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Symmetry-protected topological (SPT) phases are gapped short-range-entangled quantum phases with a
symmetry G, which can all be smoothly connected to the trivial product states if we break the symmetry.
It has been shown that a large class of interacting bosonic SPT phases can be systematically described by
group cohomology theory. In this paper, we introduce a (special) group supercohomology theory which is a
generalization of the standard group cohomology theory. We show that a large class of short-range interacting
fermionic SPT phases can be described by the group supercohomology theory. Using the data of supercocycles,
we can obtain the ideal ground state wave function for the corresponding fermionic SPT phase. We can also obtain
the bulk Hamiltonian that realizes the SPT phase, as well as the anomalous (i.e., non-onsite) symmetry for the
boundary effective Hamiltonian. The anomalous symmetry on the boundary implies that the symmetric boundary
must be gapless for (141)-dimensional [(1+1)D] boundary, and must be gapless or topologically ordered
beyond (141)D. As an application of this general result, we construct a new SPT phase in three dimensions,
for interacting fermionic superconductors with coplanar spin order (which have 72 = 1 time-reversal Z! and
fermion-number-parity sz symmetries described by a full symmetry group ZI x Z{). Such a fermionic SPT
state can neither be realized by free fermions nor by interacting bosons (formed by fermion pairs), and thus are
not included in the K-theory classification for free fermions or group cohomology description for interacting
bosons. We also construct three interacting fermionic SPT phases in two dimensions (2D) with a full symmetry
group Z, X Z{. Those 2D fermionic SPT phases all have central-charge ¢ = 1 gapless edge excitations, if the

symmetry is not broken.
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I. INTRODUCTION
A. Short- and long-range entangled states

Recently, it was realized that highly entangled quantum
states can give rise to new kind of quantum phases beyond
Landau symmetry breaking [1-3], which include topologically
ordered phases [4-6], and symmetry-protected topological
(SPT) phases [7,8] (see Fig. 1). The topologically ordered
phases contain long-range entanglement [9] as revealed by
topological entanglement entropy [10,11], and cannot be
transformed to product states via local unitary (LU) transfor-
mations [ 12—14]. Fractional quantum Hall states [15,16], chiral
spin liquids [17,18], Z, spin liquids [19-21], non-Abelian
fractional quantum Hall states [22-25], etc., are examples of
topologically ordered phases. The mathematical foundation
of topological orders is closely related to tensor category
theory [9,12,26,27] and simple current algebra [22,28]. Using
this point of view, we have developed a systematic and quan-
titative theory for topological orders with gappable edge for
(2+1)-dimensional [(2+1)D] interacting boson and fermion
systems [9,12,27]. Also, for (2+1)D topological orders with
only Abelian statistics, we find that we can use integer
K -matrices to describe them [29-32].

The SPT states are short-range entangled (SRE) states
with symmetry (i.e., they do not break the symmetry of the
Hamiltonian), which can be transformed to product states
via LU transformations that break the symmetry. However,
nontrivial SPT states cannot be transformed to product states
via the LU transformations that preserve the symmetry, and
different SPT states cannot be transformed to each other via
the LU transformations that preserve the symmetry. The one-
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dimensional (1D) Haldane phase for spin-1 chain [7,8,33,34]
and topological insulators [35—40] are nontrivial examples of
SPT phases. Some examples of two-dimensional (2D) SPT
phases protected by translation and some other symmetries
were discussed in Refs. [41-43].

It turns out that there is no gapped bosonic LRE state
in 1D [13], so all 1D gapped bosonic states are either
symmetry breaking states or SPT states. This realization led
to a complete classification of all (14+1)D gapped bosonic
quantum phases [42—44].

In Refs. [45,46], the result for 1D SPT phase is generalized
to any dimensions: For gapped bosonic systems in d,-spatial
dimensions with an onsite symmetry G, we can construct
distinct SPT phases that do not break the symmetry G
from the distinct elements in Hér G, Ur(1)], the (1 + dp)-
cohomology class of the symmetry group G with G-module
Ur (1) as coefficient. Note that the above result does not require
the translation symmetry. The results for some simple onsite
symmetry groups are summarized in Table I. In particular, the
interacting bosonic topological insulators/superconductors are
included in the table.

B. Definition of fermionic SPT phases

In Ref. [27], the LU transformations for fermionic systems
were introduced, which allow us to define and study gapped
quantum liquid phases and topological orders in fermionic
systems. In particular, we developed a fermionic tensor
category theory to classify intrinsic fermionic topological
orders with gappable edge, as defined through the fermionic
LU transformations without any symmetry. In this paper, we
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FIG. 1. (Color online) (a) The possible gapped phases for a class
of Hamiltonians H(g;,g,) without any symmetry. (b) The possible
gapped phases for the class of Hamiltonians Hyymm(g1,g2) with a
symmetry. The yellow regions in (a) and (b) represent the phases with
long-range entanglement. Each phase is labeled by its entanglement
properties and symmetry breaking properties. SRE stands for short-
range entanglement, LRE for long-range entanglement, SB for
symmetry breaking, SY for no symmetry breaking. SB-SRE phases
are the Landau symmetry breaking phases, which are understood by
introducing group theory. The SY-SRE phases are the SPT phases,
which can be understood by introducing group cohomology theory.

are going to use the similar line of thinking to study fermionic
gapped liquid phases with symmetries. To begin, we will study
the simplest kind of them: short-range-entangled fermionic
phases with symmetries. Those phases are called fermionic
SPT phases:

(1) They are T = 0 gapped phases of fermionic Hamilto-
nians with certain symmetries.

(2) Those phases do not break any symmetry of the
Hamiltonian.

(3) Different SPT phases cannot be connected without
phase transition if we deform the Hamiltonian while preserving
the symmetry of the Hamiltonian.

(4) All the SPT phases can be connected to the trivial
product states without phase transition through the deforma-
tion the Hamiltonian if we allow to break the symmetry of the
Hamiltonian.

TABLE 1. (Color online) Bosonic SPT phases (from group
cohomology theory) in d,-spatial dimensions protected by some
simple symmetries (represented by symmetry groups G). Here, Z,
means that our construction only gives rise to the trivial phase. Z,
means that the constructed nontrivial SPT phases plus the trivial
phase are labeled by the elements in Z,. Z1 represents time-reversal
symmetry, U(1) represents U(1) symmetry, Z, represents cyclic
symmetry, etc. Also, (m,n) is the greatest common divisor of m
and n. The red rows are for bosonic topological insulators and the
blue rows bosonic topological superconductors.

Symm G dsp =0 d;p =1 dxp =2 dsp =3
U) x z7 z Z, Z, z2
U(l) x zT 7 72 A 73
U Z Z, Z 7,
SO@3) 7, Z Z 7,

ZZT A Z, 7 7

Zn Zn Zl Zn Zl

Zm X Zn Zm X Zn Z(m.n) Zrn X Zn X Z(m,n) Z(znhn)
Z, x ZF Loy Lo x Loy L3, Ly x L )
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[The term “connected” can also mean connected via fermionic
LU transformations (with or without symmetry) defined in
Ref. [27].]

Note that in 0 spatial dimension, the trivial product states
can have even or odd numbers of fermions. So the trivial
product states in 0D can belong to two different phases. In
higher dimensions, all the trivial product states belong to one
phase (if there is no symmetry). This is why when there is no
symmetry, there are two fermionic SPT phases in OD and only
one trivial fermionic SPT phase in higher dimensions.

C. Group supercohomology construction
of fermionic SPT states

After introducing the concept of fermionic SPT phase,
we find that we can generalize our construction of bosonic
SPT orders [45,46] to fermion systems, by generalizing the
group cohomology theory [46,47] to group supercohomology
theory. This allows us to systematically construct a large
class of fermionic SPT phases for interacting fermions in any
dimensions.

In the group cohomology theory for bosonic SPT states, we
find that the different topological terms in bosonic nonlinear
o models in discrete space-time are described by different
cocycles in group cohomology theory (see Sec. III for a
detailed review). The different types of topological terms
lead to different bosonic SPT phases, and thus different
cocycles describe different bosonic SPT phases. The idea
behind our approach in this paper is similar: we show that
different topological terms in fermionic nonlinear ¢ models
in discrete space-time are described by different cocycles
in group supercohomology theory. The different types of
fermionic topological terms lead to different fermionic SPT
phases, and thus different supercocycles describe different
fermionic SPT phases.

So far, our construction only applies for a certain type of
symmetries where the fermions form a 1D representation of
the symmetry group. It cannot handle the situation where
fermions do not form a 1D representation of the symmetry
group in the fixed-point wave functions. For this reason, we call
the current formulation of group supercohomology theory a
special group supercohomology theory. On the other hand, the
current version of group supercohomology theory can indeed
systematically generate a large class of fermionic SPT phases,
and many of those examples are totally new since they can
neither be constructed from free fermions nor from interacting
bosons (that correspond to bound states of fermion pair).

D. A summary of main results

The constructed fermionic SPT phases for some simple
symmetry groups are given in Table II, which lists the special
group supercohomology class /1[G r-U(D]. The rows
correspond to different symmetries for the fermion systems.
We note that, in literature, when we describe the symmetry of
a fermion system, sometimes we include the fermion-number-
parity transformation Py = (—)" in the symmetry group, and
sometimes we do not. In this paper and in Table II, we always
use the full symmetry group G y which includes the fermion-
number-parity transformation to describe the symmetry of
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TABLE II. (Color online) Fermionic SPT phases in dj,-spatial
dimensions constructed using group supercohomology for some
simple symmetries (represented by the full symmetry groups G ).
The red symmetry groups can be realized by electron systems. Here
7, means that our construction only gives rise to the trivial phase.
Z, means that the constructed nontrivial SPT phases plus the trivial
phase are labeled by the elements in Z,. Note that fermionic SPT
phases always include the bosonic SPT phases with the corresponding
bosonic symmetry group G, = G/ Z{ as special cases. The blue
entries are complete constructions which become classifications. Z1
represents time-reversal symmetry, U(1) represents U(1) symmetry,
etc. As a comparison, the results for noninteracting fermionic
gapped/SPT phases [48-50], as well as the interacting symmetric
phases in 1D [44,51-53], are also listed. Note that the symmetric
interacting and noninteracting fermionic gapped phases can be the
SPT phases or intrinsically topologically ordered phases. This is why
the lists for gapped phases and for SPT phases are different. 2Z means
that the phases are labeled by even integers. Note that all the phases
listed above respect the symmetry G .

Interacting fermionic SPT phases

G \d,p 0 1 2 3 Example
“none” = sz Zin 7 7, Z,  Superconductor
Z, x 7] 72 Z, Zs I,

T f Supercond. with
2y x 2 Z Za I Z coplanar spin order
Zogy1 X sz Zigpr2 7y Zoyw 7y
Zy x Z] Ty X 2o Lo  Zau Iy

Interacting fermionic gapped symmetric phases
G \d,, 0 1 2 3 Example
“none” = sz Zin Zin ? ?  Superconductor
Z, x 7] 72 Zy 7 ?

T f 9 o Supercond. with
2y X2, Z Zs ) " coplanar spin order
Zoky1 X sz Ziggr2 Zs
ZZk X sz sz X Zz Z4 ? ?

Noninteracting fermionic SPT phases
G \d,, 0 1 2 3 Example
“none” = sz Zin 7 7, Z, Superconductor
Z, X sz Z% Zz Z Zl
77 x Zz/ Z, 27 Z Z Supercond. with

coplanar spin order

Noninteracting fermionic gapped phases

Gy \dy, 0 1 2 3 Example
“none” = ZZ/ Zy Z Z Z,  Superconductor
Z, x 7] 72 Z, 7' I

727 x 7 2/ 7, 7 Z, Z, Supercond. with

coplanar spin order

fermion systems [48]. So, the full symmetry group of a fermion
system with no symmetry is Gy = Z{ generated by Py. The
bosonic symmetry group Gy is given by G, = G/ Z{ , which
correspond to the physical symmetry of the fermion system
that can be broken. In fact, the full symmetry group is a
projective symmetry group discussed in Ref. [54], which is
a Zg extension of the physical symmetry group G,.
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The columns of Table II correspond to different spatial
dimensions. In OD and 1D, our results reproduce the exact
results obtained from previous studies [44,51-53]. The results
for 2D and 3D are new.

Each entry indicates the number of nontrivial phases plus
one trivial phase. For example, Z, means that there is one
nontrivial SPT phase labeled by 1 and one trivial phase labeled
by 0. Also, say, Zg means that there are seven nontrivial SPT
phases and one trivial phase. For each nontrivial fermionic SPT
phase, we can construct the ideal ground state wave function
and the ideal Hamiltonian that realizes the SPT phase, using
group supercohomology theory.

When Gy = G, x Z{, A G ¢,U(1)] can be calculated
from the following short exact sequence:

0 — H[Gy,Ur(D]/T — H#[G;,Ur(1)]
— BHYN(Gy,Z,) — 0. (1)

In the above, BH~(G},7Z,) is a subgroup of H'~'(G,,Z,),
which is formed by elements n,_; that satisfy qu(nd_l) =0
in H*[G,,U(1)r], where qu is the Steenrod square quw :
HI" NGy, Zr) = HITNGy,Zr) C HIT' Gy, U(1)r]. Also, T
is a subgroup of HYG,, U(1)7] that is generated by
Sq*(ng_») = fy, where ny_, € H*"%(Gy,Z,) and f,; are
viewed as elements of H[G,Ur(1)].

E. Boundary of fermionic SPT states

Topologically ordered states and SPT states have short-
ranged correlations for any local operators. So, it is impossible
to probe and distinguish the different topological states
by bulk linear response measurements. However, for chiral
topological order (such as integer and fractional quantum Hall
states) [55,56] and free fermion SPT states (such as topological
insulators/superconductors [35—40]), their boundary states are
gapless if the symmetry is not broken. In this case, we can
use boundary linear response measurements to probe those
gapless excitations, which allow us to indirectly measure the
bulk topological phases.

Thus, it is very natural to ask the following: Can we use the
gapless boundary states to probe the SPT order in interacting
fermionic SPT states? It turns out that, in the presence of
interaction, the situation is much more complicated. In fact,
the situation is already complicated even for noninteracting
cases. It is well known that even trivial band insulator
can have gapless boundary states. So it is incorrect to say
that topological insulators/superconductors are characterized
by gapless boundary states. The situation gets worse for
interacting cases: regardless if the bulk is a trivial or nontrivial
bosonic/fermionic SPT phase, the interacting boundary can be
symmetry breaking, gapless, topological, etc. In fact, there
can be infinite many different boundary phases for every
fixed (3+1)D bulk phase. So, in order to use the boundary
states to characterize the bulk SPT order, we must identify
the common features among all those infinite many different
boundary phases of the same bulk. Only those common
features characterize the bulk SPT order. This is a highly
nontrivial task and has not been studied carefully in literature.

In this paper, just like the bosonic case [45,46], we
propose the boundary anomalous symmetry (i.e., the boundary
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non-onsite symmetry) as one of the common features that
characterize the bulk SPT order. The standard global symmetry
transformation (i.e., onsite symmetry transformation) in the
bulk U(g),g € G has the following tensor product decompo-
sition:

U =[]0« @)

where U;(g) acts on single site i. However, although the
boundary of a SPT state has the same symmetry as the bulk,
the symmetry transformation on the boundary cannot be onsite
if the bulk SPT order is nontrivial:

Oonary () = w({gi}.) [ [ Ui (o). 3)

Here, g; labels the effective degrees of freedom on the
boundary site i, and the U(1) phase factor w({g;},g) makes
the boundary symmetry transformation Ubndry(g) non-onsite
or anomalous. In fact, the U(1) phase factor w({g;},g) can
be constructed from the supercocycle in 7 G £-Ur(1)] that
describes the bulk SPT state (for details, see Appendix G 4).
Since all the effective boundary Hamiltonians satisfy

0Jndry (g )H, bndry Ubndry (g ) = H, bndry s (4)

and all the possible boundary types are described by the
ground states of the above boundary Hamiltonians, many low
energy properties of boundary state are determined by the
anomalous (i.e., non-onsite) symmetry Ubndry (g). For example,
for (1+1)D boundary, an anomalous symmetry makes the
boundary state gapless if the symmetry is not broken [45].
For (2+1)D boundary and beyond, an anomalous symmetry
makes the symmetric boundary state gapless or topologically
ordered.

The above results can also be understood from space-time
path integral point of view. Our discrete fermionic topological
nonlinear o model, when defined on a space-time with
boundary, can be viewed as a “nonlocal” boundary effective
Lagrangian, which is a fermionic and discrete generaliza-
tion of the bosonic continuous Wess-Zumino-Witten (WZW)
term [57,58]. As a result of this “nonlocal” boundary effective
Lagrangian, the action of symmetry transformation on the low
energy boundary degrees of freedom must be non-onsite, and,
we believe, the boundary excitations of a nontrivial SPT phase
are gapless or topologically ordered if the symmetry is not
broken.

F. Structure of the paper

In the rest of this paper, we will first compare the results in
Table II for a few interacting and free fermion systems. This
will give us some physical understanding of Table II. We then
briefly review the topological bosonic nonlinear ¢ model on
discretized space-time, which leads to the group cohomology
theory for the bosonic SPT states. We start our development
of group supercohomoloy theory for fermionic SPT phases
by carefully defining fermionic path integral for the fermionic
nonlinear o model on discrete space-time. Next we discuss the
conditions under which the fermionic path integral becomes
a fixed-point theory under the coarse-graining transformation
of the space-time complex. Such a fixed-point theory is a
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fermionic topological nonlinear ¢ model. The fixed-point
path integral describes a fermionic SPT phase. We then
construct the ground state wave function from the fixed-point
path integral, as well as the exact solvable Hamiltonian that
realizes the SPT states. In the Appendices, we develop a group
supercohomology theory, and calculate the Table II from the
group supercohomology theory.

II. PHYSICAL PICTURES OF SOME GENERIC RESULTS

Before describing how to obtain the generic results (1)
and Table II, in this section, we will compare some of our
results with known results for 1D interacting systems and
2D/3D noninteracting systems. The comparison will give us a
physical understanding for some of the interacting fermionic
SPT phases.

A. Fermion systems with symmetry G = ZZT X sz

First, from Table II, we find that interacting fermion systems
with 7% = 1 time-reversal symmetry (or the full symmetry
group G, = Z1 x Z{ ) can have three nontrivial fermionic
SPT phases in d;, = 1 spatial dimension and one nontrivial
fermionic SPT phase in dy, = 3 spatial dimensions. We would
like to compare such results with those for free fermion
systems.

1. 0D case

For 0D free or interacting fermion systems with 72 = 1
time-reversal symmetry Z!, the possible symmetric gapped

phases are the 1D representations of ZJ x Z{ . Since the
time-reversal transformation T is antiunitary, Z] has only one

trivial 1D representation. Z{ has two 1D representations. Thus,
0D fermion systems with 72 = 1 time-reversal symmetry are
classified by Z, corresponding to even fermion states and odd
fermion states.

