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Excitonic effects in intraband quantum dot spectroscopy: Formation of bound continuum excitons
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We study intraband spectra, resulting from intraband transitions between the bound ground state of a
semiconductor quantum dot and unbound continuum states in the host medium. The influence of excitonic
coupling on these intraband absorption spectra and the formation of special excitons are discussed. Involving
Coulomb coupled bound-to-continuum transitions, the spectra show the formation of bound excitons at the
continuum edge and spectral shifts. The analyzed intraband absorption spectra exhibit different signatures for
different initial carrier configurations.

DOI: 10.1103/PhysRevB.90.125308 PACS number(s): 73.20.Mf, 73.21.La, 78.67.−n

Semiconductor quantum dots (QDs) have attracted much
attention due to their unique optical and electrical properties.
They provide the basis for a variety of applications such
as single photon emitters [1,2], light-emitting diodes [3],
QD laser [4–6], and sources for nonclassical light [7,8].
Resulting from the crystal growth process, e.g., molecular
beam epitaxy (MBE) [9] and metal-organic chemical-vapor
deposition (MOCVD) [10], self organized QDs (fabricated
by Volmer-Weber [11] or Stranski-Krastanow [11,12] growth)
are embedded in two- or three-dimensional host materials. For
these QD structures, the influence of Coulomb interactions
on interband transitions inside the QD have been analyzed in
detail, e.g., in Refs. [13,14] or by pump-probe experiments [15]
and are well understood [16–19].

We study Coulomb effects on intraband transitions of
carriers between bound (spatially confined) QD and unbound
continuum states of the embedding material. The Coulomb
effect on intraband transitions can play a role in a variety of
experiments due to their relevance to the dephasing proper-
ties [20] of the QD states as well as for bound-to-continuum
intraband spectroscopy [21].

For example, bound-to-continuum intraband transitions
in self-assembled InAs/GaAs quantum dots (QDs) were
studied experimentally [22] to realize high-quality optical
devices operating at infrared wavelengths such as intermediate
band solar cells [23], infrared emitter [24], and photode-
tectors [25,26]. In this article, we discuss Coulomb-induced
effects on bound-to-continuum intraband absorption spectra
between bound QD and continuum carriers (bulk or wetting
layer) in optical spectra. In Refs. [27,28] calculations of
the absorption coefficient for bound to continuum transitions
excluding Coulomb interaction were presented. Experimen-
tally, bound-to-continuum intraband absorption in InAs/GaAs
self-assembled QDs have been observed by two-color pho-
toexcitation spectroscopy [22,29] and using photoinduced
absorption spectroscopy [30].

In contrast to free carrier theories [31], we present a
theory based on the density matrix formalism [32] to calculate
bound-to-continuum intraband absorption spectra including
the Coulomb interaction and thus excitonic effects. We study
several configurations of the initial occupations of the QD such
as trions T + and T −, biexciton BX, or exciton X [cf. Figs. 1(b)
to 1(g)], resulting in characteristic spectral signatures. In
particular, our results show signatures of an exciton consisting

of a localized carrier inside the QD and a delocalized carrier
of the continuum. The analysis in Ref. [33] suggests that
bound-to-continuum excitons can play an important role in
pump-probe experiments.

As a model system we use a self-organized InAs QD with
spin-degenerated states i in each band embedded in GaAs
bulk material [cf. Fig. 1(a)], here for the case without a
wetting layer. For both the conduction band and valence band,
continuum states and bound states localized in the QD exist.
The continuum bulk states are approximately characterized by
a wave vector k and a spin σ . For simplicity, we select QDs
with one bound state i. QDs with several bound states can
be considered analogous, including the extended QD states in
the k index. The proposed study is also applicable to other
materials (or other nanostructures embedded in a continuum).

