the summation may be replaced
by an integration:

1 , ) rB1 [ )
T= gL ) s | aemsae

> dé§ .
:h/ —In f(i§) = E, (2.9)
0 27
and we regain the contribution to the internal energy from the
interactions, the change in zero-point energy of the modes.

To summarize so far, at zero temperature, the internal
interaction energy is obtained from Eq. (2.3), and at finite
temperature, the Helmholtz free interaction energy is obtained
from Eq. (2.8). The only input from the system is the mode
condition function, f(z). Casimir forces, pressures, surface
tensions, works of adhesion and cohesion, and so on are
obtained from how these energies vary when parameters of
the system are changed.

All derivations of the mode conditions are simplified if
retardation effects are neglected. The forces obtained if this
is done are van der Waals forces. If retardation is included in
all steps, the result span the whole separation region covering
both Casimir and van der Waals forces. Since the nonretarded
derivations are so much simpler to perform, the results so
much simpler to handle, and since the distances in the system
often are small enough for retardation effects to be negligible,
we derive the results both without and with retardation effects
included. The treatment in this work is limited to objects of
a certain class of geometrical shape. One of the coordinates
of a proper chosen coordinate system should be constant at
the interface between two media. There are eleven coordinate
systems in which the Helmholtz equation is separable so there
are quite a few shapes where the treatment is applicable. One
should note that the thickness of the layers are not constant in
all geometries. They are in the three specific geometries that
we apply the theory to here.

III. GENERAL LAYERED STRUCTURES

Let the object we study have N layers. A layer is a region
bounded by two interfaces. In the system there are two more
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FIG. 3. Schematic illustration of the layered structure. The
numbering of the N 42 media are indicated at the bottom
of the figure and the numbering of the N + 1 interfaces at the top.
In the general solution of Maxwell’s equations, there are one wave
moving towards the right and one towards the left inside each medium.
If a normal mode is excited, there is no wave moving to the right
in medium 0, which is the ambient medium; if the medium number
N + 1isunlimited there is no wave moving to the left in that medium.
See the text for more details.

regions, each with just one boundary, a boundary in common
with one of the layers. Of these two we choose the ambient to be
the neighbor to layer number 1. Thus there are N layers, N + 1
interfaces, and N + 2 media. This is illustrated in Fig. 3. The
layers are numbered from 1 to N, the media from O to N + 1
and the interfaces from O to N. This means that layer number
n is filled with medium number n and interface number n is
the interface to the right of layer number n. In the general
solution of Maxwell’s equations, there are one wave moving
towards the right and one towards the left inside each medium.
If a normal mode is excited, there is no wave moving to the
right in medium O which is the ambient medium; if the medium
number N + 1 is unlimited, there is no wave moving to the left
in that medium. We have here somewhat extended the concept
of moving. When we say that a wave moves in a direction, it
either really moves or its amplitude decreases in that direction.
In the retarded treatment, there are transverse electric (TE) and
transverse magnetic (TM) modes. In the planar and spherical
geometries, these are not mixed when crossing an interface.
Then we may solve for these mode types separately. In other
geometries, like the circular cylindrical, they do mix. Then we
will have two modes, one TE and one TM, moving towards
the right and two moving towards the left in each medium.
Let us start with the general procedure when the TE and
TM modes do not mix. We denote the variable that is constant
on each interface by x. Then in a general medium n we have
the wave a" R (x) 4+ b" L (x). The boundary conditions at each
interface are the standard ones that the tangential components
of E and H and the normal components of D and B are
continuous across the interface. Only two are needed; the other
two lead to redundant results. Making use of the boundary
conditions at interface n gives rise to two equations, one for
each boundary condition. The left-hand side of each equation
is a linear combination of a” and b", where the coefficients
depend on the dielectric function of medium n. The right-hand
side of the same equation is a linear combination of a"*! and
b"*t1, where the coefficients are the same as on the left-hand
side but now depend on the dielectric function of medium
n + 1. These two equations can be expressed in matrix form
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~ a" - at!
Au(xy) - (bn) = Apy1(xa) - <bn+]> ’

where A, is a 2 x 2 matrix that depends on the dielectric
function in medium n. Operating from the left with the inverse
of this matrix gives

a " an+1
(b") — M (b"“) ’

Mn = Agl(xn) : An-}—l(xn)~

as

3.1

(3.2)

where
(3.3)

We may now find a relation between the coefficients in the
left-most and right-most media:

40 L g
(Mm@,

where
M= N, - By = (0 Me 35)
o N My My’ '

Now, we want to find the relation between a° and »°. This
relation depends on the boundary conditions at the outermost
interfaces in Fig. 3. In order to have self-sustained fields or
normal modes, we must not have any incoming fields from
outside the object. In all cases, this means that a®=0. In
the planar case, also the rightmost interface is the boundary
to the outside, which means that 5¥*! = 0. In the spherical
and cylindrical cases, the rightmost region is the core and the
boundary condition is that the waves are finite. What effect this
has on the amplitudes of the waves depends on the choice of
functions we make. In our nonretarded treatment, it turns out
that also for spherical and cylindrical objects b¥*! = 0. This
leads to a® = b° (M, /M>1). In our retarded treatment, on the
other hand, bV *! = ¢V ! follows from the condition of finite
fields. This leads to a° = b°[(M;, + Mis) [ (My + My)].
The only way we can have a nonzero b° at the same time
as a” vanishes is that the factor multiplying »° vanishes. Thus
the function f (w) in the mode condition is

flw) = My, bV =0;

(3.6)
f(®) = My + My, bV =aV T

Let us now continue with the general procedure when the TE
and TM modes do mix. Then in a general medium n we have
the wave ai Ry (x) + b/ L (x) +aj Ry (x) + by L, (x), where
the subscript 1 and 2 refers to TM and TE waves, respectively.
Making use of the boundary conditions at interface n gives

af ai"H

N bn 5 n+1

A | o =A@ | L] 3.7)
a2 a2
b by

where An isnow a4 x 4 matrix, that depends on the dielectric
function in medium n. Operating from the left with the inverse
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of this matrix gives

a7 aill+1
b N bt
=M, - - (3.8)
a; aé”'
by byt
where
M, = A (x,) - Apgr (x). 3.9)

We may now find a relation between the coefficients in left-
most and right-most media:

“(1) a{\'“
0 N+1
il _ M- b , (3.10)
ag aé\”rl
bg béVH
where
M=M, M, - My

My My Mz My
M M M M

_ 21 2 23 x| Gl

M3y Mz Mi; Msy
My My My My
Now we want to find the relation between (Zg) and (Zg). This

relation depends on if bV *' = 0 or not. If it is, like in the
planar case and in the nonretarded spherical and cylindrical
cases, then

al\ _ <M11 M13) _ (le M23>1. b} (3.12)
aj M3 Ms3) \Msi  Ma )
If blN = aiN *1 like in the retarded spherical and cylindrical
cases, then

a) _ ((M11+M12) (M13+M14))
ad)  \(Msz1 + Mz)  (Msz + Msy)
y <(M21 + Mxn) (Mxy+ M24)>_] ' by
(My1 + Myp)  (Myz + M) By
(3.13)

In order to have self-sustained fields or normal modes, we must
not have any incoming fields from outside the object, i.e., a)
and ag must be zero. The only way we can have a nonzero

b(l) and/or bg at the same time as a? and ag vanish is that the
0

determinant of the matrix in front of ([b’(')) vanishes. Thus the
2

condition for modes is

My M
1=0 3.14
M5 Ms; (.19
it ¥t = 0, and
M+ M M+ M
(M1 12) (M3 14) —0 (3.15)
(M31 + M3)  (M33 + M34)

it bVt = Nt
Now we will describe how the waves we have discussed are

obtained. We treat metals and dielectrics on the same footing,
i.e., induced current and charge densities have contributions
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from both bound electrons and conduction electrons. The
dielectric function for a metallic system is

E(w) = e(w) + dmio ()], (3.16)

where e(w) would be the dielectric function if it were not
for the conduction carriers. These contribute to the screening
through the dynamical conductivity o (w). With this choice the
Maxwell’s equations (ME) read

VD = 47 pex,
V-B =0,
3.17
10B ( )
VXE=———,
c ot
4 10D
VxH= _Jext+__~
c c ot

The external charge and current densities are absent in our
system. Furthermore, since we are concerned with normal
modes the time dependence of each field is given by a factor
exp (—iwt), and we have

V.-D =0,
V-B=0,
V xE =i(w/c)B,
V xH = —i(w/c)D.

(3.18)

We assume nonmagnetic materials and let u = 1, where u is
the magnetic permeability; we are not interested in longitudinal
bulk modes and assume that &(w) # 0. We want to keep one
electric and one magnetic field. Since the E and H fields have
the same boundary conditions at an interface we keep these.
Thus we have

V-E=0,
V-H=0,
V xE =i(w/c)H,
V xH=—iéw)(w/c)E.

(3.19)

Neglecting retardation means letting the speed of light go to
infinity. Then the MEs reduce to

V.-E=0, V-H=0,
VxE=0, VxH=0.

(3.20)

Equations (3.19) and (3.20) are the basic equations we are
starting from in all structures, Eq. (3.19) in the fully retarded
calculations and Eq. (3.20) when retardation is neglected.

In the nonretarded treatment, since V x E = 0, the E field
is conservative and we may define a scalar potential ® such
that E = —V ®. Using the first line of Eq. (3.20) then leads to
Laplace’s equation,

V2o = 0. (3.21)

So, when we neglect retardation effects, we just solve
Laplace’s equation in each medium and use the proper
boundary conditions at each interface to find the normal modes.

In the fully retarded treatment, we take the curl of the last
two lines of Eq. (3.19) and make use of the other relations to
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find
V2E + &(w)(w/c)*E = 0,

(3.22)
V?H + &(w)(w/c)*H = 0.

Thus both the E and H fields obey the vector-wave equation,
the vector Helmholtz equation. In the planar case, it is
straightforward to solve these in each region but in other
geometries it is not a trivial task. One can solve the problem
by introducing Hertz-Debye potentials m; and m,. They are
solutions to the scalar wave equation,

/ —iwt,

T =n'e; g% =Ew)w/c)

(3.23)

vzn/+q2n/ :0,

We let r; be the potential that generates TM modes and m, be
the potential that generates TE modes.

Now we are done with the general formalism and turn to the
three geometries we have chosen to concentrate on. We treat
planar, spherical, and cylindrical geometries in that order.

IV. PLANAR STRUCTURES

We assume that the spatial extension of the interfaces is very
large compared to the thickness of the layers so that we may
treat the interfaces as infinite in two directions. If the thickness
of the object is finite the rightmost medium, » = N + 1, in
Fig. 3, is the ambient as well as the leftmost, n = 0. If not
we have a multiple coated half-space. In both situations, the
modes are solutions with the boundary conditions that there
are no incoming waves in the two outer regions, i.e., there is no
wave moving towards the right in medium n» = 0 and no wave
moving towards the left in medium n = N + 1. The fields are
self-sustained; no fields are coming in from outside. We first
treat the simplest case, the nonretarded.

A. Nonretarded main results

In the nonretarded treatment of a planar structure, we let
the waves represent solutions to Laplace’s equation (3.21), in
cartesian coordinates, for the scalar potential ®. The interfaces
are parallel to the xy plane and the z coordinate is the
coordinate that is constant on each interface. The solutions
are of the form

Oy (r,z) = e*Teth, 4.1

where k is the two-dimensional wave vector in the plane of
the interfaces. We let z increase towards the right in Fig. 3.
We want to find the normal modes for a specific wave vector
k. Then all waves have the common factor exp (ik - r). We

suppress this factor here. Then
R(z)=¢%; L(z) =eth, 4.2)
Using the boundary conditions that the potential and the
normal component of the D field are continuous across
interface n gives
ane—an 4 bnekz" — a"+le_kz” + b"+lekz"
4.3)

angneszn _ b"gnekz” — an+lgn+]esz“ _ b"+1§,1+1ekz”,
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FIG. 4. The geometry of a single planar interface.

and we may identify the matrix A,I(zn) as

- e*kzn ekz,,
An(Zn) = (E,,e_kz” _gnekzn (4'4)
and the matrix 1\7[” as
. 1 By + & ek (g, — &,
M,=—( ~( i Y 4.5)
28 4 o (Sn - 8n+l) En + En+1

Now we have all we need to determine the nonretarded normal
modes in a layered planar structure. We give some examples
in the following section.

B. Nonretarded special results
1. Single planar interface (no layer)

For a single interface, as illustrated in Fig. 4, at z =0
between two media with dielectric functions &, and &;, we

have
Y C I (80+8 & —&
M=My=—|. - - -1, 4.6
07 2% <80—81 &0 + &1 (46)
and the mode condition is
Zo(w) + &1(w) = 0. .7

Here and in several more places, we give the condition for
modes of a single interface. If we use the corresponding mode
condition function to calculate the energy, in principle, we
obtain the surface energy or interface energy. However, to
get a realistic result, we need to include spatial dispersion
[28], i.e., we need a momentum dependence of the dielectric
function, otherwise the energy diverges. Furthermore this is
not the full story. The surface energy is the energy per unit
area of a newly created surface. To be more specific, it is half
the energy needed to split the solid in two along a plane and to
separate the two halves to infinite distance. The “1/2” comes
from the fact that we create two new surfaces. When we split
the solid, we create surface modes at the surface or rather bulk
modes are pealed off and form surface modes. This change
in collective modes costs energy. This energy constitutes, an
important part of the surface energy. We refer the reader to
an illustrative derivation by Schmit and Lucas [29], which
attracted much attention when it was published. A very similar
calculation was performed independently by Craig [30]. The
derivation is valid for both polar semiconductors or insulators
and metals. In the present work, we do not need to bother about
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FIG. 5. The one planar layer geometry.

these complications. We do not create interfaces. We just move
them around.

2. Slab or planar gap (one layer)

For a slab, Fig. 5, with interfaces at z = 0 and z = d made
of a medium with dielectric function &; in an ambient medium
with dielectric function &, we have

g —51)
&+ &
1 &1+ &

X QE—

28 \e (5 — &)

M =M, - M,

_ 1 &y + &1
T 28 \& — 7

%dix =
e (& 80))’ 48)

&1+ &
and the mode condition becomes

[Eo(®) + &1(@)]* — e H[Ep(w) — E1(@)]* =0.  (4.9)

For a gap, of size d, filled with a medium with dielectric
function &) between two half-spaces of material with dielectric
function &, we may reuse the above result with the interchange
of the two dielectric functions. We note that the result will
not change. If the half-spaces are made up by two different
materials with &, and &,, we find

[81 + 80l[82 + &0] — e 2*[&) — &)1[E2 — 5] =0, (4.10)

where all dielectric function arguments, (w), have been
suppressed. Equation (4.10) can then be used to find the zero
temperature van der Waals energy per unit area as

h d*k *® dE . o
=3 m/ioo E[lnfk(lg)—lnfk (i§)]
L B R ST 4.11
=32 @y v/_@)g n fi(i&), (4.11)
and the finite temperature result as
1 [ d* , . o
5=3 | Gy ; [In fi(i&,) — In fi°(i&,)]
1 d*k e F e
= ,E W; In fr(i&,); (4.12)
2nn
&=——; n=0,12,...,
hp
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respectively, where f,>° (w) is the mode condition function at
infinite separation and

_oka [E1(@) — Eo(@)][E2(w) — Ep(w)]

[E1(®) + Eg(w)][E2(w) + Eo(w)]
is the mode condition function divided by the function at
infinite separation. The expressions in Eqs. (4.11) and (4.12)
mean that we have chosen the reference system to be the
system when the gap is infinitely wide. This result agrees with
the result in, e.g., Ref. [26]. The van der Waals force per unit
area is obtained as minus the derivative of these energies with
respect to the separation d.

flw)=1—ce

4.13)

3. Thin planar diluted gas film (one layer)

It is of interest to find the van der Waals force on an atom in
alayered structure. We can obtain this by studying the force on
a thin layer of a diluted gas with dielectric function &4(w) =
1 + 4mna™(w), where o™ is the polarizability of one atom
and n the density of atoms (we have assumed that the atom
is surrounded by vacuum,; if not the 1 should be replaced by
the dielectric function of the ambient medium and the atomic
polarizability should be replaced by the excess polarizability).
For a diluted gas layer, the atoms do not interact with each
other and the force on the layer is just the sum of the forces
on the individual atoms. So by dividing with the number of
atoms in the film, we get the force on one atom. The layer has
to be thin in order to have a well defined z value of the atom.
Since we will derive the force on an atom in different planar
geometries it is fruitful to derive the matrix for a thin diluted
gas film. This result can be directly used in the derivation of the
van der Waals force on an atom in different planar geometries.

We let the film have the thickness § and be placed in the
general position z. We only keep terms up to linear order in &
and linear order in n. We find the result is

Mgaslayer =M, -M,

1 0 a 0 ek
= (0 1) + (Sn)a™4mk (_e—Zkz 0 > .

4.14)

Now we are done with the gas layer. We will use these
results later in calculating the van der Waals force on an atom
in planar layered structures.

4. 2D planar film (one layer)

In many situations one is dealing with very thin films. These
may be considered 2D. Important examples are a graphene
sheet and a 2D electron gas. In the derivation, we let the film
have finite thickness § and be characterized by a 3D dielectric
function &3P, We then let the thickness go towards zero. The
3D dielectric function depends on § as &P ~ 1/8 for small §
and 8&3P — 2&?P / k as § goes towards zero [31,32]. @*” (k,w)
is the 2D polarizability of the film. We obtain

Myp = M, - M,

0) , kG&") (1
:<0 1)+T IR FECA )

_ 1 0 ~2D 1 €2kz
- <0 1) Ta (—e—2kz -1/

[u—
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z=10

FIG. 6. (Color online) The two planar layer geometry. This ge-
ometry is used to find the atom substrate interaction as illustrated
by the cartoon in the lower right corner. We start from the gas layer
substrate geometry in the upper right corner.

5. Force on an atom next to a substrate (two layers)

The multiple layer results can be used to solve other
problems like in this case the atom substrate force. We start
from the two layer structure in Fig. 6. We let the ambient
be vacuum. The first layer is a thin layer, of thickness
8, of a diluted gas of atoms of the kind we consider. Its
dielectric function is £,(w) = 1 + 4w na®(w), where o is the
polarizability of one atom. The density of gas atoms, n, is very
low. We let the first interface be at z = 0 and hence the second
at z = §. The second layer is a vacuum layer of thickness
d. The remaining medium is the substrate which we let be
infinitely thick and have the dielectric function &(w). In what
follows we only keep the lowest-order terms in 6 and in n.

The matrix becomes M = Mo M, -M, = Mgas]ayer M,,

where Mgaslayer is given in Eq. (4.14) with z = 0 and

= 2%kd (&
M, = % (—e_(;jd—(;:)— 1) e(és(jl) 1)> - @18
Now, the matrix element of interest is
My = [ + 1) — dmka™Sne (&, — 1], (4.17)
and the condition for modes is
By + 1) — dmka™Sne 4, — 1) = 0. (4.18)

The first part of the mode condition function is what one would

have in absence of the atom. It gives the surface modes of the

substrate. We find

_2kd [E5(w) — 1]
[Es(w) + 11

where we have chosen the reference system as the system

when the atom is at infinite distance from the substrate. The
interaction energy per atom is

E h d’k /"o d§
ns  2n8 ) (n)? 27

><ln|:

flw) = 1 — drka™(w)dne (4.19)

— Ak (i&)Sne %]

[&:(i§) + 1]
2 00 —
2 (2m) —o0 2T [E5(i&) + 1]

PHYSICAL REVIEW B 90, 155457 (2014)
FIG. 7. (Color online) The three planar layer geometry.

[ g E o [aGE) — 1]
/0 dkk2 2/_w2n O+

— ——

g |le=1] g |e=1

z=0 z=d z=d+§ z=D

L
243

(&) —1
_ " d m(s)[a(z@ ]

4013 (B8 + 117

where we have divided the energy per unit area with the number
of gas atoms per unit area resulting in the energy per atom.
We have furthermore let the number of atoms per unit area go
towards zero and expanded the logarithm [In(1 + x) — x].

Thus the force between an atom a distance d from a
substrate is at zero temperature

(4.20)

[E:(i§) — 1]

48
F=gp || SOy 42
and at finite temperature, it is
F(d) = [Es(i&y) — 1] 4.22)

3.1 ! atg:
244 B ; * (lg”)[ésasnw 11

n

6. Force on an atom in between two planar surfaces (three layers)

We refer to Fig. 7 and let the first interface be located at
z = 0 separating one plate with dielectric function &, from
the ambient medium, which we let be vacuum. Next interface,
at z = d, is the left interface of the gas layer with dielectric
function &, and thickness §. Thus the third interface is at z =
d + §. The forth interface is located at z = D and separates
vacuum from the second plate with dielectric function &,. Just
as in the previous section, we only keep the lowest-order terms
in 8 and in n. The matrix becomes M = M - M, - M, - M5 =
Mo Mgaslayer Mg, where Mgaslayer is given in Eq. (4.14) with
z=d and

M, = é <(§1 +D (§1 - 1)>7
E@E-1D EG+D
(4.23)
M, = l( E@+1) @ - 1))
P2\ e - ) G+ )
Now,
0 0 Y M131
Mll = (Mll M12) 'Mgaslayer . 3 ) (424)
M;,
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where we have moved the matrix subscript to the superscript
position to make room for the element subscripts. The matrix
element of interest is

1
M, = E{[(é1 + 1)(E + 1) — e *P@E — )& — D]

—4kasnle (&) — 1)(E, + 1)
+ e—2k(D—d)(51+l)(§2—l)]}. (425)
The mode condition function after division with the function
in absence of the gas layer is

—2kd (81=1) —2k(D—d) (B2—1)
[ G +e )

_ ,—2kD E=D(E—1)
[1 ¢ (5]+1)(52+1)]

fx =1 —4nka™sn , (4.26)

and the interaction energy per atom becomes

E & de/ d | |
w6~ 2m5 ) @ny n[ fi(i€)

h d*k d
[
(2m) 27
—2kd (&1 —1) —2k(D—d) (E2—=1)
at [e Grn e <e§+1)]
[1 e— 2kD E1=D(E— 1)]

E1+D(E+1)
=—h / dkk? f

N [672kd(81 D +672k(D —d) (E2— 1)]

E+D) &t
X a (- e BomIET 4.27)
E+1D)(E+]D)

%

X o

Thus the force on the atom is

—4h / dkk? / T g (i &)

[81GE)—1] ,—2kd _ [E2(5)—1] ,—2k(D—d)
« [E1G)+1] [E2(i8)+1]

— [BiGO-1[EG8)~1] ,—2kD ’
[E1GE)+1][E28)+1]

and at finite temperature, it is

4 o0
— / Akl Y o™ (i£,)
B Jo y
[él(i&l)*l]e—de _ [§Z(i€r1)71]e—2k(D—d)
« [&1(i&,)+1] [82(i&,)+1]
1 — [81GE)—11[E2(E)— l]e—ZkD
[81(i&,)+1][E2(i&,)+1]

Fd) =

(4.28)

F(d) =

(4.29)

7. Force on an atom next to a 2D planar film (three layers)

In this section, we derive the van der Waals interaction of
an atom near a very thin film. We start from the three layer
structure in Fig. 8. We take the limit when the thickness of
the film goes to zero. The matrix becomes M=M, M, -
Mz M3, where Mo M1 is the matrix for the thin film, and
M, - M3 is the matrix for the gas film. These matrices are given
in Egs. (4.15) and (4.14), respectively.

