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Magnetic topological transition in transmission line metamaterials
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We study the magnetic topological transition of the isofrequency curves in the wave vector space from a
closed ellipsoid to an open hyperboloid in a metamaterial based on artificial transmission lines. In the radio
frequency band we directly measure the emission pattern of a point source placed in the center of the lattice
and demonstrate the elliptical wave fronts below the topological transition frequency and hyperbolic wave fronts
above the topological transition frequency.
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I. INTRODUCTION

Hyperbolic metamaterial, being a particular class of indef-
inite media, is a uniaxial system, where the transverse (ε⊥)
and longitudinal (ε‖) components of effective permittivity
tensor have opposite signs [1]. Unusual properties of such
metamaterials are due to the hyperbolic isofrequency surfaces
in the wave vector space [1–5]. Among them are the near field
control [6,7], negative refraction, similar to the case of double-
negative materials [8–10], the large density of states [11–15],
and partial focusing [16]. Hyperbolic metamaterials have been
demonstrated for hyperlensing [17] and directional single
photon emission [18].

A transition in the topology of the isofrequency surface
from a closed ellipsoid to an open hyperboloid by use of
artificially nanostructured metamaterials has been described
in Ref. [11]. The increased rate of spontaneous emission
of emitters positioned near the metamaterial have been
demonstrated in the hyperbolic regime. Thus altering the
topology of the isofrequency surface by using metamaterials
provides a fundamentally new route to manipulate light-matter
interactions.

In optical frequency domain the most common implementa-
tions of hyperbolic metamaterials are based on layered metal-
dielectric structures [11] or arrays of metallic nanowires [19].
For investigation of dielectric properties (complex refractive
index or dielectric function) ellipsometry can be used [20].
Ellipsometry is an indirect method, and measured data can not
be converted directly into the optical constants of a metama-
terial sample; normally a model analysis must be performed.
On the other hand the scalability of Maxwell’s equations with
respect to the operation frequencies enables the investigation
of certain phenomena at much lower frequencies, where the
fabrication and measurements are more straightforward.

Recently, it has been demonstrated that a metamaterial with
a hyperbolic isofrequency curve can be mimicked by two-
dimensional transmission lines [21]. It was experimentally
confirmed that the emission pattern of a current source has
a cross form, that is a fingerprint of hyperbolic media. In
this paper we apply the transmission line approach to design
and investigate two-dimensional metamaterial with magnetic
topological transition. We propose an improved design of
the transmission line unit cell to obtain a metamaterial
with transition between elliptic and hyperbolic isofrequency
curves. We analytically study the topological transition in
metamaterial and visualize the allowed propagation directions

in elliptic and hyperbolic regimes via investigation of the
Green function. To this end we fabricate a prototype of two-
dimensional metamaterial using chip components mounted on
a printed circuit board and directly measure the emission of
an external localized source in the prototype demonstrating
the elliptical wave fronts below the resonant frequency and
hyperbolic wave fronts above the resonant frequency.

II. MAGNETIC TOPOLOGICAL TRANSITION IN
TWO-DIMENSIONAL METAMATERIAL

In this paper we study the magnetic topological transition
of the isofrequency curve from a closed ellipsoid to an
open hyperboloid [Fig. 1(a)] in a two-dimensional uniaxial
metamaterial characterized by scalar permittivity ε and longi-
tudinal and transverse permeabilities μx and μy . In particular,
dispersion equation for a TE-polarized wave, propagating in
the x-y plane (magnetic field is oriented along the z axis),
reads [3,4]:

k2
x

ω2μyε
+ k2

y

ω2μxε
= 1 , (1)

where kx and ky are the x and y components of the
propagation vector and ω is the frequency. We consider
the situation when the permeability tensor component μy

is frequency independent and component μx has a resonant
frequency behavior [Fig. 1(b)]. According to Eq. (1) below the
resonance frequency where μx , μy > 0 the wave propagation
is allowed in both x and y directions and the isofrequency
curve has a closed form of ellipse. On the other hand, an
extreme modification of the isofrequency curve into an open
hyperboloid occurs above the resonance frequency where the
permeabilities show the opposite signs μx < 0 and μy > 0.

