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Superfluid density in continuous and discrete spaces: Avoiding misconceptions

V. G. Rousseau
Department of Physics and Astronomy, Louisiana State University, Baton Rouge, Louisiana 70803, USA
(Received 25 April 2014; revised manuscript received 16 September 2014; published 1 October 2014)

We review the concept of superfluidity and, based on real and thought experiments, we use the formalism
of second quantization to derive expressions that allow the calculation of the superfluid density for general
Hamiltonians with path-integral methods. It is well known that the superfluid density can be related to the
response of the free energy to a boundary phase twist, or to the fluctuations of the winding number. However,
we show that this is true only for a particular class of Hamiltonians. In order to treat other classes, we derive
general expressions of the superfluid density that are valid for various Hamiltonians. While the winding number
is undefined when the number of particles is not conserved, our general expressions allow us to calculate the
superfluid density in all cases. We also provide expressions of the superfluid densities associated to the individual
components of multispecies Hamiltonians, which remain valid when interspecies conversions occur. The cases of
continuous and discrete spaces are discussed, and we emphasize common mistakes that occur when considering

lattices with nonorthonormal primitive vectors.
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I. INTRODUCTION

Superfluidity is a manifestation of quantum mechanics at
the macroscopic level, and its discovery is usually attributed
to Kapitza [1], and Allen and Misener [2]. While superfluidity
is widely discussed in the literature [3—10], many references
quantify this phenomenon by postulating formulas, or by
making semiempirical derivations. This induces some mis-
conceptions about superfluidity that can lead to mistakes.

The aim of the present paper is first to give a definition of the
superfluid density that is based on known experiments. Then,
some expressions of the normal and the superfluid densities
that can be used with path-integral methods are rigorously
derived from a thought experiment by using the formalism of
second quantization. We show that, for a particular class of
Hamiltonians, the superfluid density is directly related to the
response of the free energy to a boundary phase twist [3].
While many references improperly use this relation as a
general definition of the superfluid density, we clearly state the
condition that the Hamiltonian must meet for such a definition
to be meaningful. We also derive how the free energy is
related to the winding number, and recover the expression that
was obtained earlier in the context of first quantization [4].
A drawback associated to the winding number is that it is
undefined for Hamiltonians that do not conserve the number of
particles. This problem is common when considering systems
with several species of particles where conversions between
the different species occur, and results in the impossibility
to calculate the superfluid densities of the individual species.
However, our general expressions of the superfluid density do
not rely on the concept of the winding number, and can be
used to determine the superfluid densities of all the species,
whether their populations are conserved or not.

The case of lattice Hamiltonians is considered by mak-
ing a careful discretization of space. We point to some
common mistakes that occur when considering lattices with
nonorthonormal primitive vectors. In particular, we show that
using the expression of the Laplacian in the natural coordinates
of the lattice requires a change of the energy scale that must
be reflected in the expression of the superfluid density. Also,
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the metric tensor associated to the natural basis of the lattice
must be taken into account when calculating quantities that
involve dot products, such as the fluctuations of the winding
number. As an illustration, in addition to the usual expression
of the superfluid density for the d-dimensional cubic lattice,
we provide the correct expressions for the triangular, face-
centered-cubic, honeycomb, kagome, and pyrochlore lattices.
Finally, we give two examples of Hamiltonians for which the
well-known expressions of the superfluid density [3,4] are not
applicable. We determine the correct superfluid densities by
using our general expressions, and we show that our results
are consistent.

II. EXPERIMENTAL EVIDENCES OF SUPERFLUIDITY

As suggested by Leggett [5], it is useful to consider two
experiments that demonstrate fundamental defining properties
of a superfluid (Fig. 1):

(i) A torus containing liquid helium “He at temperature
T > T, is spun around its axis at low angular frequency, and
left in freewheel. Eventually, because of friction, the liquid
comes to equilibrium with the moving walls, resulting in a
constant angular frequency w of the torus. Reducing 7' below
T., an increased angular frequency ' > w of the torus is
observed. The conservation of angular momentum implies that
a fraction of the liquid, the superfluid, decouples from the rest
of the liquid, the normal fluid, and spins at lower (possibly
zero) angular frequency. This experiment [11] demonstrates
the analog of the Meissner effect observed in superconductors.

(ii) Starting with the same setup as above, the torus is spun at
high angular frequency. The temperature is then reduced below
T, and the torus is brought to rest. Eventually the normal fluid
comes to equilibrium with the walls. It can then be verified that
the angular momentum of the stationary torus is nonzero (for
example, by putting the torus back into freewheel and raising
the temperature above 7., the torus spontaneously starts to
spin). The conservation of angular momentum implies that,
while the torus is at rest, the superfluid is still flowing and may
continue to do so for a very long time. This experiment [12,13]
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FIG. 1. (Color online) Analogs of the Meissner effect (exper-
iment 1) and persistent dissipationless currents (experiment 2)
observed in superconductors. At temperature 7 > T, all fluid is in
a normal state (blue spheres) and spins at the angular frequency of
the torus. For T < T, a fraction of the fluid becomes superfluid (red
spheres) and decouples from the normal fluid.

demonstrates the analog of persistent dissipationless currents
observed in superconductors.

The outcome of these two experiments can be understood
by considering, from the viewpoint of the laboratory frame,

the circulation of the momentum operator P =—ihV along a
closed loop I inside the torus around the main axis:
- f P dr. (1
r

In the experiment where the torus and the normal fluid are at
rest while the superfluid is flowing, the circulation is due to
the superfluid only. Suppose that the system is in a state |\¥)
that extends over the volume €2 of the torus. Then the wave
function at point 7 can be written as (F|W¥) = |(F|W)|e!*®,
where ¢ () is the phase, and the expectation value of the
superfluid circulation can be expressed as

(), = —in(w| f V - dF|W)

—lﬁ/% (V|F)V r|\lf -dr dQ

= —ih/ % |(\Il|7)|(§|(7|lll)|)~d7d9
QJr

+h/ ‘(f(\lfl?)(%qﬁ)(ﬂlll) -dr dQ. 2)
QJr

Because P is Hermitian, only the real part in Eq. (2) can
be nonzero. Thus, the circulation depends only on the phase
gradient of the wave function and takes the form