2. 1D case

For 1D free fermion systems with 72 = | time-reversal
symmetry Z3, the possible gapped phases are classified by
Z [49,50]. For the phase labeled by n € Z, it has n Majorana
zero modes at one end of the chain [59]. Those boundary
states form a representation of n Majorana fermion operators
N, ---,0, which all transform in the same way under the
time-reversal transformation 7': n, — n, for all a or n, —
—n, for all a. (If, say n; and n, transform differently under
T:n — n; and n, — —n,, inyny will be invariant under T
and such a term will gap out the n; and 7, modes.) Some
of those 1D gapped states have intrinsic topological orders.
Only those labeled by even integers (which have even numbers
of Majorana boundary zero modes) become the trivial phase
after we break the time-reversal symmetry Z7 . Thus, the free
fermion SPT phases are labeled by even integers 2Z.

For interacting 1D systems with 72 =1 time-reversal
symmetry, there are eight possible gapped phases that do not
break the time-reversal symmetry [44,51-53]. Four of them
have intrinsic topological orders (which break the fermion-
number-parity symmetry in the bosonized model) [44] and the
other four are fermionic SPT phases given in Table II (three of
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them are nontrivial fermionic SPT phases and the fourth one
is the trivial phase).

3. 3D case

For 3D fermion systems with 72 = | time-reversal sym-
metry, there is no nontrivial gapped phase for noninteracting
fermions [49,50] but, in contrast, there is (at least) one
nontrivial SPT phase for strongly interacting fermions. Such
a nontrivial 3D fermionic SPT phase cannot even be viewed
as a nontrivial bosonic SPT state formed by bounded fermion
pairs. To see this point, we note that bounded fermion pairs
behave like a boson system with ZJ time-reversal symmetry,
which has one nontrivial bosonic SPT state (see Table I).
Such a state cannot be smoothly deformed into bosonic
product state without breaking the Z! symmetry within
the space of many-boson states. But, it can be smoothly
deformed into bosonic product state without breaking the Z7
symmetry within the space of many-fermion states. Therefore,
the discovered nontrivial fermionic SPT phase with T2 = 1
time-reversal symmetry is totally new.

B. Fermion systems with symmetry G, = Z, x sz

We also find that fermion systems with symmetry group
G, = Z, (or the full symmetry group Gy = Z5 x Z{) can
have one nontrivial fermionic SPT phase in dy, =1 spatial
dimension and three nontrivial fermionic SPT phases in d, =
2 spatial dimensions. (One of the nontrivial 3D fermionic SPT
phases is actually a bosonic SPT phase while the other two are
intrinsically fermionic.)

1. Free fermion systems

To compare the above result with the known free fermion
result, let us consider free fermion systems with symmetry
group G, = Z; (or the full symmetry group Gy = Z5 x Z'2f ),
which contain two kinds of fermions: one carries the Z, charge
0 and the other carries Z, charge 1. For such free fermion
systems, their gapped phases are classified by [48]

d: 0 1 2 3 45 6 7,
gapped phases: 73 Z3 Z* 0 0 0 Z* 0.

&)

The four d, = 0 phases correspond to the ground state with
even or odd Z,-charge-0 fermions and even or odd Z,-charge-1
fermions. The four ds, = 1 phases correspond to the phases
where the Z,-charge-0 fermions are in the trivial or nontrivial
phases of Majorana chain [59] and the Z,-charge-1 fermions
are in the trivial or nontrivial phases of Majorana chain. A
dy, = 2 phase labeled by two integers (m,n) € Z? corresponds
to the phase where the Z,-charge-0 fermions form m (p, +
ipy) states with m right-moving Majorana chiral modes and the
Z,-charge-1 fermions form n (p, + ip,) states with n right-
moving Majorana chiral modes. [If m and/or n are negative, the
fermions then form the corresponding number of (p, — ipy)
states with the corresponding number of left-moving Majorana
chiral modes.]

Some of the above noninteracting gapped phases have
intrinsic fermionic topological orders. (Those phases are stable
and have intrinsic fermionic topological orders even after
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we turn on interactions.) So, only a subset of them are
noninteracting fermionic SPT phases:

dsp: 0 1 2 3 4 5 6 17, ©)
SPTphases: Z3 Z, Z 0 0 0 Z O.

The four d, = 0 phases correspond to the ground states with
even or odd numbers of fermions and 0 or 1 Z, charges.
The two d,, = 1 phases correspond to the phases where the
Z,-charge-0 fermions and the Z,-charge-1 fermions are both
in the trivial or nontrivial phases of Majorana chain. The
dy, = 2 phase labeled by one integer n € Z corresponds to the
phase where the Z,-charge-0 fermions have n right-moving
Majorana chiral modes and the Z,-charge-1 fermions have n
left-moving Majorana chiral modes. We see that in OD and 1D,
the noninteracting fermionic SPT phases are the same as the
interacting fermionic SPT phases.

2. 2D case

However, in two dimensions, the noninteracting fermionic
SPT phases are quite different from the interacting ones. In
this paper, we are able to construct three nontrivial interacting
fermionic SPT phases. Despite very different phase diagram,
it appears that the above three nontrivial interacting fermionic
SPT phases in 2D can be realized by free fermion systems.

In fact, it appears that there are seven nontrivial interacting
2D fermionic SPT phases protected by Z, symmetry [60].
All the seven nontrivial SPT phases can be represented by
free fermion SPT phases. This suggests that our current
construction is incomplete since we only obtain four fermionic
SPT phases (including the trivial one) withthe Gy = Z5 x Z‘2f
symmetry. One possible reason of the incompleteness may be
due to our limiting requirement that fermions only form 1D
representations of G y.

One way to understand why there can only be seven
nontrivial interacting 2D fermionic SPT phases protected by
Z, symmetry is using the idea of duality between intrinsic
topological orders and SPT orders discovered recently [61].
The key observation in such a duality map is that for any SPT
orders associated with a (discrete) global symmetry G, we can
always promote the global symmetry to a local (gauge) sym-
metry. For different SPT phases, the corresponding promoted
(discrete) gauge models describe different intrinsic topological
orders. For fermionic SPT phases protected by Z, symmetry,
we can let Z,-charge-1 fermion couple to a Z, gauge field. In
this way, different intrinsic topological ordered phases can be
characterized by different statistics of the Z, flux. According
to Kitaev’s classification [62] for different types of vortices
in superconductors,! we know that there are seven nontrivial
cases. Thus, we see that although in free 2D fermionic systems
SPT phases protected by Z, symmetry are classified by an
integer (Chern number), the interactions dramatically change
the classifications.

Following Kitaev’s idea [62], we can have a very simple
way to understand the seven nontrivial types of vortices by

'In a superconductor, the U(1) symmetry is broken down to Z,
symmetry, hence the vortex of a superconductor can be regarded as
Z, flux.
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counting the number of Majorana modes in the vertex core. In
the corresponding free fermion model, the number of Majorana
modes n corresponds to the Chern number of the Z,-charge-1
free fermion. The seven nontrivial SPT phases are described
byn=12,...,7.

We see that an interacting 2D fermionic SPT state with
Z, symmetry (Gy = Z; X Z{ ) is characterized by having
n right-moving Majorana chiral modes for the Z,-charge-0
fermions and n left-moving Majorana chiral modes for the
Z,-charge-1 fermions, wheren € Zg. Such kinds of edge states
can be realized by free fermions. Thus the interacting 2D
fermionic SPT states with Z, symmetry can be realized by
free fermions. When n = even, the 2D fermionic SPT states
with Z, symmetry can be realized by 2D topological insulators
with fermion-number conservation, S¢ spin rotation symmetry,
and time-reversal symmetry. The Z, symmetry transformation
corresponds to 7t /2 charge rotations and 7 spin rotation

(]Z2 — eiﬂN,:/ZeinS:’ (7)

where N is the total fermion number and S° is the total S°
spin. Such a state is stable even if we break the fermion-number
conservation, S* spin rotation symmetry, and time-reversal
symmetry, as long as we keep the above Z, symmetry.

Now, let us try to understand why four of the nontrivial
fermionic SPT phases protected by the Z, symmetry require
fermions to form high dimensional representations of Gy =

7y X Z{ .Itis easy to see that when n = even, the free fermion
models are described by n/2 Z,-charge-1 complex fermions
per site and these fermions form 1D representations of G 5 =

Z) X Z{ . However, the situations are more complicated when
n = odd. For example, when n = 1, the free fermion Hamil-
tonian describes one Z,-charge-0 Majorana fermion and one
Z,-charge-1 Majorana fermion per site, labeled as y; 4 and y; | .
Under the Z, action, y; 4 does not change while y; | changes to
—¥i,,- Thus the symmetry operation Uz, can be constructed as
Uz, = iN=DN2TTY v+, where N is the number of sites. Itis
easy to check that UZzyi,TU;Z =V, Uz Vi,iU;2 = —y,,, and
U %2 = 1. However, the symmetry operator U, can be regarded
as the Z, symmetry transformation only when N = even, in
that case Uy, contains an even number of fermion operators.
But in our construction, the Z, symmetry can be realized as
bosonic unitary transformation regardless N = even or odd.
Thus, we can only construct four fermionic SPT phases that
are labeled by even n.

Another example requiring fermions to carry high dimen-
sional representations is the well known time-reversal sym-
metry with 7% = P;. We believe that the principle/framework
developed in this paper should be applicable for all these
interesting cases and the results will be presented in our future
work.

III. PATH INTEGRAL APPROACH TO BOSONIC
SPT PHASES

In this paper, we are going develop a group supercohomol-
ogy theory, trying to describe the SPT phase for interacting
fermions. Our approach is motivated by the group cohomology
theory for bosonic SPT phases, based on the path integral
approach. In this section, we will briefly review such path
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FIG. 2. (Color online) If we extend n(t) that traces out a loop
to n(t,£) that covers the shaded disk, then the WZW term
sz dtd& n(t,§) - [0;n(t,&) x 0:n(t,&)] corresponds to the area of the
disk.

integral approach for the group cohomology description of
bosonic SPT phases. Those who are familar with bosonic SPT
theory can go directly to the next section.

Here we are going to use the Haldane phase of spin-1
chain as an example. It has been pointed out that the
Haldane phase (a nontrivial 1D SPT phase) is described by
a 2m-quantized topological term in continuous nonlinear o
model [63]. However, such kinds of 2w-quantized topolog-
ical terms cannot describe more general 1D SPT phases.
We argue that to describe SPT phases correctly, we must
generalize the 2m-quantized topological terms to discrete
space-time. The generalized 27 -quantized topological terms
turn out to be nothing but the cocycles of group cohomology
(see Refs. [45,46] for more details.)

A. Path integral approach to a single spin

Before considering a spin-1 chain, let us first consider a
(041)D nonlinear o model that describes a single spin, whose
imaginary-time action is given by

2
fidl‘M + is/ dtdé n(t,§) - [0:n(t,&) x dgn(t,§)],
2g D2 8)
(

where n(t) is an unit 3d vector and we have assumed that the
time direction forms a circle. The second term is the Wess-
Zumino-Witten (WZW) term [57,58]. We note that the WZW
term cannot be calculated from the field n(¢) on the time circle.
We have to extend n(t) to a disk D? bounded by the time
circle: n(t) — n(t,£) (see Fig. 2). Then the WZW term can
be calculated from n(¢,£). When 2s is an integer, WZW terms
from different extensions only differ by a multiple of 2ix. So
e~% is determined by n(¢) and is independent of how we extend
n(t) to the disk D?.

The ground states of the above nonlinear o model have
(25 + 1)-fold degeneracy, which form the spin-s represen-
tation of SO(3). The energy gap above the ground state
approaches to infinity as g — oo. Thus a pure WZW term
describes a pure spin-s spin.

B. Path integral approach to a spin-1 chain

To obtain the action for the SO(3) symmetric antifer-
romagnetic spin-1 chain, we can assume that the spins S;
are described by a smooth unit vector field n(x,?): S; =
(=) n(ia,t) [see Fig. 3(b)]. Putting the above single-spin action
for different spins together, we obtain the following (141)D
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x=0) x=L

n(x,t)

n(x,t) (b)

FIG. 3. (Color online) (a) The topological term W describes the
number of times that n(x,7) wraps around the sphere (as we change 7).
(b) On an open chain x € [0, L], the topological term W in the (14-1)D
bulk becomes the WZW term for the end spin n, (t) = n(L,t) (where
the end spin at x = 0 is held fixed).

nonlinear o model [64]:
1

S = [dxdtz—[an(x,t)]2+i9W, 0 =2 9)
g

where W = (4r)~! fdt dx n(t,x) - [0n(t,x) x 0,n(t,x)]
and i6W is the topological term [64]. If the space-time
manifold has no boundary, then e % =1 when
6 =0mod2r. We will call such a topological term a
2m-quantized topological term. The above nonlinear o model
describes a gapped phase with short-range correlation and
the SO(3) symmetry, which is the Haldane phase [33]. In
the low energy limit, g flows to infinity and the fixed-point
action contains only the 27 -quantized topological term. Such
a nonlinear o model will be called topological nonlinear o
model.

It appears that the 27 -quantized topological term has no
contribution to the path integral and can be dropped. In fact, the
2m-quantized topological term has physical effects and cannot
be dropped. On an open chain, the 2 -quantized topological
term 2mwiW becomes a WZW term for the boundary spin
np(t) =n(x = L,t) (see Fig. 3) [63]. The motion of ny is
described by Eq. (8) with s = % So, the Haldane phase
of spin-1 chain has a spin-% boundary spin at each chain
end [63,65,66]!

We see that the Haldane phase is described by a fixed-point
action which is a topological nonlinear ¢ model containing
only the 27 -quantized topological term. The nontrivialness of
the Haldane phase is encoded in the nontrivially quantized
topological term [50,63].

C. Topological term on discrete space-time

From the above example, one might guess that various SPT
phases can be described by various topological nonlinear o
models, and thus by various 2w -quantized topological terms.
But, such a guess is not correct.

This is because the fixed-point action (the topological
nonlinear o model) describes a short-range-correlated state.
Since the renormalized cutoff length scale of the fixed-point
action is always larger than the correlation length, the field
n(x,t) fluctuates strongly even at the cutoff length scale. Thus,
the fixed-point action has no continuum limit, and must be
defined on discrete space-time. On the other hand, in our
fixed-point action, n(x,t) is assumed to be a continuous field in
space-time. The very existence of the continuum 27 -quantized
topological term depends on the nontrivial mapping classes
from the continuous space-time manifold 72 to the continuous
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FIG. 4. (Color online) (a) A branched triangularization of space-
time. Each edge has an orientation and the orientations on the three
edges of any triangle do not form a loop. The orientations on the
edges give rise to a natural order of the three vertices of a triangle
(i, j,k) where the first vertex i of a triangle has two outgoing edges
on the triangle and the last vertex k£ of a triangle has two incoming
edges on the triangle. s(i, j,k) = £1 depending on the orientation of
i — j — k to be clockwise or anticlockwise. (b) The phase factor
v(n;,n;,n;) depends on the image of a space-time triangle on the
sphere S2.

target space S2. Itis not self-consistent to use such a continuum
topological term to describe the fixed-point action for the
Haldane phase.

As a result, the continuum 27 -quantized topological terms
fail to properly describe bosonic SPT phases. For example,
different possible continuum 27 -quantized topological terms
in Eq. (9) are labeled by integers, while the integer spin
chain has only two gapped phases protected by spin rotation
symmetry: all even-integer topological terms give rise to the
trivial phase and all odd-integer topological terms give rise to
the Haldane phase. Also, nontrivial SPT phases may exist even
when there are no continuum 27 -quantized topological terms
(such as when the symmetry G is discrete).

However, the general idea of using fixed-point actions to
describe SPT phases is still correct. But, to use 27 -quantized
topological terms to describe bosonic SPT phases, we need
to generalize them to discrete space-time. In the following,
we will show that this indeed can be done, using the (14-1)D
model (9) as an example.

A discrete (141)D space-time is given by a branched
triangularization [46,67] (see Fig. 4). Since § = f dxdtL,
on triangularized space-time, we can rewrite

S = [T Omn;ny),
v OO n ) = e e U, (10)

where || Adxdt L is the action on a single triangle. We see
that, on discrete space-time, the action and the path integral
are described by a 3-variable function v(n;,n;,n;), which is
called action amplitude. The S O(3) symmetry requires that

v(gn;,gn;,gni) = v(n;,n;ng), g€ SOQ). (11)
In order to use the action amplitude v*“/"F(n; n;,ny) to
describe a 2m-quantized topological term, we must have
[Tv*%/®(n;,n;,n;) = 1 on any sphere. This can be satisfied
iff [Tv*@/"O(n;,n;,n) =1 on a tetrahedron: the simplest
discrete sphere [see Fig. 5(a)]

v(ny,ny,n3)v(ng,ni,n3)
v(ng,ny,n3)v(ng,nq,ny)

12)
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"

FIG. 5. (Color online) A tetrahedron: the simplest discrete
sphere. [T v*“/F(n;,n;,n;) = 1 on the tetrahedron becomes Eq. (12).
Note thats(1,2,3) = 5(0,1,3) = 1and s(0,2,3) = 5(0,1,2) = —1.(b)
The total action amplitude of the topological nonlinear o model on
the complex gives rise to the phase factor in Eq. (17).

(Another way to define topological term on discretized space-
time can be found in Ref. [69].)

A v(ng,ny,n;) that satisfies Eqgs. (11) and (12) is called a
2-cocycle. If v(ng,n,n,) is a 2-cocycle, then

Y (g, 11,12) = v,y ) PLIDREOI) g

p(no,nz)

is also a 2-cocycle, for any u(ng,n;) satisfying u(gng,gn;) =
u(ng,ny), g € SO3). Since v(ng,ny,n3) and v'(ng,n,,n3) can
continuously deform into each other, they correspond to the
same kind of 2w -quantized topological term. So, we say that
v(ng,ny,n3) and v'(ng,ny,n3) are equivalent. The equivalent
classes of the 2-cocycles v(ng,n,,n3) give us H2[SZ,U(1)]:
the 2-cohomology group of sphere S with U(1) coefficient.
H2[S?,U(1)] classifies the 27r-quantized topological term in
discrete space-time and with S? as the target space.

D. Maximum symmetric space and group cohomology classes

Does H?[S?,U(1)] classify the SPT phases with SO(3)
symmetry? The answer is no. We know that S is just one of
the symmetric spaces of S O(3). To classify the SPT phases, we
need to replace the target space S by the maximal symmetric
space, which is the group itself SO(3) (see Ref. [46] for more
discussions). So, we need to consider discrete nonlinear o
model described by v(g;,g;.8x), &i-&j-& € SO(3). Now, the
2-cocycle conditions become

v(ggi.88;,88k) = v(gi»gj»8&k) € U(1),
v(£1,82,83)v(80,81,83) _1
v(80,82,83)v(80.81.82)

which defines a “group cohomology” H2[SO(3),U(1)]. It
classifies the 2w -quantized topological term for the maximal
symmetric space. It also classifies the SPT phases with SO(3)
symmetry in (14-1)D.