The matrices are

o oo (1 0\, pf 1 1
MO ~M] = (0 1) +a <_1 _1> ,
(4.30)

~ ~ 1 0 ) 0 2kd
M2 . M3 = (0 1) =+ (8n)ot‘“47‘[k (_e_zkd eO > ,
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e=1| &0 | e=1 | g |€=1

z=0 z=0 z=d z=d+0
FIG. 8. (Color online) The geometry of a thin gas layer at a
distance d from a thin film. This geometry is used to find the

interaction between an atom and a thin film.

and the element of interest to us is

L =14 a* — Gn)a®dxka*Pe 2k, 4.31)

The first two terms produce the modes in the thin film alone
and are not affected by the atom. We choose as our reference
system the system when the atom is at infinite distance from
the film. To get the mode condition function, we divide M1,
with the first two terms. The mode condition function becomes

- az?
fe=1- (8n)4nka“tme_2kd. (4.32)
From this we find the energy per atom is
£ i &k / ) %, n[ fi(i§)]
- = i
ns  2n8 ) Qn) €
~ —h / dkk*e 2 / ﬁof“(ig)—6‘21)("”'5)
o o 2m 1+ a?P(k,i§)’
(4.33)
and the force on the atom is
oo 0 4 ~2D k,’
F(d) = —2h / dkk3 ek / 48 gy 2 _Ki8)
0 —o0 2T L +a?P(k,i)
(4.34)

8. Interaction between two 2D planar films (three layers)

We start from the three layer structure in Fig. 8. We take
the limit when the thickness of the films goes to zero. The
matrix becomes M = MO M1 M2 M3 where Mo Ml is
the matrix for one of the two thin films and M2 M3 is the
matrix for the other. These matrices are given in Eq. (4.15) the
first for z = 0 and the second for z = d.

The matrices are

. 10y . 11
MO‘M‘z(o 1)+“2D<—1 —1)’

oed (4.35)
M, - M; = (é (1)) +a*? (—elz"d e_1> :
and the element of interest to us is
My = 142820 4 (1 — e~ 2d)(G2P)?
= (1 4 @2P)? — ¢~ 2Kd(g2Dy?, (4.36)
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The first term produces the modes in the two thin films if
they are so far apart that they are not affecting each other.
We choose as our reference system the system when the two
films are at infinite distance from each other. To get the mode
condition function, we divide M;; with the first term. The
mode condition function becomes

7 o @ ?
fi=1l—e e ) 4.37)
From this we find the energy per unit area
E h[ Lk /oo @, [A(@&)]
== — In[ fi (i
2) enp Joom K
2) @np ) s 2n 1+a?P(k.i&)) |
(4.38)

This agrees completely with the results of Ref. [33].

9. Force on an atom in between two 2D planar films (five layers)

Here we let the first 2D film be located at z = 0, the thin
diluted gas film at z = d, and the second 2D film at D. There
is vacuum between the three films. Thus the matrix becomes
M = M() . Ml . Mz, where

- (1 0\, (1 1
Mo—(o 1>+oz <_1 _1>,
2kd
((1) (1))+8naat47tk (_eow ‘"0 ) (4.39)

- 1 O . 1 2kD
Mz = (0 1) + OlZD <_e_2kD 6’_1 ) .

The matrix element of interest is
M]] — (1 + &ZD)Z _ e—ZkD(&ZD)Z

— Sna™4mka*P (1 4+ @*P)(e % 4 7 DP=Dy " (4.40)

M,

The first term is the mode condition for the two films at infinite
separation in absence of the gas layer. The first two terms is
the mode condition in absence of the gas layer [see Eq. (4.36)].
The mode condition function after division with the function
in absence of the gas layer is

a2

fu =1 —4mka®sn e -
[1- e 22(:E) ]

[ef2kd + 672k(D7d)]

, (4.41)

and the interaction energy per atom becomes

E_ b &k [TdE
% = % (zn)z \/;OOE n[fk(lf)]

L[ [ ol )
—

— | —4n
2 ) 2n) [1 _ e—2kD(%)2]

—h f dkk? / %a“(ié)
0 —0

&P (ki&) 1 —2kd —2k(D—d)
1+d2D(k.iS) [e + 4 ]
x 2

[1 - e (i) ]

0o 2T

(4.42)
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Thus the force on the atom is

F(d) = —4h / dkk? / —a®(i§)
0 0o 2w
a*P(k.i€) ,—2kd —2k(D—d
EreiG — 207D
X 2 9

[1 - e_2kD(1iZZE’k(ii)s)) ]

(4.43)

and at finite temperature, it is

Fd) = -2 / " ki > et i)
ﬂ 0 £,

a*P(k,i&y) r,—2kd —2k(D—d)
» ) G

~ [ 2
[1 - e 20 ()’

(4.44)

Now, we are done with the nonretarded results for planar
structures and turn to the more complicated fully retarded
treatment.

C. Retarded main results

In the planar geometry, nothing is gained by introducing
the two Hertz-Debye potentials, 71 and 7,. We study the fields
themselves. The solution to the vector Helmholtz equation is a
field with the spatial variation exp(ik - r) exp(£y;kz), where k
is a two-dimensional wave vector in the plane of the interfaces,
r is the two dimensional component of the position vector in
the xy plane, and

Vi =+ 1 —=&(w/ck)?, 9 =1-(w/ck)?. (4.45)

We will make use of the Fresnel coefficients. The amplitude
transmission and reflection coefficients for waves impinging
on an interface between medium i and j from the i side are

o 2n; cos 6; 2y

" nicost; +njcos; )/['f‘)/j,

. n;cost —n;cosb; yi—y;

" njcost; +njcos; )/i+)’j7

(4.46)

o 2n; cos 6; _ 2, /& &y 7

" njcosf; +n;jcosl;  Ejyi +Eiy;

o cos6; — n; cosb; _ givi — &y

" njcost; +nicosO;  Eiyvi + &y

where s and p stands for s and p polarizations, respectively,
or TE and TM, respectively. Now the wave in Fig. 9 with
amplitude a"*! gets contribution from a transmitted part of
the wave with amplitude a" and a reflected part from the wave
with amplitude »"*!. Similarly, the wave with amplitude b"
gets contribution from a transmitted part of the wave with
amplitude 5"*! and a reflected part of the wave with amplitude
a". The fresnel coefficients are valid in our formalism if the
interface is at z = 0. Then we have
an+1 - antn,n-H + bn+1rn+1,n’
(4.47)
bn — an+1rn,n+l + b’1+1tn+1,n,
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an+1

bn+l

an

FIG. 9. The amplitudes of the waves at the interface number n.

and after rearrangement and making use of the general relation
tn,n+1tn+l,n — Fnn+1"n+1,n = 1, we find

a’ . 1 1 [ an+1
(b") B Lnnt1 (r”’”+1 1 et @49

Now, with the position of the interface at z = z,,, we have

ae Yk _ 1 1 ot a'tle=Vntikza
wkzn | = : 1, Vny1kzn
b"em™ tunt1 \Inn+l 1 bl ’

(4.49)

a® - an+1
()-m (5

e~ Vnt1=Vn)kzn

_ 1
n = —(Vn K Zn
thH—l e MRRE Tn,n+1

e W1 tyn)kz, Fnntl
eWni1=¥u)kz,

(4.50)

Now we have all we need to determine the fully retarded
normal modes in a layered planar structure. We give some
examples in the following section.

D. Retarded special results
1. Single planar interface (no layer)

For a single interface at z = 0 between two media with
dielectric functions &, and &, as illustrated in Fig. 4, we have

Ry L (1
M=M,=— I 451
0 t()’l <r0$1 1 ) ( )
For TE modes, the condition for modes is
nk,w) + yik,w) = 0. (4.52)

This equation has no solution so there are no TE modes at a
single interface. For the TM modes, the condition for modes
is

El(@)yo(k,w) + Eo(@)yi(k,w) = 0. (4.53)
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This equation has solutions, so there are TM modes at a single
interface.

2. Slab or a planar gap (one layer)

For a slab (see Fig. 5) with interfaces at z =0 and z = d
made of a medium with dielectric function &; in an ambient
medium with dielectric function &y, we have

y 1 e~ (o—vi)kd e(VO‘H’l)kdrl,O .54
to e—(Vo+V|)kdr1,0 e—vkd | ’
and the matrix elements are
1 —(yo—y1)kd —(yoty1)kd
My = — [e +e ro,171,01,
0,111,0
M, = T[e(m)ﬂ/l)kd"l,o +€(V0_yl)kdro,1],
0,111,0
(4.55)
My = — [e—(l/o—)/l)kdroyl +e—()/0+1/1)kdr1’0]’
0,111,0
My, = — [e(y0+yl)kdr0,lrl,0 _{_e(VU_}’l)kd]'
0,171,0
For TE modes, we have
2 —2y1kd 2
Yo+ ) —e "y —y1)” =0, (4.56)

and the mode condition function is

B ) = (@) + n@)? — e 2Oy () — yo(w)].
4.57)
Note that we, as before, have identified the mode condition
function as the numerator of the expression in the condition

for modes.
For TM modes, we have

E1vo + 8oy —e M@y —8y1) =0, (4.58)

and the mode condition function is

M) = [E@)p() + E@n @)
— e Mgy ()y1(w) — El(@)no(@)]. (4.59)
For a gap, of size d, filled with a medium with dielectric
function & between two half-spaces of material with dielectric
function & we may reuse the above result with the interchange
of the two dielectric functions. We note that in this case,

when retardation is included, the result will change—it did
not change in the nonretarded treatment. We have

AT () = [yo(@) + yi(@)]* — e 2@k [y (0) — po(w)],
fiM(w) = [E1()yo(®) + Eo(@)y1 ()] (4.60)

— e @M [ ()1 () — E1(@)yo(@)]
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If the half-spaces are made up from two different materials with &, and &,, we find
AE@) = (@) + n@)]n@) + y2@)] = ey () — p@)llyzw) = n@)l,
FM() = [81(@)y0(w) + Eo(@)y1(@)][E2(@) yo(w) + Eo(w)ya(w)]
— e OM g3 (0)y1(w) — E1(@)yo(@)][Eo(@)y2(w) — E2(@)yo()].

(4.61)

When we want to calculate the Casimir energy between two half-spaces we choose the reference system to be the system when
the separation is infinite. Then the mode condition functions are
;TE(Q)) —1_ e_zyokd [Vl - VO][VZ - VO] —1— e—2y0kdrf 2V§2 =-1— e_ZVOkdrg.lrg 3
[vo + villyo + 121 o 102

(4.62)

Eoy1 — & Eoyr — &
}ZEM(Q)) | — o—2nkd [~07/1 ~1V()][~())/2 ~2)’0] —1_ efzynkdrlpzrfz —1_ efzyokdré;lrzpy
[E170 + Eoyi1[E2y0 + Eoy2l o o
where we have used the amplitude reflection coefficients from Eq. (4.46). We have suppressed the argument w from all functions.

These results agree with the standard Lifshitz formulation [3,34,35]. Now, let the two half-spaces be ideal metals. We let the
dielectric functions of the half-spaces go to infinity. The amplitude reflection coefficient for a vacuum ideal-metal interface is

—1 for s-polarized waves and +1 for p-polarized waves, respectively. Then

E =

h d*k ®d
2] Gy / %[lnﬂTM(ié)Hn FEGE)]

2) @n)

=57 ), dkk/o d& In[1—exp(—=2y/ 14+(& /ck)*kd)] =
h - s her?
— toess |k [ demi—exn—ie + o =~

2 [}
d k / ;Z—é[ln(l _ e—ZVde) +1n(1 _ e—ZVokd)]
T

—0Q

letk — k/2d
leté — £/2d

(4.63)

which is the Casimir classical result for the interaction energy between two ideal metal half-spaces [8].

3. Thin planar diluted gas film (one layer)

It is of interest to find the force on an atom in a layered
structure. We can obtain this by studying the force on a thin
layer of a diluted gas with dielectric function g,(w) =1+
4 na™(w), where o™ is the polarizability of one atom and
n the density of atoms (we have assumed that the atom is
surrounded by vacuum; if not the 1 should be replaced by
the dielectric function of the ambient medium and the atomic
polarizability should be replaced by the excess polarizability).
For a diluted gas layer, the atoms do not interact with each
other and the force on the layer is just the sum of the forces

J

. 10
MO'M1=(0 1)+8k

(

on the individual atoms. So by dividing with the number of
atoms in the film, we get the force on one atom. The layer has
to be thin in order to have a well defined z value of the atom.
Since we will derive the force on an atom in different planar
geometries, it is fruitful to derive the matrix for a thin diluted
gas. This result can be directly used in the derivation of the
force on an atom in different planar geometries.

We let the film have the thickness 6 and be placed in the
general position z. We only keep terms up to linear order in &
and linear order in n. We find that the result up to linear order
in g is

_ 1+(ro.1)* _ 2%ir00 ,2y0kz
Yo + 71[ fo,111,0 ] fo,111,0 e (4 64)
2y1r0.1 e~ 2nkz Yo— 7V [1+(f0,|)2] ’ ’
fo,111,0 0 1 fo,111,0

To go further and find the result to lowest order in 2, we have to specify the mode type.

For TM modes, we get

MTM

and for TE modes,

MTE

(1 0 (6n)2mwko™
gaslayer — 0 1 + J/(O) [2_(

1 0
gaslayer — <0 1) +

\2 0)\2
—(%) —[2 - ()]
g)2]672y(°’k1 (g)Z ) (4.65)
ck ck

sn)2mka®(w/ck)® [ —1 — 2k

(dn)2wka(w/ck) <62y(0)kz el > 4.66)

Now we are done with the gas layer. We will use these results later in calculating the force on an atom in planar layered

structures.

155457-12



ELECTROMAGNETIC NORMAL MODES AND CASIMIR ...

4. 2D planar film (one layer)

In many situations, one is dealing with very thin films.
These may be considered 2D (two dimensional). Important
examples are a graphene sheet and a 2D electron gas. In
the derivation, we let the film have finite thickness § and be
characterized by a 3D dielectric function £3”. We then let the
thickness go towards zero. The 3D dielectric function depends
on § as &3P ~ 1/ for small § and 8&3P — 20> /k as § goes
towards zero [31,32]. We may now start from Eq. (4.64) use
the proper reflection and transmission coefficients for the mode
type under consideration and let § go towards zero.

For the TM modes, we obtain

g (10), yOkeE) (1 et
2D O 1 2 8*2}/(0)1% _1

1O\, op oof ! — ek
_(0 1>+a YO e, | 46D

and for the TE modes, we find

grE— (b0 (8&83P)k(w/ck)* 1 2Ok
2D — 0 1 N T _e_zy(o)kz 1

(10, (w/ck)? 1 ek
= 0 1 — _J/(O) _e—2y‘0)kz 1 .

(4.68)

5. Force on an atom next to a planar substrate (two layers)

We start from the two layer structure in Fig. 6. We let
the ambient be vacuum. The first layer is the thin gas layer
treated in Sec. IV D 3. We place it at z = 0. The second layer
is a vacuum layer of thickness d. The remaining medium is
the substrate which we let be infinitely thick and have the
dielectric function &;(w). The matrix becomes M = 1\7[0 M, -
M, = Mgaslayer .- M,, where we already know the first matrix.
Now,

e s trkd

;3
e3—r2)kd

ety Okd ., | 169
ey Okd | ° (4.69)

- 1 < e~ (3—y2kd

M, = e~ tykd

3 3

1 e~ v Okd
13 e—(m+y‘°))la1rZ3
For TM modes, it becomes
= 0
M™M Es V( )+ Vs
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and for TE modes,

MTE — V(O) + Vs

2T 2y0
e~ W=y Okd ety Okd vV =y
[OFE
X © YUl (4.71)
e~ Wty Okd Y2 =ys eVs—vOkd
YO+,
s

So the condition for TM modes is

(6n)2mwka®
- y©
< 2 2 +e_2y(0)kd 2 _ 2 2 ESV(O) — Vs -0
Ck Ck gsy(o) + Vs ’
4.72)
and for TE modes,
t 2 0 _
1— (6n)2mka®(w/ck) 14+ o2 Okd 14 Vs —0. 473)
y© O+
The mode condition function for TM modes is
2
™M ] — M{(ﬁ) 1 e 2rOkd
y( ) ck
18,90 _
x|2—(2) |2 =%t (4.74)
ck ) &y O + vy,
and for TE modes,
™ _ ($n)2mka™(w/ck)? | 4 o2 Okd y© —y
k= © ¢ 0) :
14 YW+ s
4.75)
Note the first part in each mode condition function,
2k(w/ck)?
fO=1- (8n)aa‘% (4.76)
14

It does not depend on the distance of the atom to the substrate.
Itis the effect of the contribution from the atom to the screening
and the resulting change of the dispersion curves for the
vacuum modes. This type of interaction was used by Feynman
to derive the Lamb shift of the hydrogen atom [36]. We see that
it contributes the same in both type of modes. We divide with
this function since it leads to a constant energy, independent
of the atom distance to the interface. So the relevant mode
condition functions relative infinite separation are

== 2mk[2 — k)? g,y —
2T 2JEyO A = 1 oy TR oy D
i Y Esy™ + Vs
e~ =y kd e(%-&-y“”)kdfsyis# 2k(w)ck)? )
&y Oty wk(w/c _ Vo = Vs
x (e(ysw(”))kd i;igi;; ers—v Okd ) ’ ;TE =1- (Sn)aa‘Te zy(mkdm- 4.77)
4.70) The interaction energy per atom becomes
J
E h d*k  [> d& ~TE, » FTM , +
s nd (2n)2/0 2 I [AFEO] +In [AMG0)])
—oen [ R, / T ey i {(E/ck)2 yOUE) — 1,(iE) | [2+ (E/ck)] ysas)—a(is)y@(is)} 4.78)
@ry Jo 27 yO=E) yOi&) + v, (i) yOUE) v (i) + &E)y©i§)
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where we have taken the limit when (6n) goes towards zero. The force on the atom is
d*k CdE L 00 yOi€) — y,(i§) Yo(i8) — & &)y Oi&)
F(d) = 4rh —k2/ —a 54 05)’“1{ k) 42 k) }
@ =i [ Tl S GRS 06 + e T TN e v aen e
4.79)

At finite temperature, it is

2
= kzZ/aa%isn)e-z““’(’f"”{(&/ck)z

Y . .
F(d)=— Y&, — vs(i&,)
&

2 L/ ck)?
YO + yolily) T 2T E/R)]

Vs (&) — & (&)Y 8,) }
ys(i&n) + &)y O(ig,) |

(4.80)

B J @n)

These results are in complete agreement with the results in Ref. [37].

6. Force on an atom in between two planar surfaces (three layers)

We refer to Fig. 7 and let the first interface be located at z = 0 separating one plate with dielectric function &; from the
ambient medium which we let be vacuum. Next interface, at z = d, is the left interface of the gas layer with dielectric function
&, and thickness §. Thus the third interface is at z = d + 4. The forth interface is located at z = D and separates vacuum from
the second plate with dielectric function &,. The matrix becomes M = 1\710 . N/Il . M2 . 1\7[3 = Mo . Mgaslayer . 1\7[3, where Mgaslayer
is taken from Eq. (4.65) or (4.66) for TM modes and TE modes, respectively, and

~ 1 1 1o v 1 e~y kD et kD,
My = — ), Mi=— _ O _,onp - (4.81)
fo.1 \70.1 1 3.4 \e ¥s+r™) 34 eVs=r™)
Now,

M3

C 11
My = (M?l M?z) 'Mgaslayer ' (M3 ) . (4.82)

21

To find a general expression valid for both mode types, we use the expression in Eq. (4.64) for Mgaslayer~ It is the expression to
linear order in 8 but before the lowest order in n is taken. Then

e~y kD —2y kD ©) —2yOkp 0) 2y g 2yOk(d—D)
My = — l+e ro.arsa + 8k[(vg —y (1 —e roarsa) —2yPrs(e rog—e r34)]}.
0,134
(4.83)
The condition for modes is
—2,,0) —n4,0) _ ) ©) _
L e Pr01rs 4 + 8k[(rg — v ) (1 = e Proarsa) = 2y Oras(e7 Hroy — 1P ) = 0. (4.84)
The mode condition function is
o Sk ) © )
_ ) —2yOkD (0) —2yOkd 2y Ok(d—D)
k=1+ Ve —v D1 —e ro,1r3,4) — 2y ' 3(e ro,1 — € 3.4
f 1 + e_ZV(U)kDI’O,lrgA[ )/g 4 ( g , ) 14 ( )]
-1 + 8k7’laa[ _zn(w/ck)2(1 _ e—zy(mkl)ro 3 4) _ 2()/(0))2 7‘2_,3 (e_zy(o)kdro L= ezy(o)k(d_D)rS 4)
YOI 4+ e=2"Prg 173 4] o nodt ’ :
(4.85)

Just as for the atom next to a substrate a part of this function does not depend on the position of the gas layer. The energy change
is due to the screening of the vacuum caused by the polarizable atom. It is interesting to note that this effect is modified by the
presence of the two planar surfaces. We intend to investigate this further in a forthcoming publication. We divide with the function

sk(l — oY kD, . 2 2(1 — e 20y
( 0! 3’4) (J/(O) -y =1~ Sknaat—n( a)) ( o1 3’4) (4.86)

K=1- ck '
k 1+ e—2y‘°>kDro,1r3,4 y O\ ck (1 + e_zy(o)kDro,lrl‘*)

For the energy this means that we subtract a term that is independent of the position of the atom and will not effect the force on
the atom. We find

P —2,©O © —
[=2(/ )23 /na®) (e Mro  — TPy )]

Fo = 1+ Skna™ : 4.87
T [14 e 27" Prg 1r34] 87
and the interaction energy per atom is
E d’k [>*d
£ _y ™k I"E(k,i£)]. 4.88
= e /0 S U™iE) + k)] (4.88)
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where
—24,0) —2,,O —
[ty g M2 @k e M — e Ko
’ <o>[1 + ¢—2rOkD oTlY[rsTlX[] ’
27 —2yOkd rTE 2y OK(D—d) . TE (4.89)
) = o 2rk(w/ck) [ 4 —e 77 r3y4]
’ yO[1+ g—2y(°)kD rdsr T
The explicit expressions for the entering reflection coefficients are obtained from Eq. (4.46). They are
Gy = VL= BU@N@/ R = W= @[k g Ba@NT = @/ckP = V1= Ealw/ch)”
o1 V1 = &(@)@/ck) + BT — (@/ck? 4 E2()11 — (@/ck)? + /1 — B2(w/ck)? o0
ST (o) — V1 —&1(@)w/ck)’ =1 = (0/ck)’ VT (ko) — V1= (@/ck)’ =1 = 2w/ck)’
! V1= @) @/ck)? + V1 = @/ck? 577 1 = (/ck)? + 1 = Eaxw/ck)
Thus the force on the atom is
d’k 3
F(d)=h oy f > [J™(k,ig) + JTEk,i&)], 4.91)
where
T™M(E ) = 4Tk*[2 — (a)/ck)2][e_z}’m)kd}’g’l\l/I + e_z”(o)k(D_d)r;ﬁ’[]
’ [1+4 e~ 2 kD NI ’
2 2[ p—2vkd . TE 2y Ok(D—d), TE (452)
JTE(k,w) = gt K@/ ck) [e™ gt + e M Or]
| [1-+e o] |
and at finite temperature it is
1 d’k ™ TE
F(d) = 3/ s Z [T™ (k,i&) + ™ (k,i&)]. (4.93)

7. Force on an atom next to a planar 2D film (three layers)

In this section, we derive the Casimir interaction of an atom near a very thin film. We proceed along he lines of Sec. IVB 7. We
start from the three layer structure in Fig. 8. The matrix becomes M = MO Ml M2 Mg, where MO Ml is the matrix for the
thin film, and M, - M3 is the matrix for the gas film. These matrices we have derived before. We have two mode types, TM and TE.

We start with the TM modes. The resulting matrices for the two thin layers were given in Eqgs. (4.67) and (4.65), respectively.