@) = h<j£ Vo - d?> . 3)
r s

Since the circulation of the phase gradient is along a closed
loop, the total variation of the phase must vanish, unless
the phase runs over n entire periods of 2mw. As a result,
the circulation of the superfluid is quantized and can take
only the values (C), = 27nh. We note that, from Eqg. (3), the
existence of a nonzero circulation must be associated with a
phase coherence. Expressing the circulation in terms of the
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velocity ¥ = 73/ m, with m the mass of one atom, we find
the velocity quantization condition that was first proposed by
Onsager [14],

7§ B dF = nk,, @)
T

where v; = (v); and «, = 2’:n—h is the flux quantum. If the

integration loop does not enclose a “hole” (a physical hole like
in the torus under consideration, or a vortex), then the path
can be shrunk continuously to a point where the circulation
vanishes, corresponding to n = 0. Thus, the only possibility
for the circulation to be nonzero is that the loop encloses at
least one hole. For a loop that does not include any hole, the
application of Stokes’ theorem implies that the superflow is
irrotational:

V x 3, = 0. ()

We can now make precise what we meant by low and high
velocities. When the initial velocity corresponds to less than
half a flux quantum (low velocity), the superfluid seeks the
nearest velocity satisfying (4) and comes to rest, thus excluding
all flux (Meissner effect). When the initial velocity corresponds
to more than half a flux quantum (high velocity), the superfluid
seeks the nearest velocity satisfying (4) and settles in a
persistent dissipationless flow.

The discussion above suggests that transitions between
states with different quantum numbers n can be suspected
to be associated with vortex formations. The details behind
those transitions have been studied numerically for the case of
the two-dimensional XY model [7].

III. THOUGHT EXPERIMENT AND DEFINITIONS OF THE
NORMAL AND SUPERFLUID DENSITIES

A. Idealization

We consider here a thought experiment that idealizes the
above real experiment made at low angular frequency. In this
experiment, a fluid is enclosed between two d-dimensional
hypercylinders of radii R and R + € and infinite mass, rotating
with angular frequency w (Fig. 2, left). We denote by F the
frame attached to the laboratory, and by F’ the frame attached
to the moving walls. In the limit R >> €, the system becomes
equivalent to a fluid enclosed between two hyperplanes of
infinite mass separated by a distance € and moving at constant
velocity v = Rw with respect to F, with a periodicity of 2w R

FIG. 2. (Color online) A fluid is enclosed between two hyper-
cylinders of radii R and R + € rotating at angular frequency w (left).
In the limit R >>> €, the system becomes equivalent to one with a fluid
enclosed between two hyperplanes moving at velocity v = Rw, and
with a periodicity of 27 R in the direction of v (right).
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in the direction of v (Fig. 2, right). The outcome of this thought
experiment is that, at temperature below T, the superfluid
comes to rest with respect to the laboratory frame, while the
normal fluid remains at rest in the frame of the moving walls.
Because of the infinite mass of the walls, their velocity with
respect to F does not increase.

This “thought outcome” does not contradict Galileo’s
principle of relativity. It could be argued that there is no reason
for the superfluid to choose to come to rest with respect to
F instead of any other inertial frame. This apparent paradox
is resolved by realizing that our description of the system
enclosed between two moving hyperplanes is just a limit of
the system enclosed between two hypercylinders. Therefore,
the frames F and ' are not equivalent, F” is actually rotating
and thus accelerated, and coming to rest with respect to F is
the only way for the superfluid to avoid being accelerated.

B. Isotropic case

For a system described by an isotropic Hamiltonian, this
thought experiment can be directly generalized to systems with
periodicity in all directions: We consider an orthonormal basis
B = {7\, ...,74} and a system with periodicity L; along each
direction #; with walls moving at velocity v=(vq,...,0)
with respect to the laboratory frame F. As the temperature
is lowered below T, the superfluid is observed to come to
rest with respect to F, while the normal fluid remains at rest
with respect to F'. Because of the isotropy of the system, this
observation must be independent of the direction of v. As a
result, the normal density can be represented by a scalar p, and
defined as the ratio p, = M,/ 2, where M,, is the mass of the
fluid that comes to rest with respect to the frame of the moving
walls 77, and 2 is the volume of the system. In a similar way,
the superfluid density can be represented by a scalar p; and
defined as the ratio p; = M,/ <2, where M; is the mass of the
fluid that comes to rest with respect to the laboratory frame F.
In the following, we also consider the total mass of the fluid,
M = M, + M,, and the total density, p = p; + 0n-

C. Anisotropic case

For a system described by an anisotropic Hamiltonian
(such as a crystal), the normal and superfluid currents are not
necessarily parallel to the velocity v of the walls. This means
that the normal and superfluid densities are second-order
tensors, p,f § and ,of £, Using Einstein’s summation convention,
the components of the normal and superfluid current densities
Jn and j; take the general form

Jf =P, Q)

=g, )
where v, and v are the normal and superfluid velocities, with
U, =vand vy, =0in F, and v, = 0 and v, = —v in F'.

IV. CALCULATION OF THE NORMAL AND SUPERFLUID
DENSITIES IN CONTINUOUS SPACE

A. Second quantization preliminaries and notations

We give here a brief reminder of second quantization that
is mainly meant to introduce the notation that we use all
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along this paper. In second quantization, any operator can be
expressed as a functional of the creation and annihilation field
operators T (¥) and ¥ (F), with 7 = (r1, . .., ry), which satisfy
the relations

W@, = [0 ) =0, 8)
W@, 0 F e =8¢ —7), )

where [A, B]; LT AB — ¢ BA with ¢ = 1 for bosons and ¢ =
—1 for fermions, and (7' —7) is the d-dimensional Dirac
distribution. The number operator AV, the position operator R,

and the momentum operator P take the forms

N = / VGYI@YIS (10)

Q
R = / PO A, an

Q
P = —ih/ DAV AR, (12)

Q

with d2 = dry - - - dry, and satisfy the commutation relations:
[R,.,P] = ih8, N, (13)
[R.N1=[P,NT=0. (14)

From (8), (9), and (11), we can derive additional commutation
relations:

(R =740, (15)
(R, (F)] = —F 4 (7). (16)

B. Continuous isotropic case

We consider a d-dimensional system of identical particles
of mass m in a Ly X --- X L; box with periodic boundary
conditions that is moving at low velocity ¥ with respect to
the laboratory frame F. In the frame F’ of the moving walls
the system is at rest. Thus, in this frame, the Hamiltonian is
independent of the velocity v, and is a functional ® of the
creation and annihilation field operators:

H, = O (), ()]. (17)

Defining the partition function Z, = Tr e~PHo where B is the
inverse temperature, the average total momentum in ¥ is given
by

(Php = —Tr e, (18)
Z,
Since F moves at velocity —v with respect to F’, the total
momentum in the laboratory frame can be obtained from
the above expression by performing an inverse Galilean
transformation with velocity v. For this purpose, it is useful to
define the unitary operator:

0= e—i(m/h)ﬁ-’/%. (19)

By using (13), it is straightforward to check that

A

UPU =P — miN, (20)
URU =R. 1)
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Thus, I{ is the operator that performs a Galilean transformation
(at time ¢t = 0) with velocity v, and the total momentum
operator in F is given by the inverse transformation, UurPUt.
Since the density matrix e 7/ Z, describes probabilities of
states, it remains unchanged when going to the laboratory
frame. As a result, the average total momentum in F takes the
form

1 nN D B
(P)r = —TrUPUTe P
Z,
= iTr ”ﬁe_ﬂmﬂ“a

4

1 o

= —TrPe 7', 22

z T Pe (22)

where we have used the invariance of the trace under cyclic
permutations, and we have defined

T = U HU. (23)

From the correspondence principle, the classical momentum
of the fluid must be equal to the quantum average of the

momentum operator P. Since in F only the normal fluid with
mass M, = p,<2 spins, we have

R B
P20 = gTr Pe P, (24)

0

Calculating the divergence of (24) with respect to v, we get
Vi - (0 20) = Q(Vipy) - U + pad
= __Tr ’]D / —(B— I)H '):Z T?‘Alﬁdr.
(25)

From (19) and (23), the gradient of 7:[5 with respect to ¥ can
be expressed as

Vil = i"—}_:zfﬁ [R, A1, (26)

Inserting (26) in Eq. (25) and taking the limit ¥ — 0, we get
the expression of the normal density:

. m

Pn = _thd

I .
<P~ / e’H"[R,HO]eTH"dr>. 27
0

From the relation p, + p; = p, we deduce the expression of
the superfluid density:

=p+i— (P /ﬂ R HA JeedT ). (28)
hQd o e ’

The above expressions of p, and p,; can be evaluated with
path-integrals methods, such as the stochastic Green function
(SGF) algorithm [15,16] (see Secs. VI and VII C for concrete
examples).

C. Continuous anisotropic case

All equations in the previous subsection can be easily
generalized to anisotropic Hamiltonians. By definition, the

PHYSICAL REVIEW B 90, 134503 (2014)

total momentum in F is obtained by integrating the normal
current density fn over the volume 2. Assuming for the sake
of simplicity a uniform current density, we have (13) F=
an. Using (6) in F, the expression of the correspondence
principle (24) is generalized as

1 .
pfueQ = gTr Pee P (29)
Calculating the derivative with respect to vg, and taking the
limit ¥ — 0, the normal density tensor takes the form

B N

P = —i— <Pg / o [Rg,ﬂo]e_fH”dT>. (30)
h<2

In order to obtain the superfluid density tensor, it is convenient

to_)consideﬁr the total momentum in F’. By definition, we have

(P)r = jsQ. Using (7) in F’, the correspondence principle

implies

1 .
— %0 Q = —Tr Pre P
S Z()
| ne e ]
= T lP e M7

0

= o550 Q — mu (N). (31)

Calculating the derivative with respect to vg, and taking the
limit v — 0, the superfluid density tensor is obtained from the
normal density tensor (30) as

Pk = pbee — pft. (32)

D. Relationship between the superfluid density
and the free energy

For the simplicity of the following discussion, we con-
sider here only the isotropic case, the generalization to
the anisotropic case being straightforward. There exists a
particular class of Hamiltonians for which the superfluid
density can be directly related to the Laplacian Ay of the
free energy associated to the Hamiltonian H;,

1
F; = —Eang, (33)

with Z; = Tr ¢~B%_ This class is defined by Hamiltonians ﬂo
for which the commutator with the position operator satisfies

. B
[R,Hol=i—P. (34)
m

The most common example of Hamiltonian that belongs to
this class i is glven by H, =T +V, where Vis a potential that
satisfies [R,V] = 0 and 7 is the kinetic energy:

2
Y / VA Q. (35)
Zm Q

For any Hamiltonian that satisfies (34), the gradient (26) takes
the form

A

Vil = —P + miN, (36)
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from which P can be extracted and inserted into (24), leading
to
- 1 > RN 5
P20 = ——Tr (Vi Hy; — moN)e P1t
Z,
Z5 = U o gt
~5 VeFit n;—:Tr KPP, (37)
From the divergence of the above expression in the limit
v — 0, we get for the superfluid density the expression

1
P = i g eFe a8

At this point, it is useful to determine how the creation and

annihilation field operators transform under U. Using (15)
and (16), we find

AR G (39)
UGG = e "M (40)
As aresult, performing a Galilean transformation with velocity
¥ is equivalent to applying a phase boost ¢(¥) = v 7 to the
creation and annihilation field operators. This allows us to

relate the superfluid density to the response of the free energy
to a boundary phase twist [3]. For this, consider a vector
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It is clear that the free energy cannot depend on the sign of the
velocity or the phase twist. This implies
lim 32 Fy — lim 1 8F¢
$—0 8¢2 =0 ¢> g
Therefore, the superfluid density is directly related to the
response of the free energy to a boundary phase twist [3]:
m*L2 Gy
¢ o h29d¢ ¢
While Egs. (38), (41), and (43) are well known, it is important

to keep in mind that they are valid only for Hamiltonians that
satisfy Eq. (34).