The above 2-cocycle condition can be generalized to
any group G, including discrete groups! We conclude that
H?[G,U(1)] classifies the SPT phases with onsite symmetry
G in (141)D. The above discussion can also be generalized
to any dimensions by replacing the 2-cocycle condition on
v(go,81,82) with d-cocycle condition on v(go, g1, - - . ,84)- For
example, the functions v(go, ...,g3), & € G, satisfying the
following conditions

(14)

v(880,881,882,883) = v(80,81,82,83) € U(1),

v(g1,82.83,84)v(80,81,83,84)v(80,81,82,83)
v(80,82,83,84)V(80,81,82,84)

I, (@15
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are  3-cocycles which form H?[G,U(1)]. Using
V(g0 - - - +8d,,+1) € H4H[G,U(1)] as the action amplitude
on a simplex in (d,, + 1)D space-time, we can construct the
path integral of the topological nonlinear ¢ model, which
describes the corresponding SPT phase. This way, we show
that the SPT phases with symmetry G in d spatial dimensions
are described by the elements in H% T [G,U(1)].

In conclusion, a quantized topological term in the path
integral of a (dy;, + 1)D system can be written in terms
of the (ds, + 1)-cocycles by (1) discretizing the (ds, + 1)D
space-time with branched triangularization (a branching struc-
ture [46,67] will induce a local order of vertices on each
simplex); (2) putting group element labeled degrees of freedom
onto the vertices; (3) assigning action amplitude to each
simplex with the corresponding cocycle. The path integral
then takes the form

Z=1GI"" Y T vitdiGeingyo-- g0, (16)
}

{gi} lij..k

where s;;_x = %1 depending on the orientation of the simplex
ij...k. Similar to the (1 4+ 1)D case, it can be shown that the
path integral is symmetric under symmetries in group G, the
action amplitude e~ 54D = T ) vl’l'}'il(g,-,gj, ...,gr) isin
a fixed-point form and is quantized to 1 on a closed manifold.

On a space with boundary, the 2w -quantized topological
term obtained from a nontrivial cocycle v(go, . . . ,ga,,+1) gives
rise to a discretized analog of the WZW term in the low energy
effective theory for boundary excitations. We believe that such
a discretized WZW term will make the boundary excitations
gapless if the symmetry is not broken. In (2 + 1)D, we can
indeed prove rigorously that a nontrivial SPT state must have
gapless edge modes if the symmetry is not broken [45]. In
addition, it has been further pointed out that by “gauging” the
global symmetry [61], each SPT phase can be identified by
the braiding statistics of the corresponding gauge flux, which
is known to be classified by H3[G,U(1)]in (2 + 1)D [68].

E. Ground state wave function and Hamiltonian
for a bosonic SPT phase

From each element in H%+!1[G,U(1)] we can also con-
struct the dy,-dimensional ground state wave function for the
corresponding SPT phase. In 2D, we can start with a triangle
lattice model where the physical states on site i are given by
|gi), g € G [see Fig. 4(a)]. The ground state wave function
can be obtained by viewing the 2D lattice (which is a torus)
as the surface of a solid torus. The evaluation of the path
integral of the topological nonlinear o model {which is given
by v3(20,£1,82.83), an element in H>*[G,U(1)]} on the solid
torus gives rise to the following ground state wave function:
O({gi}) = [T, v3(1.8i.85.80) [T v3 ' (1.8i.8;.8), where [,
and Hv multiply over all up and down triangles, and the
order of i jk is clockwise for up triangles and anticlockwise for
down triangles [see Fig. 4(a)]. To construct exactly solvable
Hamiltonian H that realizes the above wave function as the
ground state, we start with an exactly solvable Hamiltonian
Ho = =3, 9:)(¢il. i) = >, i &), whose ground state
is ®o({g;}) = 1. Then, using the local unitary transforma-
tionU =[], vs(1,8i.8j.80 [, v;'(1,8i,8;,81), we find that
& =Udgand H =Y, H;, where H; = U|¢;){¢;|U". H; acts
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on a seven-spin cluster labeled by i, 1-6 in blue in Fig. 4(a)
[see Fig. 5(b)]:

Hi|gi,818283848586)
= Z |8i+818283848586)

8
5 V3(84,85,8i,8/)v3(85,8i.81,86)v3(8i, 8. 86,81)
v3(8i,8;,82,81)v3(83,8i.8},82)v3(84,83,8i-8})

a7

We see that H has a short-ranged interaction and has the
symmetry G: [{gi}) — [{ggi}), & € G [45].

IV. GRASSMANN TENSOR NETWORK
AND FERMIONIC PATH INTEGRAL

After having some physical understanding of the fermionic
SPT phases protected by Z1 x Z or Z, X 22 symmetries
and after some understandmg of the path integral approach to
the bosonic SPT phases, in the following, we will discuss
a generic construction that allows us to obtain fermionic
SPT phases protected by more general symmetries in any
dimensions.

As discussed above, one way to obtain a systematic
construction of bosonic SPT phases is through a systematic
construction of topological bosonic path integral [46] using a
tensor network representation of the path integral [7,70]. Here,
we will use a similar approach to obtain a systematic construc-
tion of fermionic SPT phases through fopological fermionic
path integral using a Grassmann tensor network [27,71]
representation of the fermionic path integral. The Grassmann
tensor network and the associated fermion path integral are
defined on a discretized space-time. So first, let us describe
the structure of a discretized space-time.

A. Discretized space-time

A d-dimensional discretized space-time is a d-dimensional
complex X; formed by many d-dimensional simplexes
Zlio..ig1- We will use i, j, ... to label the vertices of complex
Y4. Xpi..i,) 18 the simplex with vertices iy, . . . ,ig.

However, in order to define Grassmann tensor network
(and the associated fermion path integral) on the discretized
space-time ¥, the space-time complex must have a so-called
branching structure [46,67]. A branching structure is a choice
of orientation of each edge in the d-dimensional complex so
that there is no oriented loop on any triangle (see Fig. 6).

The branching structure induces a local order of the vertices
on each d-simplex. The first vertex of a d-simplex is the vertex
with d outgoing edges, and the second vertex is the vertex with

(b)

FIG. 6. (Color online) Two branched simplexes with opposite
orientations. (a) A branched simplex with positive orientation and
(b) a branched simplex with negative orientation.

PHYSICAL REVIEW B 90, 115141 (2014)

d — 1outgoing edges and 1 incoming edge, etc. So, the simplex
in Fig. 6(a) has the following vertex ordering: 0,1,2,3.

The branching structure also gives the simplex (and its
subsimplexes) an orientation. Figure 6 illustrates two 3-
simplexes with opposite orientations. The red arrows indicate
the orientations of the 2-simplexes which are the subsimplexes
of the 3-simplexes. The black arrows on the edges indicate the
orientations of the 1-simplexes.

B. Physical variables on discretized space-time

To define a path integral on a discretized space-time (i.e., on
a complex ¥, with a branching structure), we associate each
vertex i (a 0-simplex) in X, with a variable g;. So, g; is a local
physical dynamical variable of our system. The allowed values
of g; form a space which is denoted as G;,. At the moment, we
treat G, as an arbitrary space. Later, we will assume that G,
is the space of a group.

We also associate each (d — 1)-simplex (ip... 0. ig)
of a d-simplex [ig...i4] with a Grassmann number. Here,
the (d — 1)-simplex (ip.. ..1g) is a subsimplex of the
d-simplex [ig . . . 4] that does not contain the vertex i;. Relative
to the orientation of the d-simplex [ip...i4s], the (d — 1)-
simplex (ip . . . ii ...ig) can have a “+” or “—” orientation (see
Fig. 6). We associate (d — 1)—simp1ex (ip... f,- ...ig—1) witha

1)-simplex has a “—” orientation. However the Grassmann
number 6 i, (or 9_(,-_,;()) may or may not present on the
(d — 1)-simplex (i ... k). So, on each (d — 1)-simplex (i ... k)
we also have a local physical dynamical variable n; ; = 0,1
or7ii; ; = 0,1, indicating whether 6; ) or 9_(,-,“;() is present or
not. So, each (d — 1)-simplex (i . . k) is really associated with
a dynamical Grassmann variable 6"}, or 6;"},.

We see that each (d — 1)-simplex (lo zd 1) on the surface

of the d-complex %, is associated with two types of Grassmann

variables 9(10 o nd@ - 471, each belongs to the d-simplex
on each side of the (d— 1) -simplex (ig . ..i4—1) (see Fig. 7).
We also see that each d-simplex has its own set of Grassmann
variables that do not overlap with the Grassmann variables of
other simplexes.

C. A constraint on physical variables

In general, the physical dynamical variables g;, n;_x, and
ii;. i are independent. We can formulate fermionic topological
theory and obtain fermionic topological phases by treating g;,

&
&y

FIG. 7. The 2-simplex (012) is associated with 82 which
belongs to the top 3-simplex [0123]. The 2-simplex (012) is also
associated with 612y which belongs to the bottom 3-simplex [0124].
A rank-4 tensor V; on the top tetrahedron is given by V5 (g0, ¢1,82,83)
and on the lower tetrahedron by V5 (g0,81,82,84)-
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n;. x,and n;_; as independent variables. This is essentially the
approach used in Ref. [27] in (241)D, and we have obtained
a system of nonlinear algebraic equations, whose solutions
describe various 2D fermionic topological phases. However,
the nonlinear algebraic equations are very hard to solve, despite
they only describe 2D fermionic topological orders. As aresult,
we have obtained very few fermionic solutions.

In this paper, we are going to study a simpler and less
general problem by putting a constraint between the physical
dynamical variables g; and n;_ (7; x):

ni k= n(gi’ "'7gk)7 ik = n(gi’ "'7gk)' (18)
That is, when n;_; # n(gi,...,8r) or ;. j # n(gi,...,8k),
there will be a huge energy cost. So at low energies, the system
always stays in the subspace that satisfies the above constraint.
In this case, n;_; and 71;_; are determined from g;’s.

It turns out that the constraint indeed simplifies the
mathematics a lot, which allows us to systematically describe
fermionic topological phases in any dimensions. The resulting
nonlinear algebraic equations also have nice structures which
can be solved more easily. So we can also find many solutions
in any dimensions and hence obtain many new examples of
topological phases in any dimensions. However, the constraint
limits us to describe only SPT phases. To describe phases
with intrinsic topological orders, we have to use more general
unconstrained formalism, which is discussed in Ref. [27]. In
this paper, we will only consider the simple constraint cases.

D. Grassmann tensor on a single d-dimensional simplex

In the low energy constraint subspace, we can associate
each d-simplex of “+” orientation with a Grassmann rank-
(1 + d) tensor V; , and each d-simplex of “—” orientation
with a different Grassmann rank-(1 + d) tensor V.

Let us first assume that a d-simplex [0...d] has a “+”
orientation, and discuss the structure of the Grassmann
tensor V;’. The Grassmann tensor V; is a map from space
G, — My

Vi(80.81,---.84) € My, g € Gy, (19)

The order of the variables gy, g1, . . . ,gq in V; is the same as the
order of the branching structure: vertex-0 < vertex-1 < --- <
vertex-d.

Here, an element in M ; is a complex number times an even

number of Grassmann numbers. Thus V; (g0,81,...,84) hasa
form
V;(g(),gl, v agd)
= U;(go’gl’g2vg3vg4v v 9gd)
en,zfu(gu,gz,gzﬁgz‘ ----- gd)end—l(gthgl,g%(% ..... 8d)
(1234...d) (0134...d) e
ANd—1(80,82,83,84+--8d) ANd—1(80,81,82,84+-+,8d)
X0 0234...4) O0124...a) s (20

where vj(go,gl, ...,8a) is a pure phase factor and 6;. i)
or 6.k is the Grassmann number associated with (d — 1)-
dimensional subsimplex on X9, (ij...k). The constraint
is implemented explicitly by writing, say, 653, as

Q"d—l(gl«gz,g%gzx ..... 8ad)
(1234...d) .

PHYSICAL REVIEW B 90, 115141 (2014)

Note that the vertices on the branched simplex £{ have a
natural order: vertex-0 < vertex-1 < - - - < vertex-d. This leads
to the ordering of the Grassmann numbers: the first Grassmann
number is associated with the subsimplex that does not contain
the vertex-0, the second Grassmann number is associated with
the subsimplex that does not contain the vertex-2, etc. Then
it is followed by the Grassmann number associated with the
subsimplex that does not contain the vertex-1, the Grassmann
number associated with the subsimplex that does not contain
the vertex-3, etc.

The above example is for simplexes with a “+4” orientation.
For branched simplex 22 with a “—" orientation, we have

V(80,815 ---,84)

=v;(80,81,82,83,84> - - - ,84)

« 9”d—l(80»81v82784 ,,,,, gd)end—l(80a82~83»g4 ,,,,, 8a)
<+ Y(0124..d) (0234...d)

f7d—1(80:81,83:84s-:8a) gTd—1(81,82,83,84,--,84)
X .. -9(0’1314..?[1)] B 9(13314...1[1)2 e (2D
where the order of the Grassmann numbers is reversed and 6’s
are switched with 0’s.
The number of the Grassmann numbers on the (d — 1)-
dimensional simplex (ij .. .k) is given by

ng-1(8i,&j,----8) = 0,1, (22)

which depends on d variables g;,g;, ..., g, and must satisfy

d
anfl(go,...,gi, ...,gd)z even, (23)
i=0

so that the Grassmann rank-(1 + d) tensor always has an
even number of Grassmann numbers. Here, the sequence
8o, ---,8i,--.,84 1 the sequence gy, . ..,gs with g; removed.

All the solutions of Eq. (23) can be obtained using
an integer function my_»(81,82, ---,84—1) = 0,1 with d — 1
variables [while n;_1(g1,82, . - .,8q) 18 an integer function of
d variables]:

d
nd-l(gl’gZ’ ""gd) = Zmd_z(gl’ '.'7gi’ "'7gd) mOd 2'
i=1

(24)
For example, a rank-1 tensor has a form

Vo(go) = vo(go) (25)

which contains no Grassmann number. A rank-2 tensor has a
form

Vi (80.81) = vy (20,8100, 0. (26)
where n((g) has only two consistent choices

no(g) =0, VgeG, and no(g)=1, VgeGy (27)

As another example, a rank-4 tensor V3+ for the tetrahedron in
Fig. 6(a) is given by

Vi (80.81.82.83) = 1 (80.81,82.83)0, 13,

n2(80,81,83) 412(80.82,83) 412(80.81.82)
X 0013 (023) (012) - (28)
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Note that the four triangles of the tetrahedron have different
orientations: the triangles (123) and (013) point outwards and
the triangles (023) and (012) point inwards. We have used 6
and @ for triangles with different orientations.

For the tetrahedron in Fig. 6(b), which has an opposite
orientation to that of the tetrahedron in Fig. 6(a), we have a
rank-4 tensor V; which is given by

V;(go,gl ,82,83) = V;(go’glvg%gﬂ@(ozl(f)o J81s 82)0112(g0 82,83)

712(80.81.83) 412(81.82, g:)
X 013 v 9(123] (29)

Note the different order of the Grassmann numbers
enz(go,gl,gz)gnz(go,gz,gz)gnz(go 81»83)9”2(81 182:83)
(012) (023) (013) (123) .

E. Evaluation of the Grassmann tensors on a complex

Let 3, be a d-complex with a branching structure which is
formed by several simplexes [ab . . . c]. As discussed in the last
section, a simplex is associated with one of the two Grassmann
tensors V7. Let us use |; wep iab..a V. V3@P9 1o represent
the evaluation of rank-(1 + d) Grassmann tensors V;t on the
d-complex X:

f 1_[ V;(u,b....,c)
n(Za) [gp...c]

Nd—1(8i,8js+->8k) 3 NMd—1(8is&)>-++8k)
/ 1_[ de([j...k) dg(ij...k)
(@ij...k)

S Jb,...,
x [T mesosr=s TT Vi gagps - - - 80,

{xy...z} [ab...c]

(30)
where ]_[[a »...) multiplies over all the d-dimensional simplexes

[ab...c]lin £, and Vg(“'b """ gas8b, - - - ,8c) is a Grassmann
rank-(1 + d) tensor associated with the simplex [ab...c].
s(a,b, ...,c) =+ depending on the orientation of the d-
dimensional simplex [ab ... c]. Also, []; ,, multiplies over
all the interior (d — 1)-dimensional simplexes, (ij...k), of
the complex X; [i.e., those (d — 1)-dimensional simplexes
that are not on the surface of X,]. H{xy...z} multiplies over
all the interior (d — 2)-dimensional simplexes [i.e., those
(d — 2)-dimensional simplexes that are not on the surface of
4], {xy ...z}, of the complex X,;. We note that, when X, is a
single simplex [ab ...cl, fi 5 [iap.c V. V3@b -9 is given by

bre
V;(a L)(gﬂvgbi st 7gL‘)'
We see that in the formal notation i v [T o V. Py,

fin(zd) represents a Grassmann integral over the Grassmann
numbers on all the interior (d — 1)-simplexes in the d-complex
4. So in(Xy) in fm(z actually represents the collection of
all those interior (d — 1) simplexes in the d-complex X;. The
Grassmann numbers on the (d — 1)-simplexes on the surface
of the d-complex X, are not integrated over. In fact fm(zd) has

the following explicit form:

nd—1(8i+8js8k) 3 aNMd~1(8i &jsw>8k)
/ = / [T a6 adg
in(Zq)

(ij..k)

% l_[ (_)md—Z(gxsngng)

{xy...z}

€29}
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We note that d6 always appears in front of dd. We also note
that the integration measure contains a nontrivial sign factor
(—)"d-2(8x:8y:-82) on the interior (d — 2) simplexes {xy...z}.

The sign factor H{X},...Z}(—)’"f’*(g*’g"""’gz) is included to
help us to define topological fermionic path integral later.
Choosing orientation dependent tensors V;,t also help us
to define topological fermionic path integral. Adding the
sign factor ]_[{Xymz}(—)’"H(&‘*g"""*gz) and choosing orientation
dependent tensors VjE appear to be very unnatural. However,
they are two extremely important features of our approach.
We cannot obtain topological fermionic path integral without
these two features. Realizing these two features is one of a few
breakthroughs that allows us to obtain topological fermionic
path integral on discrete space-time. The two features are
related to our choice of the ordering convention of § and
in the Grassmann tensors V;,t, and the ordering convention of
d6 and d0 in the integration measure.

Now let us consider two d-complexes E; and Eg, which
do not overlap but may share part of their surfaces. Let X, be
the union of the two d-complexes. From our definition of the
Grassmann integral, we find that the Grassmann integral on
34 can be expressed as

/ 1_[ Vs(a .b,..
in(Za) (gp.. ]

_/ </ l_[ Vs(ab ..... c)/ l—[ Vs(ab ..... L))
zinz? in(z)) [ab..c] in(23) [ab...c]

(32)

where X (11 N EZI is the intersection of the two complexes, which
contains only (d — 1)-simplexes on the shared surface of the
two complexes =} and X3. More precisely,

_ Nd—1(8i,8jr+--8k) 3 NMd—1(8i &)»+8k)
/1 , —/ [T a8 dB;..0
zinx2

(ij...k)

x 1_[( )~ 2(8x. 8y

XV4

(33)

where ]_[(i .k 1s a product over all the (d — 1)-simplexes
in £} N %3 and H{xy...z} is a product over all the interior
(d — 2)-simplexesin £} N T2 [note that £} N 2 isa(d — 1)-
complex]. Equation (32) describes the process to glue the two
complexes 201, and 25 together.