We denote the ground state of the QD continuum system by
|�0〉. For a measurement of a bound-to-continuum intraband
absorption spectrum, occupied bound conduction (valence)
band states and the ability to optically probe bound-continuum
transitions are necessary. Therefore, before the system is
optically tested with respect to absorption at least one electron
(hole) is prepared in a bound state of the QD. Several initial
configurations can be investigated, cf. Figs. 1(b) to 1(g). These
different occupations may be prepared differently, e.g., by a
pump pulse [19,34–36] or by doped QDs. In the configuration
depicted in Fig. 1(a), the QD can be initially prepared by a
resonant pump pulse with an electron and hole in the two
bound states (the QD exciton X), cf. Fig. 1(c). The final initial
occupations |c〉, which are probed afterward by the test pulse,
and are constructed by

|c〉 := ∣∣ne
i,↑,ne

i,↓,nh
i,↑,nh

i,↓
〉

:= (h†
i,↓)n

h
i,↓ (h†

i,↑)n
h
i,↑ (e†i,↓)n

e
i,↓ (e†i,↑)n

e
i,↑ |�0〉, (1)

from the ground state |�0〉 of the system with no electron or
hole carriers. Here e

†
i(k),σ (ei(k),σ ) are the creation (annihilation)

operators for electrons and h
†
i(k),σ (hi(k),σ ) for holes of the

QD state i (or for the kth continuum state) with the spin
σ , respectively. |ne

i,↑,ne
i,↓,nh

i,↑,nh
i,↓〉 are Fock states for the

electrons and holes with the occupation numbers n
e(h)
i,σ = 0,1.

The intraband electron transition e
†
k,σ ei,σ occurs between

the QD ground state i and the continuum states k of the
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FIG. 1. (Color online) (a) Level scheme of the QD continuum
model: The bulk states have a crystal momentum k and a spin σ .
i represents the spin-degenerated QD states. The energy difference
between the QD state i and the lowest (highest) energy bulk state in the
conduction (valence) band is �Ei

c (�Ei
v). The intraband transitions

between the dot levels and the bulk states e
†
k,σ ei,σ and h

†
k,σ hi,σ are

tested by a probe pulse. The electron in the continuum and the
localized hole in the QD couple via Coulomb interaction V ik′ki

vc .
Initial occupations |ne

i,↑,n
e
i,↓,n

h
i,↑,n

h
i,↓〉 of the QD. (b) Doped with

one electron e−, (c) one exciton X, (d) doped with two electrons
2e−, (e) biexcitons BX, (f) negative-charged trion T −, and (g)
positive-charged trion T +.

bulk, cf. dashed lines in Fig. 1. The intraband transition
changes the system from the initial state |c〉 into an excited
state |kσ 〉 := e

†
k,σ ei,σ |c〉. In the density matrix formalism the

expectation value of these intraband transitions are described
by the density matrix elements 〈c|ρ|kσ 〉 where ρ denotes
the statistical operator. Interband transitions between bound
valence band and conduction band states start at higher
energies. Therefore, they are separated from the intraband
spectrum and can be neglected in its calculation.

The spectral range of interest is given by the energy
difference between the bound QD state and the lowest (highest)
continuum state in the conduction (valence) band �Ei

c (�Ei
v),

considering the excitonic shifts.
The spectral intraband absorption, which is tested by a

probe pulse E(ω) = E(ω)eξ with the polarization direction
eξ , can be calculated via the macroscopic polarization [37]
Pintra(ω) = Pintra(ω) · eξ :

α(e/h)(ω) = ω

ncε0
Im

[
P (e/h)

intra (ω)

E(ω)

]
. (2)

Here n is the constant background refractive index around the
relevant transition frequencies, ε0 the vacuum permittivity, and
c the speed of light. Equation (2) holds for electron and hole
transitions.