(42)

ps = 43)

E. Relationship between the superfluid density
and the winding number

As in the previous subsection, we assume here that the
Hamiltonian satisfies the condition (34). In addition, we add
the constraint that the Hamiltonian conserves the number of
particles, [H, N1 =0. Performing a Taylor expansion and
introducing n complete sets of states |W;) in the position
occupation number representation, the partition function Z;

L=mnL#+---+nyL47; where ny,...,ng are integers. can be written as
The phase twist at the tips of the vector L that results from the (— ’3)
velocity v is ¢ = ’” L. This allows us to rewrite (38) as Z5 = (44)
22 2 n>0 W, k=1
Ps = ¢ 0 od 8¢2¢' 41) with the convention |\Iln+1) = |W¥;). From (23), we have
|
n n R
[ Town 1l We) = T [ (Wi [F [ W)/ /Mo Wi, (45)
k=1 k=1

where W;" counts the number of particles that cross the boundaries of the system in the direction 7; while evolving over the
sequence of states W;. Therefore the partition function Z, can be written as [17]

=pr
P OP M

n=0 -y, k=1

[ Jowr 1ol

ei(m/h)a-zj L; W;"fj

Boltzmann weight of a configuration W;--- W,

— Zo<el(m/h)ﬁzj L/’W/’fj)

where W; are the components of the winding number operator

W that take the eigenvalues W}l' in a configuration of
states W - - - W, Inserting (46) into (33), and using (38), the
superfluid density becomes directly related to the fluctuations
of the winding number:

o5 = h259d<(zL W, r,) > 47)

For a hypercubic system, Q =
becomes [4]

L%, the above expression

m2L27d
h2Bd

Here too, it is important to keep in mind that while Eq. (48) is
well known, it cannot be applied to Hamiltonians that do not

-

W2, (48)

Ps =

(46)

l

satisfy Eq. (34). In addition, the conservation of the number
of particles is required for the winding number to be well
defined. For Hamiltonians that do not satisfy these conditions,
only Eqs. (27) and (28) are valid.

V. CALCULATION OF THE NORMAL AND SUPERFLUID
DENSITIES IN DISCRETE SPACE

Determining the expression of the superfluid density in
discrete space is not as straightforward as it looks. In particular,
simply replacing the continuous-space operators by their
discrete-space equivalents into (28) leads to inconsistencies.
The reason is that some of the usual commutation rules
between the operators N/, R, P, and 7 are no longer valid
when these operators are discretized. It is therefore necessary
to proceed carefully with the discretization of space.
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A. Discretization of space

We start by noticing that (10) represents a dimensionless
quantity. This implies that the dimension of the creation and
annihilation field operators is the inverse square root of a d-
dimensional volume:

[ ()] = [P )] = L% (49)

Performing for each component of 7 the change of variable
rj =1;y;, where l; is a positive parameter with the dimension
of a length and y; is the new dimensionless variable, we can
define the dimensionless creation and annihilation operators

al = Vi1 P aya), (50)
as = VI L Uayr. . . daya). 61V

which satisfy the same commutation relations as (8) and (9).
Using these dimensionless operators, Eq. (10) can be rewritten
as

./\A/:/aia-,dyyndyd. (52)
Q 77

In the limit /; — O the integral becomes independent on the
step size dy;, which can be chosen to be unity. As a result,
the continuous integral can be replaced by a discrete sum over
a lattice with constants [, ...,l;. The commutation relation
between the annihilation and the creation operator becomes

[ag.al,]; = 855:. (53)
Defining 7y = a;ay, the number operator takes the well-
known form

N =>"#s. (54)
y
Applying the same discretization procedure to the position

operator, we get
R=35
¥

with i; = (Iiy1, - . .,lgyq). By using for the first-order deriva-
tive the symmetrical prescription
0

By, = i T ) (56)

iy, (55)

~T

the discrete momentum operator takes the form
P =—iy/mi;/2) (alag,; — He)], (57)
y

where the sum over j is implicit and we have defined
tj=h /2mljz. The above quantity is proportional to what is
commonly known as the current density operator [6]. In this
paper we prefer to call it discrete momentum, as it converges
to the continuous momentum when the lattice constant goes to
zero. It is important to emphasize here that (57) represents a
discretization of the real momentum of the system, and that it
should not be confused with the crystal quasimomentum. The
importance of this distinction is made clear below. Using for
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the second-order derivative the symmetrical prescription

9? 1
9,97, ay = E(ayﬂl +aj—p +asis +as—s

2a3), (58)

—Gy+a-0 ~ Ai—p+d —

the discrete kinetic operator takes the form 7= > i ’]A'j , where
7A’j is given by

1=t Clalas t RPN (59
y

Note that the second term in Eq. (59) is usually dismissed
because it only gives rise to a shift of the chemical potential
and does not change the physics. In our case, we explicitly
take it into account in order to ease the connection with the
continuous case. With these discrete operators, it is easy to
check that the commutator (13) becomes
[RuPo]l = ihd,, <j\7 - i@). (60)
2t,

As a result, as oppgsed to the continuous case, the discrete
position operator R is not the generator of infinitesimal
translations in real momentum space. It actually translates
the quasimomentum only. Therefore the unitary operator
U = e "m/MIR s no longer the operator that performs a
Galilean transformation with velocity v. This implies that
Egs. (22) and (29) are not applicable in the discrete case and
need to be modified. To this end, it is useful to determine how
the real momentum P transforms under ¢/ at first order in v.
Using (60) we find

P =P+ mik — % 3 %ﬁj +OF). (61

TR

This implies that new terms proportional to (’]A'j) must be
introduced when discretizing (22) or (29).

B. Discrete isotropic case
Using (61) with ¢; = ¢, (22) becomes

(Pys = ZLOTr PetTe £ 23" uj(F) + 0@, (€
J

As before, the correspondence principle requires the above

quantum average of the momentum to be equal to the classical

momentum, which in F is due to the normal fluid only, p, Q0.

Calculating the divergence of this equality and taking the limit

v — 0, we deduce the expression of the normal density:

R Y .
pn = o (F) — i <7>- / efHo[R,Ho]evadr>.
0

2td 2 hS2d
(63)
As a result, the expression of the superfluid density is
m
= p— (T
ps=p = 52(T)

ti (P / ﬂefﬂo[ﬁﬂ]e*fﬂodr (64)
hQd o e ’
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Comparing (28) and (64), we see that not only have the
continuous-space operators been replaced by their discrete-
space equivalents, but a new term proportional to the kinetic
energy also appeared. It can be checked that (63) and (64)
converge respectively to (27) and (28) in the limit / — 0. The
consistency of Eq. (64) can also be checked by verifying that
it reduces to Eq. (13) of Ref. [6] when applied to the particular
case discussed there.