They are
- (1 0\, yOk@&EP) (1 —1

at w2 29O kg w2
1\"4,1(@:(5 g)+w< ~(%) —e [2—(5)1),

R e O €

(4.94)

and the resulting matrix element that interests us is

O (553D Sn)27t ko™ 2 2 2
My, =14 Y KOET)  Om)2rka — )T (55°P) pe k|2 (2 1L (495
2 y© ck ck ck

The TM mode condition function becomes
Bm)mk2a™(88%P)[2 — (Cgk)z]e—zywd

k ( ) 1 Ok(5530) 27 k(8n) 2 2
n)odt =
+ 4 0 — O (—Ca])() — (8n)nk2aat(8830)(—c’f,’()

| Gmmkiat )2 - (2)*]e=2rkd
1 + y(U)k(Zb‘EBD)

(n2mka@® (k) [2 — (2)7]e=2r "k
=1- ~ - (4.96)
1+ y0a’? (k)
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For the TE modes, the matrices for the two films from Eqs. (4.68) and (4.66), respectively are

23D 2
M()'M]:(l o)_(ﬁe k(w/ck) ( 1 1>’

0 1 2y©® -1 -1
) o 4.97)
.. 1 0\ (6n)w/ck)2mka™ 1 e2rkd
M2 . M3 = (0 1) — J/(O) _e_zy([))kd _1 )
and the resulting matrix element that interests us is
My =1— (8&8°P)k(w/ck)? _ (w/ck)?2mk(Sn)a™ N (a)/ck)“nkz(én)aa‘(fs&w)( 672y<0’kd). (4.98)
290 y© [y O
The TE mode condition function is
(@ ch)* T (o BE*P) , ~2y kd
~TE 1 o1
k(@ =1 _ (3BDk(w/ck)*  (n)w/ck)*2mkart + Bn)(w/ck)* Tkt (53P)
2y©® ) yOP
_ On(@/ck)' TR2aMBE) 04
yO[y© — M]
1 (8n)271koﬁ“ocw(k,a))(a)/ck)42 -2 Vkd 4.99)
YOIy ) — &P (k,w)(@/ck)’]
The interaction energy per atom is
E h d’k [ dE
ERF Y = A G EACOR A
~ d*k /00 de [fMGg) — 1] + [ fEGE) — 1]
Qn)y Jo 27 né
— _zifdka /OOdgaat(i%-)&ZD(k’ig)e—Zv 1+(5/ck)’kd
T
{ [2 4 (§/ck)’] (§/ck)* } 4.100)
U1+ G/eky @ 0ie) | 1+ @RI+ EJek) + P (A E [k
and the force on the atom becomes
h oo
F(d) = —— / dkk? / dEQ (i E)a2P (k,iE)e 2V 1TE/ch’kd
[2 + (§/ck)’’ 1V 1 + (§/ck)’ (§/ck)’
o + > [ (4.101)
L+ 1+ E/ck)y @l (k,i&)  [V1+(E/ck)” + a*P(k,i&)(E/ck)’]

8. Interaction between two 2D planar films (three layers)

In this section, we derive the Casimir interaction between two thin films. We proceed along he lines of the preceding section.
We start from the three layer structure in Fig. 8. We take the limit when the thickness of the film goes to zero. The matrix becomes
M = MO M, -M, - Mg, where Mo M, is the matrix for one of the thin films, and M, - M3 is the matrix for the other.

We start with the TM modes. The matrices from Eq. (4.67), one for z = 0 and one for z = d are

STM 1 10 1 -1
MM MM = (0 1) +a*Py© (1 _1>,

- . 1 0 1 _e2y(0’kd
™ ™ 2D,
MM . M} =<0 1)+a y“(e_ZV(mkd )

The matrix element of interest to us is

(4.102)

Miy = (14?7 y O — (@Py Oy e "k, (4.103)
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and the mode condition function for TM modes is

2D, (0))2
[ A e

—(1 N asz(()))z . (4.104)
Now, we continue with the TE modes. The matrices from Eq. (4.68), one for z = 0 and one for z = d are
oTE oTE _ (10 ap@/ck)y (1 1
Mo™-Mi™ = (0 )7 Lo -1 -1)
(4.105)
C1TE . XpTE 10 20 (@/ck)? 1 e2ykd
Vo7 M= (0 1) 7% o e )
The matrix element of interest to us is
2\ 2 2\ 2
My = (122 @R (20 @I ayona (4.106)
y(O) )/(O)
and the mode condition function for TE modes is
( 2D (w/ck)z)2
fMTE _ l _ ele/m)kd V(m (4 107)
B 2D @/ck? 2 '
(1 — W)
From this we find the energy per unit area
h d*k *© d& #TM.+ TR, -
=3/ any / o i [AMGEO] + [ A0 ]}
—0oQ

_h[ % / T [1 - ezyw«iakd( &P (,i€)y O(k,i8) )2}
2) @)Y J_2n 1+ @20 (k,i&)yO(k,i&)
2

2 00 _~2D(p : 2
+ hifd k2 / a8 . [1 _ e—2y(°)(i$)kd< . (k:lé)(é/.ck) 2) } 4.108)
2J) @n)° Joso 27 yO(k,i&) + a*P (k,i&)(& /ck)

This agrees completely with the results of Refs. [33,38].

9. Force on an atom in between two 2D films (five layers)

Here we let the first 2D film be located at z = 0, the thin diluted gas film at z = d, and the second 2D film at D. There is
vacuum between the three films. Thus the matrix becomes M = My - M, - M,. These matrices we have derived before. We have
two mode types, TM and TE.

We start with the TM modes. The resulting matrices for the two 2D films were given in Eq. (4.67) and for the gas film in
(4.65), respectively. They are

o™ _ (10 op ol -1
My —<0 1>+“ ¥ \1 1)

a (o 2 _[o_ 2 2y'0)kd
MM — <(1) (1)) " 8n)2mka™ <[2 ( (;k]) [2- (%) ]e ) (4.109)

e
y((]) _ %) ele/(o)kd (ﬁ)Z

1 T™M 1 0 ~2D _ (0) 1 _eZy‘O’kD
MZ = <O 1 + o J/ e—2y‘°)kD _1 .

The matrix element of interest is

2 2

MM = (1+ )/(0)6:20)2[1 3 2711«?;;012“ <2k> ] _ ez;/(mkn(y(o)&zo)z[l N 2711«?305‘“ (%) i|

14 c 14 c
2mkSna™ 2y OK(D—d),. (0) ~2D (0) ~2D w ? —2yO%kd ,_ (0)~2D 0)~2D w :
+——5 1¢ ey + U\ — ) —2|+e ey + 11— ) — 2]
y ck ck
4.110)
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The first term is the mode condition when all three films are at infinite distance from each other. The mode condition function
after division with the part of the function that is independent of the position of the gas layer is

mkdna(w) [ PO e M [(2) 2] L

y© 1 — ¢=2vOkD y 020 2
(W)

MM =1+

, @.111)

where the suppressed function arguments are (k,w). If we instead had divided by the function in absence of the atom, we would
get one extra energy term that is independent of the position of the atom and does not affect the force. It gives a different
contribution to the energy than the result from Eq. (4.76) due to the presence of the two 2D sheets. It means a modification of the
atom self-energy. The interaction energy per atom from the TM modes becomes

Oa2b 1 _2yOkg —2yOk(D—d)
ETM 2 V_&D e~ 2 + e %
- —h/ dkk> / (O)a‘“(ié)[<ik> + 2} Ty | — ] , 4.112)
¢ [1 - 672y(°)kD ( lly(gazn) ]
where the suppressed function arguments are (k,i&). Thus the force on the atom from the TM modes is

Og2b 2,0 20D
) © g 2 Y = e 2yVkd __ e 2y Ok(D—d)
FTM(d) — —h/ dkk3/ —éaat(i“g“) i +2 1+y© D[ ], (4113)
0 —oo 2T ck 2

[1 = e () ]

and at finite temperature it is

52D —2yOkq _2 (U)k(D—d)
9 [ ; L [,=2y — e~
FTM(d) — __/ dkk3 Z/ at(léll)[(g_k) +2] l+)/(0>a2D[ — ]’ (4114)
Ao : [1 = e P () ]

where the suppressed function arguments are (k,i&,).
Now, we continue with the TE modes. The resulting matrices for the two 2D films were given in Eq. (4.67) and for the gas
film in Eq. (4.65), respectively. They are

2
v 1 0 opf @ 1 —1 —1
M, —<0 )t &) o1 1)

2 )
ot (10 (5?1)27tkotat 1 —ekd
M= (0 )/(0) ck o—2rVkd 1 ) (4.115)

MrE— (L 0) g0 1 -1 —e2"kD
> =0 1 k) yo gm0y )
The matrix element of interest is
2 2
MTE = 1 _g20 o \* 520 o—27OkD (6n)2mka® [ w 21 552D o\’ 1
=Tl y(O) - y(O) 0 ek I y©
a 2
_ (6n)2mka® @\ 520 w L(g*ZV(O)kd n e,zy(wk(D,d))
y© ck ck) y©
(dn)2rka™ (@ : ~opf @ ol —2yOkd 2y OkD | _2yOKD —d)
o \a) ¥ (& [e —e +e ]- (4.116)

The first term is the mode condition when all three films are at infinite distance from each other. The mode condition function
after division with the part of the function that is independent of the position of the gas layer is

~2D( )

FIE (8n)2mka™ < w) O3]
L () k
Y C

_ 0) _ 0) —
(e=2"kd 4 o2y Ok(D~d)y

5 , 4.117)
awr(2y —2yO0kp
1- [—y(o)_&zg(%)z] e~
where the suppressed function arguments are (k,w).

The interaction energy per atom from the TE modes becomes

~2D( £ \?
=z )] I, (V) -
() (e 2yOkd =2y k(D d))

ETE ) d§ « 2 horar(Ey
_ —h/ dick / = y(0)< ) LA , (4.118)
1 o (3)

_ [ 2] e—2vkD
rO+a2 (%)
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where the suppressed function arguments are (k,i&). Thus the force on the atom from the TE modes is

. 2
CR:D) ( 2y Okd _ e—2y<°>k(D—d))

o0 ©d 2 o G20 £y
FTE(d)z—Zh/ dkk3f —Saa‘<i) lachiadt 22 — , (4.119)
0 oo 27T ck _[ @ (L) 2] o—27OkD
rO+a2 (%)

and at finite temperature, it is

2 ﬁ(éﬂ?w)kd — e‘zy(O)k(D_d))
TE 1 > 3 &, [yO+a2P (£
F (d) _ _E/ dkk Z/4aat<_> ck y (4120)
0

ck 22D £ 12
& 1— [%] e—2r kD
yO+a20 (L)

(

where the suppressed function arguments are (k,i&,). are of the form

V. SPHERICAL STRUCTURES (;*‘i 9
Dy (r,0,0) =1~ Yim (0,0), (5.1
For a spherical object, the rightmost medium, n = N + 1, " "

in Fig. 3 is the core. The leftmost, n = 0, is the ambient. The
boundary condition is that there are no incoming waves, i.e.,
there is no wave moving towards the right in medium n = 0.
The fields are self-sustained; no fields are coming in from
outside.

where the functions Y;,, (0,¢) are the so-called spherical
harmonics. We let r increase towards the left in Fig. 3. We
want to find the normal modes for a specific set of / and m
values. Then all waves have the common factor Y; ,,, (6,¢). We
suppress this factor here. Then

A. Nonretarded main results

ol _ (4D
In the nonretarded treatment of a spherical structure, we let R(ry=r, Lo)=r : (5.2)

the waves represent solutions to Laplace’s equation, Eq. (3.21),

in spherical coordinates, (r,6,¢), for the scalar potential, ®. Using the boundary conditions that the potential and the
The interfaces are spherical surfaces and the r coordinate is normal component of the D field are continuous across an
the coordinate that is constant on each interface. The solutions interface n gives

J

anr’ll + bn}"”_(l+1) — an-‘rlr,ll + bn+1l’n_(l+l), angnlr,l,_l _ bngn (l + l)rn—(l+2) — an+l§n+llr,],_l _ bn+1§n+1 (l + l)rn—(l-&-Z)’ (53)

and we may identify the matrix A, (r,,) as

- rt pU+D
An (rn) = ( § " ) . (54’)

Ealrl™t =&, L+ 1)r, 42
The matrix M,, is

v 1 Ea(l+ 1)+ 8uprl (L4 1) (8, — Euyr)r, @HD
( C+ 1)+ 8l A+ 1)( ) | s

"7 Q@ DE \I Gy — By 2 Bast (L4 1) + 5,1

(

Since the function L(r) in Eq. (5.2) diverges at the origin it and from Eq. (5.5), one finds
is excluded from the core region and hence we have no wave
moving towards the left in that region. According to Eq. (3.6)
. A &y — Eag)
this means that - T 6.7
gn (l + 1) + g‘n-‘rll

fl,m(w) = M. (56)
The polarizability ozl"(z) = —a""'/b"*! under the assumption
n o__ . n2) _
Before we end this section we introduce the 2/ pole polarizabil- g;aet gmg 0.Oneobtains ;= = Mi2/M;, and from Eq. (5.5),

ities o' and alnm for the spherical interface since these appear
repeatedly in the sections that follow. The first is valid outside
and the second inside. The polarizability o' = —b" /a" under we I VA4 1) (8 — Eag)

the assumption that 5" ! = 0. One obtains o' = —My /M), % Ea(l+ 1)+ &l (5.8)
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FIG. 10. (Color online) The geometry of a solid sphere or a solid
cylinder in the nonretarded treatment.

Sometimes it is convenient to use an alternative form of the
matrix M,,,

o B D)+ El

n =

2+ 1)g,
1 D@, =2 )ry 2D
En (l+1)+§,,+| I
1(En—EnyDr2 ! Bup (D8,
En(+D+8p1] En(I+D+E 41l

1 '@
— M ! . (5.9)
11 N Enp1(+H1)+8,1
I &0 tEenl

Now we have all we need to determine the nonretarded normal
modes in a layered spherical structure. We give some examples
in the following sections.

B. Nonretarded special results
1. Solid sphere (no layer)

For a solid sphere of radius a and dielectric function &;(w)
in an ambient of dielectric function &y(w), as illustrated in
Fig. 10, we have

M =M,

. 1
CERES
Bol+D+&1 (+1)E —&)a @D
1y — &) a?t! B U+1)+ 2l
(5.10)
and the condition for modes is &;(w)/&y(w) = —( 4+ 1)/1. This
result covers both solid spheres and spherical cavities. For a
solid sphere of dielectric function &(w) in vacuum and for
a spherical cavity in a medium of dielectric function &(w),

the condition for modes is &(w) = —({ + 1) /] and &(w) =
—I/ (I + 1), respectively.

2. Spherical shell or gap (one layer)

Here we start from a more general geometry namely that
of a coated sphere in a medium and get the spherical shell and
gap as special limits. For a solid sphere of dielectric function
&, with a coating of inner radius a and outer radius b, Fig. 11,
made of a medium with dielectric function &; in an ambient
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& & &

r=b r=a

FIG. 11. (Color online) The geometry of a coated sphere or
cylinder in the nonretarded treatment.

medium with dielectric function &, we have
M =M, M,
1 B+ D+  Cipci)
Q@I+ DE \IGy— 8T B+ 1)+ 5l
L] B+ +&l GRS
QIL+1DE \IE —&)ad? sHU+D+&1)
(5.11)

and from direct derivation of the M/, element, the condition
for modes becomes

(g)”“(g+<z+1>><§_z+<z+1>>
a €0 l €1 l
__M@_])(é_z_])
o l o B ‘

Alternatively, we may elaborate using the matrix version in
Eq. (5.9):

M = M) M (1 - o))

(5.12)

b=PFED(A 4 1) (&) — &) a?TU(E, — &)

= M?1M111|:1_ o ~O l = 2 ~l ]
80(l+1)+81l 81(l+ 1)+82l

=0. (5.13)

Let us now study a spherical shell of inner radius a, outer
radius b and of a medium with dielectric function &(w) in a
medium of dielectric function &y(w). The condition for modes
we get from Eq. (5.12) by the replacements &, (w) — &y(w) and
&1(w) — &(w). For a spherical gap of dielectric function &;(w)
in a medium of dielectric function &(w), we instead make the
replacements &y(w), &(w) — &(w) and &;(w) — &y(w). For
both these geometries, we find the same condition for modes,
ViZ.,

p\ 2!
<;> [E(w)] + Eo(w)(I + D][Eo(w)] + E(w)( + 1)]

=1 + D[E(w) — &o(w)]*. (5.14)

3. Thin spherical diluted gas film (one layer)

It is of interest to find the van der Waals force on an atom in
alayered structure. We can obtain this by studying the force on
a thin layer of a diluted gas with dielectric function g;(w) =
1 + 4w no™(w), where o™ is the polarizability of one atom
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and n the density of atoms (we have assumed that the atom
is surrounded by vacuum; if not, the 1 should be replaced by
the dielectric function of the ambient medium and the atomic
polarizability should be replaced by the excess polarizability).
For a diluted gas layer, the atoms do not interact with each
other and the force on the layer is just the sum of the forces
on the individual atoms. So by dividing with the number of
atoms in the film, we get the force on one atom. The layer
has to be thin in order to have a well defined r value of the
atom. Since we will derive the force on an atom in different
spherical geometries, it is fruitful to derive the matrix for a
thin diluted gas shell. This result can be directly used in the
derivation of the van der Waals force on an atom in different
spherical geometries.

We let the film have the thickness & and be of a general
radius . We only keep terms up to linear order in § and linear
order in n. We find the result is

M,

Vo
((1) ?) + (bn)dmo™

0 (+1r @
A\ —1r@ 0 '

Now we are done with the gas layer. We will use these
results later in calculating the van der Waals force on an atom
in spherical layered structures.

Mgaslayer

(5.15)

4. 2D spherical film (one layer)

In many situations, one is dealing with very thin films.
These may be considered 2D (two dimensional). Important
examples are a graphene sheet and a 2D electron gas. In
the derivation, we let the film have finite thickness § and
be characterized by a 3D dielectric function . We then
let the thickness go towards zero. The 3D dielectric function
depends on 8 as &3P ~ 1/§ for small §. In the planar structure,
we could in the limit when § goes towards zero obtain a
momentum dependent 2D dielectric function. Here we only
keep the long-wavelength limit of the 2D dielectric function
[31,32]. We obtain

Myp = M, - M,
10
= (o 1>+

We will also need the 2/ pole polarizability of the thin
spherical shell in vacuum. It can be obtained from Eq. (5.16).
The polarizability is —b° /a® under the assumption that b' = 0.
One obtains a” = —My; /M. We find

8P+ ettt
T Q@I+ Da+8B3P1(1+1)

where we have reserved the first argument before the
semicolon for the radius of the spherical film. Note that
for a perfectly reflecting thin spherical shell the 2/ pole
polarizability, o7? = a®*!, coincides with that for a perfectly
reflecting sphere of the same radius [compare with Eq. (5.7)]
and the interaction is the same. This is what one would expect.

B& ) (1 + 1) 1 rmGD
Q@+ 1r \—r®h 1)
(5.16)

af? (a; ) (5.17)
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r=atd¥ r=a+td

r=a

FIG. 12. (Color online) The geometry of a thin gas layer the
distance d from a sphere or cylinder of radius a in the nonretarded
treatment.

It is further convenient to define the 2/ pole susceptibility [39]
as the polarizability stripped by the factor a**!,

S&PILI+1)
Ql+1)a+ 883211 +1)

X (@ w) = (5.18)

The 2/ pole polarizability “seen from inside the shell” we
get from Eq. (5.16). The polarizability is —a'/b' under the
assumption that a® = 0. One obtains 0[120(2) = M,/My; and

%3D —QI+1)
2P (g ) = O N H Da . (5.19)
Ql+Da+ @2 I+1)

Note that it is the same as the ordinary 2/ pole polarizability
Eq. (5.17), for a thin spherical shell except that now the
radius of the sphere has been inverted in the numera-
tor. Thus 7P (a;w) = a® ' x?P (a;w) and a,ZD(Z) (a;w) =
a—(2[+l)X12D ((l; Cl))

Sometimes it is convenient to use an alternative form of the
matrix Myp,

=3D
B, — QI+Dr+@8D)a+1

QL+ Dr
1 (BB (I+1)r~CH+D
y QI+ Dr+@&D)a+1)
@D+ QI+Dr—B&32)I(1+1)
QI+ Dr+@ED)I+1) QI+ Dr+@&D)[+1)
1 o2P@
_ ag2D !
= Mi (_ 2D <2z+1)r—(aé“’)l(l+1)>' (520)
a; QI+ Dr+(3aD)I(I+1)

5. Force on an atom outside a sphere (two layers)

We let the atom be at the distance d from the sphere of
radius a and at the distance b from the center of the sphere.
We start from the two layer structure in Fig. 12. We let the
ambient be vacuum. The first layer is a thin layer, of thickness
8, of a diluted gas of atoms of the kind we consider. Its
dielectric function is £,(w) = 1 + 4w na®(w), where o™ is the
polarizability of one atom. The density of gas atoms, n, is
very low. We let the first interface be at r = b + 6 and hence
the second at r = b, where b = a + d. The second layer is a

155457-21



BO E. SERNELIUS

vacuum layer of thickness d. The remaining medium is the
sphere of radius a with the dielectric function &;(w). In what
follows we only keep lowest-order terms in § and in #.

The matrix becomes M = My - M, - M, = Mgasldyer M,
where Mgaslayer is the matrix in Eq. (5.15) now for the » value
b and

M, =

1 I+ +&1 @+ D1 —&)a"@HD
@1+ 1D\ = &)a?™! Bl+1)+1 ’

(5.21)

the matrix in Eq. (5.10) with the replacement &, — 1. The
matrix element of interest is

1
My~ ——{(+ 1)+ &1 — ($n)dma™l( + 1
1 (2l+1){(+)+81 By a®l(l + 1)

x b D2+ 5 — 1)) (5.22)
The mode condition function when the reference system is

that when the atom is at infinite distance from the sphere then
becomes

l(l + 1)b_(2l+2)a21+1(51 _ 1)]

i =1—(@n)dra®
Ji (8m) [ +1)+&l

(5.23)

The interaction energy per atom we get by dividing the energy
with the number of atoms in the gas shell. It is

E
4 b%8n
In[ fi,m
4nb23n / ,20:,;, n[fimGE)]
~— 4 na®s
47rb28n/ ;m;l e

[l(l + Dp g2+ (5 — 1)]
I+ 1)+l

00 ° AUFLrx. (16
=—h/ j—gzaa‘(ig)(zl“)(l“)“ 1[E(i§) — 1]

P (4 1)+ £1(E)
A+DA+1) . .
/ ( bz(z)iz) ) o™ (i§)ay(a;i§)

- 5 [21+21'aa*(zs>ou(a i)

- _h/ 2_ = [20]12]! p+2) (5.24)
where b = a + d, and
AR, (£

a (aig) = £ ATO L (5.25)

I+ 1D+&68)

is the 2! pole polarizability, introduced in Eq. (5.7), of the
sphere in vacuum (Ref. [3], Eq. (5.68)). Note that the [ =0
term does not contribute to the interaction.
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FIG. 13. (Color online) The geometry of a thin gas layer at radius
d inside a spherical or cylindrical cavity of radius « in the nonretarded
treatment.

The force on the atom is obtained as minus the derivative
of the result in Eq. (5.24) with respect to d, i.e.,

F(b) = —h/

6. Force on an atom in a spherical cavity (two layers)

[21 +21,

a™(i&)ay (a;i§)
[21]‘ [2]! '

p2+5
(5.26)

2(1+2)

We let the atom be at the distance d from the center of
the spherical cavity, of radius a. We start from the two layer
structure in Fig. 13. We let the medium surrounding the cavity
have dielectric function &;(w). The first layer is a vacuum
layer. The second is a thin layer, of thickness §, of a diluted
gas of atoms of the kind we consider. Its dielectric function is
go(w) = 1 + 4wna™(w), where o™ is the polarizability of one
atom. The density of gas atoms, n, is very low. We let the first
interface be at » = a and hence the second at r = d 4+ § and
the third at = d. In what follows, we only keep lowest-order
terms in 6 and in n.

The matrix becomes M = 1\7[0 . 1\7[1 . 1\712 = 1\7[0 . Mgaslayeh
where M is obtained from Eq. (5.10) with the replacements
g — land &y — &. Mgaslayer is obtained from Eq. (5.15) with
r =d. We find

My ~

1 _
m[(é‘l(l + 1D+

at

—n

(I + DIE, — 1)(d/a)2’+1]. (5.27)
The mode condition function when the reference system is that

in absence of the atom is

o L+ DIE = D(d/a)*™!
fim 2 1= @mpdme” = ST

=1 — Bn)draa” (a;w)ld?,

(5.28)

where we have identified the new 2! pole polarizability that
was in introduced in Eq. (5.8),

A+ 1)1 —&)(1/a)?
I+&d+1)

o? (a;0) = — , (5.29)

for the spherical cavity of radius a “as seen from the inside.”
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From this we find that the interaction energy per atom
becomes

_E
4 d?8n
471’0'2311 / ;mglln flm(lé)]
~— A7 (sn)a™ (&)o' (a3 i&)ldY
4nd28n / 12(; n;l !