The contributions from hole and electron intraband tran-
sitions occur independently and do not depend on the other
carrier system [27]. Therefore, it is possible to split up the
intraband absorption spectrum α(ω) into an electron αe(ω)
and a hole contribution αh(ω). All of the following results
are qualitatively similar for αe(ω) and αh(ω) and both are

usually spectrally well separated; here we present only αe(ω).
The excitation pulse E(t) = E(t)eξ (polarization direction eξ )
induces the macroscopic electron polarization Pe

intra(t):

Pe
intra(t) = NQD

∑
k,σ

dki
c 〈c|ρ|kσ 〉(t) + c.c., (3)

where NQD denotes the QD volume density. dki
λ are the

intraband dipole matrix elements, respectively, in the eξ

direction and with band index λ ∈ {c,v}:

dki
c(v) = q

∫
φ

e(h),∗
k (r)rξφ

e(h)
i (r)dr, (4)

here φ
e(h)
i(k) (r) are the electron (hole) envelope wave func-

tion [38] of the QD state i or of the continuum state k,
rξ = eξ · r, and q is the electron charge.

The temporal evolution of the density matrix elements
〈c|ρ|kσ 〉 is calculated via the Liouville–von Neumann equa-
tion

∂t 〈c|ρ|kσ 〉 = − i

�
〈c|[H,ρ]|kσ 〉. (5)

The total Hamiltonian H consists of the single-particle
contribution H0, the interaction of electrons, and the classical
light field HL and the Coulomb-interaction HC :

H0 =
∑

σ

(εc,ie
†
i,σ ei,σ + εv,ih

†
i,σ hi,σ )

+
∑
k,σ

(εc,ke
†
k,σ ekσ + εv,kh

†
k,σ hk,σ ), (6)

where ελ,i(k),σ is the single-particle energy of the bound QD
state i and the unbound continuum states k including Coulomb
renormalization with the spin σ and the band index λ ∈ {c,v}.
In our model, the spin-up and spin-down QD states of the same
band are assumed to be energetically degenerate ελ,i(k),↑ =
ελ,i(k),↓ = ελ,i(k).

The intraband interaction of the carriers with the external
light field E(t) = E(t)eξ with the polarization direction eξ is
in the dipole approximation given by

HL = −
∑
k,σ

(
dik

c E(t)e†i,σ ek,σ + dik
v E(t)h†

i,σ hk,σ

) + h.a. (7)

As the final contribution of the Hamiltonian we add the
Coulomb interaction, which in the electron hole picture
reads [15]

HC = 1

2

∑
s

(
V s1s2s3s4

cc
e†s1

e†s2
es3es4+V s1s2s3s4

vv
h†

s3
h†

s4
hs1hs2

− 2V s1s2s3s4

vc
e†s2

h†
s4
hs1es3

)
, (8)

where s1,s2,s3, and s4 are multi-indices of the energy levels
of the system, consisting of index i for bound QD states
or continuum states k and spin σ . Since processes induced
by the Auger Coulomb elements (e.g., s1 = i, s2 = i, s3 = i,
and s4 = k) create intraband polarizations at different energies
than intraband bound continuum transitions in the absorption
spectrum or are nonenergy conserving, they are not included
in the Hamiltonian Eq. (8). Using the Bloch waves approach
for the single-particle wave functions, the Coulomb coupling
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elements V
s1s2s3s4
λ1λ2

in zero-order Taylor expansion of the
Coulomb potential W (r) = e2/(4πε0εrr) read:

V
s1s2s3s4

λ1λ2
=

∫∫
φ∗

λ1,s1
(r)φ∗

λ2,s2
(r′)W (|r − r′|)

× φλ2,s3 (r′)φλ1,s4 (r)drdr′, (9)

where φλ,s(r) denote the envelope wave functions and εr =
12.53 is the relative permittivity of GaAs [39]. Since the
QD wave function is localized, screening is probably not as
important as for continuum excitons and is only considered
by εr .

Using Eqs. (6) to (8) in Eq. (5), the dynamics of 〈c|ρ|k↑〉
(〈c|ρ|k↓〉 analog) is calculated in Eq. (10), which is only valid
for linear optics:

∂t 〈c|ρ|k↑〉

= 1

i�

{[
εc,in

e
i,↑ − εc,k

(
1 − ne

k,↑
) − iγ

]〈c|ρ|k↑〉

+
(

V iiii
cc

ne
i,↑ne

i,↓ −
∑

σ

V iiii
vc

ne
i,↑nh

i,σ

)
〈c|ρ|k↑〉

+ dik
c

E(t)ne
i,↑

(
1 − ne

k,↑
)〈c|ρ|c〉

+
(∑

k′,σ

V ik′ki
vc nh

i,σ−
∑

k′
V ik′ki

cc ne
i,↓

) (
1 − ne

k,↑
)〈c|ρ|k′↑〉

−
∑

k′
V ik′ik

cc ne
i,↑

(
1 − ne

k,↑
)〈c|ρ|k′↓〉

}
(10)

introducing a phenomenological dephasing [40] γ . In Eq. (10)
we neglect the coupling of 〈c|ρe

†
k,σ ei,σ |c〉 = 〈c|ρ|kσ 〉 to

〈c|ρh
†
k,σ hi,σ |c〉 due to the different energies of the bound-to-

continuum intraband transitions for electrons and holes. The
objective of our theory is the calculation of linear absorption
spectra. Therefore, higher-order contributions to the electrical
field are not included in Eq. (10). Without electrically injected
carriers there is no electron (hole) occupation in the bulk
conduction (valence) band: ne

k,σ = 0.
To solve Eq. (10) the Coulomb coupling elements V

s1s2s3s4
λ1λ2

and the dipole moments dik
λ are needed. Their calculation

requires the QD and the continuum wave functions, cf. Eqs. (4)
and (9). Therefore, we assume spherical QDs and use the
ansatz φ(r) = Ym

l (ϑ,ϕ)Rl(r) for the envelope part of the
wave function. The radial Schrödinger equation can be solved
for Rl(r) numerically using a finite element method (FEM)
solver [41] and assuming a QD confinement potential, e.g.,
an inverse hyperbolic secant potential1 V (r) = − V0

cosh2( r
a

)
with

height V0 and extension a.
We studied several confinement potential parameters a and

V0 with qualitatively similar results. Here, we only present as
an example the results for shallow QDs with one bound state

1We assume typical parameters for the effective mass of GaAs in
units of m∗

0 such as m∗
e = 0.065 for electrons and m∗

hh = 0.5 for holes.
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FIG. 2. (Color online) Model QD confinement potential V (r)
with �Ei

c = 50 meV and the corresponding electron QD ground-state
wave function R

QD
0 (r) with r0 = 3.7 nm.

in the conduction band. For these QDs we choose parameters2

for V0 and a, resulting in a QD confinement potential and a
QD electron ground-state wave function with a localization
length of r0 = 3.7 nm (depicted in Fig. 2). Typical values of
the localization length r0 of self-assembled QDs are between
[42–45] r0 = 3 and 5.5 nm. The localized electron state
is separated from the continuum of delocalized states by
[42–44] �Ei

c = 50 meV. Large QDs with deep QD con-
finement potentials can be treated in an analogous way. In
addition to the bound-to-continuum intraband transition also
bound-to-bound intraband transitions occur inside the QD for
deeper QDs, resulting in additional sharp absorption peaks.
The angular momentum of the conduction band ground-state
envelope functions of the QD is l = 0. Only the continuum
(or excited QD) wave functions with l = 1 are contributing,
cf. Eq. (4), since selection rule �l = 1 holds for intraband
transitions.

In Fig. 3 intraband absorption spectra for several initial
configurations |c〉 [as depicted in Figs. 1(b) to 1(g)] prepared
before the test pulse are shown. Since the Coulomb interaction
is a two-particle interaction, it influences the spectrum only
if more than one carrier is present in the initial configuration.
Therefore for a single electron e− in the QD [Fig. 1(b)] the
intraband absorption spectrum is not influenced by Coulomb-
induced effects. The corresponding spectrum is shown as e−
in Fig. 3. Here, the bound-to-continuum intraband absorption
starts at the energy difference �Ei

c = 50 meV of the single-
particle energies between the QD conduction band ground
state and the energetically closest continuum state. The shape
of the absorption peaks is determined by the shape of the QD
conduction band ground bound state wave function [27]: The
spectrum reaches a maximum and then decreases since the QD
wave function also decreases.