F. An example for evaluation of Grassmann tensor network

Let us consider an example to help us to understand the
complicated expression (30). When X is formed by two
tetrahedrons as in Fig. 7, the top tetrahedron with a “+”
orientation is associated with a rank-4 tensor V5 :

Vi (80.81.82.83) = V3 (80.81.82,83)0,125 0/ 5014

% 0(’622(38)0 82, 83)6”7(80 81, 82) (34)
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The lower tetrahedron with a “—” orientation is associated

with a rank-4 tensor Vs :

- - 12(80,81,82) n12(80,82:84)
V3 (80,81,82,84) =3 (80,81,82,80)0,012) " Oaqy "
« Q(r(l)z(f)n J81s 84)9'12(81 .82, g4) (35)

Note that V; (g0,81,82,23) and V5 (80,81,82,84) have indepen-
dent Grassmann numbers 692 and 9_(012) on the shared face
(012) 9(012) belongs to V; (g0,81,82,84) and 612y belongs to
V3 (20,81,82,83). Since 1n(2) (012), the evaluation of V3
on the complex ¥ is given by

Vi (80.81.82.83)V5 (80.81.82.84)
(012)

/dg(lz)z](zg)o \81, gv)de(lz)z](zg)o 181,82)
x Vi (80,81.82.83)V5 (80.81.82.84) (36)
which is a special case of Eq. (30).

G. Fermionic path integral

Given a closed space-time manifold Mgy, with a time
direction, its triangularization ¥ is a complex with no
boundary. The time direction gives rise to a local order of
the vertices. So, the complex X has a branching structure.

Since ¥ has no boundary, the evaluation of Grassmann
tensors VjE on it gives rise to a complex number:

e—S :/ 1_[ Vs(ub ..... c)' (37)
in(X) [ab...c]

Such a complex number can be viewed as the action amplitude
in the imaginary-time path integral of a fermionic system.
The different choices of the complex functions vj (g0, ---,84)
and the integer functions mg_»(go, - . .,84—2) correspond to
different choices of Lagrangian of the fermionic system. The
partition function of the imaginary-time path integral is given

Z=Zfi

(g} VI [gp...c]

V;(a,b,...,c)’ (38)

where each vertex of the complex ¥ is associated with a
variable g;. We note that

the fermionic partition function is determined from two
(1 + d)-variable complex functions: vj(g[,gj, ),
v, (gi,gj, --.), and one (d — 1)-variable integer func-
tion mg_>(gi,&gj, - - -)-

V. TOPOLOGICALLY INVARIANT GRASSMANN TENSOR
NETWORK AND FERMIONIC TOPOLOGICAL
NONLINEAR ¢ MODEL

Now we would like to study the low energy effective
theory of a gapped fermion system. The fixed-point low energy
effective action amplitude of a gapped system must describe
a topological quantum field theory. So the fixed-point action
amplitude must be invariant under a renormalization group
(RG) flow which generates coarse-graining transformation

PHYSICAL REVIEW B 90, 115141 (2014)

of the space-time complex X. In fact, such a fixed-point
requirement under RG flow completely fixes the form of the
fixed-point action amplitude. The fixed-point action amplitude,
in turn, describes the possible fermionic SPT phases.

The detailed RG flow steps depend on the dimensions of the
space-time. We will discuss different space-time dimensions
and the corresponding fixed-point action amplitude separately.
Here, we will only give a brief discussion. A more detailed
discussion will be given in Appendix A.

A. (14+1)D case

We first consider fermion systems in (1 + 1) space-time
dimension. Its imaginary-time path integral is given by

zzzf [T, (39)
g1} 7 M2 [abe]

where ¥, is the (141)D space-time complex with a branching
structure (see Fig. 8), and Vzi are rank-3 Grassmann tensors.

The first type of the RG flow step that changes the
space-time complex is described by Fig. 8(a). If the Grassmann
tensors Vzi describe a fixed-point action amplitude, their
evaluation on the two complexes in Fig. 8(a) should be the
same. This leads to the following condition:

12(80,81,83)v2(81,82,83) = V2(80,81,82)v2(80.82,83), (40)

where v, is a complex phase related to vf and mo(g) through

V3 (80.81,82) = v2(80.81,82),
v (80,81,82) = (=)™ /12(g0,81,82)- 41

Note that the above condition is obtained for a particular
vertex ordering (0,1,2,3) (a particular branching structure) as
described in Fig. 8(a). Different valid branching structures,
in general, lead to other conditions on v»(go,g1,82)- It turns
out that all those conditions are equivalent to Eq. (40). For

@&
N e

(b)

FIG. 8. (a)Consider two triangles which are a part of a space-time
complex X with a branching structure. The first type of the RG flow
step changes the two triangles to other two triangles. The branching
structure leads to the following vertex ordering: (0,1,2,3). (b) A
different space-time complex ¥ which corresponds to a different
ordered vertices (0,3,1,2). The corresponding complex does have a
valid branching structure because some triangles overlap.
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FIG. 9. (a) Consider three triangles which are a part of a space-
time complex ¥ with a branching structure. The second type of the RG
flow step changes the three triangles to one triangle. The branching
structure leads to the following vertex ordering: (0,1,3,2). (b) The
vertex order (0,1,2,3) does not correspond to a valid branching
structure.

example, for vertex ordering (1,3,0,2), we obtain

12(81,80,82)v2(81,83,80) = V2(81,83,82)v2(83,80,82), (42)

which is the same as Eq. (40) after replacing g; — go, g3 —
g1, 80 — &2, and g» — gs.

Some vertex orders do not correspond to valid branching
structure due to the overlap of the simplexes, and are not
considered. One of the invalid orderings is described by
Fig. 8(b) which has a vertex order (0,3,1,2). The invalid
orderings can give rise to conditions on v,(go,g1,g>) that are
not equivalent to Eq. (40).

The second type of the RG flow step that changes the
space-time complex is described by Fig. 9. Different valid
branching structures [see Fig. 9(a) for one example] lead
to different conditions on v,(go,g1,g2) [which is defined in
Eq. (41)]. It turns out that all those conditions are equivalent
to Eq. (40). [Some vertex orderings do not correspond to valid
branching structures. One of the invalid orderings is described
by Fig. 9(b).]

Since v(go,&1,82) is related to vf(go,gl,gz) and mo(g)
through Eq. (41), Eq. (40) is actually a condition on
v, (g() g1,82) and mg(g) that determines the fermlon path
integral. The fermion path integral described by v, £(80,81,82)
and m(g) that satisfies Eq. (40) is a topological fermion path
integral which is a fixed-point theory. We would like to point
out that Eq. (40) is the standard 2-cocycle condition of group
cohomology [46,47].

B. (241)D case

We next consider fermion systems in (2 + 1) space-time
dimension described by imaginary-time path integral

z:Zfi

1(33) [ghed]

V;(a,b,c,d)’ (43)

where X5 is the (24-1)D space-time complex with a branching
structure and Vf are rank-4 Grassmann tensors.

PHYSICAL REVIEW B 90, 115141 (2014)

g, g,

! 8 g 8

FIG. 10. (a) A 3D complex formed by two 3-simplexes
(80,81,82,83) and (g1,82,83,84)- The two 3-simplexes share a 2-
simplex (g;,82,83)- (b) A 3D complex formed by three 3-simplexes
(80,82,83,84)> (£0,81,83,84), and (0, 81,82,84)-

The first type of the RG flow step that changes the
space-time complex is described by Fig. 10. In order for
the Grassmann tensors Vf to describe a fixed-point action
amplitude, their evaluations on the two complexes in Fig. 10
should be the same. This leads to the following condition:

v3(81,82,83,84)v3(80,81,83,84)v3(80,81,82,83)

= (—)"s08r80m(E28:88) 5 (00 09, €3, 84)13(80,81,82,84)s

(44)
where v3 is a complex phase and is given by

i (20,81,82,83) = ()" 13(g0,81,82,83),
13 (80.81,82.83) = (=)%Y /13(g0,81.82.83)- (45)

Different vertex orders give rise to different branching
structures. It turns out that all the different valid branching
structures give rise to the same condition (44).

The second type of the RG flow step that changes the space-
time complex is described by Fig. 11. If the Grassmann tensors
V;E describe a fixed-point action amplitude, their evaluations
on the two complexes in Fig. 11 should also be the same. This
leads to the same condition (44).

C. (3+1)D case

Last, we consider fermion systems in (3 4 1) space-time
dimension, described by imaginary-time path integral

Z:Z/i

{g:} V) fabede]

Vz(a,b,c,d,e)’ (46)

where ¥4 is the (341)D space-time complex with a branching
structure and Vf are rank-5 Grassmann tensors.

The first type of the RG flow step that changes the
space-time complex is described by Fig. 12. The second type

1

FIG. 11. (a) A 3D complex formed by one 3-simplex
(£0,81,82,84). (b) A 3D complex formed by four 3-simplexes
(81:82,83,84) (80.82,83,84), (80,81,83,84), and (80,81,82,83)-
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8, g,
g )
g3 : gj
8 &
&, & 8, Es
(a) (b)

FIG. 12. (Color online) (a) A 4D complex formed by two
4-simplexes (g0,81,82,83.84) and (g1,82,83,84.85). The two 4-
simplexes share a 3-simplex (g;,82,¢3,84) (color red). (b)
A 4D complex formed by four 4-simplexes (go,g2,83,84,85)
(80:81,83,84,85), (80,81,82,84,85), and (go,81,82,83,85)- The two
simplexes (go,81.82,84.85), and (g0,81,82,83,85) share a 3-simplex
(80,81,82,85) (color blue).

of the RG flow step that changes the space-time complex is
described by Fig. 13. If the Grassmann tensor V), describes a

J
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g

&y

8,
(@) (b)

FIG. 13. (Color online) (a) A 4D complex formed by one
4-simplex (g0,81,82,83,84).- (b) A 4D complex formed by five
4-simplexes (g1,82,83:85,84), (80.82,83,85,84), (80,81,83,85,84),
(80:81,82,85.84)» and  (g0,81.82,83.85)- The two simplexes
(80,81,82,85.84), and  (80,81,82.83,85) share a 3-simplex
(80,81,82,85) (color blue).

fixed-point action amplitude, its evaluation on the two com-
plexes in Figs. 12 or 13 should be the same. This leads to the
following condition:

14(81.82,83:84:85)V4(80:81.83,84:85)V4(80, 81,8283 85)
— (_)lls(goqglquqgs)nz(govgsqut-gs)+n3(81qu,gz»gz‘)ns(go,gl-84q85)+"3(82qg3vg4-,gs)”3(go-81quvgs)

X 14(80,82,83,84,85)V4(80,81,82,84,85)V4(80,81,82,83,84),

where 14 is a complex phase and is given by

v, (80,81.82.83,84

v (80,81,82,83,84) = (—)"2(80:82:89) /1) (g0, 21,82, 83, 84)-

The sign factors in the above relations between vf and vy,
and the sign factor in Eq. (47) are very strange. Obtaining
those strange sign factors is another breakthrough that allows
us to obtain topological fermionic path integral beyond (1+1)
dimensions. It appears that those sign factors are related to a
deep mathematical structure called Steenrod squares [72,73]
Different vertex orders give rise to different branching struc-
tures. It turns out that all the valid branching structures give
rise to the same condition (47).

D. Fixed-point action on a closed complex

We know that the fixed-point theory of a bosonic SPT phase
is a discrete bosonic topological nonlinear o model [46]. The
bosonic topological nonlinear o models are characterized by
action amplitudes that are equal to 1 on any closed complex.
The action amplitude being equal to 1 on any closed complex
is the key reason why the models describe bosonic SPT phases
without intrinsic topological orders.

In the above, we have developed a fixed-point theory
of fermionic SPT phases, and defined discrete fermionic
topological nonlinear ¢ model. A discrete fermionic topolog-
ical nonlinear o model is described by a pair of functions
[va(gos - .- »84),ma—2(go, ...,84—2)], that satisfy the condi-
tions (40), (44), or (47). According to the branching moves
discussed above, the evaluation on any closed manifold is
reduced to an equivalent evaluation

/ Viv-,

(49)

(47)

)= (_)mz(gosgl,g3)+m2(81,g3,g4)+m2(8’1,g2~83)v4(807g1 ,82,83,84)

(4%)

(

where the symbol [ means integrating out all the Grassmann
variables on the corresponding d — 1 simplexes [see Eq. (31)].
We note that the sign factor [, | . (=)"¢>®88) should
be included in the fermionic path integral. In Appendix B, we

will show that [ V] V] is always equal to 1.

E. Symmetry and stability of the fixed-point action amplitude

We have seen that a fermionic system can be described
by a fermionic path integral on the discretized space-time.
In d-dimensional space-time, the fermionic path integral
is determined by two (d + 1)-variable complex functions
vj(go, ...,84) and one (d — l)-variable integer function
mg_2(go, ...,g4—2). In the last few sections, we have shown
that if vj(go, ...,8q) and mgy_»(go, ...,84—2) satisfy some
conditions [Egs. (40), (44), and (47)], the fermionic path inte-
gral determined from v;t(go, ....8q) and my_»(go, - .. ,8a—2)
is actually a fixed-point theory under the coarse-graining
transformation of the space-time complex.

A fixed-point theory can be used to describe a phase if the
fixed-point theory is stable. To see whether a fixed-point theory
is stable or not, we perturb the fixed-point action amplitude

vi(go, ...,&4) by a small amount v(}t(go, ce s 8d) —
vy (80s - .8) + V5 (8o -.8a). I vi(go.....8a)+
(Svj(go, ...,8q4) flows back to vj(go, ...,84) under

the coarse-graining transformation of space-time complex,
the fixed-point theory is stable.

From this point of view, our constructed fixed-point theories
described by vdi(go, ...,8q) and my_»(go, - ..,84—2) are not
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stable. If we add a perturbation of form SUj(go, ey 8d) =
€ ]_[?:0 d,,.z to increase the weight of the g state in the action
amplitude, we believe that the action amplitude will flow to
the simple form v;t(go, e 8d) = ]_[l.dzo 8,z where only the g
state has a nonzero weight.

However, if we require the path integral to have a symmetry,
then our constructed fixed-point theories can be stable. To
impose a symmetry, we assume that our fermion system has
full symmetry group G ;. Since G y contains a normal subgroup

Z{ , we can view G s as a fiber bundle with fiber Z{ and base
space G, = G /sz. Thus, there is natural projection map
p: Gy — Gy

In general, g; in vj(go, ...,8q) and mg_o(go, .. .,84-2)
can be a group element in G ;. Here, we will assume that

vf(go, ...,8q)and my_>(go, . ..,84—2) satisfy
Vi (80, -+ 8a) = Vg (0, - - .8a);
ma—2(80s - - - »8a—2) =Ma-2(8os - - - ,8a—2), (50)
8 €Gy, & =p&) € Gy

Therefore, we can view g; in vj(go, -
mg—»(go, - .. ,84—2) as a group element in Gy.

From Sec. IV C, we see that different degrees of freedom
are attached to the (d — 1)-simplexes for different choices of
gi, - --,8k 1n Gy. The degrees of freedom on a (d — 1)-simplex
form a 1D representation u’_, of the full symmetry group
g € G, whichmay depend on g;, ..., g:

,84¢) and

ud®i(gigjs - 8k) =us" (8i.8j, .8k

X U 1(8i,8)s - - - 8K)
uf_[p(g'g). . ..p(g' gl =ul_ (g, .. ..8), (51)

where p is the projection map Gy — Gj. Here we would like
to stress that, in u5_,(gi,g;,....8x), g € Gy and g;,8,, ... €
G. We also require the variables with bar and without bar to
carry opposite quantum number (i.e., their 1D representations
are inverse of each other). In this case, the symmetry of the
path integral (i.e., the invariance of the action amplitude) can
be implemented by requiring

-1
Oijty = (US_)) " (8i.8) - - -+ 8K)0i). k)
e_(ij...k) —>uf1_l(g,-,gj, . ,gk)e_(,»jmk), (52)
and
v (ggo. - - - .88)I"®

= v;(go’ R 7gd) H (ufifl)(i)ld(goa R 7§i7 R 7gd)ﬂ
i

mq—2(88o, - - .,884-2) = Mq—2(go, . ..,84-2), &€ Gy (53)

where s(g) =—1 if g contains the antiunitary time-
reversal transformation and s(g) = 1 otherwise. If we view
Vdi(go, ...,84)) as a whole object, it is invariant under the
symmetry action g:

+8d)- (54)

Indeed, the above symmetric v;,t(go, ...,84) and
mq—>(go, - . - ,8a—2) describe a fermion system with G ; sym-
metry. If v;t(go, ...,8q)and my_»(go, - . . ,84—>) further satisfy

Vi(ggos - --.88)" = Vi(go, ...
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Egs. (40), (44), or (47), we believe they even describe a
fixed-point theory that is stable against perturbations which do
not break the symmetry. But, further consideration suggests
that such a symmetry condition is too strong. The fermionic
systems that are described by the symmetric vj(go, ey 8d)
and my_»(go, . ..,84—2) appear to be essentially bosonic. At
least, their description is the same as the description of bosonic
SPT phases.

So, in this paper, we will use a weaker symmetry condi-

tion. We only require v;(go, ...,84) and ng—1(go, - - . ,8a—1)
[which are certain combinations of vj(go, ...,8q4) and
ma-2(8o, - - - ,84—2)] to be symmetric:

V¥ (ggo. . .. .884)

- R
=va(g0 - 8a) [ [ (u5_1) (0. - 81 - - 8a),
i
nq-1(880; - - -,88a—1) = na-1(8o, - - - .8a—1), & € Gy. (55)

Since the fermion fields always change sign under the fermion-
number-parity transformation Py € G, the 1D representa-
tions satisfy

g (80 - gamr) = (2B s (56)

Note that we only require n,_1(go, . . .
metric. In general, my_»(go,...,84—2) 1S not symmetric
mq—2(g8os - - - ,88d-2) # Ma—2(go, - .. ,84—2). Although the
fermionic path integral appears not to be symmetric under the
weaker symmetry condition, it turns out that the symmetry
breaking is only a boundary effect and the symmetry can
be restored by adding an additional boundary action to the
space-time path integral. In fact, we will show that the
ground state wave function and the Hamiltonian obtained
from the path integral with the weaker symmetry condition are
indeed symmetric. So, a fermion path integral determined by
va(go, .. .,84) and ng_1(go, . . . ,g4—1) that satisfies Eq. (55) as
well as Egs. (40), (44), or (47) does describe a symmetric stable
fixed-point theory. Such v,(go, - -,84), na—1(g0, - --,84-1),
and uf}_] (80, - - - ,84—1) describe a fermionic topological phase
with symmetry.