* dé: - at/» . —
:—h/o E;“ (&)™ (a;i&) (21 +1)1d*7Y

oo

_p [TEE N A 0@ gy 20D
N h/(, 271;[21—1]![2]!“ (8o (a3 i) 47

(5.30)
and the force on the atom is
®dE o~ [20+1]! s
F=-h — ——2( — DHd“™
/0 271;[21—1]![2]! ( )
x a™(i&)ay” (a3 i§). (5.31)

Note that the / = 0 and [ = 1 terms do not contribute to the
interaction.

7. Van der Waals interaction between two atoms (two layers)

Here we may use the result from the previous section
to derive the van der Waals interaction between two atoms.
We let the atom outside the sphere be of type 1. We let the
spherical core of the structure be made up of a diluted gas of
atoms of type 2. Then we let the density of the gas go towards
zero and at the same time let the radius of the sphere go to
zero (b goes towards d). We furthermore only keep the [ = 1
term in the expansion; we are only interested in dipole dipole
interactions. So we divide the energy in Eq. (5.24) further
with the number of atoms of the other species contained in
the sphere and take the limits

E

4 b28n(nydma’/3)

B ey 2a 3[4mnoad(i§)]
D2(ny4nd3/3) /0 108 3

6h d
— 7 5 o' (i&)a3'(i€), (5.32)

which is the van der Waals result (Ref. [3], Eq. (6.39)).

8. Force between two spherical objects

In Sec. VBS5, we obtained the force between an atom
and a spherical object. We kept contributions from dipolar
fluctuations in the atom, only. The dipolar and all higher-order
fluctuations of the sphere were included. This means that the
results are valid for separations large compared to the size of
the atom. Equation (5.24) is the first term of the more general
expression,

E_—2h/

[2’+21 L) (E)ad(i€)
[2l]![2l/]! 42+

(5.33)
O =0
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which is valid for all spherical objects. Here, d denotes the
distance between the centers of the spheres.

9. Force on an atom in a spherical gap (three layers)

Here, we study an atom in a spherical vacuum gap with the
outer and inner radii » and a, respectively. The medium outside
the gap has dielectric function &;(w) and the medium inside
the dielectric function &,(w). The atom is at the distance r from
the center. The matrix for this geometry is M=M, M, -M,,

where
o B+ (] o0
T @i+ DE PV RSV A

S+ D)+
- 1
M, = (0

(1)) + (dn)dma™

(5.34)
0 (I + 1)r= 2+
x —1r@h 0 '
- I+ +&1 (1 a;®
M2 = (2l + 1) 2 SHU+D+H |-
Y rhvad
The matrix element of interest is
My = MY M1 — afe)® — (Sn)dma™
[+ Dr=Da} +1rPa)?]}. (5.35)

This leads to the following proper mode condition function:

_ ' [(l + l)r—(21+2)a2 + lr(zl)al()(Z)]
fim=1-— (611)47105“t s
I —qj alo(z)

(5.36)

where the reference system is the spherical gap in absence of

the atom. The two 2/ pole polarizabilities o and o @ defined
in Egs. (5.7) and (5.8) are

s 1(52 _ 1)a21+1
RN
(5.37)
Lo (+D0- &) (1/b)**!
LT I+&d+1) '

The energy per atom is

E i (A<, s
4r2dn  4mrién /0 27 Z Z In[frm @51

(=0 m=-I

4nr28n / Z Z (b

=0 m=-I

22

((1 + DoZr @2 4 loz(z)r”)

I —qj alo(z)

o]

A S L2420 1
- /0 2w =% )

( QI+ + L 0(2>r21+1)

X K
I —qj alo(z)

(5.38)
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FIG. 14. (Color online) The geometry of a thin gas layer the
distance d from thin spherical or cylindrical shell of radius a in

the nonretarded treatment.

and the force on the atom is

F(r) = —h/ dgz

[ + 4adr—+ — (2

[20 4210
20! 21!

02,203
~ D5 ]

1 — o alO(2)

X

(5.39)

10. Force on an atom outside a 2D spherical shell (three layers)

In this section, we derive the van der Waals interaction on an
atom outside a very thin spherical shell. We start from the three
layer structure in Fig. 14. We take the limit when the thickness
goes to zero. The 3D dielectric function of the shell material
then goes to infinity. We follow the procedure in Sec. VB 5
but now there is one extra matrix. The matrix becomes M =
M, - M, - M, - M3, where M, - M} is the matrix fora gas layer
in Eq. (5.15) with r = b = a + d and M, - M3 is the matrix
for a thin film in Eq. (5.20) with » = a. The matrix element of
interest for us is

QL+ Da + (8&P2) (1 + 1)
2l + Da
x (a;w)(I + Db~ 2],

[1 = Gn)dre™(@)e;”

11 =
(5.40)

The mode condition function when the reference system is
that in absence of the atom is

Fim(i§) = 1 = (n)dma™(i§)oP (azi&)(I + Db~
(5.41)

We may identify the 2! pole polarizability of the thin spherical
shell in vacuum given in Eq. (5.17).

Two examples where these results can be applied are a
sphere made of a graphenelike film and a thin metal film,
respectively. Then [31,32]

88°P(i&) ~ 8a*P(i&)

el

b
~ T
4mn-"e”
m*mpéz ’

The final result is independent of 6 and is the 2D limit.

graphenelike film
. (542
metal film
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FIG. 15. (Color online) The geometry of a thin gas layer at radius

d inside a thin spherical or cylindrical shell of radius a in the
nonretarded treatment.

The energy per atom is

E
4 b%sn
00 00 1
In[ f.m
4nb28n 0 ;m_zl n[fl (i8)]
00 [} 1

~ t
A 47rb28n/ ]Z;mZ;I(SnMnaa (lé)a

x (a;i€)(I + b~

* gg & 20+ 1)l + 1
= —h /0 % Zamasw%‘)(a;is)%

2l +2]v 1 o )
/ [211'[2]v D s @ (e @ i6),
(5.43)

and the force on the atom is

Fb) _h/ [21+2]'2(l+2)

[21]' [2]! bAU+S
11. Force on an atom inside a 2D spherical shell (three layers)

o™ (i&)a" (a;i8).

(5.44)

In this section, we derive the van der Waals interaction
on an atom inside a very thin spherical shell. We start from
the three layer structure in Fig. 15. We take the limit when
the thickness goes to zero. The derivation is analogous to the
one in Sec. V B 10. The matrix becomes M = Mo M, -M, -
M3, where My - M is the matrix for the thin film, given in
Eq. (5.20) for r = a, and M, - M is the matrix for the gas
film, given in Eq. (5.15) for r = d. The matrix element of
interest for us is

Q21 + Da + (88321 + 1)
QL+ 1a

x [1 — @)™ (w)e; " (a; w)ld”]. (5.45)

My =

The mode condition function when the reference system is
that in absence of the atom is

fim(i&) =1 — @nydna®(i&)e;”? (a;ie)1d¥,  (5.46)
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where we have introduced the 2/ pole polarizability for a thin
spherical shell as “seen from the inside,” given in Eq. (5.18).
The energy per atom is

E
4d?Sn
In[ fi.m
4,,d25n [ ;m; 0L frun(i6)]
~— 4 s
4nd28n/ ;mz_[ mona™

x @ (i&)a; " P (a;i&)ld?

= —h / a Z Z (&)} @y i8)1d* Y

=0 m=—I

(5.47)
and the force on the atom is
00
—h/ooo j—j ; %2(1 —1)d¥3
x a®(i&)a;"? (asif). (5.48)

Note that the / = 0 and [ = 1 terms do not contribute to the
interaction.

12. Interaction between two 2D concentric spherical
shells (three layers)

We consider two concentric thin spherical shells. The outer
shell has radius b and the inner radius a. Here, the matrix is
M = MO Ml, where

. SED( + 1 1 b=+D
W, = (1 0) . @EN+D ,
1 QI+ Db \—p@+H

N, — 1 0 N @B&D)N(I+ 1) 1 a—@+D
' 1 (2l 4+ Da —a@+D 1

(5.49)
and the element of interest is

sEED (1, )
@ +1) \a b

GEP)I+ 1T 1 a\ 2!
+[ @+ }E[l_@) } 430

The proper mode condition function becomes

B [ s8P1(I+1) }
a@l+1)+88321(1+1)

[ SFPI(+1) Ka)z’“
X —
b+ 1)+88321 (1 +1) |\ b

=1 — ay(a;i§)a”(b; i), (5.51)

(el

=)

My =1+

fim(i&) =1
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where «; is the 2! pole polarizability of a thin spherical shell

of radius a in vacuum according to Eq. (5.37) and al(z) is the

2! pole polarizability of a thin spherical shell of radius b in
vacuum as seen from inside according to Eq. (5.37). We have
chosen as reference system a system where the two shells
are separated from each other and at infinite distance from
each other. The energy obtained by using this mode condition
function is the energy change when bringing the two shells at
infinite separation together and putting the inner shell inside
the outer shell.

13. Force on an atom in between two 2D spherical
films (five layers)

Here, we study an atom in between two spherical films
in vacuum. The outer and inner films are of radii b and a,
respectively. The atom is at the distance r from the center. The
matrix for this geometry is M = 1\7[0 . N/Il . Mz, where

=3D
5 QL+ Db + (&) + 1)

0= @2l + Db
( 1 a"?(b; w) )
x
2D QI+ Db—E2)a+) | °
—a; (biw)  Gr et

M, = <(1) (1)) + (Sn)dma

0 (+ @
e 0 ’

R — Q21 + Da + (§&32)1(1 + 1)

@l + Da
( 1 oclsz (a;w) )
X
2D QI+ D)a—EEPIA+D |
—o;" (@4 0)  GRTareEtIG

The matrix element of interest to us is

QI+ Db+ @A+ 1) QL+ Da+@S&P) I+ 1)
QI+1)b 2l 4+ Da

x {1 - 2D(z)(b )t (a; w) — (Sn)dma™
x [ (@ )l + Dr D 4+ o b 0)lr ],
(5.53)

(5.52)

11 =

which results in the following, proper mode condition function:
fim(i§) =1 = @n)dma™ (i)
PP (@iE) U+ D + " (rif) 1r
1— " (bsig) PP (asi€)

(5.54)
From this we obtain the interaction energy of the atom. It is
E h g O N
= —= In[ £, (i
drrién  4mrén /0 27 ;m;l nLfmGE)]
A — 4 d
4nr28n/ ZXO:MZ;I mona
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PP (a;ig)(1 + Dr=@H 4 PP ps i)
1= o/ PP (B;i8)af” (a3 i)

& 0?P(a;i§)( + Dr 20

=-n| o= 3D®), ;. g 2D,
0 1 — ;77 (b;i&)a;"(a;i&)
o PO b ig)ir2D }

1—a"Pb;i8)a?P(a;i§)

. [2+2]!
o
0

202 o (as ig)r—2+2
[20+1]!

2D(2 . .
o/ PP b;i§)a} (a3 8)
D(©2) 2(1-1
20— 1]|[2]v (b lé)r( )

1- f”<2><b;is>af0(a;i5)

(5.55)

Note that this expression agrees formally with the results
for an atom in a spherical gap, Eq. (5.38), but the 2/ pole
polarizabilities are of course different. The force on the atom
becomes

* dg ,%}]T,é],'. 21+ Do (a3 i§)r
F(r)=—h Z 22O i) (a3 i
0 21 — b;i&)a;"(a; i)

_[21+1) 2(1 _ 1)0[1213(2)([9 1§)r21 3:|

_ 212
1— a2 (b;i6)a}P (a3i)

(5.56)

Now we are done with the nonretarded treatment of spherical
systems and turn to the more complicated retarded treatment.

C. Retarded main results

To find the normal modes for a layered sphere including
retardation effects, we need to solve the wave equation for
the electric and magnetic fields in all layers and use the proper
boundary conditions at the interfaces. To solve the vector-wave
equation, the vector Helmholtz equation, Eq. (3.22), is not a
trivial task. Instead, one may solve the problem by introducing
Hertz-Debye potentials 7; and 7. They are solutions to the
scalar wave equation, Eq. (3.23). We let 77| be the potential that
generates TM modes and 7, be the potential that generates TE
modes. Separation of variables, 7 = R(r)® () ® (¢), leads to
one differential equation for each of the variables,

d*[rR(r)]

-
e [(f—’(’r—t)][rl«rn:o

L. 4907 T ™ Jom— o
,——|:sm do i|+|:l(l+ )_sin29i| ) =0

sin6 do
d*®(¢)

o +m?®d(¢) = 0.

(5.57)

The angular equations lead to spherical harmonics and for
the radial part » R(r) is a solution to the Ricatti-Bessel equation,

22‘" 2 .o _
—+[z-—i(i + D]w=0.

o (5.58)
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The Ricatti-Bessel equation has many different solutions:
(1) Ricatti-Bessel functions of the first kind:

Si(2) = 2ji(2) = V7z/2Ji12(2) = ¥i(2); (5.59)
(2) Ricatti-Bessel functions of second kind:
Ci(z) = —2yi(2) = V7 z/2Yi112(2) = x:(2); (5.60)
(3) Ricatti-Bessel functions of the third kind:
&(2) = zh{"(2) = V7 2/2H}, (2)
= Si(2) —iCi(2) = 2ji(2) + izyi(2), 5.61)

Gi(2) = 2hP(2) = /w2 /2H) ()
= 8i(2) +iCi(2) = zji(z) — izyi(2).

Let us study a layered sphere of radius R consisting of N
layers and an inner spherical core. We have N + 2 media and
N + 1 interfaces. Let the numbering be as follows. Medium
0 is the medium surrounding the sphere, medium 1 is the
outermost layer and medium N + 1 the innermost layer and
N + 2 the innermost spherical core region. Let r,, be the inner
radius of layer n. This is completely in line with the system
represented by Fig. 3.

We will use the two Hankel versions in Eq. (5.61) since
they represent waves that go in either the positive or negative
r-directions. We assume a time dependence of the form

e, With this choice the first Ricatti-Hankel function,
En (qr) e o /@71 represents a wave moving in the
positive radial direction (towards the left in Fig. 3) while the
second, ¢, (gr) e~ oc e~ @1 represents a wave moving
in the negative radial direction (towards the right in Fig. 3).
Thus the general solution for the potentials is

o0 !
=YY Lt (gr) + b (qr)] Yo 60,¢)e "
1=0 m=—I

(5.62)
From the potentials we get the fields [40—42]
82(rm) 2
E, = E, + E) = 972 +qr771+0,
82(rn1) za) 1 0(@rm)
Ey=E E )
0= Bt = T e rsind 09
1 3¢m) iwld(rm)
E - E E = _ s
o =Lt b = e e o r 90
(5.63)
82(r7'[2) 2
Hr=H1r+H2r:0+ 2 +61V7f2,
ar
iwE 1 30m)  18%(rm)
Hy = H H Z ,
o= Hot+ o =700 0 | r oro0
iws 19(rm) 1 9°(rm)
H, =H Hyy = ——- .
¢ = Mg + Mg = c r a0 rsinf o0rd¢g

Let us now use the boundary conditions that the tangential
components of E and H are continuous at the interface between
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layer n and n + 1. We get

PHYSICAL REVIEW B 90, 155457 (2014)

[aglgl(ann) + b5 [Sl(ann)]

n n+1
@/on[ra{],_,, = @/on[rai™],_, . = [ i) + B )], (565
(d/or )[ ] = (d/0r )[” my ! ],_rn ) where a prime on a function means the derivative with respect
(5.64)  toits argument.
Eiw/o)rr}], — @ iw/o)rr} +1]r:r,,’ Let us first assume pure TM modes. That means keeping
(a)/c)[rn ]r (CU/C)[NTSH],:, ) 71 only. Then we have
This gives ai 1qng) (?n”n) + b 1Gn&] (Gnrn) 1
= a;lj QH-HQ/ (Gn+170) + b?j QH+I‘§1/ (Gns17n) (5.66)
n 2 n 2 '
qn [a?,lé‘ll(QHrn) + bill,l%-l,(Qnrn)] a4, ;-/Jflan”) + bl,lqn';::l (Qnrnil ,
= dqn+1 [a?Jlrlé‘l/(q}’Hrlrn) + bn+1§[ (Qn+1rn)] - a?l qﬂ+l{] (anrlrn) + brlll qn+1€:l (quJrlrn)
Gn [ag’ NACTS T A )] and we may identify the matrix A, (r,) as
= {gn+1 [ag,-['_lg‘l/(q;1+lrn) + bn_HEl (Qn-‘rlrn)] A;{M () = (qr;é-l (qnrn) QI;";:Z (Qnrn)) 5.67)
qr% [a;l,[gl(QHrn) + b? 151(%1"11)] 461 (@ntn) G861 (qntn)
=gy 1 [ Ggnirrn) + BT 6 (G and the matrix M,, as
|
M™ — —qn+1 Qni:lfl/-’— - ql1+l‘§[/§1+ CIn%-lE[H— - q:1+l‘§[/§[+ (5.68)
’ 6],% (2i) —anlé'ﬁ_ + qn—t-l{z,;ﬁ_ _‘InglE[H_ + qn—t—l;[,é:ﬁ_

where we to save space have omitted the function arguments. All functions with a + added as a superscript have the argument
gn+11, and the ones without the superscript have the argument g,r,. We have also made use of the Wronskian of the two

Ricatti-Bessel functions: W [¢; (x) ,& (x)] = &/ (x) & (x)

— & (x) ¢ (x) = 2i.

Now we repeat the derivation for TE modes. That means keeping m, only. Then we have

azz‘InCI (gnra) + bzz‘lngz (Gntn) = a2[ qn+l§1 (Gn17n) + b

Qn+l$1 (Gnt17n)

(5.69)
a2 lé‘l (ann) + b2 1";:1 (Qnrn) - angr g‘l (anrlrI‘l) + b gl (QH+1rn)
and we may identify the matrix A, (r,) as
ATE () = Qngz/ (gnTn) Clné:[ (GnTn) (5.70)
" " {l (ann) El (Qnrn) .
and the matrix M,, as
NITE —1 <_Qn‘§l/§l+ + ‘Zn+l§l§1/+ _Qn€1,§[+ + Qn+lfl§1/+) (5.71)
" qn (21) Qn§1/§1+ - Qn+1§l§z,+ Qn§1/§1+ - Qn+1§l$1/+

Of the solutions to the Ricatti-Bessel equation in Eq. (5.58) the
Ricatti-Bessel function of the first kind is the function that is
regular at the origin. Thus this is the function we should use in
the rightmost region of Fig. 3. Now, since the function ¥;(z) =
[& (x) + & (x)] /2 we have that by;| = ay. According to
Eq. (3.6) this means that

Jim(@) = My + M. (5.72)

Before we end this section, we introduce the 2/ pole polar-
izabilities ¢ and a7(2) for the spherical interface since these
appear repeatedly in the sections that follow. The first is valid
outside and the second inside. The polarizability o) = —b" /a"
under the assumption that b"™' = a"*!. One obtains & =
— (M3, + M%)/ (M}, + MY,) and from Eq. (5.68) one finds

[
that for TM modes,

OlTM'" _ qn &1 (gntn) W (Gns11n) — Qn+1§1/ (@n7n) Vi (Gny170)
! Qngl (Qnrn) WI/ (QnJrlrn) - QnJrl%—[/ (ann) wl (anrlrn) .
(5.73)

In the same way, one finds from Eq. (5.71) that for TE
modes,

TE;n _ anl/ (Gnn) Y1 (Gur1rn) — Gua16 (@) IM (Gn+17n)
! Qn‘i:[, (Qnrn) wl (Qil-Hrn) - (In+1§1 (Qnrn) 1//[ (qn-Hrn) .
(5.74)

The polarizability o® = —a"*!/b"+! under the assumption
that a” = 0. One obtains o'® = M),/M), and from Eq. (5.68)
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one finds that for the TM modes,

T™,n(2
@ n(2)

_ Qngl (Qnrn) él/ (%1+1rn) - anrlEl/ (Qnrn) gl (qn+1rn)
Qn%-l (ann) C]/ (Qn-Hrn) - Qn-&-lé-[/ (Qnrn) é‘l (Qn-Hrn) )
(5.75)

From Eq. (5.71) one finds that for TE modes,

TEn(2) _ Qngz/ (Gnrn) %_1/ (Gn+170) — Gus181 (gnrn) 51/ (Gn+170)
! Qn";:z/ (Qnrn) &1 (@n17n) — Gns181 (@ntn) gl/ (CIn+1Vn)
(5.76)

When we calculate the energy by an integral along the
imaginary frequency axis the arguments of the Ricatti-Bessel
functions become imaginary. It may be favorable to have real-
valued arguments, £a/c, and \/E(i§)§a/c instead of i§a/c and
JVE(i&)ika/c, respectively. To achieve real valued arguments
we transform the functions. The transformation rules are [43]

1 1
& (ix) = oy —V2rx K2 (%),
l T
1
g (ix) =i"™"V2mx |:11+1/2 (x) + ;(—1)1K1+1/2 (x)] ,

1
Yy (ix) = ilﬂzv 2w xlipyn (x),

. 1 1 1
51/ (ix) = il?;\/ 2w x [Z[(]Jr]/g (x)+ Kl/+1/2 ()C)] R

1 1
§1, ([X) = il,/277,’x {2 |:11+1/2 (X) + ;(—1)1K1+l/2 (X)i|

2x
1
+ [Il/+1/2 (-x) + ;(_I)IKI/+1/2 ()C)}} s

1 1
Wl/ (ix) = l'lzx/ 2w x [5114,_1/2 (x)+ Il/+1/2 ()C):| . (5.77)

Now we have all we need to determine the fully retarded
normal modes in a layered spherical structure. We give some
examples in the following sections.

D. Retarded special results
1. Solid sphere (no layer)

For a solid sphere of radius a and dielectric function & (w)
in an ambient of ~dielegtric function &y(w), as illustrated in
Fig. 16, we have M = M, and for the TM modes, we find

M+ M
= okl (@1a) + & (@1a)]
2q;
— q1&/(qoa)[&i(qra) + &(q1a)]}

_z’qq; [90€1(q0a)2V/(q10) — 1€/ (q0@)2¥i(q1@)]

0

—iq
2
0

— [q0ah"(qoa)] T81(w/cYaji(qia},

[[Eo(w/cPahi’ (qoa)][q1aji(q1a))

(5.78)
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FIG. 16. (Color online) The geometry of a solid sphere or cylin-
der of radius a in the fully retarded treatment.

where we have used the relations between the different
solutions to the Ricatti-Bessel equation given in Egs. (5.59) and
(5.61). We have furthermore used the relations qg = &y(w/c)?
and g7 = &(w/c)>.

The mode condition function for TM modes is

™ = [2o()hy” (qoa)|[(q1a) ji (ra)]

— [(@oa)h(qo)] a1 (@)ji(gia)].  (5.79)

This result agrees with the result of Ruppin in Eq. (43) on
page 353, in Ref. [4]. For the TE modes, we find

My + M, = 2%{(){—6105[(%61)[{1(61161) + &(q1a)]
+q1&(q0a)[/(q1a) + &/ (q1a)]}
= a0/ (@oa2V1(q10)
q0

+q1&1(q0a)2V/(q1a)]

= —igia[~[g0ah!"(qoa)] Lji(q1a)]

+[hP o) [graji(gia)'}, (5.80)
and the mode condition function for TE modes is
TE = [h" (qoa)]((q1a) ji (q1a))
—[(qoa) 1" (qoa)] L (qra)] . (5.81)

This result agrees with the result of Ruppin in Eq. (34) on
page 351, in Ref. [4]. The results of Eqgs. (5.79) and (5.81)
can also be used for a spherical cavity in a medium if the two
dielectric functions are interchanged.

2. Spherical shell or gap (one layer)

For a spherical shell of inner radius a and outer radius b,
Fig. 17, made of a medium with dielectric function &; in an
ambient medium with dielectric function &, we have M =
M, - M. This geometry covers the problem of a vacuum gap
in the shape of a spherical shell inside an infinite medium, as
treated in Ref. [44].
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& & &

r=b r=a

FIG. 17. (Color online) The geometry of a coated sphere or
cylinder of radius a in the fully retarded treatment.