If more than one carrier is present in the system, Coulomb
processes occur between the carriers. The Coulomb interaction
results in joint different spectral signatures, depending on the
initial occupations of the QD (before the probe pulse tests the
intraband transitions). In Figs. 1(c) to 1(g) the investigated
initial configurations are depicted. Three significant Coulomb

2The potential height for the conduction (valence) band is assumed
to be V c

0 = 0.2 eV (V v
0 = 0.025 eV) and the extension of the

confinement potential is a = 5 nm.
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FIG. 3. (Color online) Intraband absorption spectra for several
initial occupations |c〉 depicted in Fig. 1. The QD is initially occupied
by e−: single electron (Coulomb free), X: exciton, 2e−: two electrons,
BX: biexciton, T −: negative charged trion; and T +: positive charged
trion. The spectra are shifted and show signatures (e.g., a splitting)
of an bound-to-continuum exciton due to Coulomb interaction. The
arrows describe the excitation energy of the spectrally narrow pulses,
used in Fig. 4. The inset shows |Rex(r,t0)|2r2 the radial occupation
property for excitation pulse 1.

induced effects are present in the intraband absorption spectra:
(i) spectral shifts of the spectrum, (ii) the formation of a bound
exciton3 between a hole in the QD and an electron in the
continuum, and (iii) changes in the width of the absorption
continuum.

We start with a discussion of (i) the Coulomb-induced
shifts: In comparison to the single-electron spectrum e− not
influenced by Coulomb components all other spectra show
a Coulomb-induced shift. The attractive Coulomb interaction
between bound electrons and holes inside the QD forms an
exciton with a binding energy of V iiii

vc = 21.6 meV, which is in
a good agreement with Ref. [13]. This leads to a spectral shift to
higher energies for the bound-to-continuum transition, clearly
visible in the exciton spectrum X in Fig. 3. These shifts are also
present for all initial configurations with an occupied hole state.

3In fact, it is only a bound-to-continuum exciton if initially an
exciton is present. For the trion or biexciton cases, we should call it
bound-to-continuum trions or biexcitons, respectively. However, to
keep the language simple, we still call them all excitons in the text.

Correspondingly, the repulsive contribution between bound
electrons inside the QD V iiii

cc = 21.3 meV results in a shift to
lower energies, e.g., two-electron spectrum 2e− in Fig. 3.

Second, we discuss (ii) the formation of a bound exciton
between an hole in the QD and an electron in the continuum:
Attractive electron-hole interactions between a hole in the QD

and an electron in the continuum V ik′ki
vc lead to the formation of

bound excitons. The attractive Coulomb interaction between
the bound hole and continuum electron causes a binding
of the continuum electron to the QD on a larger spatial
scale than bound electrons. Since the small spatial scale of
the confinement potential determines the spatial extension of
bound electrons.

The formed bound excitons are visible in the spectra
by a splitting at the continuum edge (see the exciton X,
positive charged trion T +, and biexciton BX spectra in
Fig. 3). The peaks near or below the conduction band
edge are the resonances of the lowest-energy bound state
of the bound-to-continuum exciton. In Fig. 3 the spectrum
for exciton X, biexciton BX, and positive charges trion
T + show various splitting strengths. The strongest splitting
exists in the spectrum of the positive trion T + because
there are two holes and no additional electron in the QD,
this configuration increases the influence of the attractive
exciton-forming Coulomb processes. To get information about
the relevant properties of the bound-to-continuum excitons,
we excite the system in the simulation with spectrally narrow
pulses to excite selectively the different exciton states. The
different pulse energies are depicted by arrows in Fig. 3.
We assume that as a result only one bound-to-continuum
intraband exciton is mainly excited. The other excitons like the
higher-energy delocalized exciton may be partly also excited,
but the influence of these contributions is probably very small.
Therefore this approach should extract the essential properties
of the state anyway. The bound-to-continuum exciton wave
function φex(r,t0) = Y 0

1 (ϑ,ϕ)Rex(r,t0) at the time t0 present
after the test pulse can be approximated by:

Rex(r,t0) =
∑

k

〈1,0,0,1|ρ|k↑〉(t0)Rbulk
k (r). (11)

To get information about the localization of the particle the
probability |Rex(r,t0)|2r2 is depicted in Fig. 4 for several
excitation energies. There, we compare the results for the
configuration with a single electron e− not influenced by
Coulomb processes and for the initial configuration with one
exciton X affected by the basic Coulomb contribution that
forms bound-to-continuum excitons.