Let us introduce

,84—1) to be sym-

f1(g0.81) =0;
f2(80,81,82) =0;
f3(go. &1, ---,83) =0;
f4(8o.81, - - - .84) =n2(80,81,82)n2(82.83,84); (57)
f5(80.81, - - -.85) =n3(80,81,82,83)n3(80,83,84.85)

+ n3(81,82,83,84)13(80,81,84,85)
+ n3(82,83,84,85)13(80,81,82,85)-

Using f;, we can define a mapping from (d+ 1)-
variable functions v;(go, . . . ,g4) to (d 4 2)-variable functions

(Bva)(go, -+ - +&a+1):

(81)11)(80’ B 7gd+l)

d+1

= (_)fd+l(80 ~~~~~ 8d+1) l_[ vz(ii)i (go’ . ’gi’ .
i=0

,8a+1)- (58)
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Then using (§v,), we can rewrite the conditions (40), (44),
and (47), in a uniform way:

(Bva)(gos - - - ,8a+1) = 1. (59

Here,  [vi(g0,..-.84),  Na-1(80,-.-.8a-1),  u5_,
(g0, ---,84—-1)], that satisfies Egs. (55), (23), and (59),
will be called a d-cocycle. The space of d-cocycle is denoted
as ZG £-Ur(1)]. The fermionic path integral obtained
from a d-cocycle (vd,nd_l,uf,_l) [via v;,t(go, ...,8q) and
mg—»(go, --.,84—2)] will be called a fermionic topological
nonlinear o model.

In Appendix C, we study the fermionic cocycles
(vd+1,nd,u§) systematically. In particular, we will study the
equivalence relation between them. This will lead to the notion
of group supercohomology class J#4[G ;,Ur(1)].

Similar to the bosonic case, we argue that each element
in group supercohomology class %dfﬂ“[Gf,UT(l)] corre-
sponds to a fermionic topological nonlinear ¢ model defined
via the fermion path integral in imaginary time (see Sec. IV G).
The fermion path integral over a (d;, + 1)-dimensional com-
plex X will give rise to a ground state on its d,, boundary.
Such a ground state represents the corresponding fermionic
SPT state. So, each element in group supercohomology class
Aot [G ¢, Ur(1)] corresponds to a fermionic SPT state.

In Appendix G1, we will show the elements in
4G £, Ur(1)] correspond to distinct fermionic SPT
phases. We will calculate 7#% 1[G ;,Ur(1)] for some simple
symmetry groups G, in Appendix F. This allows us to
construct several new fermionic SPT phases. The results are
summarized in Table II.

VI. GENERAL SCHEME OF CALCULATING
THE GROUP SUPERCOHOMOLOGY CLASSES
H[G ;,Ur(1)]: AN OUTLINE

In this section, we will give a general descrip-
tion on how to calculate the group supercohomology
classes. More concrete calculations will be given in Ap-
pendix F. From the discussions in Appendix C, we
see that to calculate 77 [G £ Ur(D] {which is formed
by the equivalent classes of the fermionic cocycles
[(va(gos - - - .8a)sna—1(80s - - - -&a—1):uls_ (8o, - - - 8a-1)]}, we
need to go through the following steps.

First step. Calculate H~'(G,,Z,) which gives us different
classes of (d — 1)D-graded structure n;_1(go, - . .,g4—1). For
each n4_1(go, - - . ,84—1), find an allowed uf_,(go, . ..,84-1)-

Second step. Next we need to find out BHY"(Gy,Z,)
from H?"'(Gp,Z,). We note that BH?~'(Gp,,Z,) denotes
the subset of H?~'(G},Z5), such that for each graded struc-
ture 14_1(go, - - . ,ga—1) in BH*"'(G},7Z,), the corresponding
(=) isa(d + 1)-coboundary in B4 G, Ur(1)]. We note
that forng_1(go, . . ..g4—1) ¢ BH"'(G,,Z>), the correspond-
ing (—)/# will not be a coboundary in B**'[G,,Ur(1)]
and the super cocycle condition (59) will not have any
solution. Mathematically, such an inconsistency is called as
an obstruction, and the group BHYY(Gy,Z,) is called as the
obstruction-free subgroup of HY~1(Gy,Z,). We note that for
d <2, BH*Y(Gy,Z,) = H*"'(G}p,Z,) since f;;1 = 0 when
d<2.
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Third step. We need to calculate vy(go,...,8¢) from
Eq. (59). For each fixed ny_1(go, . . . ,84—1) € BH™(G},Z>),
the solutions v; of Eq. (59) have a one-to-one corre-
spondence with the standard group cocycles, provided that
uf_ (8o -...84-1) =1 for g € G,. We see that, for each
element in BHY~'(G},Z,), there is a class of solutions. For
two different elements in BH?~'(Gy,Z>), their classes of
solutions have a one-to-one correspondence. Therefore, we
have an exact sequence

AG ¢, Ur(D] - BH*(Gp,Z>) — 0. (60)

Fourth step. From the equivalence relation of superco-
homology class defined in Appendix C, we see that, for
each fixed element ny_i(go, ...,g4—1) in BHI"Y(Gy,Z,),
the equivalent classes of the supercocycle solutions can be
labeled by HA[Gy, Ur(1)]. However, the labeling is not one
to one since in obtaining HA Gy, Ur(1)], we only used the
equivalence relation for the standard group cohomology class.
The labeling is one to one only when (—)/¢ happen to be
a coboundary in B¢[G),Ur(1)]. But, when (—)/* is not a
coboundary in B4[G,,,Ur(1)], we need to consider the more
general equivalence relation including all possible shifts (—)/¢,
where f; is generated by ny_»(go, - - - ,84-2) € HI"2(Gy, Z>),
e.g., see Eq. (57) for the precise definition for f; and
Js in terms of ny(go,81,82) and n3(go.81,82,83). So, the
group cohomology description of bosonic SPT phases will
collapse into a smaller quotient group Hﬁgid[Gb,UT(l)] =
H[G,,Ur(1)]/ T, where T is a subgroup of H[G,Ur(1)]
generated by (—)7. Physically, such a result implies that
when we embed interacting bosons systems into interacting
fermion systems by viewing bosons as tightly bounded fermion
pairs, sometimes, a nontrival bosonic SPT state, described by
a cocyle v; in HAYUG,, Ur(D], may correspond to a trivial
fermionic SPT state since v, corresponds to the trivial element
in Hfigid[Gb, Ur(1)]. We call Hfigid[G;,, Ur(1)]asarigid center,
which is a normal subgroup of the standard group coho-
mology class HAYUG,,, Ur (D). Fortunately, such an additional
complication only happens when d > 4 since f; = 0 for all
d < 4, and we have Hfigid[Gb,UT(l)] = H/[Gp,Ur(1)] for
all d < 4. We see that, for each element (such as the trivial
element) in BH¢~'(G},Z,), the class of solutions is described
by ’Hﬁgid[Gb,UT(l)]. This leads to the following short exact
sequence:

0 = HigalGp, Ur()] > A 7, Ur(1)]
— BH"N(Gy,Zy) — 0, 61)

which completely determines J#¢[G £,Ur(1)]. Roughly
speaking,
NG 7, Ur(D)] = Higal Gy, Ur(1)] x BH™1 (G, Zy). (62)
We see that, through the above four steps and combining
with results from the standard group cohomology, we can
calculate the group supercohomology classes 57 [Gf,Ur(D].
In Appendix D, we will further prove the group structure of the
supercohomology classes #“[G ;,Ur(1)]. In the following,
we summarize how to describe a minimal set of fermionic
SPT phases by using (special) group supercohomology class in

0, 1, 2, and 3 spatial dimensions with arbitrary G, = G/ Z{ .
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TABLE III. Computing (special) group supercohomology class
by using short exact sequence.

Short exact sequence

0— Hz[Gb,UT(l)] — %Z[Gf,UT(I)] — Hl(Gb,Zz) -0
0 — H*[G,,,Ur()] = S7°[G ;,Ur(1)] > BH* (G, Zy) — 0

0— H

dy,

0 0— H'UG, Ur(1)] - NG ;,Ur(1)] > Zy — 0
1

2

3 rigid

(Gy,Ur(D] — 4Gy, Ur(D] — BH(G),Z2) — 0

In d,, =0 spatial dimension, the elements in
G £,Ur(1)] can always have the trivial graded structure
no(go) = 0, or the nontrivial graded structure n¢(go) = 1. The
corresponding fermionic gapped states can have even or odd
numbers of fermions. So, we can have two different fermionic
SPT phases in d;, =0 spatial dimension even without
symmetry. In dy, =1 spatial dimension, J#?[G,Ur(1)]
is just an extension of the graded structure H'(G,Z,)
by the standard group cohomology class H2[G,,Ur(1)].
In dy, =2 spatial dimensions, %”3[Gf,UT(l)] is just an
extension of the graded structure BH?(G,,Z,) by the standard
group cohomology class H3[G,,Ur(1)]. In dsp, = 3 spatial
dimensions, J#*[G £,Ur(1)] s just an extension of the graded
BH?*(Gy,Z>) by H;‘igid[Gb, Ur(1)], the rigid center of the stan-
dard group cohomology class H*[G,Ur(1)] (see Table III).

VII. IDEAL GROUND STATE WAVE FUNCTION

In the following, we will show that we can construct
an exactly solvable local fermionic Hamiltonian in d spa-
tial dimensions from each (d + 1)-cocycle (vd+1,nd,u§) in
i+l [G s, Ur(1)]. The Hamiltonian has a symmetry G ;. The
ground state wave function of the constructed Hamiltonian
can also be obtained exactly from the (d 4 1)-cocycle. Such a
ground state does not break the symmetry G ; and describes a
fermionic SPT phase.

We have shown that from each element (vd+1,nd,u§) of
g+l [G s,Ur(1)], we can define a fermionic topological non-
linear o model in (d + 1) space-time dimensions. The action
amplitude Vdi+ , of the model [obtained from (V41,7 d,uj)] isa
fixed-point action amplitude under the coarse-graining trans-
formation of the space-time complex. The fermionic path in-
tegral is supposed to give us a quantum ground state. We claim
that such a quantum ground state is a fermionic SPT phase
described by (vdH,nd,uf,). In the section, we will construct
the ground state wave function, in (2+1)D as an example.

A. Construction of 2D wave function

We will assume that our 2D system lives on a triangular
lattice which forms a 2D torus (see Fig. 14). On each lattice
site i, we have physical states |g;) labeled by g; € Gp. On
each triangle (ijk), we have two states: no-fermion state |0)
and one-fermion state |1).

The ideal ground state wave function can be obtained by
viewing the 2D torus as the surface of a 3D solid torus. The
fermionic path integral on the 3D solid torus with the action
amplitude V;i , obtained from the cocycle (Vy41,74, ufl) should
give us the ground state wave function for the corresponding
fermionic SPT state. To do the fermionic path integral, we
need to divide the 3D solid torus into a 3D complex with
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FIG. 14. (Color online) A nine-site triangular lattice on a torus,
where each site i has physical states |g;) labeled by g; € G}, and each
triangle has fermionic states |n;;;) where n;j; = 0,1 is the fermion
occupation number. The orientations on the edges give rise to a natural
order of the three vertices of a triangle (i, j,k) where the first vertex i
of a triangle has two outgoing edges on the triangle and the last vertex
k of a triangle has two incoming edges on the triangle. The triangular
lattice can be viewed as the surface of solid torus. A discretization of
the solid torus can be obtained by adding a vertex-0 inside the solid
torus. The branching structure of the resulting complex is indicated
by the arrows on the edges.

a branching structure. Due to the topological invariance of
our constructed action amplitude, the resulting wave function
should not depend on how we divide the 3D solid torus into 3D
complex. So, we choose a very simple 3D complex which is
formed by the triangular lattice on the surface of the 3D solid
torus and one additional vertex-0 inside the 3D solid torus. The
resulting 3D complex is formed by simplexes [0ijk], where
ijk is a triangle on the surface (see Fig. 14). The branching
structure of the 3D complex is given by the orientations on
the edges. Those orientations for the edges on the surface are
given in Fig. 14. For the edges inside the 3D solid torus, the
orientation is always pointing from vertex-0 to the vertex on the
surface. We note that the simplexes associated with the down
triangles in Fig. 14 have a “+” orientation while the simplexes
associated with the up triangles have a “—" orientation.

From each 3-cocycle (v3,n2,u§) in ,9,?3[Gf, U7 (1)], we can
construct a fixed-point action amplitude. For simplexes with
“+” orientation, the fixed-point action amplitude is given by

Vi (80.8i.8;.8k) = vy (80.8i-8.8k)

12(8i,8j8k) nn2(80,8i-8k) 472(80.8,8x) 4712(80.8i -8 )
023" Oro13) b2z Oz (63)
and for simplexes with “—” orientation given by

V5 (80,8i,8)8k) = V5 (80,8i8,8k)

n2(80,8i-87) n"2(80,8-8k) 312(80,8i8k) 712(8i -8 -8k)
9(012) ]9(023) ' 9(013) 9(123) ! ’ (64)

where
vy (80,81.87,8%) = (—)"1 €D v3(g0, 81,8/, 81),
V3 (80.81.85.8K) = (=) u3(go. 1. 8.81)-  (65)

Since n5(go,g1,82) is in H*(G,Z,), we can always write
n2(80,81,82) in terms of m;(go,g1):

n2(80,81,82) =m1(g1,82) + m1(go,&2) + m1(go,g1) mod 2,
m1(go,81) = 0,1. (66)

However, in general m;(ggo,g81) # m1(go,&1), even though
1n2(80,81,82) satisfies n2(880.881,882) = n2(80,81,82)-
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Now, the wave function is given by
W({gi} (0un ) 10uin))

_ 1n2(80.8i:8;) 7712(80,8i:8;) _ymi(g0.8i)
= [ Tty aisys= Tl
{0i

(0ij)

< [[Vs(e0.8i.85.80 [ [ Vi (0.81.85.80).  (67)
A v

where [];; is the product over all links of the triangular
lattice, ]y is the product over all sites of the triangular
lattice, [, is the product over all up triangles, and Hv is
the product over all down triangles. Clearly, the above wave
function depends on g; through vs, n,, and m;. The wave
function also appears to depend on g, the variable that we
assigned to the vertex-0 inside the solid torus. In fact, the gg
dependence cancels out, and the wave function is independent
of go. We can simply set go = 1.

If all the m; dependence also cancels out, the wave
function will have a symmetry described by Gy:
W({ggi}{0un) - Bijn)) = ¥ (i} {0ujn) . (Bijn))-  But
does the m dependence cancel out? Let us only write the m;
dependence of the wave function:

W({gi}. {0ujn} 10 h)

_1_[( )ml(gog,)l_[( ym i, gk)l—[( ymgog)

{0i}

— H(_)ml(gi,gk) o, (68)
A

where ijk around the up and down triangles are arranged
in a way as illustrated in Fig. 14. We also have used the
relation H{Oi}(—)ml(go'g") ]_[v(—)"”(g“’gf) = 1. We see that m;
does not cancel out and the wave function is not symmetric
since m1(880,881) # m1(80,81)-

This is a serious problem, but the symmetry breaking is only
on the surface and it can be easily fixed: we simply redefine the
wave function by including an extra factor [] —ymigisge)
on the surface:

up—]eft(

U({gi ). 10ujn} i)
mi(gi, n2(80.8i.8;) 77312(80.8i-8;)
H (—)ymis gk)/ l—[de(Ozu)O i d@(ozlj)o i

up-left 0ij)

x [ Je=ymee g’)l—[% (go,g,,g,,gk)HV3 (80+8i+8>8K)
(07}
12(80.8i.8j) 17312(80.8i.8;)
= 1_[ d@«fm0 ' d@«)zm0 '
©ij)

x l_[ Vg_](go,gi,gj,gk)n v3(80,8i,8;,8k)
A v

n2(80,8i,85) ”2(80vgjvgk) A12(80,8i.8x) ;12(8i &) 8k)
X 1_[0(01]) (Ojk) G(Uik) 6(11 k)

n2(8i-8j+8k) nz(go 8i-8k) 5112(80.8-8k) 5112(80,8i+8;)
X 1_[9(1]/() : (01k) 9(01k) " 9(011) " (69)
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where [, . is @ product over all the links with the up-left
orientation [note that ]_[up_left(—)m'(g"’g” = [ (=)™ and
see Fig. 14]. The redefined wave function is indeed symmetric,
and is the wave function that corresponds to the fermionic SPT
state described by the cocycle (v3,n;) € .5}”3[Gf,UT(l)].

We note that the wave function W({g;},{6ijx} {Oijn})
described above contains Grassmann numbers. Indeed,
\IJ({g,-},{9(,7,()},{9_(,-/-/()}) can be regarded as the wave function
in the fermion coherent state basis. After we expand the wave
function in power of the Grassmann numbers, we obtain

W({gi} 04t 10uinh)
= Y o({gh {n,,k}>1"[93;’,;1"[937,i). (70)
v

n;jk:O 1

Then, ®({g;},{nijx}) is the amplitude of the ground state
on the fermion-number basis ®;|g;) ®jx) |nijx), where |g;)
is the state on site i and |n;j) is the state on triangle
(ijk) [where n;j; = 0,1 is the fermion occupation number
on the triangle (ijk)]. Note that the sign of ®({g;},{n;jx})
will depend on how the Grassmann numbers are ordered
in T, 67 [Ty 6 We also note that the wave function
vanishes if n;jx # n2(gi,8;j,8%)-

B. No intrinsic topological orders

In this section, we are going to show that the wave function
constructed in the last section ®({g;},{n;;x}) contains no
intrinsic topological orders as a fermion system. In other
words, starting with the following pure bosonic direct product
state

|Do) = @ili), ) =1Gpl ™ Y lg), (71

gi€Gp

we can obtain the fermionic state |®) constructed in the
last section after a fermionic LU transformation defined in
Ref. [27].

To show this, we start with an expanded fermionic Hilbert
space, where we have four fermionic orbitals within each trian-
gle. We also have bosonic state |g; ) on each vertex (see Fig. 15).
In the Grassmann number form, the constructed fermionic

FIG. 15. (Color online) A triangular lattice with four fermionic
orbitals in each triangle (ijk). The fermions on the two solid dots in
the yellow triangle are described by operators c(;j) (the center one)
and c(;r) (the side one), and the fermions on the two open dots are
described by operators ;) and (o). The fermions on the two open
dots in the blue triangle are described by operators ¢;jx) (the center
one) and Cj) (the side one), and the fermions on the two solid dots
are described by operators c(;;, and c(). Each vertex has bosonic
states described by |g;), g € Gp.
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wave function is given by Eq. (69):
W({gi} {0} 1Oijn )

n2(80.8i,8;) 1 712(80,8i-8;)
[Ta6G; " b,
(0ij)

< [Tvs'(e0-8i-85.80 T | va(go.8i-25-8)
A v

n2(80,8i,87) nz(go 8j+8k) pna2(20,8i,8k) ;12(8i- 8 8k)
x H Ooijy oy Ooiny T By

12(8i-8:8k) nn2(80,8i-8k) 512(80,88k) 512(80.8i-8)
ol I R Ry SR )

We would like to point out that although the above expression
contains go, the topological invariance of the fermion path
integral ensures that the Grassmann wave function on the left-
hand side does not depend on g.