We do not need all elements of the two matrices. We
have

ML+ Mm!
My + M = (M%,M?z) : < ! i

My, + My,

1
= oty ) (1) - (L)

= My, (M}, + M) (1-o)%)).  (582)

We want to end up with expressions for the mode condition
functions that are suitable to use on the imaginary frequency
axis. This demands some manipulations. First, we note that
1- ozlo(z)all =0— 1/0510(2) — & =0, and for TM modes, we
have
q0&1 (qob) ¢/ (q1b) — q1&/ (qob) & (q1b)
q0é1 (qob) & (q1D) — q1&] (qob) & (q1D)
@15 (q1@) ¥ (qoa) — qo&/ (q1a) Y (qoa)
q:1&1 (q1a) ¥j (qoa) — qo&] (q1a) Y (qoa)

We may use the relation 2y; = ¢ + & to find
qo&1 (qob) ¥ (q1b) — 1§/ (qob) Y1 (q1b)
qo&i (qob) &/ (q1b) — q1&/ (gob) & (q1b)

_ 2‘]11/f1 (q1a) ¥} (qoa) — qo¥i’ (q1a) ¥ (qoa) 120
q1& (q1a) Y] (qoa) — qo&/ (q1a) ¥ (qoa) ’

0. (5.83)

(5.84)

We find the following mode condition function for TM
modes

4081 (qob) Y[ (q1b) — q1&/ (qob) Y11 (91b)
qo& (qob) &/ (q1b) — q1&/ (qob) & (q1b)
q1& (q1a) ¥] (qoa) — qo&; (q1a) Vi (qoa)
Q11 (q1a) Y| (qoa) — qoyr| (q1a) ¥ (qoa)’
(5.85)

i) =1

and analogous manipulations for the TE modes give

40§/ (qob) Y1 (q1b) — 181 (q0b) ¥ (416)
908/ (qob) & (q10) — q1&1 (qob) &/ (q1D)
y q1&/ (q1a) ¥ (qoa) — qo&i (q1a) Y] (qoa)
Q1] (q1a) Y1 (qoa) — qoy (qra) ¥, (goa)
(5.86)

HOES
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In these equations, g is +/&o(w)w/c and q; is /& (w)w/c,
respectively. We have expressed the mode condition functions
in terms of & and i, since these are easier to transform
from functions of imaginary arguments into functions of real
arguments by following Eq. (5.73). For the vacuum gap treated
in Ref. [44], one should put & = & and & = 1. Our results
agree with those in Ref. [44].

3. Coated sphere in a medium (one layer)

The result for a coated sphere in a medium is obtained
trivially from the previous section. One just replaces go
in the last factor in Egs. (5.85) and (5.86) with ¢, =
Je(w)w/c, where g,(w) is the dielectric function of the sphere
medium.

4. Thin spherical diluted gas film (one layer)

It is of interest to find the Casimir force on an atom in a
layered structure. We can obtain this by studying the force on
a thin layer of a diluted gas with dielectric function &,(w) =
1 + 47na®(w), where o™ is the polarizability of one atom
and n the density of atoms (we have assumed that the atom
is surrounded by vacuum; if not, the 1 should be replaced by
the dielectric function of the ambient medium and the atomic
polarizability should be replaced by the excess polarizability).
For a diluted gas layer, the atoms do not interact with each
other and the force on the layer is just the sum of the forces
on the individual atoms. So by dividing with the number of
atoms in the film we get the force on one atom. The layer
has to be thin in order to have a well defined r value of the
atom. Since we will derive the force on an atom in different
spherical geometries it is fruitful to derive the matrix for a
thin diluted gas shell. This result can be directly used in the
derivation of the Casimir force on an atom in different spherical
geometries.

We let the film have the thickness § and be of general radius
r. We only keep terms up to linear order in § and linear order
in n. We find the result for TM modes is

M™

gaslayer

_ ((1) ?) — (Sn)2maqyi

Il 2 (141
( §¢ +aaid g +[a]2—(;;);>
X
12 21d+1) sl [+ |
[4‘1] [{l] _(qor)z %-1 Cz El;l_(qor)z

(5.87)

where we have suppressed the argument (gor) in all Ricatti-
Bessel functions. For TE modes, we find

- 1
Mgislayer = (O

y <§1 (gor) &1 (gor)
—[¢ (o)1

(1)> — (8n)2maqoi

[& (qor)] )
=& (qor) & (qor))

(5.88)
Now we are done with the gas layer. We will use these results

later in calculating the Casimir force on an atom in spherical
layered structures.
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5. 2D spherical film (one layer)

In many situations, one is dealing with very thin films.
These may be considered 2D. Important examples are a
graphene sheet and a 2D electron gas. In the derivation we let
the film have finite thickness § and be characterized by a 3D
dielectric function . We then let the thickness go towards
zero. The 3D dielectric function depends on § as &P ~ 1/§
for small §. In the planar structure we could in the limit when §
goes towards zero obtain a momentum dependent 2D dielectric
function. Here, we only obtain the long wavelength limit of
the 2D dielectric function [31,32]. We obtain for TM modes,

MTM _ (1 0) _ 553Dﬁ10i
2D —

0 1 2
(S dardw):
and for TE modes,
w5 1) 5
) 6

We will also need the 2' pole polarizabilities «?® and

a,zD(z) for the thin spherical film since these appear repeat-
edly in the sections that follow. The first is valid outside
and the second inside. The polarizability of® = —b°/a°
under the assumption that b' =a'. One obtains P =
— (Mp 4+ My) / (M + M,3), and from Eq. (5.89), one finds
that for TM modes,

2 + 8830 qoil¢/ (qor)* + & (qor) ¢/ (qor)]
2 — 8&3Pqyi[&/(qor)* + &/(qor)¢/ (qor)]
(5.91)

2D,T™M _
; =

In the same way, one finds from Eq. (5.90) that for TE modes,

e 2+ 88Pq0i[5(qor)* + & (qor) & (qor)]
o = — — 5 . (5.92)
2 — 8830qoi[&(qor)” + & (qor) & (qor)]
2D(2)

—a'/b" under the assumption that

a® = 0. One obtains alz = M,,/M;, and from Eq. (5.89),
one finds that for the TM modes,

The polarizability o

858300 ! 2
QPO _ iS5 g
2 —88°Pqoi&] (qor) ¢ (qor)
From Eq. (5.90), one finds that for TE modes,
88300 2
al2D(2),TE _ &7 qoi&(qor) (5.94)

2 — 883Pqpik& (qor) & (qor)

6. Force on an atom outside a sphere (two layers)

We let the atom be at the distance d from the sphere of
radius a and at the distance b from the center of the sphere.
For this problem, we start with the geometry given in Fig. 18,
where we let the shell be a very thin gas layer. We have two
layers and three interfaces. The matrix M = Mo M1 M2
Here, we could instead of the first two matrices have used the
matrix for a thin diluted gas shell as given in Eqgs. (5.87) and
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’ '
FIG. 18. (Color online) The geometry of a thin gas layer the

distance d from a sphere or cylinder of radius a in the fully retarded
treatment.

r=atd# r=atd

r=a

(5.88). To vary the derivations to some extent, we refrain from
doing that. The left-hand side of the condition for modes is

My + My = (M}, M) - M - MREME ) (sos)
11 12 M§1+M222

where we have moved the matrix subscripts to superscripts to
make room for the element indices. We now list all elements
needed in the above equation. We begin with the matrices for
TM modes. The elements of the first matrix are

M) = ZElaob + 8)1¢/ge(b + 8)

—ng&/lqo(b + $)15i[ge (b + O},

. (5.96)
0 ll’lg /
M}y = = Eilqo(b + )18 g, (b +8))
—n4&/lqo(b + &g, (b + ),
and of the second,
M}, = S5 n6i(g:b)5 (@ob) = §(q:b)eiqob).
8
M}, = ;ﬁ[ngwgb)s;(qob) ~ £/(geb)éi(qob))
¢ (5.97)
Mo =50 5716/(@,b)ei(qob) = nti(a bt/ (@b,
Mo = 302 L6l qabiaob) — el bIE] @b
and of the third,
M}, + M3,
TI[sxqoa);;(qla) — m&/(qoa)i(qia)
+ &(qoa)§/ (q1a) — ni&/(qoa)éi(g1a)]
2= in [Szl(roa)lﬁl'(Cha) — ni&/(qoa)yi(qia)]l, (5.98)
M, + M3,
= SHm g @aa(qia) - 5@t @a)

+n1¢/(qoa)éi(qra) — §i(qoa)§)(qra)]
= ini[n1¢/(qoa)yi(q1a) — &i(qoa)¥i (q1a)],
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where ng and n are the refractive indices of the gas layer and
the sphere, respectively.

We now make a series expansion of the first matrix up to
linear order in 8. The other matrices do not depend on §. The
zeroth-order term multiplied with the second matrix produces
the matrix (1 0), so it contributes with M? + M7, to the
condition for modes. We then expand in a,, the polarizability
of the gas. There is no zeroth-order term in the term linear in
3. The lowest-order term is linear in o, This means that we do
not need to expand M; in a,. The zeroth-order term is just the
unit matrix. Thus if we denote the term of the matrix MO that
is linear in both § and o, with 81\7[0, the condition for modes
can be written as

(M} + M7,) + MY, (MF, + M7,) +8MY, (M3, + M3,) =0,

(5.99)
and the mode condition function is
™M (@)
=1+ 5M?2 (M221 + M222) B (M121 + M122)
(M3, + M7,)
—1—sM° anwl/ (qoa) Y (q1a) — ¥ (qoa) Vi (q1a)
27 1 (qoa) ¥ (q1a) — & (qoa) V] (q1a)
(5.100)
where
i 1+ D [& (qob)T?
SMi, = —Satyqo; {[sz (q0b)]” + (qobl) T } :
(5.101)

To obtain the mode condition function in Eq. (5.100), we have
divided the function [the left-hand side of Eq. (5.99)] both with
the corresponding function for the sphere alone, M7, + M,
and for the spherical shell alone, 1 + §M ?1 + oM ?2. Note that
the final expression does not contain any elements of matrix
M1 and just one of 51\7[0.

Now, we proceed with the TE modes. The elements of the
first matrix are

MY, = S{=6/la0(b + O)al, (b + )]

+ng&ilgo (b + 8)1¢/ g (b + 81},

l. (5.102)
My = S1=§]ld0 (b + D)lilgy (b +8)]
+ngéilgo (b + )&/ g (b + )],
and of the second,
M}, = S—[=n/(q:b)a(qob) + (D)5 (b)),
8
My = 5= [=n,8/(q,b)6i(qub) + 610 D)E/ (qub))
¢ (5.103)

M}y = S [n8/(qb)aq0b) = qb)E/ (qob).
8

M3y = 505/ (q:D)E(qob) — 5i(gbE/ (qob).
8
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and of the third,

M}, + M,
= %[—51/(6]061){1@161) + n1&1(qoa)t/ (q1a)

— &/(qoa)&(q1a) + n1&(qoa)k| (q1a)]
= i[—&/(qoa)¥i(q1a) + ni&(qoa)¥;(qi1a)],
M3 + M3, (5.104)

= IE[C/(CIOQ)CI(CIILZ) —n185(qoa)t/(qra)

+ &/ (qoa)&i(qra) — n1&i(qoa)§)(qra)]
= i[¢/(qoa)¥i(g1a) — n1&i(qoa) P, (qia)],

where ng and n are the refractive indices of the gas layer and
the sphere, respectively.

We now make a series expansion of the first matrix up to
linear order in 8. The other matrices do not depend on 8. The
zeroth-order term multiplied with the second matrix produces
the matrix (1 0), so it contributes with M? + M? to the
condition for modes. We then expand in a, the polarizability
of the gas. There is no zeroth-order term in the term linear in
8. The lowest-order term is linear in «,. This means that we do
not need to expand M, in . The zeroth-order term is just the
unit matrix. Thus if we denote the term of the matrix 1\710 that
is linear in both § and o, with 81\710, the condition for modes
can be written as

(M}, + M) + MY, (M7, + M7) + 8MY, (M3, + M3,) =0,
(5.105)

and the mode condition function is

)
(M3, + M3,) — (M}, + Mp)
(M7, + M7,)
¥ (qoa) Vi (gi1a) — niy; (qoa) ¥ (g1a)
—&/ (qoa) Y1 (q1a) + n1& (qoa) Y] (q1a)’
(5.1006)

=1+ 8M},

=1-8sM"2

where

sMY, = —5%40% & (q0b) & (gob)].  (5.107)

To obtain the mode condition function in Eq. (5.106) we
have divided the function [the left-hand side of Eq. (5.105)]
both with the corresponding function for the sphere alone,
M1210+ Mlzz, and for the spherical shell alone, 1+ SM?I +
SM,.
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The interaction energy per atom is

E)
4 b?8n,

A b>8n,

h

PHYSICAL REVIEW B 90, 155457 (2014)

- - /0 %ZQI + 1) In [f?rM(iE)f?E(iE)]
1=0

~ 47tb28ngf0 Eg(”“){[ Mo — 1] +[fMae - 1]}

47tb28n / Z Q2L+ Ddmnga®(i§)d——

niy) (i&a/c)yn (i&nja/c) —
x2

i (l&b/c) {_ [

(& Eb/O) +

LA+ D& (iéb/C)]z}
(iEb/c)

Y (i§a/c) Y (iEma/c)

mé§/ (i§a/c) Y (iEma/c)

+2[& (i5b/0)]

— & (i&a/o) Yy (iEma/c)

ho [ dE & .. 0 (ED/C) .
= ﬁ/o oy ZO:(ZI +Da (lé)T {— |:[é, (iEb/O)) +

y my (i§a/c) Y (i§na/c) —

, W GEa/c) Yy (iEnia/c) —niyy (iEa/c) ¥ (iEna/c) }
—&/ (iEa/c) Yy (iEnia/c) +ni& (iEa/c) Y] (iEnya/c)

1A+ 1)[E (iéb/c)]z}
(i&b/c)®

Y (i§a/c) yy (i§ma/c)

mé/ (i§a/c) Y (iEmia/c)

+[& (i§b/c)]

— & (iga/o) Yy (iEma/c)
2 Y &a/o) Y (i§ma/c) — miyy (i&a/c) Yj (inia/c)

where now n, is the density of gas atoms in the gas shell. The
force on the atom is F (b) = —td E(b)/db.

7. Force on an atom in a spherical cavity (two layers)

We let the atom be at the distance d from the center of
the spherical cavity, of radius a. We start from the two layer
structure in Fig. 19. We let the medium surrounding the cavity
have dielectric function &;(w). The first layer is a vacuum
layer. The second is a thin layer, of thickness §, of a diluted
gas of atoms of the kind we consider. Its dielectric function is
ge(w) = 1 + 4w Na™(w), where o™ is the polarizability of one
atom. The density of gas atoms, N, is very low. We let the first
interface be at r = a and hence the second at r = d 4 § and
the third at r = d. In what follows, we only keep lowest-order
terms in § and in N.

g |e=1| & e=1

r=d+é r=d

r=a

FIG. 19. (Color online) The geometry of a thin gas layer at radius
d inside a spherical or cylindrical cavity of radius a in the fully
retarded treatment.

=&/ (i§a/c) Y (iEma/c) + ni§ (i§a/c) ) (i§ma/c)

} , (5.108)

(

Justas in Sec.V D 6 the matrix becomes M = 1\7[0 ‘M, - M,
and the left-hand side of the condition for modes is given by
Eq. (5.95). In this section, go = w/c, g1 = v/&(w)w/c and
qe =/ &g(ww/c.

We now list all elements needed in Eq. (5.95). We begin
with the matrices for TM modes. The elements of the first
matrix are

MY, = S—Imié @) 5 (@)~ (@10) 5 (@oa)l
l.l (5.109)
MY, = 35, M8 @) (@a)—& (@) & (qoa)],
and of the second,
1 ing /
M}y = ZH&lqo(d + 8)1¢/lg5(d + )]
—ng&/1g0(d + )lg,(d + O)1),
M}, = S 6lqod + 9§19, + )]
—n4&/1g0(d + )Elg,(d + )1,
(5.110)

=
I

mf{ngc/[qow + 8)1¢1[g,(d + )]
— alqo(d + 8)18]1g5(d + )1},
My = S5 lg0(d + 9)ilg.(d + )]

— Gilgo(d + 8)1&/[q,(d + &)1},
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and of the third,
M3, + M,
= i[ngéz(qu)é“/(qod) — &/(qed)ti(qod)
+ng&i(qed)§/(qod) — &/(qd)&1(qod)]
= é[”gfl(quﬁ/f[ (qod) — &/(q5d)Yr(qod)],

M3, + M3, (5.111)

B i[gl/(di)fl(qu) — n301(qd)¢/ (qod)
8
+ é'l/(qu)gl(C]od) — ngé-l(qu)é__l/(qod)]

= ei[é“/(qu)lﬂz(%d) — ny21(ged) ¥ (qod)],
8

where n, and n; are the refractive indices of the gas layer and
the surrounding medium, respectively.

We now make a series expansion of the second matrix,
Eq. (5.110), up to linear order in §. The other matrices do
not depend on §. The zeroth-order term multiplied with the

third matrix produces the matrix (i), so it contributes with

M ?1 + M ?2 to the condition for modes. We then expand in a,
the polarizability of the gas. There is no zeroth-order term in
the term linear in 8. The lowest-order term is linear in «,. This
means that we do not need to expand the third matrix in o,.

Thus if we denote the term of the matrix M, that is linear
in both § and o, with M, the condition for modes can be
written as

(M}, + MY,) + MY, (3M), +3M),)

+ MY, (M, + 8M,,) = 0. (5.112)

To get the mode condition function we first rewrite this as

(MY, + MY,) + (MY, + MY,) (8M, + 5M )
+ M), [(8My, + 8My,) — (SM[, + 8M|,)] =0, (5.113)

and the proper mode condition function becomes

™M (@)
— 14 MO (8M;, +3Myy) — (3M}, +3M})

. (M}, + MY,)

II+1)
(qod)*
y n1& (qi1a) &/ (qoa) — & (q1a) & (qoa) _
ni& (qia) ¥ (qoa) — &/ (q1a) ¥ (qoa)

=14+4rNa™isq {[lﬁl, (qod)]2 + [V (Clod)]z}

(5.114)

To obtain the mode condition function in Eq. (5.114), we
have divided the function [the left-hand side of Eq. (5.113)]
both with the corresponding function for the cavity alone,
M?, + MY, and for the spherical shell alone, 1+ 8M/], +
SM,.

PHYSICAL REVIEW B 90, 155457 (2014)

Now, we proceed with the TE modes. The elements of the
first matrix are

My, = ZZ_m[_nlél/ (q1a) & (qoa) + & (q1a) ¢/ (qoa)],

(5.115)

MY, = 2’—”1[—:115/ (q10) & (q0a) + & (q10) &] (g0a)].

and of the second,

M = S{=llantd + 8))algy(d +5)
+ng&ilqo(d + 8)1g g (d + D)1},

Ml = S (-&/laod + Dlelgy(d + )
+n5&lqo(d + 8)1E/ge(d + D)1},

M = S ongtlantd + 8)15/lg.(d + 9

+&/[q0(d + $)1&i[ge(d + &)1},

(5.116)

M;, = %{—ngcz [40(d + 8)1&/[q¢(d + )]
+ &/lqo(d + 8))élge(d + 81},
and of the third,
M}, + MP,

= j[_ngé/(di){l(C[od) + él(qu)é-]/(qod)
8

— &/ (qed)&(qod) + &(qed)E/(qod)]
= nl—[—ngsﬂqu)w,(qod) + &g, )] (god)],
8
M3 + M3, (5.117)

1

= E[—Q(CIgd)C/(QOd) + 148/ (qed)zi(qod)
8

— 8(qed)E/(qod) + gt/ (qod)E(qod)]

- n’—[—mqu)w;(qod) + 1gZ)(qed ) god))],
8

where n, and n; are the refractive indices of the gas layer and
the surrounding medium, respectively.

We now make a series expansion of the second matrix,
Eq. (5.116), up to linear order in 8. The other matrices do
not depend on §. The zeroth-order term multiplied with the

third matrix produces the matrix (}), so it contributes with

M ?1 + M ?2 to the condition for modes. We then expand in o,
the polarizability of the gas. There is no zeroth-order term in
the term linear in 8. The lowest-order term is linear in «,. This
means that we do not need to expand the third matrix in o,.
Thus if we denote the term of the matrix 1\7[1 that is linear
in both 6 and o, with SMI, the condition for modes can be
written as

(MY} + M) + MY, (SM], + 5M )

+ MY, (5M;, + 8M,,) = 0. (5.118)
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To get the mode condition function we first rewrite this as

PHYSICAL REVIEW B 90, 155457 (2014)

(M}, + M?z) + (M7, + MY) (5M], +8M},) +M7, [(6My, +5M,,) — (M}, +8M,,)] =0,

and the proper mode condition function becomes
(8M;, + 8My,) — (3M], +3M )

@) =1+ M),
(M}, + MY)

=1+ 47 Na™i8qo[ ¥ [qod]T?

(5.119)

[—n1&/ (q1a) & (goa) + & (q1a) &/ (qoa)]

[—n1&) (q1a) ¥ (qoa) + & (q1a) Y] (qoa)]

(5.120)

To obtain the mode condition function in Eq. (5.120), we have divided the function [the left-hand side of Eq. (5.119)] both

with the corresponding function for the cavity alone, M{, + M{,, and for the spherical shell alone, 1 4+ §M|, + §M/,.

The interaction energy per atom is

E(d)
Ax Nd2s

O L L (i&d
=z /. EZ(ZH—I)O{ EH[% (T

=0

Ea
() () (g (B

where we have let 4, the thickness of the gas layer, go to zero
when passing from the first to the second line. The force on
the atom is F(d) = —td E(d)/dd.

8. Casimir Polder interaction between two atoms (two layers)

Here, we start with the geometry in Fig. 18. We let the
thin shell consist of a diluted gas of atoms of type 2 with
density N, and the sphere consist of a diluted gas of atoms of
type 1 with density N;. We use upper case N for the density
here to distinguish the densities from the refractive indices
that we denote by lower case n. The thickness of the shell
and the radius of the sphere we let go toward zero at the end.
This means that the interaction energy becomes the sum of
the interaction energy between all pairs of atoms of type 1
and 2, all with the separation d. To get the energy for one
atom pair, we divide the result by the number of atoms of
type 1 and by the number of atoms of type 2. Since we let
the thickness of the layer § go toward zero, we may expand
the logarithm in the integrand and keep the lowest-order term,
In(1 4+ x) &~ x. We are, furthermore, only interested in the
dipole-dipole interactions, which means that only the [ = 1
term is kept in the integrand. Both the TE and TM contributions
have the same structure,

B (a)
IN,

. (5.122)

E=n| L @a+namn,
0o 2m Ni=0 |

B™ (@)=2

h Ooﬁ - FTM,: e FTE,
471Nd28,/0 2 ;(zl“)h‘[ﬁ W) f)]

) +aF e ()]

m&(MEE (L) —§()a () [ (i) mE (i )a(
ita ) !

m)a() s (s (%) ]
gl () (%) — e ()0 () |

c

(5.121)

(

where
A(b) =MV (b),
and

(M3, + M3,) — (M7, + M},)

Bo= (M}, + M7,)

respectively. Now,

dB (a)
N,

1 0B
= Ni=4maf 38
Ny =0 2 81’11

Ny

}’l1=1
In the contribution for TE modes, we have

. . . b 2
ATE (b) = —aagas)%[sl (i)]

C

1+$b/c)2

1
zaag(ig)%e?f”k( thc

and

V) (iEa/c) Y (inia/c) — i (ia/c) ¥ (in£a/c)

Now,

dBTE (a)

g (ikajc) Yy (imé&afc) — ni& (iEa/c) Y] (in€a/c)
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so there is no TE contribution to the dipole-dipole interaction between two polarizable atoms. In the contribution for TM modes,
we have

N L(+ D& Ggb/o))
A™ () = —54ﬂN2a2t(l§)?§{[$; (i&b/o)) + i bl/c)z }
_ at s gl 1 —2¢b/c 2 3 4
= —84m Nyoy (i)~ 5 (gb/c)4€ [3+6(5b/c)+5(Eb/c)” +2(5b/c)’ + (6b/c)’], (5.129)
and
B™ (q) _anw; (iEa/c) Y (iméa/c) — Yy (i§a/c) Y (iméa/c) (5.130)
ni& (i§a/c) Yy (ingajc) — & (ia/c) Y] (in1§a/c) )
Now,
™
0B @) _ 8 easep, (5.131)
31’11 =1 9
so the energy per atom pair is
E _ h *©dE 1w dB™(a)
(N147a3/3) (N4 d?S) — (N1471a3/3)(N24nd28)/0 2moA O dN, |N1:0
_ oh = atg - §1 1 l atg - § 3 —2&d/c
T T (N4nadd)(NAnd2s)2n /0 dEOAm NI U8) 3 e o V1 T (B)gBa/ere

x[3 4+ 6(6d/c) + 5(&d/c)* +2(Ed/c)* + (€d/c)*]

[o.¢]

— oo | dEQSi§)a)i§)e A3+ 6(5d/c) +5(Ed/0)’ +2Ed/0)’ + (€d/c)]. (5.132)
0

It is interesting to note that we reproduce the Casimir-Polder interaction between two polarizable atoms [45,46]. Thus we have

three quite different methods to derive the Casimir-Polder interaction that produce identical results. To be noted is that only the

TM modes contribute.