For excitation frequency 1 (slightly before the continuum
edge) and 2 (a little above the continuum edge) the Coulomb
coupling leads to a formation of a bound state for the QD
initially occupied by an exciton X. (See, for example, the plots
of the spatial electron probability in the inset of Figs. 3 and 4
for excitation positions 1 and 2.) Here the electron is located in
and in the vicinity of the QD: The localized electron is staying
at distances between 0 and 15 nm for excitation at frequency
1 and between 0 and 100 nm for excitation at frequency 2.
Comparing these values to the size of the QD �QD = 10 nm
we recognize that the electron is extended in a much larger area
around the QD, especially for the energetically higher states.
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FIG. 4. (Color online) The spatial radial exciton probability
|Rex(r,t0)|2r2 for several excitation energies, cf. arrows in Fig. 3.
(a) The initial exciton configuration X is influenced by Coulomb
processes. (b) Initially occupied with a single electron e− the system is
not influenced by Coulomb processes. Due to the attractive Coulomb
coupling a bound exciton state is formed, cf. inset of Fig. 3. The
extension of the QD is marked by �QD = 10 nm.

If the excitation occurs at higher energies, the electronic wave
function is delocalized over the entire area. Therefore, the
states are unbound and free (cf. excitation positions 3 and 4 in
Fig. 4).

Without the influence of Coulomb interaction in the case
of a single electron e− the state is not really bound to the QD
compared to the Coulomb bound states in Fig. 4 for excitation
at positions 1 and 2. Here, the excitation at the peak 5 results
in a state that has more probability to be located at the QD
compared to the outside (free particle), but it is still delocalized

over the whole space (cf. Fig. 4). The higher the excitation
energy is, the more the electron is equally delocalized over the
entire space (cf. Fig. 4 for excitation at positions 6, 7, and 8).

Finally, we discuss (iii) the Coulomb induced changes
in the width of the absorption continuum: The Coulomb
interaction between the bound and continuum carriers creates
energy shifts and causes the formation of excitons. For both
mechanisms the effect depends on the different involved
continuum states. This leads to a redistribution of oscillator
strength in the spectrum. The redistribution of the oscillator
strength is visible in the spectrum by a changed width of the
absorption spectrum.

Carriers of the continuum are for higher eigenenergies of
the single-particle states less located in the quantum dot [cf.
Fig. 4(b)], thus the Coulomb effects between bound and con-
tinuum carriers are smaller for continuum states with higher
energies. Consequently, attractive (repulsive) interaction of
the continuum electron with a bound hole (electron) leads
to a decreased (increased) broadening. Therefore, compared
to the Coulomb free single-electron spectrum e− in Fig. 3, the
absorption continuum is broadened (narrowed) for additional
negative (positive) bound carriers. Additional negative carriers
and thus a increased broadening can be found for the initial
configurations of two electrons 2e−, a negative charged
trion T −, and a biexciton BX. The decrease in broadening,
compared to the case with one electron present, is found for
configurations with additional positive carriers (an exciton X, a
positive charged trion T +, and a biexciton BX). The increase
of the linewidth is mainly recognizable in the two electron
spectrum 2e− in Fig. 3. The most prominent example for
a decrease in linewidth is visible in the positive trion case
(cf. Fig. 3).

In conclusion, we present bound-to-continuum intraband
absorption spectra including the Coulomb interaction between
QD and continuum carriers (bulk or wetting layer). Several
configurations of the initial occupations of the QD are studied,
resulting in characteristic spectral signatures. In particular, we
present signatures of excitons consisting of a localized carrier
inside the QD and a delocalized carrier of the continuum.
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