C. Discrete anisotropic case
Using (61), (29) becomes

1 R
ot Q = ETr Pee M i (7}> + 0@,  (65)

2t
Calculating the derivative with respect to v in the limit v — 0,
we get the normal density tensor:

m A
pif =

B A .
_,E<7);/ IHD[RE,HO]e_tH”dT>. (66)
As before, the superfluid density tensor is obtained as a
function of the normal density tensor (32).

D. Superfluid density as a function of the free energy
and the winding number

For simplicity, we consider in the remaining of this section
only the isotropic case, the generalization to the anisotropic
case being straightforward. As for the continuous-space case,
the superfluid density can be related to the free energy if
the Hamiltonian satisfies [R H =il ’P In this case, the

gradient VH; = —U'PU is given by the opposite of the
inverse transformation of (61):

VA = P+ mik — 2 Zv,ﬂ +0G). (67)

Extracting P from the above expression and inserting it
into (62), we get

> Z5 - o1 iy

(P).F = —ZVF;) +mUZTrN€ PH:
——Zvjj—TrTe s
+3, Zv,J (17) + O@). (68)

Calculating the divergence of (68) and taking the limit v — 0,
the terms in 7A'j cancel out. Thus, the expression of p; as a
function of the free energy in discrete space is the same as
in continuous space (38), and so are the expressions of p, as
the response of the free energy to a phase boost (43), and as a
function of the winding number (47).

E. Dimensionless superfluid density

For lattice systems, it is common to work with the dimen-
sionless superfluid density g, defined as the superfluid fraction
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NY/Siots
x S, is the total number of lattice sites.

ns = pg/p times the dimensionless density p = (
where Siot = S; X - - -
This can be written as

0582

mSio

(69)

Ps =
Inserting (64) into (69), the dimensionless superfluid density
takes the general form

1 A
T
2td Sior 7

i <73 /ﬂ fﬂ[ﬁﬂ]”‘d> (70)
i . e"""[R,Hyle “"*dt).
hdStot 0

Ps =P —

F. Application to a hypercubic lattice

As a common example, we consider here a system in a
S x - -+ x S hypercubic lattice described by the Hamiltonian

Ho=—t Y (aba, +He)+2dN + D, n

where the sum is over distinct pairs of first-neighboring sites,
and V is an operator that commutes with the position operator
R. This Hamiltonian satisfies (34), thus the superfluid density
is given by (48). As a result, calculating the dimensionless
superfluid density (69) leads to

S27d
2tBd

s = Wi+ -+ W), (72)
For this case, we recover the well-known expression [4]. A
common mistake arises when applying (72) to noncubic lattice
geometries, as we show in the Appendix.

VI. LATTICE HAMILTONIAN WITH HOPPING BETWEEN
SECOND NEIGHBORS

In this section, we illustrate the usefulness of Eq. (70)
by considering a Hamiltonian for which the well-known
expressions of the superfluid density are not applicable. The
model consists of soft-core bosons on a two-dimensional
S x S square lattice described by the Hamiltonian

= —t Z(a a, +Hc)+ —

Zn,(nj —1)
(p.q)

—1 Y (a}a, +Hc). (73)

((p.q))

The sum Z“% gy 1s over all distinct pairs of second-
neighboring sites p and ¢. In addition to the discrete oper-
ators (54), (55), (57), (59), we define the operator

é = —iy/mt/2 Z (a;f,a

{p.q))

. H.c)(g — p). (74)

Calculating the commutator [7%,7%0] leads to

.o = A=
[R,H,] = z—<73 + —Q). (75)
m t
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FIG. 3. (Color online) Comparison between the superfluid den-
sity (red) obtained from the general expression (77) and the quantity
(blue) given by (72) for the Hamiltonian (73). The error bars are
smaller than the symbols’ size.

Therefore, the Hamiltonian (73) does not belong to the class
defined by (34), and the expression of the superfluid density
given by (72) with d =2 is not applicable. Inserting (75)
into (70) with S,y = S?, we get the expression

Using the SGF algorithm [15] with directed updates [16], it is
easy to evaluate (76) for a given configuration of the particle
world lines by defining n, as the number of hoppings in the
direction ¢, with ¢ = «,—,1,1,/,. /", \,\., the notation
being self-explanatory. Then (76) takes the form

B 1
Ps = 4tﬁ—S2<(n“

+n, —n)n, —n,+n, —n, +n_ —n)). (77

—n)n_—n_ +n,—n,—n_ +n)

We have simulated the Hamiltonian (73) with# = 1, A = 0.8,
and U = 20, at half filling (5 = %) as a function of tempera-
ture. Figure 3 shows a comparison between the quantity given
by the discrete form of Pollock and Ceperley’s formula (72)
and our expression (77). This example clearly demonstrates
that (72) is not applicable for this Hamiltonian, since it gives a
value that is greater than the total density. On the other hand,
our expression (77) ensures that gs € [0; 5].

VII. MULTISPECIES HAMILTONIANS

The theory developed in Secs. IV and V can be extended
to multispecies Hamiltonians in order to obtain the superfluid
density of each component of mixtures. Again, for the sake
of simplicity, we consider in the following only the isotropic
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case. Consider a d-dimensional Hamiltonian 7:{(, with several
species of particles. We denote by m, the mass of a particle of
a given species ¢ .

A. Continuous space

By adding the index ¢ to the field operators that appear in
Eqgs. (10)— (12) we can define the contlnuous space number
N, position R;, and momentum ’P; operators associated to
each species ¢. As shown by Andreev and Bashkin [18], the
superfluid current ]Y of a given species ¢ can be carried by the
other species. As a result, the superfluid density is a second-
order tensor, and the superfluid current is given by

& = pteué, (78)

where ¢ is the superfluid velocity of species &. The friction
between the normal components of each species imposes the
normal velocity to be the same for all species. However the
different species can have different superfluid velocities. For
each species ¢, we denote by F* the frame in which its
superfluid component comes to rest, and we denote by F' the
frame of the moving walls in which the normal components of
all species are at rest. Defining v¢ as the velocity of F' with
respect to F*, we can define the unitary operator

U = e @MEmi Re (79)

and interpret it as the operator that performs for each species
¢ a Galilean transformation from F* to F'. Applying the
correspondence principle in the frame F’ of the moving walls,
the quantum average of the momentum operator of species ¢
must be equal to the classical momentum, which is due to the
superfluid only. In this frame, the superfluid velocity of species
£1is U = —v%. Thus we have

- 1 = ;
—p50EQ = —Tr Pre P
p Zo

1 ORISR
= ETrZ/{TP;Ue LT

0

1 Y
= —Tr (P, — m:vNp)e PUTM - (80)

Z,

Calculating the divergence with respect to v ¢ and taking the
limit where all velocities go to zero, we get the expression of
the superfluid tensor

B .
058 = %8 +i th<73; fo e’H”[Rg,HO]eTH“dt>,

1)
where p¢ = m; (./\7;) / €2 is the total density of species ¢.