9. Force on an atom in a spherical gap (three layers)

Let the outer radius be b, the inner radius a and the radial position of the atom be r. The medium surrounding the vacuum gap
has the dielectric function ¢(w). This geometry involves four interfaces and in a straightforward approach the final matrix would
be the product of four matrices. The matrix elements in this retarded treatment are rather bulky and difficult to put in print. We
will use three matrices, where the middle one is that for the thin diluted gas shell, and take advantage of Eq. (5.95). To make the
expressions even more compact we make use of the two types of 2/ pole polarizabilities, introduced in Sec. V C. Thus the matrix
iSM:M()'Ml 'Mzand

~ 1
My + My = M), (MY + M) (1 of®) - M, - <—a2) . (5.133)
1
Now, let us introduce 81\7[1 so that
- 1 0 -
M, = 0 1 + M. (5.134)

Then
Fim = Mlll + a?(Z)MZII - alz(MIIZ + 0‘10(2)le2)
" (1 - ‘)‘10(2)“12) (Mlll + M112)
M1t a1~ )] sl + o3 (sMl, — 5M})
(1 - oto(z)a2) 7
19

where we have kept terms up to linear order in the atom density. We have chosen as reference system a system with the spherical
gap and the gas shell well separated from each other. Thus we have divided our mode condition function both with that for a free
gas film and that for the spherical gap.

(5.135)
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For TM modes, we have

N g +aa ) [E)P + 51D
SM™ = —(sn)2magoi ) ()

_[51/] [ ]21(z+1> _%—llgl/_glé-ll(;l:;)lz) ’

(qor)*

L™ b (qoa) V| (gma) — ng/ (qoa) v (qma)
! £ (qoa) W] (gma) — n&/ (qoa) ¥ (gma)’
Q0O _ &1 (4n) & (@ob) = & (Gnb) &1 (qob)
n&; (gumb) ¢/ (qob) — &/ (gnb) & (qob)

where gy = w/c, gn = nw/c, and n = /e. All Ricatti-Bessel functions in the matrix have the argument (gor). For TE modes,
the functions are

(5.136)

—[¢ (qor)* =& (qor) & (qor)
o2 TE ¢/ (qoa) Y1 (gma) — n& (qoa) Y| (qma)
: & (90a) Vi (qma) — n& (0a) ¥ (gna)’
GOOTE _ n&/ (qmb) & (qob) — & (qmb) &/ (qob)

! " nEl (gnb) & (qob) — & (qmb) & (qob)’
0(2)

SMTE = —(sm)2raq <";:l (gor) &1 (gor) [& (qor)]? )

(5.137)

Here one may take the opportunity to check the results. If we let ;" = 0, we regain the results for an atom outside a solid
sphere, in Sec. V D 6. If we instead let a, = —1, we regain the results for an atom in a spherical cavity, in Sec. VD 7.

10. Force on an atom outside a 2D spherical shell (three layers)

We start from the geometry in Fig. 20. We use already from the outset the matrices for a gas layer at r = b =a +d and a
spherical 2D film at r = a. These were given in Egs. (5.87)-(5.90). We find

. 11+ 1) 8&8%Pqoi [y (qoa)]
™M — 1 _ 4 at / 2 2 } ! 1
(Sn)dmwa™qyi {[s, (qob)]” + [& (qob)] b | T3P q0il (o) 91 o] (5.138)
and
8&%Pigoly (qoa)]?
ATE = 1 — (Sn)dma™iqol& (qob)]* (5.139)

1 — 8&%Pigo [& (q0a) Y1 (qoa)]”
We have also derived these results in the alternative way followed in the preceding sections. The interaction energy per atom is

E(D)
4nb?s

I ® dE & . .
= 4nnbs /0 gg@l + DIn[ ™08 ;7))

df " EN T (.ep\T ENTPLA+ 1)
A Sl (2] T

[vi ()Y [ ()] v ()]
“[reenae) (5 (D) v (2)] 1+ seraeE)la(E)y ('?“)])’ 10

where we have let §, the thickness of the gas layer, go to zero when passing from the first to the second line. The force on the
atom is F (b) = —td E(b)/db.

11. Force on an atom inside a 2D spherical shell (three layers)

We start from the geometry in Fig. 21. We use already from the outset the matrices for a spherical 2D film at r = a and a gas
layer at r = d. These were given in Egs. (5.87)—(5.90). We find

FIM _ o (8My, +3My,) — (M, +5Mjp) | — iqo3é3Dl[E’(qoa)]2 (8M3, +8My,) — (8M}, +3M},)
: 2 MY, + MY, 2 1 — iqod& Yy (qoa) & (qoa)
iqo8&°P[E] (qoa)* 4 Na®Siqo [, S A(E)
=1- d d 5.141
LT F Y (g & ao) |V @O+ T @ ) (5.141)
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0 1 23 0 1 2 3
-— | = = = | = Q -— | = = = =
E=l| & | &=l | &0 1 & e=1]¢& |e=1 |ev | g
o
o | 1| 2 30| 4 o | 5 5 y

r=a+dtd r=atd r=a+d r=a Y r—a = diS  r=d

FIG. 20. (Color online) The geometry of a thin gas layer at
distance d from a thin spherical or cylindrical shell of radius a in
the fully retarded treatment.

FIG. 21. (Color online) The geometry of a thin gas layer at radius
d inside a thin spherical or cylindrical shell of radius a in the fully
retarded treatment.

and

(8M;, +8My,) — (3M}, +5Mj,) | — igoszD ] (£ (q0a)T? (8M;, +3My,) — (8M}, +8M )
MO+ MY, GooeT I — iqodEy (qoa) & (qoa)

iqod&°P[& (qoa)* 4 Na™Sigo[ ¥ (qod)]*

1 — igod&3Py (qoa) & (qoa)

The interaction energy per atom is

TE = 14 MY,

=1—

(5.142)

E(d)
47 Nd?*8

= h Ooﬁ S FTM - FTE
 4mnd®s /0 27 ;(21 + DIn[ 68 [768)]

ds u £\’ (. Ed\T Ed\TLAd+ 1)
[ S (G ([ (O] [0 (50)] 552)

G [ (5 [ ()]
T80 ()5 (2) v ()] T 14 080G () [6 (29 (léca)]>’ (5.143)

where we have let §, the thickness of the gas layer, go to zero when passing from the first to the second line. The force on the
atom is F(d) = —td E(d)/dd.

12. Interaction between two 2D spherical shells (three layers)

We consider two concentric thin spherical shells in vacuum. Since the films are in vacuum go = w/c. The outer shell has
radius b and the inner radius a. Here, the matrix is M = M, - M, where for TM modes

N = (1 o)_éé”qoi (s;<qob>;;<qob> [5/ (qob)T? )

0 1 2 —[¢/ (qob)l —&/ (qob) ¢/ (qob)
(5.144)
B — (1 0) _ 88 Pqoi <s; (90a) ¢/ (qoa) 1§/ (qoa))” )
: 0 1 2 —[¢/ (@)l =&/ (g0a) ¢/ (qoa)
and the condition for modes is
8~3D .
MY+ M = 1 = =T ob) &/ (qob)+E @0b)F + &/ (@0t (q0a) + [/ (@oa))]
8830gpi \°
4ol ’ ’ ’ ’ ’ 200 24
+< 5 ) [&; (qob) & (qob) & (qoa) &) (qoa)—[&; (qob)]"[¢; (qoa)]™] = 0. (5.145)
For TE modes, the two matrices are
NI = (1 0) _3&Pqoi <$1 (@ob)¢i (qob) L& (qob))’ )
—\0 1 — b - b b))’
2 [ (gob)] &1 (gob) &1 (qob) (5.146)

MTE:<1 0)_853%1' (51(61061)47(6]061) 181 (qoa))? )
! 2 —[& (@) —& (qoa) & (qoa)
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and the condition for modes becomes

8~3D .
MTE 4 MTE = 1 — 2 9% 1 (qob) &1 (qob) + [£1 (qob) + & (q0a) & (qoa) + L& (qoa) 1]
883Pgoi \
2 2\
+< - ) £ (qob) & (@ob) & (q0a) &1 (Goa) — [& (@ob)TPIE: (o)} = 0. (5.147)

The mode condition function for TM modes is

0= - () e T )

2c c 1+ 8803i8)(5)/(22) (’“’)][1 +880(i8) (£ )él(

v ()]

(5.148)
and for TE modes,

vi(5) Y (e Y (%)
6@3D<is>s)2[§l (2)]2[&(5—)}2 25 — 1[40 — 1] + [250 - 1]
2c ¢ ¢ J1 [1+82Pae) (5) & (") v ()] [1 +0220G8) (5) & () wa ()]
(5.149)

Jin@§) =1~ (

Here, our notation may unfortunately cause some confusion. Note that £ is the variable along the imaginary frequency axis
and & is a Ricatti-Bessel function. We have chosen to express the mode condition functions in terms of the functions & and ¥,
to simplify the transformation into real valued functions of real valued arguments according to Eq. (5.73).

We have chosen as reference system a system where the two shells are separated from each other and at infinite distance
from each other. The energy obtained by using this mode condition function is the energy change when bringing the two shells
together from at infinite separation and putting the inner shell inside the outer shell.

13. Force on an atom in between two 2D spherical films (five layers)

Here, we may reuse the results from Sec. V D 9. The only difference is the expressions for the 2! pole polarizabilities.
The mode condition function is

1 2D0(2) 3 r1 2D2 1 2D0(2) 3 s1
; My 4o My — o (M, o M)
m 2D0(2> 2D2 1 1
(1= ") (M) + M)
SMb[1+ o™ (1 — o™ )] —o/""5My, + o™ (M3, — 5M]))

(1= ™) |

(5.150)

where we have kept terms up to linear order in the atom density. We have chosen as reference system a system with the spherical
films and the gas shell well separated from each other. Thus we have divided our mode condition function both with that for a
free gas film and that for the thin spherical films.

For TM modes, we have

E¢ + &0 [/ + [& ]21(z+1)

2
(SM’}‘M — —(8n)2notmq0i (q()r) (q0 r) .
G~ &y - Ea
o _ 24 88 Pquilg/(g0a)’ + &/ (g0a) ¢ (qoa)] (5.151)
! 2 — 880qi[&/(qoa) + & (qoa) &/ (qoa)]
§2P0DT™ _ —8830qpi&/(qob)*
! 2 — 883Pqyi&/ (qob) ¢/ (qob)’

where gy = w/c. All Ricatti-Bessel functions in the matrix have the argument (gor). For TE modes, the functions are

—(6n)2mo® 51 (gor) &1 (qor) [& (qor)]?
—[& (o) =& (qor) & (qor))

SMTE =

QIZDZ‘TE _ 24 55‘3Dq0i [{1((]()&)2 + & (qoa) & (qoa)] (5.152)

2 — 883Pqyi[&(qoa)’ + & (qoa) & (qoa)]’

o 2DOTE _ —88%Pqpi&1(qob)*
: 2 — 883D qoi& (qob) & (qob)
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VI. CYLINDRICAL STRUCTURES

The system we consider here is a layered cylinder consisting
of N layers and an inner cylindrical core. We have N + 2
media and N + 1 interfaces. Let the numbering be as follows.
Medium O is the medium surrounding the cylinder, medium
1 is the outermost layer, medium N the innermost layer and
N + 1 the innermost cylindrical region (the core). Let r,, be the
inner radius of layer n. The boundary condition is that there are
no incoming waves, i.e., there is no wave moving towards the
right in medium n = 0 in Fig. 3. The fields are self-sustained;
no fields are coming in from outside.

A. Nonretarded main results

In the nonretarded treatment of a cylindrical structure we
let the waves represent solutions to Laplace’s equation (3.21),
in cylindrical coordinates (7,0,z), for the scalar potential, ®.
The interfaces are cylindrical surfaces and the r coordinate is
the coordinate that is constant on each interface. The solutions
are of the form

O (1,0,2) = I, (kr)e™e**  and K, (kr)e™ ",

6.1

where the functions I, (z) and K, (z) are so-called modified
Bessel functions. The first is bounded for small z values and
the second for large. They are solutions to the modified Bessel
equation,
220%w/0z2% + z0w/0z — (m* + 29w = 0. (6.2)
Note that the variable z here denotes a general complex
variable and should not be mistaken for the spatial z variable
in Eq. (6.1). We let r increase towards the left in Fig. 3. We
want to find the normal modes for a specific set of k and m
values. Then all waves have the common factor e"?¢'**. We
suppress this factor here. Then
R(ry=1, (kr), L(r)= K, (kr). 6.3)
Using the boundary conditions that the potential and the
normal component of the D field are continuous across an
interface n gives

anlm (kr,) + anm (kry)
= anlm (krn) + anm (krn) ’

6.4)
a"g.klI) (kry) + b"8,kK], (kry)
= a" &, 1kl (kry) + "8, kK, (k)
and we may identify the matrix A, (r,) as
- I, (kr, K, (kr,
A, () = - ( ) - ( ) . (65)
g1, (kr,) &,K) (kr,)
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The matrix M, is

>

1C/[n = ;1 'AI‘H-I
1 (Buiil, Ky — 8,1, K],

B Wgn (gn - gn-&-l) Imly:1

(§n+l - g‘n) KmK,/n
g1 Ky — &1 In K, ’

(6.6)

where we have suppressed the argument (kr,) of all mod-
ified Bessel functions and their derivatives. As before the
derivative is with respect to the argument. We have made
use of the Wronskian of the two modified Bessel functions:
WKy (x) Ly ()] = Ky (x) I, (x) = K, (x) Ly (x) = 1/x.

Since the function L(z) in Eq. (6.3) diverges at the origin it
is excluded from the core region and hence we have no wave
moving towards the left in that region. According to Eq. (3.6),
this means that

Jim(w) = Myy. (6.7)

Before we end this section, we introduce the multipole
polarizabilities «; ,, and (x,':(,i) for the cylindrical interface
since these appear'repeatedl)’/ in the sections that follow. The
first is valid outside and the second inside. The polarizability

aj,, = —b"/a" under the assumption that b"*! =0. One
obtains oc,’j’m = —M>1 /M, and from Eq. (6.6), one finds

(gn-ﬁ-l - 5n) Imly:1
§n+11,;1Km - gnIn1K;;1

(6.8)

o, (r; 0) =
The polarizability aZfi) = —a"*!/b"*! under the assumption
thata”™ = 0. One obtains “Z,(i) = M,/ M1, and from Eq. (5.5),
one finds
(§n+1 - gn) KmK,/n
Bos1 1 Ky — 81K~

2
o) (s ) = (6.9)
The suppressed argument of the modified Bessel functions in
the multipole polarizabilities above is (kr,). Sometimes it is
convenient to use an alternative form of the matrix M,,,

1 n(2)
M, = M" ko 6.10
n=Mp Eull K—Eny1 In K., | (6.10)
k,m Enp1 1), K=&, In K,

Now we have all we need to determine the nonretarded
normal modes in a layered cylindrical structure. We give some
examples in the following sections.

B. Nonretarded special results
1. Solid cylinder (no layer)

For a solid cylinder of radius a and dielectric function & (w)
in an ambient of dielectric function &y(w), as illustrated in
Fig. 10, we have

M=M,
ka (811, K — Bl K,
=3

(50 - g‘l)lml/n

~(5/1 —go)lme,’n L 6.11)
8QIme—811mK};1
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where the suppressed arguments are (ka). The condition for
modes is
Ei(@) Iy (ka) K, (ka)

L - m =T 6.12)
go(w) I, (ka) K, (ka)

2. Cylindrical shell or gap (one layer)

Here, we start from a more general geometry namely that of
a coated cylinder in a medium and get the cylindrical shell and
gap as special limits. For a solid cylinder of dielectric function
&, with a coating of inner radius a and outer radius b, Fig. 11,
made of a medium with dielectric function &; in an ambient
medium with dielectric function &, we have

M =M, M,
kb _ . ,
= g_(gllm (kb) Km (kb) - EOIm(kb)Km (kb))
0

0(2)

1 k,m
X 0 &ol,, (kb) K, (kb)—E1 1,y (kD)K,, (kb)
Olk,m &1, (kb)K,, (kb)—&oI,,(kb)K ], (kb)

X ];—a(ézly’n (ka) K, (ka) — &1, (ka) K|, (ka))
1

1 oo
X 1 811 (ka) Ky (ka)— 2 1, (ka)K !, (ka) | ° (6.13)
“%m 51 (ka)Ky(ka)—Fo L (ka) K], (ka)

m

and from direct derivation of the M, element, the condition
for modes becomes

0= (1 -,

(81 — &o) K (kb) K, (kb)
(kb) Ko (kb) — ol (kb) K, (kb)
(82 — &1) Iy (ka) I, (ka)
“B1 (ka) Ky (ka) — 811, (ka) K| (ka)’

g‘ 1 I};‘l

(6.14)

Let us now study a cylindrical shell of inner radius a, outer
radius b and of a medium with dielectric function &(w) in a
medium of dielectric function &y(w). The condition for modes
we get from Eq. (6.14) by the replacements &;(w) — &y(w)
and &{(w) — &(w). The result is

_K, (ka)y _ K, ka)]|[_1I,6 (kby _ I, (kb)
[8 I ka) 1, (ka) } [8 K (kb) K, (kb)]
= (& — &) (6.15)

For a cylindrical gap of dielectric function &)(w) in a
medium of dielectric function &(w), we instead make the
replacements £y(w), & (w) = &(w) and & (w) = &y(w). The
condition for modes is

_Kp(ka)y _ K| (ka)]|[_ L, (kb) _ I (kb)
[5 Iy (ka) T, (ka) ] [S Kn(b) 'K, (kb)}
— G- ). (6.16)

3. Thin cylindrical diluted gas film (one layer)

It is of interest to find the van der Waals force on an atom in
alayered structure. We can obtain this by studying the force on
a thin layer of a diluted gas with dielectric function g;(w) =
1 + 4mna®(w), where o is the polarizability of one atom

PHYSICAL REVIEW B 90, 155457 (2014)

and n the density of atoms (we have assumed that the atom
is surrounded by vacuum,; if not the 1 should be replaced by
the dielectric function of the ambient medium and the atomic
polarizability should be replaced by the excess polarizability).
For a diluted gas layer, the atoms do not interact with each
other and the force on the layer is just the sum of the forces
on the individual atoms. So by dividing with the number of
atoms in the film, we get the force on one atom. The layer
has to be thin in order to have a well defined r value of the
atom. Since we will derive the force on an atom in different
cylindrical geometries, it is fruitful to derive the matrix for a
thin diluted gas shell. This result can be directly used in the
derivation of the van der Waals force on an atom in different
cylindrical geometries.

We let the film have the thickness § and be of a general
radius . We only keep terms up to linear order in § and linear
order in n. The matrix for the gas film is 1\710 . 1\7[1, where

M, = ((1) (1)> + dwno™kr

( I (kr) K, (kr)
X

K, (kr) K, (kr)) 61
— Iy (kr) I, (kr)

-1, (kr) K, (kr)

K. K/
—1,K, )’

(6.18)

Now,

o/ 1 0 at Ii;le
M, = 0 1 —4rna®k (r — 6) I

where the suppressed arguments of all modified Bessel
functions are k (r — §). We find

Mgaslayer

M,

=M, -
_ 1 O at
= <0 1) + 4w (dn)a™k

dl(kr)1, Kin) dlkn)K,, K]
% ( d(kr) d(kr) ) , (619)

dl(kr)1;, In] dl(kr)In K]

d(kr) d(kr)

where now the arguments of all modified Bessel functions are
(kr). Performing the derivatives and using the modified Bessel
equation, Eq. (6.2), we find

Mgaslayer

()

Ao [m? + (kr)?] { IuKnm K., K,
+(sn) [ (kr)7]
r —I,0, —I,K,
L6 )4naat(kr)2 I'K K/ K, 6.20)
" ~I,I, ~I,K, '

Now we are done with the gas layer. We will use these
results later in calculating the van der Waals force on an atom
in cylindrical layered structures.

4. 2D cylindrical film (one layer)

In many situations, one is dealing with very thin films.
These may be considered 2D. Important examples are a
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graphene sheet and a 2D electron gas. In the derivation, we let
the film have finite thickness § and be characterized by a 3D
dielectric function . We then let the thickness go towards
zero. The 3D dielectric function depends on 8 as 3” ~ 1/ for
small §. In the planar structure, we could in the limit when §
goes towards zero obtain a momentum dependent 2D dielectric
function. Here, we only keep the long-wavelength limit of the
2D dielectric function [31,32]. The matrix is Mop = My - M.
Before we derive these matrices, it it convenient to introduce
two auxiliary matrices,

_ (1,; (kx) K,y (kx) K, (kx) K], (kx))
B(x) = kx
—I, (kx) I, (kx) —I, (kx) K, (kx)
6.21)
. <—1m (kx) K/ (kx) —K,, (kx) K}, (kx))
Cx) =kx .
L, (kx) I, (kx) I (kx) K, (kx)

Using the Wronskian for the modified Bessel function, we find
these matrices have the following properties:

Bx)+Cwx) =1,

Bx)-Bx)=8B
E (x) ~(X) ~(X), 622)
Cx)-Cx)=C),
B(x)-Cx)=0.
Now, we have
M, = #’B C@r),
0=¢&"B(@r)+ C(r) 6.23)

=2

1 ~ -
1=§3—DB(V—5)+C(7’—5)7

and using Eq. (6.22) and the modified Bessel equation,
Eq. (6.2), we arrive at

Map =M, - M,
—_apm? A+ (kr)? (—Ime —K,K

=1-48
r ImIm Ime

m) , (6.24)

where the suppressed arguments of the modified Bessel
functions are (kr).

We will also need the multipole polarizability of the thin
cylindrical shell in Vacuum. It can be obtained from Eq. (6.24).
The polarizability is —b"/a” under the assumption that b' = 0.
One obtains a = —Mj; /M. We find

8&3P[m? 4 (kr)?11,, (kr) I, (kr)
7+ 8830[m2 + (kr)*11,, (kr) K, (kr)’

where we have reserved the first argument before the semi-
colon for the radius of the cylindrical film.

(6.25)

ozkm(r w) =

—h/ Z_j /—ln[fkmus)]
Sl
N—zhL/OO dé Z/
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The multipole polarizability “seen from inside the shell” we
get from Eq. (6.24). The polarizability is —a'/b' under the
assumption that a® = 0. One obtains aZZD(Z) = M,/Mi;, and

200) (). ) 8&°°[m? + (kr)* 1K, (kr) K,y (kr)
’ r+ 8830 [m? + (kr)*11,, (kr) Koy (kr)’
(6.26)
Sometimes, it is convenient to use an alternative form of

the matrix 1\7121),

1 a2D(2)
M,p = M2P fom 6.27
=M1\ op r=8EPIm k2 U k) K k) | (6.27)

Yiem 7380 (2 (e by (k) Ko (k)

5. Force on an atom outside a cylinder (two layers)

In this section, we derive the van der Waals interaction
between a polarizable atom and an infinitely long solid cylinder
of dielectric function &;(w). We assume that the atom and
cylinder are in vacuum for simplicity. The geometry of the
problem is shown in Fig. 12. The radius of the cylinder is a and
the atom is at the distance b = a + d from the cylinder axis.
To obtain the results we proceed as follows. We introduce a
thin shell defined by the radii b and b 4 §. We let the medium
of the shell have the dielectric function ¢, =1+a =1+
drna® = 1 +4xa®/ 2rbSL) = 1 + 20™/ (bSL), where o™
is the polarizability of the atom and L is the length of the
cylinder which we let go to infinity at the end. We assume that
the medium of the shell is very diluted. We let o« go towards
zero and keep only terms up to linear order before we let § go
towards zero.