A high-performance metamaterial can be designed to
achieve the required permittivity and permeability responses
in the radio frequency range using artificial two-dimensional
transmission lines [6,21–24]. To understand the close analogy
between electromagnetic wave propagation in an anisotropic
medium [described by Eq. (1)] and current and voltage in a
transmission line metamaterial, we consider a basic unit cell
of a two-dimensional transmission line metamaterial [21] as a
symmetric T-circuit composed of serial admittances Yx and Yy

in x and y directions and a shunt impedance Z. The voltage at
one node in the grid is related to its neighbors via the Kirchhoff
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FIG. 1. (Color online) (a) Topological transition between ellip-
tic and hyperbolic isofrequency curves. (b) Permeabilities of a
two-dimensional uniaxial metamaterial with magnetic topological
transition.

current law:

Yx(Ux−1,y + Ux+1,y) + Yy(Ux,y−1 + Ux,y+1)

−2Ux,y(Yx + Yy) = Ux,y/Z . (2)

To derive the dispersion equation for the structure composed of
infinite number of unit cells with d×d dimension, we can look
for a Bloch solution of the form Ux,y = U0 exp[i(kxd + kyd)]
and get:

Yx sin2(kxd/2) + Yy sin2(kyd/2) = −1/(4Z) . (3)

Assuming the delays per unit cell are small (kxd �
1,kyd � 1), we compare Eqs. (1) and (3) to define the
relationship between the effective medium parameters and its
radio frequency counterparts:

μx

μy

= Yx

Yy

. (4)

From Eq. (4) one may conclude that the shape of the isofre-
quency contour (elliptic or hyperbolic) that depends on the sign
of permeabilities μx and μy is directly related to the sign of
the admittances Yx and Yy . The transmission line metamaterial
with elliptic isofrequency contours, where the admittances
Yx and Yy have been implemented as inductances, has been
demonstrated in Ref. [24]. In Ref. [21] the transmission
line metamaterial with hyperbolic isofrequency contours has
been reported, utilizing capacitances as admittances Yx and
inductances as Yy .

To mimic the metamaterial with magnetic topological tran-
sition we improve the unit cell design providing a possibility
to change the sign of admittance in one of the directions
(see inset Fig. 3). The main difference of the proposed unit
cell from the unit cells described in Refs. [24] and [21]
is the use of parallel LyCy connections in the y direction
instead of a single component—inductance or capacitance

depending on the desired shape of the isofrequency curve
(elliptic or hyperbolic). For the parallel LyCy connections
we can determine a resonant frequency where the admittance
Yy = iωCy + 1/iωLy changes the sign as ω0 = 1/

√
LyCy .

Below the frequency ω0 the admittance Yy has an inductive
behavior while above the resonant frequency the capacitive
behavior dominates. Thus we are able to get an inductive or
capacitive behavior of the unit cell y branch by sweeping the
frequency.

III. VISUALIZATION OF MAGNETIC TOPOLOGICAL
TRANSITION VIA GREEN FUNCTION

Allowed propagation directions in elliptic and hyperbolic
regimes can be directly visualized by the Green function of the
metamaterial. The Green function is defined as a voltage dis-
tribution induced in the metamaterial by the external localized
source. Particularly one has to solve Eq. (2) with the inhomo-
geneous term δx,x0 (δy,y0 − δy,y0−1) in the right hand side, where
x0 and y0 are the source coordinates. This corresponds to a volt-
age of different sign applied to two vertically adjacent lattice
nodes.

We demonstrate the evolution of the isofrequency curve
and Green function pattern when the frequency sweeps
and permeability μx changes its value. The characteristic
frequencies 1–5 are chosen and marked by dots in Fig. 1(b).
The corresponding permeability values are listed in Table I.
The value of permeability μy = 0.008 − 0.0006i is constant
over the frequency. The isofrequency curves obtained by
numerical solution of the dispersion relation (3) are depicted in
Fig. 2 in comparison with the simulated spatial distribution of
the absolute values of the Green function. The simulation was
done for the finite metamaterial sample composed of 31×31
unit cells with the source in the middle node (x0 = y0 = 16).
The values of the unit cell admittances Yx , Yy , and Y can
be found from the effective medium parameters ε and μ

by the following estimations [24]: iωεd → Y , iωμyd → Yx ,
iωμxd → Yy , where d is the unit cell dimension. In our
case the resonant frequency is ω0 = 106 rad/s (marked by
dot 3 in Fig. 1), the effective medium parameters are ε =
2.7510−7, μx3 = −0.1677i, μy = 0.008 − 0.0006i, and the
unit cell dimension is d = 12 mm. Assuming C = −Y i/ω0,
Lx = 1/iω0Yx , and Cy = Yy/(iω0) + 1/(ω0

2Ly) one can cal-
culate the values of lumped elements as C = 3300 pF, Cy =
0.01 μF, and Lx = Ly = 100 μH. At the edges the structure
is loaded by resistors with R = 100 � to provide matching
conditions.

In the characteristic points 1 and 2 when the real parts
of the permeabilities μx and μy are positive, the isofrequency
curves have the elliptic shapes [Figs. 2(a) and 2(b)]. The Green
function patterns for these cases are depicted in Figs. 2(f)

TABLE I. The characteristic parameters.