B. Discrete space
As before, it is useful to write the kinetic energy of species
¢ as a sum of contributions from the different directions, 7, =
> j ’]A'j;, and see how the momentum P, transforms under u:

WP =Py — meo <N + "% 3 i+ O@). (82)
e .
J
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Thus, new terms proportional to ’]A}g need to be subtracted
from (80), leading to

st _ 0 — " gy s
s (p 2t;§2d({>> ¢

Our previous definition of the dimensionless superfluid den-
sity (69) can be generalized to the superfluid density tensor
as

PR

506 .
mg Stot

s

(84)

Defining then for each species ¢ the associated dimensionless
density p¢ = p*Q/m¢ Sior, We get

1 A
56 — [ 5¢ — TV1s
' <P 2t{dStot< C)> ¢

Y I .
<7>;. / e’H"[Rg,HO]e_TH”dt>. (85)
0

+i

hd hY tot

C. Application to a two-species Hamiltonian with interspecies
conversion terms

We consider here a one-dimensional lattice Hamiltonian
with § sites that describes atoms and molecules with inter-
species conversion terms [19,20], which takes the form

Ho = —ta » _(aba, +He)—t,, Y (mhm, +He)
(p.q) (p.q)

U‘m ~a (~a Umm A (Am
+ > an(np—l)+7 np(np—l)
P
+ Uam Y 0437 + DY A"
14

P
+0 Y (alalm, +Hc), (86)
P

where aj, and a, (respectively mTp and m ) are the creation and
annihilation operators of an atom (respectively a molecule) on
site p. The operator A = a;ap (respectively 7’) = m;[,m »)
counts the number of atoms (respectively molecules) on site
p. The last term in Eq. (86) converts a molecule into two
atoms and vice versa. As a result, this Hamiltonian does not
conserve the number of atoms nor the number of molecules,
but we can define the total density as §' = §% + 2p™ which
is conserved. In a path-integral representation, the noncon-
servation of the number of atoms and molecules means that
the atomic and molecular world lines can be broken (Fig. 4).
As pointed out in Ref. [21], this results in the impossibility
to define winding numbers for atoms and for molecules
that are topologically conserved. Nevertheless, our general
expression of the superfluid density tensor (85) does not rely
on any definition of the winding number, and can be easily
calculated.
Calculating
erators R,

the commutators of the position op-
and ‘R, with the Hamiltonian (86),

PHYSICAL REVIEW B 90, 134503 (2014)

1t it

Iy

. LT

T

FIG. 4. (Color online) World-line representation of a configura-
tion of the partition function in the space and imaginary time (x,it)
plane. The left figure shows a configuration with three atoms (blue)
when no molecules are formed. In this case, the winding number W,
of the atoms can be defined, and the present realization corresponds to
W, = 2. The right figure corresponds to a case when molecules (red)
are formed. In this case, the numbers of atoms and molecules depend
on imaginary time. Since the paths of the atoms and molecules are
undefined between the points p; and p;, it is not possible to assign
winding numbers to them.

we obtain
. h
[RaaH()] = Z_Pa + an (87)
W h
[RmvHo] = lm_Pm - Cv (88)

where C is given by

C=ol Z plalaim, —H.c.). (89)
p

Inserting (87) and (88) in Eq. (84), we obtain the elements of
the superfluid density tensor:

1 . 1 p
oyt = p — 2tas<7;> TS <7’a Pa(r)dt>
+ ﬁ <79a ’ C(r)dr> R 90)
hS 0
o om 1. 1 p
ot =p" — 2th(Tm) b <7’f0 Pm(r)df>
i B
s <Pm C(r)dr>, (2]
_ 1 p i p
o = _m_mS <77a/0 P,,,(t)dr> s <Pa/0 C(r)dt>,
(92)
e 1 p 2i p
oyt = _maS <73m ; Pa(t)dt> + 7S <Pm A C(r)dt>.
(93)
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FIG. 5. (Color online) The densities 5 and ™ and the elements
of the superfluid density tensor g¢¢, p7"",p;", and p;*“, as functions
of the total density 5. The error bars are smaller than the symbols’
size.

Evaluating (90)—(93) with the SGF method is made easy by
defining n{ and n% (respectively n’ and n'y) as the numbers of
hoppings of atoms (respectively molecules) to the left and to
the right in a given configuration of world lines, and nb_ . and
n’_.» as the numbers of conversions of molecules to atoms and
atoms to molecules that occur on site p. With these definitions,
the elements of the superfluid density tensor take the final

forms:
1

P = 2ta/63((”i —n%)’)
1
+ t ,BS <(n‘[“ - n%) Zp(nfn—w - n5—>m)> s (94)
¢ P
~mm ] m m
P = ZtmﬂS((nL —nz)’)
1
T 20,85 <(”'L" —nR) Y p(nf .~ né;m)>, 95)
" p
~am 1 a a m m
fsm = 2taﬁs<("L —ng) (n] — %))

1
T 2.BS <(”'f —n) P~ nf,;m)>, (96)
¢ p

~ma 1 a m

P = m((“i —ng)(n} —nk))

1
+ tm,35<(”% —n%) Y p(nh o~ nf,;m)>. ©7)

p

Figure 5 shows the densities g and p™ of atoms and
molecules, and the elements of the superfluid density tensor
obtained from (94)—(97) as functions of the total density g'.
With the parameters S = 20,¢, = 1,1, =0.5,0 =0.5,U,, =
8, Upm = 100,U,,, = 12, D = 6,and 8 = 10, our simulations
indicate that the phase is incompressible for densities 5 = 1
and p'' = 2, and nearly incompressible for 5" = 3. This is
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consistent with the features observed in g¢¢, pi"™, pi™, and
03¢, and in agreement with Ref. [21].