The matrix of the problem is just the matrix of the thin shell,
Eq. (6.20), multiplying that for the cylindrical core, given in
Eq. (6.11), M = Mg - Meore. The element of interest is

M11 — MshellMcore 4 MilzlellMcore' (628)
The mode condition function becomes
5 Mlsgell Mgi)re
fk,m =1+ Mlslllell M]C(l)re
—1- Mshellazore
=1—(n)dra*ka (& — 1)1, (ka) Im (ka)
kD)2 1K, (kb kb’ (K’ (kb))
[m? + (kb*1[K,n (kb)I* + (kb)*[K,, (kb)] L (6.29)

b[l +kaE—1)1), (ka) K,, (ka)]

where we have taken as reference system a system where the
gas shell and the core are well separated from each other.

Now, the nonretarded (van der Waals) interaction energy
between an atom and a cylinder is given by

/ —ln [1— M k,i&)oty m (a;i8)]

Mf‘z“"”(k i)t m (a3 i&)
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= —271L/ Z f —(8n)4ﬂwat(l§)akm(a iE)[m* + (kb)*1[K,n (kD) + (kbY[K,, (kb)I’}

4h [ dE X [*dk . , ,
=3 /O e ;OO fo M i (@ ) + (kDPIK R + GBI, (D)), (6.30)

where

v [B1GE) — 1] (ka) 1y (ka) 1, (ka)
U (@308) = 17z G8) = 1l (ka) Ky (k) I, (ka) 6.31)

is the multipole polarizability for a cylinder in vacuum, Eq. (6.8). See Ref. [3] Eq. (5.77). Note that in this section we defined the
density of the gas shell so that the shell contained a single atom. Then we did not have to divide the energy with the number of
atoms. The force on the atom is F (b) = —td E(b)/db.

6. Force on an atom inside a cylindrical cavity (two layers)

In this section, we derive the van der Waals interaction between a polarizable atom inside an infinitely long cylindrical vacuum
cavity in a medium of dielectric function &;(w). The geometry of the problem is shown in Fig. 13. The radius of the cavity is
a and the atom is at the distance d from the cylinder axis. To obtain the results, we proceed as follows. We introduce a thin
shell defined by the radii d and d + §. We let the medium of the shell have the dielectric function g, = 1 + o = 1 + 4wna™ =
1 +4ra™/2rdSL) = 1 + 20™/ (dSL) where o™ is the polarizability of the atom and L is the length of the cylinder which we
let go to infinity at the end. We assume that the medium of the shell is very diluted. We let & go towards zero and keep only terms
up to linear order before we let § go towards zero.

The matrix of the problem is just the matrix of the cavity, Eq. (6.11), multiplying that for the diluted gas shell, given in
Eq. (6.20),M Mca\my Mshe" The element of interest is

My = MY Mshelt o M ppshel, (6.32)
The mode condition function becomes
MCdVItY Mshell
f k,m — cavity shell
M11 My
—1+4a caVIty(Z) Mshell
1— &) K, (ka) K/, (k 24 (kd)*1[K,n (kd))? + (kd)*[K !, (kd)]*
- (I —2&) K, (ka) K,, (ka) (8n)4naa‘[m + (kd)1[Km (kd)]” + (kd)"[K,, ( )]’ (6.33)
I (ka) K,, (ka) — & 1, (ka) K], (ka) d

where we have taken as reference system a system where the gas shell and the cavity are well separated from each other.
Now, the nonretarded (van der Waals) interaction energy for an atom inside a cylindrical cavity is given by

=i £ L[ S fnkie

m=—00

th Z / —ln [1+ M5 (k. i§)a), (a;i8)]

22

2L / Z / st kigral, @ ie)

—2hL at (2) ’
/ Z / —(Sn)47m &)y, (a3 i&){[m* + (kd)1[K,, (kd)]* + (kd)*[K, (kd)T’}

= / / @™ (i&)ay), (a;ie){[m? + kd K nkd))® + (kd)*[K,,(kd)I*}, (6.34)
where
o, @ if) = —— L~ PN Kn () K,y (k) 635)

I, (ka) K,, (ka) — &(i&§)1,, (ka) K}, (ka)
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is the multipole polarizability for inside a cylindrical vacuum cavity, Eq. (6.9). Note that in this section we defined the density
of the gas shell so that the shell contained a single atom. Then we did not have to divide the energy with the number of atoms.
The force on the atom is F(d) = —td E(d)/dd.

7. Force on an atom in a cylindrical gap (three layers)

Here, we study an atom in a cylindrical vacuum gap with the outer and inner radii b and a, respectively. The medium outside
the gap has dielectric function & (w) and the medium inside the dielectric function &;(w). The atom is at the distance r from the
center. The matrix for this geometry is M= Mcavny Mihent - Meore, and the matrix element of interest is

shell shell core
_ cav cav M 11 M 12 M 11
Mll - (Mll ’M12 ) Mshe]] Mshell ’ Mcore
21 22 21
1 shell(2)

= M MﬂhellMcore(l cdv(Z)) Ye,m . 1
R 1 ®km g shell Mpe! _core
shel k,
k,m M m
@ @ hell(2) @ (M5!
__ pgcav p gshell 3 rcore core , cav shell _ cav core she cavi 3
= M| M{" My} {1 O Y T e Y T Oy [ + (MShe]] — ]):“ . (6.36)
11

This leads to the following proper mode condition function:

shell  cav(2) corc[ shell(2) cav<2><Ms‘;°“ 2 hell(2 2
o o + o —+ = —1 shell  cav(2) core[ . shell(2) cav( ) shell
k.m “k,m k km O M’llfe“ ~1— akmakm +akm[akm +2 (M22 — 1)]

fom =17 [— e | e |
(6.37)
where the reference system is the cylindrical gap in absence of the atom. The functions appearing in the expression are
4
el (om) T (‘”){[ 2+ (kP (k0P + k)L )T,
she nozat 1)
akh,,j“” 0 T 2 4 P ()P + (e PLK, (T,

at

M — 1 ~ —((Sn)#{[mz + (kr)* 11, (kr) K,y (kr)+(kr)* 1), (kr) K], (kr)}, (6.38)
r

[1— & (w)] K (kb) K], (kb)
I/ (kb) K,, (kb) — & (w)1,, (kb) K/, (kb)’
[E2(w) — 1] (kD) I (kb) I, (kD)
1 + [&2(w) — 11 (kb) K,y (kD) I/, (kD)

m

2
U = iy (b0) =

o = e (a30) =

Before we write down the expression for the energy per atom we make the factor (n)4m o™ (w) explicit, a factor that is common
for all terms after 1— in the expression for f; ,,. We have

N 4 o™(w
fim = 1= (8n) ( i«z) {[m® + ) [ (k)P + (K k)P — 205005 1, (ki) Ko (k1)
I’[] _alt,mak,m ]
+ ke [og o 1, ()T + e 1K, (k) =200y 1), (k) K], (k)] ) (6.39)

Now, the energy per atom is

E
2mGmL 2n(8n)L / :Z / O Il i)

/ —[fkmac i£) - 1]

&

271(511)

2h h d “ cavi
= f / __§%M$W+@H[@m@m

m=—00 k,m “k,m

+ & K (k)P — 200 1, (kr) K ()]

+ (kP Lo UL () + oK, (k)T =205 o I (k) K (k)] ). (6.40)
The force on the atom is F(r) = —td E(r)/dr.
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8. Force on an atom outside a 2D cylindrical shell (three layers)

In this section, we derive the interaction between an atom and a very thin cylindrical shell, Fig. 20. It could approximate the
interaction between an atom and a nanotube. We let the shell have the thickness § and let § be very small so that one keeps
only terms linear in §. The 3D dielectric function of the material will then be inversely proportional to § [31,32]. The derivation
proceeds along the lines in Sec. VI B 5 and the matrix M is replaced by M?P. The matrix of the problem is just the matrix
of the thin gas shell, Eq. (6.20), multiplying that for the 2D shell, given in Eq. (6.27), M = Mgy - Map. Note that the radius of
the 2D cylindrical film is a and the atom is at the distance d from the film and distance b from the cylinder axis. The element of
interest is

My = MM + M MEP. (6.41)
The mode condition function becomes

shell 2D
M12 M21

F shell
fk,m = Mﬂlell Mlle ~1 - M]2 ak me (642)
where
4 at
M = 6 T 4 IR+ kDK KT,
(6.43)
20— S @)Im? + (ka)’ My (ka) L (ka)
e = 88 (@) m? + (ka) 1 (ka) K (kat)
Now, the nonretarded (van der Waals) interaction energy between an atom and a 2D cylinder shell is given by
E~ — 2h /m dé / M<h611 ]%D
2nbSLn Jo 2w —~ "
4h [ d§ - < dk atg - 2 2 2 2r ! 2
—— — — kb) 1K, (kb kb)‘ (K, (kb
b2/0 - _X_jw/O 5 @ GO Im® + (kD) IKy (kD) + (kDYLK;, (kD)I')
8E0(i§)m* + (ka)* 1Ly (ka) Ly (ka) (6.44)

a1 0T E)m? + (ka1 (ka) Ko (ka)

Two examples where the results apply are a cylinder made of a graphenelike film and a thin metal film, respectively. Then the
expressions for §2(i€) as given in Eq. (5.43) can be used [31,32]. The force on the atom is F (b) = —td E(b)/db.

9. Force on an atom inside a 2D cylindrical shell. (three layers)

In this section, we derive the interaction of an atom inside a very thin cylindrical shell, Fig. 21. It could approximate the
interaction of an atom inside a nanotube. We let the shell have the thickness § and let § be very small so that one keeps only terms
linear in 6. The 3D dielectric function of the material will then be inversely proportional to § [31,32]. The derivation proceeds
along the lines in the previous section and the matrix of the problem is just the matrix of the 2D shell, Eq. (6.27), multiplying
that for the thin gas shell, given in Eq. (6.20), M = M,p - My,;1. Note that the radius of the 2D cylindrical film is a and the atom
is at a distance d from the cylinder axis. The element of interest is

My = MP MY + M M (6.45)
The mode condition function becomes
Fn=14+M o My + o2 ppshel (6.46)
T g b e A
where
4ra™(w)

M = —(m)————{Im* + (kd1U (k)T + (kd P11, (k)T’),

(6.47)
2P0 _ 880 (w)[m? + (ka)*1Ku(ka) K, (ka)

LT a4 88D (w)m? + (ka) !l (ka) K (ka)
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Now, the nonretarded (van der Waals) interaction energy of an atom inside a thin cylindrical shell is given by

/ / dk 2D(2) Mg
2nd8Ln =

_@ Ooﬁ . oo% atg. 2 2 2 2r 7 2
. /0 =3 /0 M) lm” + (kPN (k)P + R L1 (DT
8§3D(i§)[m2 + (ka)z]lm(ka)lm(ka)
a+ 8&P>GEE)[m? + (ka)z]lm(ka)Km(ka)'

Two examples where the results apply are a cylinder made of a graphenelike film and a thin metal film, respectively. Then the
expressions for §2(i€) as given in Eq. (5.43) can be used [31,32]. The force on the atom is F(d) = —td E(d)/dd.

(6.48)

10. Interaction between two 2D cylindrical shells (three layers)

We consider two coaxial thin cylindrical shells, one outer of radius b and one inner of radius a. The matrix for the system is
M = M,p, - Myp; and the matrix of interest is

M11 — M%FOMZDI + MIZ?OMZDI _ MIZPOMZDl(l o aZDO(Z) ]%]3;) (649)

k,m
where all appearing functions are
[m* + (kb)* 11y (kD)K. (kD)
b b
[m* + (ka)*] L (ka) K, (ka)

M?P° =1+ 68°P(w)

M =1+ 88 (w)

[m? + (kb)*1[K , (kb)]*
b 9

MP° = 58P ()

» [m? + (ka)* [ I (ka)]® (©30
M = -85 (w) - :
a
2000 _ (PO 883P(w)[m? + (kb)*1[K (kb))
i T b + 8830(w)[m? + (kb)*11,,(kb)K,,(kb)
2Di 88%P(w)[m?* + (ka)* 111 (ka)]*

O = T 0) = - ¥ 550 (@) [m2 + (ka)2 11, (ka) K, (ka)

If one wants to find the electromagnetic normal modes of the system, one finds the solutions to M; = 0. If one wants to find the
energy it takes to bring the two thin cylindrical shells from infinite separation together and place the inner inside the outer, one
uses the proper mode condition function,

fim(i®) =1—al0? bi€) o, (a;i8). (6.51)
The energy per unit length is

—zhf Z[ & Il i)
—2h/ Z/ —1 — a2 P(b;ie)ad (i)

/ / [ 383 (w)[m? + (kb)*1[ K (kb)]? 5 8&8°°(w)[m? + (ka)* 1[I, (ka)]? }
b + 8&30(w)[m? + (kb)*11,,(kb)K ,,(kb) ~ a + 883°(w)[m? + (ka)*11,,(ka)K ,(ka) |

(6.52)

11. Force on an atom in between two 2D cylindrical films (five layers)

Here, we study an atom in a cylindrical vacuum gap between two 2D cylindrical films with the outer and inner radii b and a,
respectively. The ambient medium in which the films and the atom reside is vacuum. The atom is at a distance r from the center.
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Here, we may make use of the results in Sec. VI B 7. The matrix for this geometry is the product of those for the outer 2D film,
the gas shell and the inner 2D film, M = Mjp, - Msphen - Mopi, and the matrix element of interest is

Mshell g shell MIZPI
i = (o 9) (it ) (i

shell shell 2Di
M5y M3, M3

shell(2)
— py2Do pyshell p2Di (1 ,2Do2) ! k.m !
= MMM (e ) shetl M)

km —a OlZDl
k.m Mls}]]en k,m
i i 2Do2 i 2Do(2 i | shen2 o) [ M5!
= a1 ol — el ol [ o (S 1)) ey
11

This leads to the following proper mode condition function:

Otih,fqn 2D0(2) I 2131[ shell ), 2Do(2) ( Mg 1)] shell . 2Do(2) 2D1[ shell(2) + 207 2Do(2) ( pshell _ 1)]
: 2
~1—

f‘-“ -1 Mi}l'e]] ak m ak m + Oie.m ak m
k,m — - ~ )
’ q2Di2Po2) 2Di 2D0(2)

- k mak m 1 - ak mak m

(6.54)

where the reference system is a system where all three shells are well separated from each other. The functions appearing in the
expression are

al
o1~ 6m) T 2 4 LGP + G G,
D)~ (5n )4”“ D) (12 + P K k) + R IK R,
shell dra®(w) 2 2 2 ,
My — 1 ~ —((Sn)f{[m + (kr)“ 11, (kr) K, (kr)+(kr) Im(kr)Km(kr)}, (6.55)
o) _ (201 ) 88 (@)lm” + (kb)*1 LK (kb))

b + 8830 (w)[m? + (kb)*11,,(kb) K, (kb)’
8&°P(w)[m? + (ka)*1[ 1 (ka)]?
a + 8830 (w)[m? + (ka)* 11, (ka)Kn(ka)

2Di
Olk ni - Olk m (a )

Before we write down the expression for the energy per atom we make the factor (§n)4mwa™(w) explicit, a factor that is common
for all terms after 1— in the expression for f; ,,. We have

at
Fom ~ 1= (8n) 4”‘;),(‘230(2) {1m? + k[0 [1,, (k) + a2 K (k)P —2022 022 I, (k) K (k)]
r[l—ak m%%m ]
+ (k)P [o 20011, k) + oK, (k)P =202k 1) (k) K, (ki) ] ). (6.56)

Now, the energy per atom is

E _ h 00 d%' o) o gk ) .
2n(Sn)L Zn(én)L/O Zm;mL/_wgln[fk,m(k,zé)]

~ 2;1(5,1)/ :Z / —[fkm(kzs)—l]

at
- / / %{[ 2 4 k[P U k)P + 020 (K (k)
o

k.m“k,m ]

— 207" ,32;’(2)1 (kr)K (k)] + (ke [agn @11, )T + g K, (r) T =20 ag 0@ 1 (k) K (k)] ). (6.57)
The force on the atom is F(r) = —td E(r)/dr.

C. Retarded main results

To find the normal modes for a layered cylinder including retardation effects, we need to solve the wave equation for the
electric and magnetic fields in all layers and use the proper boundary conditions at the interfaces. To solve the vector-wave
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equation, the vector Helmholtz equation, Eq. (3.22), is not a trivial task. One can instead solve the problem by introducing
Hertz-Debye potentials 7y and 7. They are solutions to the scalar wave equation, Eq. (3.23). We let 7r; be the potential that
generates TM modes and 7, be the potential that generates TE modes. Separation of variables, 1 = R(r)® (0) Z(z), leads to one
differential equation for each of the variables,

rd/dr [rdR(r)/dr] + [(¢* — h*)r* — m?*][R(r)] = 0,
d*®(0) /do* + m*© (9) = 0, (6.58)
d*Z(2)/dz* + h*Z(z) = 0.

The variable & is the projection of the incoming momentum on the cylinder axis. The general solution for the potentials is
expressed in terms of

Tim = [Rn(/g? = B2l [ e,

(6.59)
m=0,£1,£2...
The radial part R(r) is a solution to the Bessel equation,
,d*w dw ’
zﬁ+zd—+(z —v)w =0. (6.60)

The Bessel equation has many different solutions: (1) Bessel functions of the first kind, J1,(z); (2) Bessel functions of the
second kind, Y, (z) (Weber’s function, Neumann’s function); (3) Bessel functions of the third kind, Hlfl)(z), H‘fz)(z) (Hankel
functions).

Each is a regular function of z throughout the complex z plane cut along the negative real axis. They are related to each other
according to

Y,(z) = [Ju(z) cos (vr) — J_,(2)] / sin (v7r),
H,"V(2) = J,(2) +iY,(2), 6.61)
H,2(2) = J,(2) — iY,(2).

Let us study a layered cylinder of radius R consisting of N layers and an inner cylindrical core. We have N 4 2 media and
N + 1 interfaces. Let the numbering be as follows. Medium 0 is the medium surrounding the cylinder, medium 1 is the outermost
layer and medium N + 1 the innermost layer and N 4 2 the innermost cylindrical core. Let r,, be the inner radius of layer n. This
is completely in line with the system represented by Fig. 3.

We will use the two Hankel versions since they represent waves that go in either the positive or negative r directions. We
assume a time dependence of the form e~ With this choice the first Hankel function, H," (gr)e " o e (qr—ot) represents
a wave moving in the positive radial direction (towards the left in Fig. 3) while the second, H,® (gr)e @' oc e=/@+oD,
represents a wave moving in the negative radial direction (towards the right in Fig. 3). Thus the general solution for the potentials
is

oo
=Y [awHP(kr) + by HY (kr)]e™ e,
m=0

k=+q?— h2.

Let us now use the boundary conditions that the tangential components of E and H are continuous at the interface between layer
nandn + 1. We get [47]

6.62)

[(8/3r) 7" + (imh/q,r) 7

4 -

[(g7 —n?) =7],

(g 0/0r)x) — (imh/r)x"] _
[[(a2 = #*)/an]m3 ]

[(3/3r)n”+1 + (imh/qu417) nn+1]r:rn’
[(anrl ) n+1]]=r”’

[CIn+1 (3/31’)71 — (imh/r) 7T|n+l] B
[

r=ry
[(qn+1 )/qn+1] Hl]’=rn’

r=

(6.63)

=In
r=
=rn

where ¢, = \/g(a)/c).
This gives

mh mh

1,m

n'n nn

ke H?' (er) + Bk HSY' (hyr) + ( ) H (knra) + b5, < ) HD (kyry)

imh imh
= a?:’—lkn+1 H(Z) (kn-Hrn) + bn+lkn+l ngll) (kn+1rn) + an+l ( ) Hyf) (kn+1rn) + b;;: ( ) Hy(nl) (kn-Hrn) )
qn+1Tn qn+1Tn
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@ JEHD (kyry) + 2 K2 HD ()

1 1
= a?jn krzz+1Hrf12) (kn17n) + b'ft,, k’%+1 H,S) kp1ra)

imh imh
—al,, (%) HP (yr) = b, (”” ) HD (err) + @ ik B (ara) + 0k H ()

n n

imh imh
= _a:ljnl (l’_> HVE’IZ) (kn+1rn) - bilanl (}’_> H,gll) (k,,Hrn)

n n

+ a5 quitknit HY (kngrra) + 0575 quitknct HY (kngrra)

k2 k2
a3 (q—) HY (kyra) + b3 ,, <q—> HD (k)

n n
K2, k2

=t (L) B (k) + 655 [ 2 ) B (K7 -
gn+1 qn+1

This may be arranged as

n n+1

al,m al,m

n n+1

A bl,m _ A bl,m
n a = An+tl n+1
2,m azym

b n+1

2,m b2,m

and we may now identify the matrix

2 1 imh 2
k,HP’ k,HV' TLH,Y)
22 2 1
~ anigl) an}’E’l) O
A, =
n

k@
0 0 LHY

PHYSICAL REVIEW B 90, 155457 (2014)

imh ry(1)
nln Hm

0

—wh @ WD gk, Y gk H

Ky
2 HyY

where we have omitted the argument (k,7,,) in all Hankel functions and their derivatives.

For the special case when & = 0, we see that the matrices are in a block form:

kaH?' K, H 0
i RH?  KR2HOD 0
A=19 0  guk,H®
0 0 LR

which means that the TM and TE modes decouple for 2z = 0.

0
0

Gnkn H"

k ¢yl
o i

(6.64)

(6.65)

(6.66)

6.67)

Now, the resulting matrix M, = A;l - A,+1 becomes too large to write down in a matrix form. Instead, we list each element:

1.

M = s IR b Y koY )
Mo = s IR HE — kR
M3 = WL@Hg)Her (imh/qn417n) [k,f - kr21+1]’

My = WLkan(:)H,;]H (imh/qn417n) [k,f - kr21+1]’

My = WLk;l” [—kn B kit HH 4 by H ey HYPE
Mz = s R H R HE HO),
My = WL@H,?H;”* (imh/quiira) [K2y — k2],
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1

Myy = Wk3 H(l)+H(2) (lmh/qn+lrn)[ n+1 ks] ’
My = W —— HVHP* (imh/q,r,) [k2,, — k2],
My = W —— HVHO (imh/g,r) [k2,, — k2],

M33 = : [(k,z,/CIn) H,i,l)q,z+1kn+1H,(,,2)+/ - annH,ﬁ,l)/ (k’3+]/qn+1) H,ile_] B

Wk3
s = s 2100) L0k O — kB () H.
My = Wlk3H<2>H<2>+ imh/qury) [k, — ki ]
My = Wlk3H<'>+H<2> imh/qury) [k, — ki ]
My = Wlk; [ = (k7/an) HY @usikn HY' + b B (ki yy fqnin) HE,
My = Wlk; [— (kn/@n) HY quirkn it HY + quka HY' (kg /qns1) HF] . (6.68)

We have suppressed all arguments of the Hankel functions and their derivatives. All functions with a + added as a superscript
have the argument (k, 4 r,) and the ones without the superscript have the argument (k,r,). W is short for the Wronskian,
WIHD (x),H® (x)] = H (x) H?" (x) —H! (x) H? (x) = —4i/7x. Now we have all we need to determine the fully retarded
normal modes in a layered cylindrical structure. We give some examples in the following sections.