If we treat 8’s and 8’s as the following complex fermion
operators
e(abc) =

_ ~t
Oabe) = Clabey

A apey = Cabe)s (73)

the expression (72) can be viewed as an operator

il
Clabe)»

de(ahc) = C(abc)»

N n2(80.8i-8;) =N2(£0.8i.8&;)
U=]|coj (0ij)
0ij)

x [vi'(20.8i.87.80 | [ va(g0.8:-8).80)
A v

12(80,8i s g/) T12(80.88k) =Tn2(80,8i.&k) =112(8i 8 8k)
x 1_[ (i) C0jk) C0ik) (ijk)

Tn2(8i.8).8k) Tno(go 8i8r) =112(80.8;.8k) =Tn2(80,8i-&;5)
X l_[ ) Coik) k) i)

(74)

Again, U is independent of go, despite the appearance of gy
on the right-hand side. Then, the fermionic state constructed
in the last section can be obtained from the bosonic product
state |Dg):

(W) = 0|®p). (75)
Note that |®y) is a “no-fermion” state satisfying
Cabey|Po) = 0. (76)

Now we would like to point out that U itself
is formed by several layers of fermionic LU trans-
formations. Since v3; is a pure U(l) phase, thus
[1s v;l(go,g,-,gj,gk) Hv v3(80.8i,8.8k) represents layers of
bosonic LU transformations. Also, the U has a prop-
erty that when acting on |®p), ¢/ and & always act
on states with no fermion and ¢ and ¢ always act on
states with one fermion. So, those operators map a set
of orthogonal states to another set of orthogonal states.
In this case, an even number of ¢’s and ¢’s correspond

to a fermionic LU transformation. Therefore, the terms in

A Tn2(8i,85.86) 1n2(g0.8i.8k) =T12(80.8;.8%) =Tn2(80.8i.8))
U, such as Ciijky ! Coik) o)) ! Coij) " and
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n2(80,8i,87) =12(80,8i,8;) P
Coij) i) , all represent fermionic LU transforma-

tion as defined in [27]. Note that none of the above transfor-
mations change g;. So, we can show those transformations
to be unitary within each fixed set of {g;}. Therefore, the
state W) has no fermionic long-range entanglement as defined
in [27] (i.e., no fermionic intrinsic topological order). |¥) is
the fermionic SPT state described by a cocycle (v3,n2,u§).

The fermionic LU transformation (74) that maps the
fermionic SPT state to a trivial product state is one of the
most important results in this paper. All the properties of
the fermionic SPT state as well as the classification of the
fermionic SPT states can be described in terms of the fermionic
LU transformation. The fact that the fermionic LU transfor-
mation is expressed in terms of group supercohomology gives
us a systematic understanding of fermionic SPT states in terms
of group supercohomology.

VIII. IDEAL HAMILTONIANS THAT REALIZE
THE FERMIONIC SPT STATES

After obtaining the wave function |V) = U| o) for the
fermionic SPT state, it is easy to construct a Hamiltonian H
such that |W) is its ground state. We start with a non-negative
definite Hermitian operator H, that satisfies Hy|®o) = 0. For
example, we may choose

Hy = Z(l — &) (i) (77

The Hamiltonian H can then be obtained as

H:VH’+ZH,~,

H =U( - |¢:) (g DU,

H = Z[Cl’jk)c(ijk) — na(gi.8j801°
v

+ > e eam — nagingi g0l (78)
A

When V is positive and very large, the H’ enforces that the
fermion number on each triangle (ijk) is given by n2(g;, g, 8x)-
Since UTU|®g) = |®y), one can easily show that H is non-
negative definite and H|V) = HU|®,) = 0.

Similar to the bosonic case, H; acts on site i as well as its
six neighbors. However, since there are six more fermionic
degrees of freedom in the six triangles surrounding i, H; also
acts on these six triangles. Moreover, when V is positive and
very large, the low states are the zero energy subspace of H'.
Within such a low energy subspace, all the H; are Hermitian
(unconstrained)commuting projectors satisfying H? = H;
and H;H; = H j Hi. [We note that in the zero energy subspace

of H, =0~ 1) (@iDUTTA ~ 1) (i DU =
U<1—|<;>,><¢>,|>UT H; and H:H; = U — |¢;) (g1 —
6,6 DUT = U — 1) (D1 = )¢ DU = H;H;.]

Such a nice property (frustration free) makes it exactly
solvable, with W({g;},{0jx} {6ijr)}) as its unique ground
state.
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In Appendix H, we provide an alternative way to construct
the parent Hamiltonian from path integral formulism, which
is equivalent to the construction here in the infinity V' limit.

IX. AN EXAMPLE OF 2D FERMIONIC SPT STATES
WITH A Z, SYMMETRY

A. Ideal Hamiltonians that realize the fermionic
2D Z, SPT states

In this section, we will apply the above general discussion
to a particular example: the fermionic 2D Z, SPT states. The
3-cocycles that describe the three nontrivial fermionic 2D Z,
SPT states are given in Sec. IX B. All those SPT phases can be
realized on a triangle lattice as described in Fig. 14. Each site
has two bosonic states |g;), g; = 0,1, and each triangle has a
fermionic orbital which can occupied |n;; = 1) or unoccupied
|n;jx = 0). The bulk Hamiltonian

H=H+) H (79)

that realizes the SPT phase on such a triangle lat-
tice can constructed from the data in the 3-cocycles
[v3(g0,81,82,83),n2(g0,81,82)] as discussed in the above sec-
tion [see Eq. (78)].

H; in the Hamiltonian acts on the bosonic states on site ; and
the six sites 1,2,3,4,5,6 around the site i (see Fig. 14). H; also
acts on the fermionic states on the six triangles (i21), (3i2),
(43i), (45i), (5i6), (i61) around the site i. H; has a property
that it does not change g1, g2, g3, 84, &5, 86, but it can change
the bosonic state on site i: |g;) — |g!) and the fermionic states
on the triangles (ijk): |n;jx) — |n§jk). So, we can express H;
as operator-valued 2 x 2 matrix M(g1,¢2,83.84,85,86) Where
the matrix elements are given by

My, (81,82:83:84.85-86)
= (8182838485868 1 Hi|8182838485868i).  (80)
It turns out that M(g1,82,83,84,85,86) are always 2x2 projec-
tion matrices

M(g1,82,83,84:85-86)
= 1v%(¢1.£2.83.84.85.86)0(81,82,83,84.85.86),  (81)

where v(g1,22,83,84,85,86) are operator-valued 1 x2 matrices
that satisfy the Z, symmetry condition

v(81,82,83,84,85,86)

=v(l —gi,1 —g,1 —g3,1 —g4,1 —gs5,1 —ge)o".
(82)

H' in the Hamiltonian is given by

H' =UY el pcim —n2gi.gj.80F.  (83)
(ijk)

It enforces the constraints that the fermion number on each
triangle (ijk) is given by n»(g;,g;,gx) in the ground state. The
H; mentioned above preserves the constraints: [H;, H'] = 0.
We see that n5(g;,g;,8x) describes the fermionic character of
the SPT phases. For the SPT phases described by Eq. (88),
n2(gi,8j,8x) = 0. So, there is no fermion in those SPT states.
Those SPT states are actually bosonic SPT states. For the
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SPT phases described by Eq. (89), ny(gi,g;j,8x) # 0. The
corresponding SPT states are fermionic SPT states.

We also would like to mention that the constructed
Hamiltonian H has an onsite Z, symmetry generated by

W) =[]le el g.8i € 2. (84)

For the trivial phase described by

n2(80,81,82) =0,
13(0,1,0,1) =13(1,0,1,0) = 1,

we find  that  v(g1,82,83.84.85.86) = (1, — 1) and
M(g1.82.83.84.85:86) = (', )= Hi. Note that H
is a projection operator on the site i. Thus, the ground state of
H is a product state ®;|¢;), |¢;) o< |0) + |1).

One of the nontrivial SPT phases is described by

other v; =1, (85)

n2(80,81,82) =0,

13(0,1,0,1) = 15(1,0,1,0) = 1, othervs=1.  (86)

It is a bosonic SPT state since n,(go,g1,82) = 0. Such a
bosonic SPT state can also be viewed as a fermionic SPT state
forming tightly bounded fermion pairs. The Hamiltonian for
such a bosonic SPT state is given by v(g1,82,83,84,85,86) in
Table IV. The corresponding H; = M(g1,82,83,84,85,8¢6) are
either $(!} 7)) or (1 ). H; are still projection operators. But,
now H; can be two different projection operators depending on
the values of g;,82,83,84,85,86 0on the neighboring sites. Such
a bosonic SPT phase is nothing but the Z, SPT state studied
in [45].
The 3-cocycle

n,(0,1,0) = ny(1,0,1) =1,
V3(0,1,0,1) = U3(1507150) = i’

other n, =0,
other vz = 1 87)

describes a nontrivial fermionic SPT state. The Hamiltonian
for such a fermionic SPT state is given by v(g1,£2,83,84,85,86)
in Table V. We see that H; are still projection operators. But,
now H; can be many different projection operators depending
on the values of g1,82,83,84,85,8¢ on the neighboring sites.
Also, the projection operators mix the bosonic and fermionic
states.

B. Edge excitations of 2D fermionic SPT state with Z, symmetry

In this section, we will discuss 2D fermionic SPT states
with Z, symmetry in more detail. In particular, the nontrivial
realization of the Z, symmetry on the edge states and its
protection of gapless edge excitations against interactions.

In Appendix F, we have calculated the group supercoho-
mology classes J3Zy x Zf,U(l)] = Z4. This means that
interacting fermion systems with a Z, symmetry can have
(at least) four different SPT phases: a trivial one plus three
nontrivial ones. This result is described by the Z, x Z{ oW
and d, = 2 column of Table II.

1. 3-cocycles: Data that characterize the fermionic
2D Z, SPT states
The fermionic 2D Z, SPT phases are characterized by
the data [v3(g0,81,82,83).12(80,81,82)] where v3(g0,81,82,83)
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TABLE IV. The 1x2 matrices v(g;,82,83,84,85,86) for the bosonic SPT state (86).

818283848586 v(g1,82,83,84,85:86) 818283848586 v(g1,82,83,84,85,86)
000000 (1, -1 000001 (1, -1
000010 (1,-1) 000011 (-1,-1)
000100 1, =1 000101 1, =1
000110 (1, 1) 000111 -1, 1
001000 (1,-1) 001001 (1, -1
001010 1, =1 001011 (=1,=1)
001100 1,1 001101 1,1
001110 (1,-1 001111 (-1,-1)
010000 1, =1 010001 1, =1
010010 1, =1 010011 (=1,=1)
010100 1, -1 010101 1, -1
010110 (1, 1) 010111 -1, 01
011000 (=1,=1) 011001 (=1,=1)
011010 (=1,=1) 011011 1, =1
011100 -1, 01 011101 -1,
011110 (-1,-1) 011111 (1, -1

is a complex function and n,(go,g1,82) an integer func-
tion with variables g; € G;, = Gf/Z'zf = Z,. The data
[v3(80.81,82,83),12(80,81,82)] are called a fermionic 3-
cocycle, which is an element in S#3[Z, x z! ,U(1)]. The first
two SPT phases are given by

n2(go,81,82) =0,

(88)
v3(0,1,0,1) = v3(1,0,1,0) = +£1, otherv; =1,
and the next two SPT phases are given by
n,(0,1,0) = ny(1,0,1) =1, othern, =0,
(89)

v3(0,1,0,1) = v5(1,0,1,0) = +i, otherv; =1,

where we have assumed that the elements in G, = Z, are
described by {0,1} with O being the identity element. The

3-cocycle n,(go,81,82) = 0, v3(80,81,82,83) = 1 corresponds
to the trivial fermionic SPT phase.

Using the above 3-cocycle data [v3(go,81.82,83),
n,(go,g1,82)] we can construct the ideal wave functions that
realize the above fermionic SPT phases (see Sec. VII). We can
also construct the local Hamiltonian (see Sec. VIII) such that
the above ideal wave functions are the exact ground states.

2. Low energy edge excitation: Their effective symmetry and
effective Hamiltonian

The nontrivial 2D Z, SPT states described by the above
three 3-cocycles have symmetry-protected gapless edge ex-
citations. The detailed discussions of those gapless edge
excitations are presented in Appendices G3 and G4. Here,
we just present the results.

The low energy edge excitations of the SPT phase can be
described by an effective Hamiltonian H.g = Zle H(i),

TABLE V. The 1x2 matrices v(g;,g2,83,84,85,86) for the fermionic SPT state (87).

818283848586 v(81,82,83:84,85586) 818283848586 v(81,82:83,84,85-86)
000000 (1, _E(Si())c(}iZ)) 000001 (C(i61)a —C<3i2))

000010 (cusiy, —Czin) 000011 (icie1)Cisi6)Ciasiys —C3i2))
000100 (1, —Csi6) CasiyCea3inCzin)) 000101 (cis1)y, —Cw@siC3inCiiny)
000110 (1, icusicainy) 000111 (icie1)Csi6)s 1C3i)C3i2))
001000 (Cziys —Cisic)) 001001 (cienyCasiy, —1)

001010 (casiCaziy, —1) 001011 (iciionCisieyCusiCaziy, —1)
001100 (1, —iE(5i6)C(45,')) 001101 (C(,’ﬁ[), —iC(45i))

001110 (1, —1) 001111 (iC(i61)5(5i6)s —1)

010000 (Ciz1ys —Csi6)) 010001 (casnyCazny, —1)

010010 (—Cuanycasi, —1) 010011 (icis1)Cuz1)Cesi6)Casiys —1)
010100 (Ci21), —Csi6)C45i)C(43i)) 010101 (cie1yCiintys —CwasiyCasiy)
010110 (Ciiz1ys 1C3iy) 010111 (—icie1Cu21)C5i6)» LC43i))
011000 (—iCu21)C3i)C3i2)» —Csi6)) 011001 (—icus1CuznCusincaizy, —1)
011010 (iC(21yCasiCuzinCainy, —1) 011011 (cis1)Cia1)Csi6)Cidsiy Ca3i)C3iny, — 1)
011100 (iCi1yC3in), —iC(5i6)Ci4si)) 011101 (icisnCuz2nCiizy, —ECusi))
011110 (icuancainy, —1) 011111 (casnCiznCisie Caizy, —1)
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where L is the number of sites on the edge and the states on
each edge site are described by |g;), g € Gp, i = 1,2, ..., L.
We use |{gi}edagesgo) to denote a low energy edge state (where
go takes a fixed value, say go = 0). Since the edge is 1D, we
can use a purely bosonic model to describe the edge states of
2D fermion system (see Appendix G 3).

For the nontrivial SPT phase described by 3-cocycles
[v3(g0,81,82,83):12(80,81,82)], the low energy effective edge
Hamiltonian Hg satisfies an unusual symmetry condition
(see Appendix G 4):

W (@) Heit () Weir() = Hefr (i),

-1 L 2 i+1,8i)+1
Werr () {81 Jedge- 0) = — (=87 80:80,81) Xi 280,811, 8)+1]

X Hw:i-%l'{ggi}edge,go)’ (90)

where

Wiip1 = inz(g'lgo,gm,gf)*"z(go,gmqgi)+2nz(g"go,go,gi)

x v3(8 ' 20,80, 8i+1.81)- 1)

We see that the effective edge symmetry Weg(g) on the
low energy edge states is determined by the cocycle data
[v3(g0,g],gz,g3),n2(g0,g1,g2)]. Due to the Wi 41 factor, the
symmetry is not an onsite symmetry. Such a symmetry can
protect the gaplessness of the edge excitations if the symmetry
is not spontaneously broken on the edge.

For the trivial SPT phase (85), we find that the symmetry
action on the edge states is given by Weg(g)[{gi}edee,80) =
[{g8i}edge-g0) Which is an onsite symmetry. Such an onsite
symmetry cannot protect the gapless edge excitations: the edge
excitations can be gapped without breaking the symmetry.

For the nontrivial bosonic SPT phase (86), we find the
symmetry action on the edge states to be

Weff(g)Hgi}edgeng) = l_[ w;‘ji-&-l Hggi}edgeng)a (92)

which is not an onsite symmetry, with w; ;11(g;,8;i+1) given by
w;i+1(0,0) =1,  w;;4+1(0,1) = —1,
wii+1(1,0) =1, w1 (1,1 = 1. 93)

Such a non-onsite symmetry can protect the gapless edge
excitations: the edge excitations must be gapless without
breaking the symmetry [45].

If we identify |0) as |1) and |1) as || ), we may rewrite the
above in an operator form

. 1 z z
Wi = em[Z(U‘-H)(qul)]’

: 1 1z, 1 =z 1z _z
Weir(1) = |:1_[ Uix:| |:1_[ DL b R T A LR S L °i+1]:|
i

— |:1_[ O_ixj| |:1_[ eiﬂ[—i+10{‘"ai‘11]:| . (94)
We find

L L
[Wer(DI? = [Temta 2%l = [ofof, = 1. (99)

i=1 i=1
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So, We(0) = 1 and Weg(1) indeed form a Z, representation.
From

Wl (1)o7 Weir(1) = —of_ 0707 (96)
we find that the following edge Hamiltonian
Her = Y [JLofof,, + he(of — o j0i0f,)] O
respects the non-onsite Z, symmetry on the edge. Such a
system either spontaneously breaks the Z, symmetry on the
edge or has gapless edge excitations [45,61].

For the nontrivial fermionic SPT phase (87), we find the
symmetry action on the edge states to be

-1 L . I+-1
Werr(2)1{8i Yedge» €0) =(—)n@ 80-80:81) 2121 [n2(80,8i+1,81)+1]

X szi-kl'{ggi}edge,go)’ (98)
which is also not an onsite symmetry, with w; ;1+1(gi,&i+1)
given by

w;;i11(0,0) =1,
w;i+1(1,0) = —i,

w; i+1(0,1) =1,

wji+1(1,1) = —1. 99)
Again, we may rewrite the above in an operator form
e S LS L L

Wi = e (100)

When g =1 and gy = 0, we find that (—)”Z(gflgo*g‘]’g‘) =oy}.
Also, since

n2(80,0,0) =0, n2(g0,0,1) =0,
n2(80,1,0) = 1, n2(go,1,1) =0, (101)
we find that
L | L
> mag0.gingie) = 7 > (1= 0f0fy). (102)
i—1 i—1
Therefore,

: 3_1_z 3z, 1 z 2z
Wegr(1) = |:1_[o‘l.xi| |:1_[e”r[s_s"i+1_s”z+s”i‘7,+1]:|
i i

L 11(—oigi )41
X [011]2171[4( o; 0-1+1) ]

| | (103)

We note that
[Wer(DP? =e's Zimb=oioial [Teimloioia =3 = 1. (104)

We see that W,g(g) forms a Z; representation.
From the expression (G19) of the low energy edge state, we
see that the total number of fermions in the low energy edge

states |{gi}edge’g0) is given by

Np = an(ga,gi+17gi)

1

(105)
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(which is independent of g,). If we choose g, = 0, we see
that only the link (g;,g;+1) = (0,1) has one fermion, while
other links have no fermion. If we choose g, = 1 instead,
then only the link (g;,g;+1) = (1,0) has one fermion, while
other links have no fermion. Let us call a link (i,i 4+ 1) with
o/o;,; = —1ladomain wall. We see that either only the step-up
domain wall has a fermion or the step-down domain wall has
a fermion. Since the numbers of step-up domain walls and the
step-down domain walls are equal on a ring, the expression
Np =), n2(ga.8i+1,8:) does not depend on g,. The number
of fermions is equal to half of the number of the domain walls.
So, the fermion parity operator Py = (—)"* is given by

Pf :(—)%Zf:l(l_aizaizﬂ) = He"%(l_gf‘ﬁH)
i

= l_[ei% |:cos <%> —isin (%)afcrﬂrl] (106)

The effective edge Hamiltonian must be invariant under both
Py and W(1) transformations.