VIII. CONCLUSION

Based on real and thought experiments, we give definitions
of the superfluid density for general Hamiltonians, including
multispecies Hamiltonians. We derive general expressions that
allow us to calculate the superfluid density with path-integral
methods. While it is well known that the superfluid density
can be related to the response of the free energy to a boundary
phase twist or to the fluctuations of the winding number, we
show that this is true only for a particular class of Hamiltonians.
Our expressions, however, can be applied to any Hamiltonian.
In particular, they can be applied to Hamiltonians that do not
conserve the number of particles, where the winding number
is undefined. We give two examples of lattice Hamiltonians for
which the well-known expressions of the superfluid density are
not applicable. We calculate the superfluid densities for these
Hamiltonians by evaluating our general expressions by means
of quantum Monte Carlo simulations, using the SGF algorithm.
By performing a discretization of space with a general change
of basis, we obtain formulas for the superfluid density for
various lattice geometries. We point to some common mistakes
that occur when the energy scale is not correctly reflected
in the expression of the superfluid density, and when some
correlations are missed because of a nondiagonal metric tensor.
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APPENDIX: LATTICES WITH NONORTHONORMAL
PRIMITIVE VECTORS

In order to obtain the correct expressions of the superfluid
density in lattices with noncubic primitive cells, it is necessary
to perform a careful change of basis when discretizing space.

1. Change of basis

We consider an orthonormal basis, B, = {7, ...,7;},and a
transformation A that changes B, into a general basis, B, =
{G1,...,q4}. We denote by A the matrix representation of
A in the basis B,. Position vectors are contravariant, thus
their coordinates (¢!, ...,q¢) in B, are obtained from their
coordinates (', ...,r?) in B, by the inverse transformation,

q' = Aj;'r, (A1)
where we have used Einstein’s summation convention. On the
contrary, the derivatives with respect to the coordinates are
covariant,

a a

A —, A2
dq; ! or; (A2)
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thus the Laplacian in the basis B, takes the form

82
A;=AJ A ———. A3
q ik jk 3q, aqj ( )
Defining the metric tensor g,,, = ¢, - 4y, the dot product in the
basis B, of two vectors i = (u', ...,u?)and v = (v', ... ,v9)
takes the form
U-v=guuv’ (A4)

2. Discretization of space in nonorthonormal coordinates

For the sake of simplicity, we assume in the remainder of
this section that the Hamiltonian is of the form 7:[(, =7+
V, so the relationship between the superfluid density and the
winding number applies. A condition for the discretization to
be valid is that the discretized Hamiltonian should reproduce
quantitatively the same physics as its continuous space analog
when the lattice constants go to zero. By performing the change
of variables (A1), the continuous-space kinetic operator (35)
can be rewritten as

. RAUTIAZ AL .0 . 9% .
7= [ @) i@, (49
2m Q 9qi9q;
where |J| is the Jacobian determinant,
B(r', )|
| = ‘ﬁ ) (A6)
agt, ....q%

and dQ =dgq; - - - dq,. Performing a second change of vari-
ables for each coordinates, g; =1;y;, where [; has the
dimension of alength and y; is the new dimensionless variable,
the kinetic operator becomes

R TIAL A7 92
/ at " ady--dys. (A7)
2ml,~lj Q Y 8y18y1 Y

where we have used the previously defined dimensionless
creation and annihilation operators, (50) and (51). As before,
in the limit /; — 0, the integral becomes independent of the
step size dy;, which can be chosen as unity. In this case, the
integral becomes discrete, /; becomes the lattice constant in
the g; direction, and the kinetic operator takes the form

R JIA A
2ml,-lj

T=-

9
a-. (A8)

T =— al ‘
Y9y dy; 7

yeQ
It is important to keep in mind that the volume €2 is a hyper-
rectangle. However, if the basis 3, is not orthogonal, summing
over a hyperparallelepiped turns out to be more convenient. As
a result, instead of a hyper-rectangle of volume Q2 = 1_[; L;j,
we consider a hyperparallelepiped of volume Q = |J|[] ;Lj.
Since the volume  is scaled by a factor |J| with respect to
2, the same energy can be recovered by multiplying it by the

inverse factor. Therefore, the Jacobian determinant disappears
and the kinetic operator is equivalent to

AR A
2ml,-lj

P 9

7= al
s 0y;dy;

a (A9)

;7

where the summation is over all vectors y in the volume Q
with the components y; varying over §; = L;/I; lattice sites.
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FIG. 6. (Color online) Triangular lattice. The basis B, is changed
to B, by the transformation (A10).

We can use for the second-order derivative the previous sym-
metrical prescription (58). The discretization of the potential
term V can be done in a similar way, and does not affect the
following conclusions.

3. Application to Bravais lattices

We give here some examples of application of the above
discretization to some common Bravais lattices, and we
emphasize the differences between our expressions for the
superfluid density and the expressions that are usually im-
properly used. For simplicity, we consider here only isotropic
cases.

a. Triangular lattice

We address here the case of a S x § triangular lattice
(Fig. 6). The transformation matrix A that changes the
orthonormal basis B, = {#,,} into the basis B, = {¢1,4>}
and the metric tensor g, , are given by

(1 1/2 (1 1/2
2 () o
With this transformation, Eq. (A9) becomes

(A11)

T = Z(a;aq +H.c)+ 61N,
(p.q)

with the energy scale ¢’ = 32212. As a result, using (A4) for

the square of the winding number operator, the dimensionless
superfluid density is
1

Ps = W(wf + WS+ WW,).

(A12)

The above expression computed with the energy scale ¢’ = 1
differs significantly from the quantity (72) that is usually
improperly applied with + = 1. Doing so not only introduces
an energy scale mismatch between the simulated Hamiltonian
and the computed superfluid density, but some winding
correlations are missed too.

b. Face-centered-cubic lattice

The transformation matrix A and the metric tensor g, .
associated to the primitive cell of a face-centered-cubic lattice
(Fig. 7) are given by

L1 01 112 12
A=—1[1 1 o, ¢g=[12 1 12
V2\o 1 1 12 12 1
(A13)
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FIG. 7. (Color online) Face-centered-cubic lattice. The basis B,
is changed to B, by the transformation (A13).