Since it is inconvenient to work with 4 x 4 matrices, we divide a general matrix into 4 submatrices,

- B C
M= <l~) F) . (6.69)
With this alternative notation the condition for modes becomes
(Bi1 + Bi2) (F11 + Fi2) — (Ci1 + C12) (D11 + Dyp) =0, (6.70)

and the product of two adjacent matrices becomes

. - (B G (B G
T D B D Fan

_ INin : ﬁn-H + Cn . ﬁn+1 Cn ‘ i’;‘n-i—l
l'.jn 'ﬁn+l Fn 'Fn-H +Dn 'CYH-]
B, B Cn'ﬁn Cn’Fn
=<B,, By 0 )+ Co Do G- Fopr) ©671)
0 F” : F"‘H Dn : Bn+1 Dn : Cn+1

D. Retarded special results
1. Solid cylinder (no layer)

Fora sglid czlinder of radius a and dielectric function &;(w) in an ambient of dielectric function &y(w), as illustrated in Fig. 16,
we have M = M), and the type of combinations of matrix elements that appear in the mode condition are
2

My + M =B +Bp=—+

KRHV Kk J —kgHV'K2 7,1,
Wk(3) [ 0, "1y 044y, 1 ]

2
M5+ My = Cii + Cip = Wk*H( T (imh/qia) [kg — k7],

2
My + My = By + By = Wk [ —kdHPky J!, +kOH(2)/k2Jm]v
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My + Myy = Cy + Cop = HP Iy (imh/qia) [k} — k3],

Wk3

M1+ M3y = Dy + Dia = —=H,J,, (imh/qoa) [kf — k7],

Wk

2
M3z + M3y = Fiy + Fio = Wi [(kg/q0) H a1k T, — qokoHY (k7 /q1) Jn] .

2 o 2
My + My = Dyy + Dy = k3H I (imh/qoa) [k — k7],

2
My + My = Fo) + Fpp = e [— (k5 /90) HP q1k1J,, + qoko HY' (k1 /q1) Jm] s (6.72)
0

where we have used the relation 2J,,(z) = H,(nl)(z) + H,(nz)(z). We have suppressed all arguments of the functions. The suppressed
arguments are (koa) for the H functions and their derivatives and (k;a) for the J functions and their derivatives.

The condition for modes is according to Eq. (3.15) (My; + M12) (M33 + M34) = (M3 + My4) (M3 + M3;), or according to
Eq. (6.70), (B11 + B12) (Fi1 + F12) = (C11 + C12) (D11 + Dy2), which leads to

1 J (k 1 HWY (k 2 1 (k HWY (k, 1 1)\
(— L Oa)> (q—‘ = he) _ a5 B "“)> h/a)z(—z - —2) . 6.73)
kl Jm (kla) kO H,, (koa) kl Jm (kla) kO H,, (k()a) kl ko

This is in complete agreement with Ruppin in Eq. (107) on page 389 in Ref. [4]. When either m or & or both are zero the TM and
TE modes decouple. If they are decoupled, letting the first factor on the left-hand side be equal to zero defines the TE modes and
letting the second factor be equal to zero defines the TM modes.

2. Force on an atom outside a cylinder (two layers)

Here, we proceed in the same way as in Sec.VI B 5 but the matrices are now much more involved. Here, both « and § appear
in the arguments of the functions. In the nonretarded case, only é did. The geometry of this problem is illustrated in Fig. 18. We
first expand the matrix for the gas layer in « and keep terms up to linear in . We have

M =M, M, - M, = M . My,
My ~ 1 +aMj; M ~ 1+ aM], (6.74)
MW~ T+ o (M) + Mj).
The elements of 1\7[(1) are in the first row,

inko (b +8) (qo\* )
My, =279 Z—O [HVH? — 2BV H? + ko (b +8) (HPHP" — HV'HP')],

(i)
ko (b + 8
o = D (Y g s (O B H),
’ (6.75)
My = " pogo @
4 "M Ky ’
My = H(')H“ ﬁ
ko
in the second row,
2
= imko (b+5) (@) H(Z)/H(Z) ko (b +8) (H(z)H(z)// _ H(z)/H(z)/)]
0
2
My — imko (b +6) <Q_> H(Z)H(l)/ F2HYHD — ko (b +5) (H(Z)H(l)// _ H(2)’H(1)’)]
k m m m m ?
0 (6.76)
My = T g (0
) 4 " ko k()
My = _nr H(I)H(Z) h o
4 " ko ko
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in the third row,

M = =0 (L),
4 ko \ ko
Ms = _%H;}’H;”kﬁ (%) :
0 AT , (6.77)
iko (b +8) 1) 772 e g0 1) 22 1 1y 1) 1721 17 Q)
My = ——— HVHY'+HVHS + - [HHP —2H"HY + ko(b+8) (HVHP' —H'HP')] 1,
0
. 2
My = M{wgmg” + (%) [—HDHY ko (b + 6) (HS’H,EP”—Hé‘)’H,ff”)]}’
0
and in the fourth row,
My = EH(Z)H@)E 9o
4 "M ko \ko )
My = " gmgo (@)
4 MM ko \ko )
. (b~|—8)0 0 (6.78)
T
My = _on 2HPHY' —(w/cko)® [HPHP' + ko (b +8) (HPH?" — HY'HP")]},
irko(b + 8 2
My, = _im o(b + ){Hr(nZ)HrE'LI)/ + Hr(nz)/Hr(rLl) 4 (i_0> [Hr(nZ)HrE:)/ . 2Hr(nz)/Hr(rLl) + ko(b +8)HI§LZ)Hr(nl)N . Hr(nZ)/HVE'tI)/]}'
0

The suppressed arguments are in all elements kg (b + 8). The elements of 1\7[{ are in the first row,

77 kob 2
i = T () [ 2+ ) (B~ HY )],
0

imkob :
My = 0 <4_0) [HILI)HI;I)/ + (kob) (H(l)/Hr(nn/_H’g)H(l)u)] i

8 ko m m
(6.79)
M3 = il H(l)H(z)k I
4 7" ko \ko )’
My = " gogoh (@
4 7 ko \ko )’
in the second row,
imkob :
My = — 80 (@) [HLZ)H’%Z)/ + (kob) (H,g),Hn(f)/ _ H’$12)Hn21”)] 7
0
. 2
My = _lngob (i_o) [HVH®' + (kob) (HY HS'— HD HO")],
0 (6.80)
= T g (40
4 7 ko \ko )’
My = T gt (40
4 T ko \ko )’
in the third row,
h
M3, ZMH&DH?_ 1 )
4 ko \ ko
My = " g go (4o
4 "M ko \ko )’ 6.8D)
iﬂkob 1 2 1 2 q0 ? 1 2 1 2 1 2 .
iz = TR () [ D+ a1 - )]
0
kb 2
o= T S () D HY o (L )]
0
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and in the fourth row,

mi h 0
A )
4 ko \ ko

My = " gogoh (@) ,

4 m e \ ko 652)

inkob ?
Mys = TO{H“)H,(”I)’-FH,(,,])’HU) - (@) [HD HY + (kob) (Hy" HYY'—H} )”Hf))]}’

m m kO
imkob My 17(2) (1) g2 q0 ? (1) z7(2)7 M7 g (2)r @) g2y
My, = T Hm Hm +Hm Hm - k_() [Hm Hm + (kOb)(Hm Hm _Hm Hm )] :

The suppressed arguments are in all elements (kob). Next we expand M from Eq. (6.74) in § up to the linear term. We note
that the zeroth-order term of M, exactly cancels M}. Thus

- N oM}
M ~ | 48| —2| . (6.83)
38 |50

The elements of the resulting matrix linear in § are in the first row,
1= 3 %
+ (kob)? (~HO"HO' + HO HO™]

] kod
Mu:ma(o) 90
8 ko

2
) (HVHY —2HHE + (kob) BHHY” —3H'HE — 2H\"H'?)

m

2
) [_H’;l)/H;ll) + (kob) (H,g,l)Hn(f)” _ SHn(f)’H“)/) + (kob)? (_Hsll)/H’;l)u_i_H’;l)H’;l)///)] . (6.84)

h
My = "2 (ko) [HO H® + HOHO] = (12,
4 ko \ ko

mmo h (qo
My = —— (kod)[2HPHP' T —( + ),
14 1 (kod) [2H)) H, ]ko ko

in the second row,

ima (kod) (@

M =
21 3 ko

m

2
) [H”(12)Hr£12), _ (k()b) (H’;Z)H’g)// o 3H,£12)/H,£12)/) _ (k()b)2 (_H;12)/H&2)//+H”(12)H(2)///)] ,

. 2
My — _ima (kod) <@) [H,f)H,g)’ —2HY'HD 4 (kob) (3H,(,,2)H"(1])” —3HO'HD 2H£12)//Hr£,l))

8 k() m
+ (k()b)2 (_Hn(12)//Hi£zl)/+Hi512)Hn(11)/”)] ’ (685)
mra h (qo
My = ——— (ko®)[2HPHP' ] — ( — ),
23 1 (kod) [2H H; ]ko X
Moy = =" hod) [ B + HPHE] (2,
4 ko \ ko

in the third row,

T h
My = =" o) [HY HE + B HS] (@) ,

0 \ko
mmo h (qo
My = — kod) [2HDH' ] — (= ),
2 4(o)[ f m]ko %o
My = inaékocs) [ngll)Hr(nZ)/—i_Hrs:)/Hr(nD + (kob) (Hr(n])Hr(nz)//"‘ZHr(n])/Hr(nz)/‘f‘Hr(nl)//Hr(nz))]
ira (kod) 2
LT tkod) <@) [H(I)H(Z)/ —2HVH® 4 (kob) (3H(1)H(2)” _ g g® _ 3H(1)’H(2)’)

+ (kob)Z (—Hﬂ)”H,s,z)/—I-H,g,l)H,ff)”’)] ’
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) kod
M = OO o 50 B 4 oy H HY -+ 2 HY)]

m

ima(kod) (qo
T <k0

2
and in the fourth row,

h
My = _mZOl (kod) [ZH,(,?)HVE?)/] o <@> )

o \ko
mmo h 0
My = 22 (ko) [HY H® + HOHO = (12
4 ko \ ko
—ima (kod
M43 — 8( 0 ) [ZH,(,?)H,(,?)/ + (k()b) (ZHéZ)/H”E?)/ + 2H,(,12)H,(,,2)N)]
—ima (kod 2
¢ RO (0N [ e ) (P SHEP ) + G (HP D+ D). (68
imoa (kod
sy = = [ D+ o) (2 H )
ima (kod) [ qo 2
. 5 k_o [Hn(f)Hrg)/ B 2H,512)/H,§,1) + (kob) (3Hr512)Hr£LU” B 2H,f12)”H,f11) . 3H,£,2)’H”(11)’)

+ (kob)? (—HO"HO'+HOHO'] .

The suppressed arguments are in all elements kob = ko (a + d). To go further, we introduce some short hand notation.
Let

g
Il
=2

)

- oM/ .
Ao [ 0} A, (6.88)
§=0

I
o]}

¢ a8
M ~ A + saC.
Expressed in terms of the elements of these matrices, the condition for modes becomes
[(A11 + Arz) + 8o (Ciy + Ci2)] [(A33 + Aza) + 8 (C33 + Caa)]
—[(A13 + A1) + 8 (Ci3 + C1a)] [(A31 + A3p) + 2 (C31 + C32)] = 0, (6.89)

and to linear order in &,
(A1 + A1) (Ass + Asg) — (A3 + A1g) (A3 + Az) + 8o [(A11 + A1) (C33 + Caa) — (A13 + A14) (C31 + Cx2)
+ (C11 + C12) (Azz + Azg) — (Ci13 + Cra) (A3 + A)] = 0. (6.90)
From this we find the mode condition function is

f=1+4+0a[(A;1 + A1) (C33 + C3a) — (A13 + A14) (C31 + C32) + (C11 + Cr2) (Azz + Azg) — (Ci3 + Cia) (A3 + Az)]/
[(Ar; + A1) (Azz + Azg) — (A3 + Arg) (A1 + A3)] — Sa (Byy + Bia + Bz + Big), (6.91)

or expressed in the A and B elements,

f=1+38a{B[(A11 + A1) (A2z + Ag) —(A13 + Ans) (A2 + A)]
+ B3g [(A11 + A12) (Ags + Aga) — (A3 + Awa) (Agr + Azn) — (A1 + A1) (Asz + Aszg) +(Az + Arg) (A3 + Az)]
+ B12 [(A33 + Az4) (A21 + A22) — (A31 + A3) (Azz + Ana) — (A1 + Arz) (Asz + Azg) + (Az + A1g) (As1 + Azd)]
+ Bi3 [(Ass + Azg) (Aa1 + Ap) — (A1 + A32) (Agz + As)]} / [(A1n + A12) (Asz + Azg) — (A1 + Arg) (A3 + An)].
(6.92)

Note that we have chosen as a reference system a system of two independent ones, one with the solid cylinder alone and the other
with the thin cylinder alone. The calculated energy is then the interaction energy between the two objects.
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Now, the retarded (Casimir) interaction energy between an atom and a cylinder is given by

=/ ; f S Iny (h,i6)
/ =Z f—[fm<hzs>—1

dh 205al
/ Z / {Bn[(A11 + A1) (A + Ap) — (A + Aw) (Az + An)l

22

+ B [(Au +AR) (A + Ay) — (A + A) (Ag + Agp) — (A + A) (Asz + Azg) + (A3 + A) (Azr + Az)]

+ B12 [(A33 + A34) (A21 + A2) — (A31 + Az) (Apz + Ana) — (Aq1 + A1) (Asz + Azg) + (A3 + Arg) (A3 + Azl

+B13 [(A3z + Azg) (Ag1 + Ag) — (A3 + An) (A + Ag)]} / [(An + A1) (Asz + Aszg) — (Arz + Ag) (Az + A,
(6.93)

where we have used that o = 2a*/ (bL§). Remember that b = a + d is the distance to the atom from the cylinder axis and d is
the closest distance from the atom to the cylinder. The radial coordinate in the A elements is a and in the B elements is b. The
A elements are equal to the M elements in Eq. (6.72) and the B elements are equal to the M elements in Egs. (6.84) and (6.86)
after removal of a factor du:

(A1 + A12) (A3 + Aa) — (A3 + Agg) (A1 + A2)

< 2 >2k‘1‘k8[1 1] W (b /a) J2
=\ —/—= — —i m a
Wkg 4190 k() k2 | ko "

2\ kAT 1] 4
= (—3> -5 [—2 = —2] D (mh/a)J2,
Wko q190 Lk; ki | wkya

(A + A12) (A33 4+ Azs) — (A3 4+ As) (Az1 + Azp)

k4k4 HD ) 1 L — in(ﬂl), q_%ﬁ — q_OH(l), + (mh/a)Z i — l ’
Wk3 611610 i kidw ko HY ) \ki Juw ko HS) K k)]

(A1 + A1) (Agz + Agg) — (A3 + A14) (Ag1 + Ag)

k4k4 (1 J/ 1 H(l)/)( 612 J/ q H(Z)/ 1 1 2
HVYH? J? om0 ) + (mh a)z(— - —) } (6.94)
<Wk3> 9190 Hn |: ki Ju ko HY ki Jmw ko H? / KK

(A33 + Aszs) (A1 + Ap) — (A3 + Azp) (Axz + Aoy)

4 2 g/ 2 () ’ (2) 2
( ) koki HVYH? J? (ql In _ 40 /) (—l"—’" + LA, ) + (m h/a)2<i - i) .
Wk /) qiq0 " ki Jw ko HS ki Jw ko HP Kk
(A33 + Azq) (Aq1 + Agp) — (A31 + A3) (Agz + Agg)

(.2 k“k;1 H(I)H@Jzimh 11 1 < ai I N qa Hy' +l (q_lz I 45 HY

W) qigo """ a \K ) la\ kide ko HY) g0 \kiJu ko HD
We have suppressed all arguments of the functions. The suppressed arguments are (kga) for the H functions and their derivatives
and (k;a) for the J functions and their derivatives. Note that the factor (2/ Wkg )> in common of all three A expressions cancels

out in the integrand of Eq. (6.93).
Now, the arguments of the functions are all imaginary on the imaginary axis. It may be favorable to have real-valued arguments,

(yoha), and (y1ha) instead of (koa) and (kja), respectively, where yp(w) = /1 — (a)/ch)2 and y1(w) =1 — E(a))(a)/ch)z, re-
spectively. On the imaginary frequency axis, these become real valued, yy(i§) = /1 + (§/ ch)? and y1(i&) = /1 + 8GE)(E/ch)?,

respectively. To achieve real valued arguments we transform the functions to the modified Bessel functions 7,,(z) and K,,(z). The
transformation rules are [43]

oo 2 1 2 0. . . :
HD(ix) = = ——K, (x), HP(x)=2"S, (x), Jnix)=i"1, (),
Tim
HD (ix) Iy (ix) = —;iKm (X) Iy (x),  HP (ix) I, (ix) = 2(=1)"S,, (x) Ly (x), (6.95)
H"V (ix) H? (ix) = —;iKm (x) S (x),

m
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where we have introduced the complex valued function S, (x),
1
Sn (x) = —i(=1)" Ky (x) + Ly (x). (6.96)
b4

The modified Bessel functions of real valued arguments are real valued. With these transformations and after a removal of a
common factor the factors containing A elements in Eq. (6.93) become

(A1 + A1) (Apz + Apa) — (A3 + Arg) (A1 + Anp)

( 1 1 ) dm (qo/h) 1
=\ 2" 2 20
Yo i T (yoha)

(A1 + A1) (Azz + Azg) — (A3 + Arg) (Az; + Aszo)

2\’ @\’ [ 1 I,nha) 1 K}, (yoha)
(v (3 [ - )
<n>( P (K (o) { ) v 1w iha) ~ 0 K (roha)

5 [e I (mha) 1K, (yoha):|+<m >2< 11 )2}
Y In (nha) — yo K (voha) ha) \ys vi) )
(A1 + A1) (Agzs + Aga) — (A3 + Ay) (Agr + Ag)

%)2[1 I, (yiha) 1K,;<yoha>][ & I, (yiha) 15,/”(V0ha):|
h) v bn(ria)  yo Kn(uha) || i Lo (niha)  yo Sy (yoha)

h\*( 1 1\’
(%) G 5) | ©97
a Yo Vi
(A33 + Aszg) (A1 + Ap) — (A3 + Azp) (Axz + Aog)

610>2|:5 I (yiha) 1K), (mha)H 1 I (yiha) 18, (Voha)}
h W Lo (nha) o Sy (yoha)

4i
= —;Km (VOha) Sm (VOha) { (

4i
= ——K,, (yoha) S,, ( ha){( —
7o 70 Vi I k) 70 Ko (yoha)

(i) G 2)]
ha y02 y]2 ’
(A33 + Azg) (A4 + Agr) — (A3 + Azp) (Agz + Agg)

4m (qo\[ 1 1 1 g I, (yiha) 1 K, (yoha)
= 22 L) | 5 — 5 | K (0ha) S (yoha) | — | —— —
7 ha < ) ) [y& yﬁ] (voha) S (vo a){ﬁ [ 1 I (i) "+ 70 Ko oha)

[ g Il (yitha) 18, (Voha)]}
"1 Im (ylha) Yo Sm (Voha) .

The B elements in Eq. (6.93) become

1 2 1
Bi=—(L2) | m2K,S, — (vohb) = KS,, + (vohb)* KL, S, | .
b\ yoh 2

—i(=1)" 2 1 ) )
Bp = —( 10 ) [mz(K,,»2 — (vohb) S K K, + (mhb)z(Km)z} ,

bt \yoh

I mhi [ qo : ,

b qo \yoh

—(=1)"mh ( g0\’ ,
B3 = —\—) 2(yohb) K, K,
? br  qo <Voh> (o) "

=i 2 \2 2 2 2 a0 \'T > 2 1 / 211 \2

By = o {m*(Kp)” + (vohb)[(K,,)” + (K1} + ok m~(K,)" — (yohb) gKme + (yohb) (K,)" | ] »

where all functions have the same suppressed argument, (yob). To arrive at these expressions we have made use of the modified
Bessel equation and its derivative to rid us of second- and third-order derivatives of the modified Bessel functions.

Since the derivations are rather involved one should make as many checks as possible. We have checked our results by taking
the nonretarded limit of the resulting integrand in Eq. (6.93) and have reproduced the integrand of Eq. (6.30). The force on the
atom is F (b) = —td E(b)/db.
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3. Force on an atom outside a 2D cylindrical shell (three layers)

In this section, we derive the interaction between an atom and a very thin cylindrical shell. It could approximate the interaction
between an atom and a nanotube. The geometry is illustrated in Fig. 20. We let the shell have the thickness é and let § be very
small so that one keeps only terms linear in §. The 3D dielectric function of the material will then be inversely proportional to §
[31,32]. The derivation proceeds along the lines in the previous section and the matrix A is replaced accordingto A — 1 + F - G.
This result is obtained in the following way. The matrix for the thin layer is obtained as the product of two matrices of the form
of Eq. (6.68). The first is the matrix of the left interface at a + §, the second of the next interface at a. We keep terms up to linear
order in § only. The unit tensor is the result of the zeroth-order term and F - G of the first-order term, respectively,

A+ FG+FGp)(FGy+ FGu) —(FG13+ FGa) (FGy + 14+ FGy)
Tm ,
= s5(—1yn T4 I, (yoha) — (88)*(—1)" [ima*ygh*qs] K, (voha) I, (yoha) S, (yoha) L, (yoha);

14+ FG+FG)(1+ FGsz3+ FGa) — (FGi3+ FG14) (FG31 + FGxp)

, m? + (ahyg
=1+ 68 { K,, (wha) I,, (yoha) [q3a]+Ku (yoha) L, (yoha) [% ;
0

A+ FGnu+FGp)(FGy+1+FGu)— (FGi3+ FG14)(FGa1 + FGy)

2 2
= 1+ 68 | K, (yoha) I, (yoha) [g2a] Sy (yoha) L, (yoha) (—1)"ix [%” (6.99)
0

— (88 (—1)"inh*a’y5q5K,, (voha) I, (voha) I, (yoha) Sw (voha) ,
(1+ FG33+ FG3) (FGy + 1+ FG2) — (FG31 + FG3) (FGa + FGag)
m? + (hay} :
=1+ 688 {S,/n (yoha) I, (yoha) [—(—1)minq§a]+ K,, (voha) I, (yoha) |:a(—y20) ,
0
1+ FG33+ FG34)(FGy1 + FGg) — (FG31 + FG3)(FGu + 1+ FGys)

= —sa(—1yn 40

To find the interaction energy between an atom and the thin cylindrical shell, we use Eq. (6.93) and replace the factors containing
A elements, given in Eq. (6.97) with the factors containing F'G elements, given in Eq. (6.99).

Two examples where the results apply are a cylinder made of a graphenelike film and a thin metal film, respectively. Then the
expressions for §&(i&) as given in Eq. (5.43) can be used [31,32]. We have checked our results by taking the nonretarded limit of
the resulting integrand in Eq. (6.93) and have reproduced the integrand of Eq. (6.34).

VII. SUMMARY AND DISCUSSION

We have presented a general formalism for determining the electromagnetic normal modes in layered structures. We have,
furthermore, shown how to calculate the dispersion energy and forces for these structures, both at zero and finite temperature.
For the convenience of the reader we have derived in detail what is needed to address the three most common geometrical classes
viz. the planar, spherical, and cylindrical. We have presented both nonretarded and fully retarded treatments. We have also given
the resulting relations for a large number of illustrating examples.

Systems with a general number of layers can be handled and the thickness of each layer can have any value; even 2D layers
are allowed, which means that graphene, graphenelike, and 2D electron gases can be treated.

Within the formalism it is possible to obtain the force on an atom inside or outside the layered structures. We have given many
examples of this in the text. We have even derived the van der Waals and Casimir-Polder interactions between two atoms using
the formalism for spherical structures in Secs. V B 7 and V D 8, respectively.

Throughout this work, we have been careful to define our system and used a boundary condition that outside the system there
are only outgoing waves and no incoming waves towards the system. All normal modes included in the treatment are caused by
time-dependent charge and current densities within the system. Now, incoming waves are also solutions to Maxwell’s equations
but would be caused by objects outside our system. The energy of these could change when objects within our system are moved
relative to each other and hence affect the force between the objects. However, the influence of the external objects decreases with
the distance between these objects and our system and can be neglected if the distance is big enough. As a Gedankenexperiment,
we could in the planar case put the whole system inside a cubic box of finite size and with totally reflecting walls. We now let
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the box be included in our system. Then, there are incoming waves towards the original system but not towards our new system.
This approach is used in the standard derivation of the Casimir effect (see Ref. [3] Sec. 4.3.1). When we let the size of the box
go to infinity, the effect of the box vanishes. That we reproduced the Casimir classical result in Eq. (4.63) using our boundary
conditions with no incoming waves supports the approach we have used throughout this work.
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