Characteristic point # 1 2 3 4 5

Frequency, kHz 95 110 160 185 200
Re(μx)102 1.3 1.6 0 −2.3 −1.4
Im(μx)102 −0.14 −0.19 −16.77 −0.33 −0.13
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FIG. 2. (Color online) (a)–(e) Isofrequency curves obtained by
numerical solution of the dispersion relation (3) for the unit cell
parameters: C = 3300 pF, Cy = 0.01 μF, and Lx = Ly = 100 μH.
(f)–(j) The simulated spatial distribution of the absolute values of the
Green function of the metamaterial composed of 31×31 unit cells at
frequencies 1–5, respectively.

and 2(g), respectively. It is clearly seen that the propagation
is allowed in all directions. Due to the finite size effects, the
patterns are warped instead of circular and have a fourfold
rotation symmetry with maxima near the corners of the square.
In the characteristic point 3 the real part of μx crosses zero
and the isofrequency curve is flat [Fig. 2(c)]. As a result
the emission is strongly confined along the line x = x0.
The isofrequency curves have a hyperbolic form above the
resonance when the real parts of permeabilities μx and μy are
of the opposite signs [Figs. 2(d) and 2(e)]. The Green function
patterns have the characteristic cross shape [Figs. 2(i) and 2(j)].
The propagation is allowed mainly in the y direction within a
narrow cone while a shadow is observed in the x direction. It
is important to mention that the cone angle changes with the
frequency.

IV. EXPERIMENTAL VERIFICATION OF MAGNETIC
TOPOLOGICAL TRANSITION

The prototype of the two-dimensional metamaterial with
magnetic topological transition composed of 31×31 unit
cells has been fabricated using commercially available chip
components mounted on a printed circuit board (Fig. 3).
The inductors model LQH32MN101J from Murata have been
used as inductances Lx and Ly . We used capacitors model
GRM32QR73A103KW from Murata and capacitors model
CC1210JKNPO9BN332 from Yageo as capacitances Cy and
Cg , respectively. To provide the matching conditions at the
edges 100 � resistors model ERJ6BQF1R0V from Pana-
sonic have been used. The components have been mounted
on a FR4 printed circuit board with permittivity εr = 4.4
and a thickness of 1.5 mm. The prototype dimensions are
46 cm×46 cm.

To excite the prototype an arbitrary waveform generator
(Keithley 3390) has been connected in the structure center.
During the experimental investigation we have directly mea-
sured the voltage magnitude in the nodes of the prototype
by a digital multimeter (Keithley 270). The Figs. 4(a)–4(e)

FIG. 3. (Color online) Photograph of the two-dimensional meta-
material prototype fabricated using commercial chip components on
a FR4 printed circuit board. The inset shows the unit cell design.
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FIG. 4. (Color online) (a)–(e) Measured Green function patterns
at frequencies 1–5 in comparison with simulated Green function
patterns (f)–(j) in the metamaterial with losses and 10% tolerance
of the chip components taken in to account.

represent the measured Green function patterns at the fre-
quencies f1 = 95 kHz, f2 = 110 kHz, f3 = 160 kHz, f4 =
185 kHz, and f5 = 200 kHz which corresponds to the char-
acteristic points 1–5, respectively. As was predicted for
the frequencies below the resonance the Green function
patterns in the metamaterial structure have an elliptic shape,
while at the frequencies above the resonance it becomes
hyperbolic. At the frequency of topological transition the
measured Green function pattern is singular. Due to the flat
isofrequency curve the propagation is allowed only in the y

direction.
While the main trends are the same in the measured

[Figs. 4(a)–4(e)] and simulated [Figs. 2(f)–2(j)] Green func-
tion patterns, a slight asymmetry of the measured patterns
in elliptic and hyperbolic regimes is observed. In order to
obtain better correspondence between experimental data and
the numerical results the loss of chip components and tolerance
of their nominal values have been considered. The simulated
Green function patterns with losses and 10% tolerance of the
chip components taken into account are depicted in Figs. 4(f)–
4(j) for the characteristic points 1–5, respectively. We have
also noticed that the Green function patterns in the elliptic
regime are more stable to the influence of the components
tolerance than in the hyperbolic regime. Increase of the com-
ponents tolerance up to 20% totally destroys the hyperbolic
regime.

V. CONCLUSIONS

We have analytically studied, designed, and experimen-
tally investigated the metamaterial with magnetic topological
transition from the elliptic to hyperbolic regimes. We have
shown that at the frequencies below the resonance the
isofrequency curves have an elliptic shape, at the resonance
the isofrequency curve is flat, and above the resonance the
isofrequency curves have hyperbolic shape. We visualized
the allowed propagation directions in the metamaterial via
the Green function which was defined as a voltage distribution
induced by an external localized source. We have fabricated the
metamaterial prototype and experimentally demonstrated this
phenomena by direct measurements of the voltage distribution
in the metamaterial nodes.
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