With this transformation, Eq. (A9) becomes

T=—1") (aha, + He) + 120N, (Al14)
(r.q)
with the energy scale t” = zu;z,_zzz- Thus, fora S x S x S lattice,

the dimensionless superfluid density takes the form

(RS W WL W + W)
Ps= 121"8S '

(A15)

Once again, the above expression computed with the energy
scale t” = 1 differs significantly from the quantity (72) that is
usually improperly applied with t = 1.

4. Application to non-Bravais lattices

A non-Bravais lattice can be described as a basis of points
thatis reproduced at each point of an underlying Bravais lattice.
Another possible description is to consider it as a Bravais
lattice with smaller lattice constants and missing points. The
advantage of this latter description is that we already know how
to discretize continuous space and obtain a Bravais lattice with
the associated expression of the superfluid density. By adding
to the Hamiltonian an infinite potential at the locations of the
missing points, we can prevent the particles from occupying
those positions and generate the corresponding non-Bravais
lattice. This mathematical “trick” allows us to determine the
expression of the superfluid density.

a. Honeycomb lattice

A honeycomb lattice (Fig. 8) is usually seen as a two-point
basis (pi, p») that is reproduced at each point of a triangular
lattice generated by a basis B,. In our case, it is more
convenient to describe it as a triangular lattice generated by a
second basis ,, to which we remove all points generated by
the basis B,.

At this point, it is useful to consider the Hamiltonian H=
7 + V with 7 given by (35) and V by

V= / JIAOVETFAR, (A16)
Q
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FIG. 8. (Color online) A honeycomb lattice can be described as a
two-point basis (py, p») thatis reproduced at each point of a triangular
lattice generated by a basis B, or as a triangular lattice generated by
a basis B, to which all points generated by the basis 53, are removed.

with
V() = UR Y 8G — jigi — jrd2),

J1sJ2

(A17)

where U is a parameter with the dimension of an energy
and i = ||q;|| = ||g2||. Inserting (A17) into (A16) and using
the previously defined dimensionless creation and annihilation
operators (50) and (51), the potential becomes

V=U 2 :njlt}1+j2l?2'

Jisi2

(A18)

By discretizing 7 with the transformation that changes an
orthogonal basis into the basis B, and defining [ = ||i{|| =
||lit2||, the Hamiltonian becomes

A=Y (ala,+Hec)+ 60N +U > i, (A1)
(p.q) peB,
where the sum Z(p, g 1s over all distinct pairs of first

neighboring sites of the triangular lattice generated by B,
and the sum ) 5, 1s over all sites generated by 55,. Since the

Hamiltonian 7{ satisfies the condition (34), the corresponding

FIG. 9. (Color online) A kagome lattice can be described as a
three-point basis (p1,ps,p3;) that is reproduced at each point of a
triangular lattice generated by a basis B, or as a triangular lattice
generated by a basis B, to which all points generated by the basis 3,
are removed.
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FIG. 10. (Color online) A pyrochlore lattice can be described as
a four-point basis (py, p2, p3, ps4) that is reproduced at each point
of a face-centered-cubic lattice generated by a basis B,, or as a
face-centered-cubic lattice generated by a basis B, to which the points
generated by the basis 3, are removed.

superfluid density is given by (A12), and this result applies for
any value of the parameter U. In particular, it applies in the
limit U — oo where the Hamiltonian becomes equivalent to

H=—1 Z (azaq +H.c.)+ 61N,
B

(p.q)— q

(A20)

where the notation (p,q) — B, indicates that the points gen-
erated by B, are removed. As a result, the above Hamiltonian
describes particles on a honeycomb lattice, and the expression
of the superfluid density is the same as for a triangular lattice
and given by (A12).

b. Kagome lattice

A kagome lattice (Fig. 9) is formed by corner-sharing
triangles, and is usually seen as a three-point basis (p1, p2, p3)
that is reproduced at each point of a triangular lattice generated
by a basis B,. Here again, it is more convenient to describe it
as a triangular lattice generated by a second basis B,,, to which
we remove all points generated by the basis B,.

Therefore, the same reasoning as for the honeycomb lattice
can be applied, and we conclude that the expression of the
superfluid density is given by that of a triangular lattice (A12).

¢. Pyrochlore lattice

A pyrochlore lattice (Fig. 10) is formed by corner-sharing
tetrahedrons, and is usually seen as a four-point basis
(p1,p2,p3,ps) that is reproduced at each point of a face-
centered-cubic lattice generated by a basis 53,. In a way similar
to the honeycomb and kagome lattices, it is more convenient
to describe it as a face-centered-cubic lattice generated by a
second basis B, to which we remove all points generated by
the basis B,.

As before, the same reasoning as for the honeycomb and
kagome lattices can be applied, and we conclude that the
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FIG. 11. (Color online) The dimensionless superfluid density g
of hard-core bosons as a function of temperature 7/t at half filling,
for different lattice geometries. The values obtained for a triangular
lattice agree with the values obtained for a square lattice, the small
differences being due to finite-size effects. In the same way, the
values obtained for a face-centered-cubic lattice agree with the values
obtained for a cubic lattice. The error bars are smaller than the
symbols’ size.

expression of the superfluid density is given by that of a
face-centered-cubic lattice (A15).

5. Consistency check

In this subsection, we make a consistency check that
illustrates the correctness of our expressions of the superfluid
density for the hypercubic (72), triangular (A12), and face-
centered-cubic (A15) lattices. Since the kinetic term of the
triangular lattice (A11l) and the kinetic term of the face-
centered-cubic (A14) lattice correspond to the discretization
of the continuous kinetic term (35) with d =2 and d = 3,
respectively, they should give exactly the same superfluid
density as the kinetic term of the hypercubic lattice (72) with
the corresponding dimensionality.

In order to check this, we made use of the stochastic Green-
function [15] (SGF) algorithm with directed updates [16], and
performed quantum Monte Carlo simulations of the kinetic
term for hard-core bosons at half filling. The results are shown
in Fig. 11. The superfluid density obtained for a 16 x 16
triangular lattice with ¢’ = 1 isin agreement with the superfluid
density obtained for a 16 x 16 square lattice with t = 1, as a
function of temperature 7', the small differences being due
to finite-size effects. We get the same agreement between
the superfluid density obtained for a 4 x 4 x 4 face-centered-
cubic lattice with t” = 1 and the superfluid density obtained
for a4 x 4 x 4 cubic lattice with r = 1.
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