The edge effective Hamiltonian must be invariant under
both the fermion-number parity P; and the Z, symmetry
Wegr(1) transformations. One example is given by the following
(for infinite long edge):

Heage = Z [ = Joioi + hooi* (0, — 07y)

+hiof (1= o7 y07y,) +iha0; 07, — 077 07)

i+2
< (Lo 07,) (14 071075)], (107)

__ (0 0 . (0 1
=\t o) 2 =\o o)

To understand the behavior of such a Hamiltonian, we note
that the J, hg, and & terms in the above Heg cannot change the
number of domain walls. The & and & terms can only induce
domain wall hopping. So, if 4, = 0, the model will have an
effective U(1) symmetry. It has two phases: a gapped phase
for large J where o = %1 and there are no domain walls,
and a gapless phase for large ho,h; where the domain walls
form a “superfluid.” The gapped phase breaks the Z, symmetry
while the gapless phase is described by a central-charge ¢ = 1
nonchiral Luttinger liquid theory.

The h, term can only change the domain wall number by
=44 since the number of fermions on the edge is given by half
of the domain wall number. So, the fermion-number-parity
conservation only allows the domain wall number to change
by a multiple of 4. The k; term can be irrelevant. So, the edge
excitations can still be gapless.

Now, let us explain why the effective edge Hamilto-
nian (107) respects the non-onsite Z, symmetry (103). We note
that % Zle(l — 00}, ) counts the number of domain walls.
Therefore, J, hg, and h; terms in Eq. (107) commute with
exp(%’% l.Lzl(l — 070}, )) since those terms do not change
the domain wall number, while the 4, term in Eq. (107)
anticommutes with exp(ZZ1 % (1 — ofo,)) since that

42
term changes the domain wall number by +4. We can also

where

(108)
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show that the J, hg, and h; terms commute with ]_[II‘= ) aiy ,
while the 7, terms anticommute with [~ o7

For the terms in Eq. (107) that do not act on the site
1, we can treat the of in Wer(1) [see Eq. (103)] as a ¢

number. In this case [Uf]ZiL:l 165-07%.1) are either 1 or +Py.

So, [af]szzl i6-0foi) always commutes with the terms in
Eq. (107) (as long as they do not act on the site 1). After
dropping the term [Uf']ZiL=1 16-070%.1) we find that Wegr(1) and
exp(Z 13" (1 —oiof )], o only differ by a phase.
This way, we show that the edge Hamiltonian is invariant
under Py and Weg(1).

3. Stability and instability of edge theory

Here, we make use of the method developed in [61] to
study the stability and instability of the edge theory for
the nontrivial fermionic SPT phase. As we know, the ¢ = 1
nonchiral Luttinger liquid can be described as

_ 1 _ v 2, 4 2
L= o (0:00,¢ + 0,¢9,0) - [K(a)ﬂ) + K(3x¢) :|
(109)

with Luttinger parameter K and velocity v.

The key step for understanding the stability and instability
of edge theory is to figure out how the low energy fields 8 and
¢ transform under the non-onsite Z, symmetry. Let us first
introduce the domain wall representation

T =005, (110)
In principle, we can reexpress everything in terms of the t’s.
However, the above duality transformation does not quite
work for a system with periodic boundary conditions since
the 77 variables obey the global constraint [T~ 77 = 1, and
therefore only describe L — 1 independent degrees of freedom.

In order to incorporate the missing degree of freedom and
make the dual description complete, we introduce an additional
Z, gauge field ui_,, that lives on the links connecting
neighboring boundary sites i — 1,i. We then define the duality
transformation between o and 7, by the relation

Wi i =0} (111)
together with the gauge invariance constraint

Wil @ =1 (112)
It is easy to check that this duality transformation is complete:
there is a one-to-one correspondence between configurations
of 07 = %1 and configurations of 4} = £1,77 = %1 obeying
the constraint (112). Similarly, there is a one-to-one correspon-
dence between physical operators written in terms of the o’s
and gauge invariant combinations of u,7 [i.e., operators that
commute with the left-hand side of (112)]. In particular, the
operators o*,0”,0° are given by

X __ X x Y

O =TT K1
Yy _ x X,z

Oif = TG K1 (113)
T __ X

0 = K1
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while the symmetry transformation S is given by

In the long wavelength limit, the domain wall density is
given by

Tt ]8¢>
2

We also note that (115) implies that

. L .
xp (_% 3 tjz) _ exp <_% / 5.6 dx) .6
i=1

Similarly, we have

L .
[Triii=exp (%/axe dx>.
i=1

This equality follows from the observation that the pe-

(115)

(117)

riodic/antiperiodic sectors ]_[iLz1 Wiy ; = £l correspond to
the two boundary conditions 6(L) — 6(0) = 4mm, (4m + 2)m,
respectively.

Combining these two results, we see that our expression
(114) for S becomes

Wer(1) ~ exp (%/axe dx — %/axqsdx). (118)

Using the commutation relation [6(x),0,¢(y)] = 2mid(x —
), we deduce that

T
Werr(1) ' 0 Werr(1) = 6 + >

Were(D) ™' ¢ Were(1) = ¢ + 7.

For the fermion parity symmetry Py, a similar calculation
gives out

(119)

P; = exp (% i (1- t;))

i=1

= exp (—% / qubdx) ,
P/'0P;=0+m; P;'¢Pr=¢.

The above transformation laws (119) and (121) together with
the action (109) give a complete description of the low energy
edge physics.

Itis easy to see terms like cos[46 — o(x)] or cos[2¢ — a(x)]
are allowed by both the non-onsite Z, symmetry and fermion
parity Py. Obviously, the Z, symmetry will be broken if a
mass gap is generated by these terms. By performing a simple
scaling dimension calculation, we find that both terms are
irrelevant and the edge theory remains gapless when2 < K <
8. To this end, we see that in contrast to the bosonic Z, SPT

(120)

(121)
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phase [61], the fermionic Z, SPT phases have a stable gapless
edge.

X. AN EXAMPLE OF 3D FERMIONIC SPT STATES
WITH 72 = 1 TIME-REVERSAL SYMMETRY

In Appendix F, we have also calculated the group superco-
homology classes %”4[25 X Z{,U(l)] = Z,. So, interacting
fermion systems with a T2 = | time-reversal symmetry can
have (at least) one nontrivial SPT phase. This is described by
the Z1' x sz row and dy, = 3 column of Table II.

Let us list the fermionic 4-cocycles [v4(go,81,82,
g3,84),13(80,81,82,83)] that describe the intrinsic fermionic
SPT phase that can neither be realized by free fermion models
nor by interacting boson models:

n3(0,1,0,1) =n3(1,0,1,0) = 1,
U4(071107110) = - U4(15071’O91) = :I:l,

other n3 = 0,
other vy = 1.
(122)

Using the above cocycles, we can write the corresponding
wave functions and exactly solvable Hamiltonians. However,
the explicit Hamiltonian is very complicated. We wonder if
there exists a better basis, in which the Hamiltonian will
have a simpler form. We will address this problem in future
publications.

Moreover, we note that the above two fermionic 4-cocycles
only differ by the following bosonic 4-cocycle:

n3(go,81,82,83) =0,

14(0,1,0,1,0) = v4(1,0,1,0,1) = &1, other vy = 1,

(123)

which describes a 72 = 1 (nontrivial) bosonic SPT phase.
[We note that in the limit with tightly bounded fermion pairs,
e.g., n3(80,81,82,83) = 0, a fermionic system can always be
viewed as a bosonic system.] Surprisingly, in Appendix F,
we found such a solution can be generated by a fermionic
coboundary. Physically, such a statement indicates that the
T? = 1 (nontrivial) bosonic SPT phase can be connected to
a trivial product state or an atomic insulator state without
breaking the corresponding T2 = 1 time-reversal symmetry
through interacting fermion systems. In addition, such a result
also implies the two fermionic 4-cocycles in Eq. (122) actually
describe the same fermionic SPT phase.

XI. SUMMARY

It was shown in [46] that generalized topological nonlinear
o models with symmetry can be constructed from group
cohomology theory of the symmetry group. This leads to
a systematic construction of bosonic SPT phases in any
dimensions and for any symmetry groups. This result allows
us to construct new topological insulators [with symmetry
group U(1) x Z¥] and new topological superconductors (with
symmetry group ZJ) for interacting boson systems (or qubit
systems). It also leads to a complete classification of all gapped
phases in 1D interacting boson/fermion systems.

In this paper, we introduce a special group supercohomol-
ogy theory which is a generalization of the standard group
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cohomology theory. Using the special group supercohomology
theory, we can construct new discrete fermionic topological
nonlinear o models with symmetry. This leads to a systematic
construction of fermionic SPT phases in any dimensions
and for certain symmetry groups G; where the fermions
form a 1D representation. The discrete fermionic topological
nonlinear o model, when defined on a space-time with
boundary, can be viewed as a “nonlocal” boundary effective
Lagrangian, which is a fermionic and discrete generalization of
the bosonic continuous Wess-Zumino-Witten term. Thus, the
boundary excitations of a nontrivial SPT phase are described
by a “nonlocal” boundary effective Lagrangian, which, we
believe, implies that the boundary excitations are gapless or
topologically ordered if the symmetry is not broken.

As a simple application of our group supercohomology the-
ory, we constructed a nontrivial SPT phase in 3D for interacting
fermionic superconductors with coplanar spin order. Such a
topological superconductor has time-reversal Z] and fermion-
number-parity Z'zf symmetries described by the full symmetry
group G ; = ZI' x 7 [48]. The nontrivial SPT phase should
have gapless or fractionalized excitations on the 2D surface
if the time-reversal symmetry is not broken. It is known that
such a nontrivial 3D gapped topological superconductor does
not exist if the fermions are noninteracting. In addition, such
a nontrivial SPT phase can not be realized in any interacting
bosonic models either. So, the constructed nontrivial fermionic
SPT phase is totally new.

We also constructed three nontrivial SPT phases in 2D
for interacting fermionic systems with the full symmetry
group Gy = Z; X Z‘2f . We show that the three nontrivial
SPT phases indeed have gapless excitations on the 1D edge
which are described by central-charge ¢ = 1 conformal field
theory, if the Z, symmetry is not broken. In several recent
works [60,61,74,75], it has been further shown that by
“gauging” the Z, global symmetry, each of the three nontrivial
SPT phases can be uniquely identified by the braiding statistics
of the corresponding gauge flux.

J

PHYSICAL REVIEW B 90, 115141 (2014)

Clearly, more work is needed to generalize the special group
supercohomology theory to the yet-to-be-defined full group
supercohomology theory, so that we can handle the cases when
the fermions do not form a 1D representation in the fixed-point
wave functions. This will allow us to construct more general
interacting fermionic SPT phases.
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APPENDIX A: TOPOLOGICAL INVARIANCE
OF THE PARTITION AMPLITUDES

In this Appendix, we will prove the topological invariance
of the partition amplitudes (38) in (1 + 1)D and (2 + 1)D
under their corresponding fermionic group cocycle condition.
The (3 + 1)D case is much more complicated but can still be
checked by computer.

1. A+ 1D

Similarly as we prove the topological invariance of the
partition amplitudes that describe bosonic SPT phases [46],
we can check all the admissible branching 2 <> 2 and 1 < 3
moves for the Grassmann graded 2-cocycle function:

n1(8i.85) nN1(8-8k) an1(8i .
V5(81.87.8K) = V3 (81.8.800 13 005 G (A

For admissible branching 2 <> 2 moves, we can have
three different equations (up to the orientation conjugate
4+ - —— = +)

/d9<nl]2()gl’gZ)dé(nllz(fh&)Ver(gl’g2’g3)v2_(g0’g1’g2) = /de(nOlB()gO'gB)dég)];)gO’gS)V;(go,gz,g3)V2_(go,gl,83), (A2)
/ dO(sS S ag VY (81.82.83)V5 (0.81.83) = / By dgy PV (80.82.83) V5 (80.81.82). (A3)
and
f depyss dOs Vs (81.82.83)V5 (80.82.83) = / 6 A OV (80.81.83)V5 (80.81.82). (A4)
For admissible branching 1 <> 3 moves, we can have four different equations (up to the orientation conjugate + — —; — — +):
VJr( )= den](g();gZ)de_nl(gUng)denl(glag?.)dénl(ghgz)
2 (80,81,83) = (02) (02) (12) (12)
X dOpy S d s ()™ V] (g1, 82.83) V5 (80.82.83)V5 (0.81.82). (A5)
V+( ) = d9n1(go.gl)dém(go,gl)denl(gl,gz)dém(gl,gz)
2 (80,82,83) = (1) (01) (12) 12)
X dOysEE g () VS (g1,82.83)V5 (80:81.83)V5 (80:81.82). (A6)
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V2+(g1,gz,83) — / d@n'(g(’ gl)d@’(l)ll()go gl)dg(tgz()go ga)de(rz)lz(go .82)

V;L(go,g1 ,82) = f d@('z)ls(;go gz)dg('(l)%()go gz)dem(gl g%)de(ﬂlg()gl .83)

n1(82,83) 1511(82.83)
X d0(23) d6’(23

Note that the first two equations of 2 <> 2 and 1 <> 3 moves
can be induced by a global time ordering [see in Figs. 16(a)
and 17(a)] while the rest can not [see in Figs. 16(b) and 17(b)].
Here, g is defined on the vertex with no incoming edge, g'
with one incoming edge, etc.

Let us use the definition of V2i and integral out the
Grassmann variables. For the branching 2 <> 2 moves, we
have

x d%‘;fo‘“)d%‘;fo'gS)(—)mO(gO)V;(go,gz,83)V{(807817g3)V2+(go,gl,gz)y (A7)
(13)
(=)™ (g1,82,83)V5 (80,82,83)V5 (80,81,83)- (AB)
[
and
V5 (81.82.83)V5 (80,82.83)
= (—)"EruF(0,81,83)v; (80,81,82). (A1)
Similarly, for the branching 1 <> 3 moves, we have
v5(80,81,83)
= (=)™ ] (21.82.83)v5 (80.82.83)v5 (80.81.82),  (Al12)

3 (81.82,83)v;5 (80.81,82) = V3 (80.82,83)V;5 (80.81.,83),
(A9)

3 (81.82,83)v5 (80.81,83) = V3 (80.82,83)V5 (80.81,82),

(A10)
@ RO
{ g
= B (A3)
gl
(a)
g1
= D (Ad)
g2
(b)

FIG. 16. The admissible branching 2 <> 2 moves. (a) Branching
moves that can be induced by a global time ordering. (b) Branching
moves that can not be induced by a global time ordering.

3 (80.82,83)

= (=)™ 1 (g1,82,83)v5 (80.81.83)v5 (20.81,82) (A13)

g3 g3
= \ (AS)
. g.
g’ g’
t 3 3
g g
g’ g’
(@)
g g
= ‘
>gz gz (A7)
g g
g g
— A
>gl gl (A8)

oq
oq

(b)

FIG. 17. The admissible branching 1 <> 3 moves. (a) Branching
moves that can be induced by a global time ordering. (b) Branching
moves that can not be induced by a global time ordering.
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and
v+(g ) — (_)mg(gl) + - + Al4
) (81,82:83 v, (80.82,83)V; (80.81,83)V; (£0.81,82), (Al4)
V¥ (20,81,82) = (=)™ v}(g1,82,83)v5 (80,82,83)V5 (80,81,83)- (A15)
If we use the definition of véc,
vy (20,81,82) = v2(80.81.82), V5 (80,81,82) = (=)™ /v5(go.81.82), (A16)
All the above admissible branching moves will be equivalent to a single fermionic 2-cocycle equation of v;:

12(80,81,83)v2(81,82,83) = v2(80,81,82)v2(80,82.83)- (A17)

We note that this equation is the same as the 2-cocycle equation in bosonic systems.

2. 2+1D

In (2 + 1)D, there are in total 10 admissible branching 2 <> 3 moves and 5 admissible branching 1 <> 4 moves. Let us show
all theses moves will lead to the same fermionic 3-cocycle condition.
For example, the admissible 2 <> 3 in Fig. 10 represents the following equation for V;E:

/d9(”1(2g3])’g2’g3)d9_(r;(2g31)’gz’g3)V3Jr(go,gl,82183)V3+(81782783,84)

_ n(80,81,84) 771(80,81,84) 7,1(80,82.84) 171(80,82:84) 7,1(80.83,84) 777(80,83.84) (80,84)
= /dQ(OlX) v de(ou(f) b dg(ozf) e de(ozz[f) e de(oai)) o d9(034(1j) PR ()misess

x Vi (0.81,82,84)V5 (80.82.83,84)V; (80,8183, 84)- (A18)

Note that in the above expression, we put the sign factor (—)"1(80:89) on the interior link and integral out the Grassmann variables
on the interior faces. To simplify the representation, we can formally rewrite the above equation as [see Eq. (31)]

/V;*(go,gl,gz,gs)Vg*(gl,gz,ngzx)= /Vf(go,gl,gz,g4)V3+(go,gz,g3,g4)V3‘(go,g1,g3,g4)- (A19)

In such a way, we can formally write all admissible branching 2 <> 3 moves in terms of V;t (up to the orientation conjugate
+—> ===+

/V;(go,gl,gz,g4)V§(go,gz,g3,g4) = /V;(go’gla82s83)V;(gngl:83»84)V;(81732783784)» (A20)
/V;(go781782784)V3+(gl,gz,g3,g4) = /V;(go,g1,gz,gs)Vg(go,g1,g3,g4)V3+(go,gz,g3,g4), (A21)
/V;(go,gl,gz,gs)Vf(go,gz,gz,gz;) = /V;(go,gl,gz,gzx)vf(go,gl,gs,g4)V§L(g1,gz,g3,g4), (A22)
/Vi(go,gn,gs,g4)V§(g1,gz,g3,g4) = /V;(go,gl,gz,ga)VJ(go,gl,gz,g4)V3+(go,gz,g3,g4), (A23)
/V?(go,gl,gz,gz)VJ(go,gl,ga,gz;) = fVf(go,gl,gz,g4)V3+(go,gz,g3,g4)V§(g1,gz,g3,g4), (A24)
/V;(go’gl782784)1};_(5’0’81’83’84) = /V;(go,gl,gz,gs)Vf(go,gz,gs,g4)V3‘(g1,gz,gs,g4), (A25)
/Vg_(go,gl,gs,g4)V;(go,g2,g3,g4) = /V;_(go’glagZ,gS)V;(gngl7827g4)v3+(glag2ag3784)7 (A26)
/Vf(go,gl,gz,gs)vg*(gl,gz,gs,g4) = fV;(go,gl782784)V3Jr(80782:g3»84)V;(80731783784)» (A27)
and
/V3Jr(807827837g4)V§(81,82,83,84) = /V;(go,g1,gz,gs)Vg(go,g1,gz,g4)V3+(go,g1,g3,g4), (A28)
/V;(gngl782783)1);_(80781,82“?4): /V;(go,gz,gs,gzx)vi(go,gl,g3,g4)V3+(g1,gz,g3,g4)- (A29)
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Similarly, we can formally write all the admissible branching 1 <> 4 moves in terms of Vf (up to the orientation conjugate

+ = ===+

Vi (80,81,82,84) = /Vf(go,gl,gz,gs)Vg*(go,gl,g3,g4)V3‘(go,gz,g3,g4)V3+(g1,gz,gs,gzx),
Vi (80,82,83.84) = /V3+(go,g1,gz,gs)Vf(go,gl,gz,g4)V3+(go,g1,gs,g4)V3+(g1,gz,ga,g4),

Vi (80.81.83.84) = /V{(go,gl,gz,ga)V;(go,gl,gz,g4)V;(go,gz,g3,g4)V3_(g1,gz,ga,g4)
and

Vi(g1.82.83.84) = /V;(goygl782783)V;(80,g1,g2a84)V§(80181183,84)V3Jr(g0982983584),

Vi(20,81.82,83) = /V3+(go,g1,gz,g4)V§(go,g1,g3,g4)V§(go,gz,g3,g4)V3‘(g1,gz,gs,g4).

(A30)

(A31)

(A32)

(A33)

(A34)

Here, the symbol | means that we put the sign factors (—)™1®¢) on all four interior links and integrate over the Grassmann
variables on all six interior faces. Note that the first eight 2 <> 3 moves (Fig. 18) and first three 1 <> 4 can be induced by a global
time ordering while the rest can not. Again, here g° is defined on the vertex with no incoming edge, g' with one incoming edge,

etc.

Expressing Vgi in terms of v3i and integrating out all the Grassmann variables, the admissible branching 2 < 3 (Fig. 18)

moves lead to the following equations:

V3 (80,81,82:84)V5 (80,82,83,84) = (=)0 8182838t M8y 2 (g g1, 0, 83)15 (80,81,83,84)V5 (81,82.83,84),
- + _ 12(80,81,82)12(82,83,84)+m1(80,83) 1, — - +

V3 (80,81,82:84)V; (81,82:83,84) = (—) V3 (£0,81,82,83)V3 (0.81,83,84)V3 (80,82,83,84)

V3 (80,81,82,83)V5 (80,82, 83,84) = (— )2 8081822828580 mi(8180) = (0 01 07 €4)VS (80,81,83,84)V7 (81,82,83,84)s

17 (80,81,83,84)V7 (81,82,83,84) = (—)2(80:81:820m2(82:83.80Fm1(80:82)y, " (g 01 25 23)0 (80,81,82,84)V5 (80,8283-84),

17 (£0,81.82.83)V5 (80.81,83.84) = (—)P80sn8Imlg2 83,80 tm280) ) F (o) o1 05 24)VF (80,82.83,84)v5 (81.82.83.84),

v (80,81 ’g25g4)v;r(g0’gl ,83.84) = (_)nz(go,gl 182)12(82.83,84)+n2(81.82,83)+12(81.82,84)+m1(82.83)

x 13 (0,81,82,83)V4 (80,82,83,84)v; (81,82,83,84),

v3 (80,81 ,g3,g4)v§r(go,g2,g3 ,84) = (_)112(80,81 :82)12(82.83,84)+n2(80.81,82)+12(80.81,83)+m1(81.82)

x 17 (80.81,82,83)V; (80.81,82,84)v5 (81.82.83.84),

+ + .81, ,83,84)+ ,83,84)+ ,83,84)+ s
V3 (go,gl,gz,ga)\@ (81,82,83,84) — (_)ﬂz(go 81,82)n2(82,83,84)+12(80,83,84)+12(81,83,84)+m1(80,84)

x 17 (80.81,82,84)V7 (80.82.83,84)v5 (80.81,83,84)
and (Fig. 19)

v;L(gO,gz,gs,g4)v3_(g1,g2,g3,g4) — (_)nz(goqgl»32)112(82,83,84)+ﬂ2(80q81qu)+"2(81qg2w84)+m1(80»gl)
x 17 (80.81,82.83)V; (80,81,82,84))v5 (80.81.83,84),
V{(go,ghgz,gs)v;r(go,&782784) — (_)ﬂz(goygl,gz)nz(gz,gz»g4)+ﬂz(go,gzyg4)+ﬂ2(go,g3.g4)+ml(g3,g4)

X 13 (80,82,83,84)v5 (80,81,83,84)V5 (81,82,83,84)-
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g g
g’ g
(A20) ¢ & g (A28)
g g
g’ g’
g g
(A21)
3 3
g g
g g' (A29)
1 1
t g g
gO gO
(A22)
FIG. 19. (Color online) The admissible branching 2 <> 3 moves
that can not be induced by a global time ordering.
(A23)
g’ g
4 : gz
s (A30)
go g go g
(A24)
(A31)
gZ @ gZ
(A25) g g
g g g4
g ’ g3
PN (A32)
(A26) g’ g P g
(a)
g g
g g’
PR (A33)
(A27)
gl g2 gl g 8
g g
g g
FIG. 18. (Color online) The admissible branching 2 <> 3 moves (A34)
that can be induced by a global time ordering. =
0 g 0 g
4 4
. . (b)
We note that the sign factor (—)"''%-8) comes from the
definition of the fermionic path integral. Later, we will see FIG. 20. (Color online) The admissible branching 1 <> 4 moves
such a factor is very important to make all the branching moves that (a) can be induced by a global time ordering and (b) can not be
to be self-consistent. induced by a global time ordering.
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Similarly, all the admissible branching 1 <> 4 (Fig. 20) moves lead to the following equations for vgt:
V;(go,gl ’gz’g4) — (_)nz(go,gl-gz)nz(82,83,84)+n2(gz,83,g4)(_)ml(gn,gz)erl(gl»83)+m1(82183)+m1(83qg4)
X v (80,81,82,83)v3 (80,81,83,84)V3 (80,8283, 84)V5 (£1,82,83.84), (A45)
v;(go’g27g3’g4) — (_)nz(goqgl»gz)nz(gzqgs-g4)+nz(goq81qu)(_)ml(gowgl)-kml(gl»g2)+m1(glvg3)+m1(g1,g4)
x 15 (0,81,82,83)V5 (0,81,82,84)v5 (80,81,83,84)v5 (81,82,83,84), (A46)

V;(go,gl ’g3’g4) — (_)nz(gowgl»gz)nz(gzyg3,g4)+n2(g| ,gz,gz)(_)ml(go,ngml(81,g2)+m|(gzqg3)+m|(gz,g4)

x 13 (80.81.82.83)V7 (80.81,82,84)v5 (80.82.83.84)V5 (81.,82.83.84) (A47)
and

V;_(gl ,82.83.84) = (_)nz(go,gl 182)12(82,83,84)+12(80.81 ,84)(_)"11(goqg1)+m1(goqu)+m1(80q83)+m1(80q84)

X 13 (80,81,82:83)V; (80.81.82,84)v5 (80,81.83.84)V3 (80.82.83,84), (A48)

V;r(go’gl ,82,83) = (_)nz(goqgl qu)nz(gzygs,g4)+ﬂ2(g0,gsqg4)(_)m1(80,g4)+m1(81 184)+m1(82,84)+m1(83.84)

x 15 (80,81,82,84)V; (80,81,83,84)v5 (80,82,83,84)V5 (81,82,83,84)- (A49)
Amazingly, if we define
V3 (80,81.82,83) = (=) "5 3(g0, 81,82, 83),
V3 (80,81,82:83) = (=) /13(80.81.82.83): (A50)

we find all the above equations are equivalent to the following single equation, which is the fermionic 3-cocycle condition
of v3:

v3(81,82,83,84)3(80,81,83,84)V3(80, 81,82, 83) = (—)280:81:82m282.85.80 )3 (0 0) 03, €4)13(80,81,82,84)- (A51)

3. 3+1D

The admissible branching moves for (3 4 1)D case is much more complicated. There are in total 10 3 <> 3 moves, 152 « 4
moves, and 6 1 <> 5 moves.
For example, Fig. 12 represents one admissible branching 2 <> 4 move, which leads to the following equation for Vf:

/dg(n](zgglfz’&’g4)d9_(nl(§31£;fz’g3'g4)VI(gl,82,83,84,85)17;(80,81,gz,g3,g4)

_ n(80,81,82:85) 1 71(80.81,82,85) 11(80.81.83.85) 71731(80.81:83.85) 7 711(80.81.84.85) 7751(80:81.84,85) 711(80,82.83:85) 77371(80.82.83.85)
= / d0(0125) d9(0125) d9(0135) d9(0135) d9(0145) d9(0145) d0(0235) d9(0235)

1(80,82,84.85) 771(80,82:84.85) 171(80,83,84.85) 7737(80,83:84,85) ma(80,81,85)+m2(80,82,85)+m2(80,83,85)+m2(80,84,85)
X d0 45 dbp4s) 6,345, 0,345, (=)

x Vi (80,82,83,84.85)V; (80,81,82,84.85)V; (80,81,83,84,85) V5 (80,81,82,83,85)- (A52)

Here, we integrate out the Grassmann variables on the interior tetrahedra and put the sign factor on the interior surfaces. We can
formally denote the above equation as [see Eq. (31)]

/Vf(gl,gz,g3,g4,gs)VZ(go,gl,gz,g3,g4) =/Vf(go,gz,gs,g4,g5)VI(go,g1,gz,g4,g5)V{(go,g1,ga,g4,g5)V;(go,g1,gz,g3,g5).
(A53)

Similarly, Fig. 13 represents one admissible branching 1 <> 5 move and can be formally written down in terms of Vf as

V, (20.81,82,83,84) = /Vf(go,gz,gs,g4,gs)VI(go,g1,gz,g4,g5)VZ(go,g1,g3,g4,g5)V{(go,g1,gz,ga,gs)VZ(&,gz,g3,84,g5)~
(A54)

We note that here the symbol | means integrating over all Grassmann variables on 10 interior tetrahedra and put the sign factor
(—)™8i-8i-8) on 10 interior surfaces.
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In addition, there are 3 <> 3 moves. For example, one of such moves gives rise the following formal equation for Vf:

/VI(gl,gz,g3,g4,gs)VI(go,gl,g3,g4,g5)Vf(go,gl,gz,gs,gs)

= /Vf(go,éﬁ»g2,g3,84)VI(80782783,g4,g5)Vf(go,g1732784735)- (AS55)

In this case, the symbol | on both sides means integrating over all Grassmann variables on three interior tetrahedra and put the
sign factor (—)™2(&-8i:8) on one interior surface.
After integrating over all the Grassmann variables, we can express the above three equations in terms of vf:

v} (81.82.83,84.85)v; (80.81.82.8384)

— (_)ns(go,gl :82:83)13(80.83.84,85)+13(81,82.83,84)113(80,81,84.85)1+13(82.83,84.85)13(80.81,82.85)+13(80.81.84.85)

X (_)mz(gosgl,gs)+m2(80,g2,gs)+m2(go,g3~85)+mz(go,g4,gs)
X v} (80.82.83:84,85)V; (80.81,82+84.85)V5 (80:81.,83,84.85)Vy (80-81.82.83:85) (A56)

v, (80,81,82,83,84)

— (_)ns(goﬂgl 182:83)13(80,83:84,85)113(81.82,83,84)13(80,81,84.85)113(82,83.84,85)113(80.81,82.85)+713(80,81.84,85)+13(81, 82,84, 85)+13(82.83.84.85)

% (_)mz(go,gl,gs)+mz(go,gz,gs)+mz(go,g3,g5)+mz(go,g4,gs)+mz(gl,gz,gs)+mz(g1,gs.gs)erz(gl,g4.gs)+mz(gz.g3,g5)+mz(gz.g4,gs)+mz(g3,gA,gs)

x 1} (0,82,83,84,85)v (80,81,82,84,85)V; (80,81,83,84,85)V; (80,81,82,83,85)V; (81,82,83,84,85), (AST7)

v} (81,82,83,84,85)V; (80,81,83,84-85)V5 (80,81,82,83,5)(—)"2(81:83:85)

— (_)nz(go,gl 182:83)13(80.83,84,85)+713(81,82.83,84)113(80,81,84.85)+13(82.,83,84.85)13(80. 81,82, 85)+12(80.82.84)

X 1;(80,81,82.83,84)v; (80,82.83.84,85)v; (80,81,82.84,85)- (A58)
Surprisingly, if we define vf as
UI(go,g1 ,82.83.84) = (_)mz(go,glqgs)+Mz(81,83qg4)+mz(81quqgs)vz‘(go’gl ,82,83.84),

v, (80,81,82,83,84) = (—)"280:8289) /3, (g0, 81,82,83,84), (A59)

we find all the above three equations will be equivalent to the following single equation of v4, which is the fermionic 4-cocycle
condition

v4(81,82:83,84,85)v4(80,81,83,84,85)V4(80,81,82583,85)
— (_)ns(goygl,gz,gs)ns(go,gz.g4,g5)+n3(g1732,83,g4)n3(80.g17g4,85)+n3(g2~,83,g4qgs)’l3(g07g1,gz,gs)

X 14(80,82,83,84,85)V4(80,81,82,84,85)V4(80,81,82,83,84)- (A60)

Indeed, it can be verified by computer that all other admissible 3 <> 3, 2 <> 4, and 1 <> 5 branching moves will give rise to
the same fermionic 4-cocycle condition! Again, the phase factor (—)"2(&-8-¢) in the fermionic path integral is crucial for the
self-consistency of all admissible branching moves.

APPENDIX B: FIXED-POINT ACTION ON A CLOSED COMPLEX AND THE UNITARY CONDITION
In the following, we will show that f V; V; is always equal to 1. In (1 4 1)D, we have

/ V;(go,gl ,gz)V{(go,gl ,gz) — /d@(r(l)ll()go,gn)dé(tz)nl()go,gn)dg(%uz()go,gz)dé(r(t)uz()go,gz)dg(nlnz()gu,gz)dé(nlnz()gn,gz)(_)mo(g0)+m0(g,)+mo(g2)

+ n1(81,82) nn1(80,81) gn1(80.82) | — n1(80,82) gn1(80,81) gn1(g1.82)
XV, (go,gl,g2)9(12) 0(01) 9(02) 1) (g01g11g2)9(02) 9(01) 0(12)

— 11(80,81) 77311(80,81) 711(80,82) 1711(80.82) 771(81.82) 77411(81,82) .82)
— /de(oll)o Ide(oll)n ldg(olz)o 2 d0(012)0 2 d9(112)1 2 d9(112)] 2 (_)n](g() 82

n1(81,82) n11(80,81) A11(80.82) n11(80.82) 471(80.81) 411(81,82)
x 9(12) 9(01) 9(02) 9(02) 0(01) 9(12)

=1 B
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In the above calculation, we can move the pair d 9('81()‘3’0’8 v 9_('(1)‘1()5'0"5' Y to the front of oy Oomy
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711(80,82) n11(80,82)

without generating any signs. We

then can evaluate [ d@g)';f(”g‘)dé('z)lz(fo’g')Q_g)'z(fo’gz)Qg)‘z(f”’gZ) = 1. We next move d@g)'l()g(”g‘)dQ_('Z)'l(fO’g') to the front of Qg)‘l(fo’g')ég)‘l()go’g')

”l(go,gl)de

without generating any signs. We then evaluate [ db )

The Grassmann integral fdG("l'z()g"gZ)dO_(”l'z()g"gZ)Q(”l'z(f"gZ)é("l‘z(f"gz)

’ll(80781)9"1(80781)9_"1(80»81)
() o1 oD

= (=)™ which has a sign factor.

(—)m(€182) also generates a sign factor. Such two sign factors

(=) (o8 (—yn(81:82) cancel the sign factor (—)"(80-£2) due to the condition (23) on 7.

Similarly, in (24 1)D and in (3 + 1)D, we find that the sign factors in the integration measure (31) and in the v,

+

expressions (48), when combined with those from exchanging the Grassmann numbers, just cancel each other:

/Vf(go,gl,gz,gz)VJ(go,gl,gz,gs)

012) 012) (013) (013)

(023)

(023) (123) (123)

— / dgnz(go,gl,gz)de—nz(go,m,gz)d‘gnz(go,gl,gs)dénz(go,gl,gs)denz(go,gz,gz)dénz(go.gz,gz)denz(gl,gz,ga)dénz(gl,gz.ga)

x (_)ml(goagl)+m1(80,82)+m1(80,83)+m1(81,82)+m1(81783)+"11(82783)v;‘(g0’g1’gz’gS)G”Z(gl’32’33)0”2(80’81vg3)0_”2(80’82'33)6_”2(3()’671~82)

X V3_(g07gl7gz7g3)9(012) (023) (013)

(123) (013) (023) (012)

n2(80,81 ,gz)enz(go,gz,gs)gnz(go,gl »83)9_"2(g1 182,83)
(123)

_ n2(80,81,82) 7712(80,81,82) 1712(80,81,83) 1512(80,81,83) 1712(80,82,83) 773712(80,82,83) 7 412(81,82,83) 1 712(81,82,83)
- /d9(012) d9(012) d0(013) d0(013) d0(023) d0(023) d0(123) d0(123)

x (_)nz(go,g1 ,g3)+n2(g1 ,gz,g3)9ﬂ2(81 ygzyg3)€nz(g0,g1 xg3)9_”2(5’0,82’5’3)9_”2(8’0,81 qu)eﬂz(goygl qu)9"2(80:5’2-83)9‘"2(&’0,1{1 ,83)0‘"2(81 182,83)

(123) (013) (023)

fVf(go,gl,82,83,84)]72(80,81,82,83,84)

_ n3(80,81,82,83) 717413(80,81,82,83) 1913(80,81,82,84) 1513(80,81,82:84) 71713(80,81,83.84) 7173713(80,81,83,84)
- /d9(0123) d6(0123) d9(0124) d9(0124) d0(0134) d0(0134)

n3(80,82.83.84) 71713(£0.82,83:84) 1713(81,82,83.84) 1713(81,82.83.84) m2(80,81,82)+m2(g0,81,83)
X dB3) 00234 d01234) do, (=) SR A e

(1234)

% (_)mz(go,gl,g4)+mz(go,gz,g3)+mz(go,g2,g4)+mz(go,g3,g4)+m2(g1,g2,g3)+m2(g1,gz,g4)+m2(g1,g3,g4)+mz(gz,g3,g4)

n3(g ,gz»g3,g4)9ﬂ3(g0yg1 ,g;,g4)9n3(g0,g1 ,gz,ga)élls(go.gz,g,w,g4)9‘ﬂ3(g0,g1 ,82:84)
(0134) (0123) (0234) (0124)

X VI(gOsgl 182183’6'4)9(1234)

n3(80.81 ,gz,84)9ﬂ3(80,82,83,g4)9‘n3(80,81 ,gz,gs)e‘nz(s’o,gl ,gs,g4)9‘n3(g| 182:83,84)
(0234) (0123) (0134) (1234)

X V;(go,gl,82,83,84)9(0124)

_ n3(80,81,82,83) 717413(80,81,82,83) 19"3(80.81,82,84) 17513(80,81,82:84) 71713(80,81,83.84) 77313(80,81,83,84)
- /d9(0123) d9(0123) d9(0124) d9(0124) d9(0134) d6(0134)

13(80,82,83,84) 17713(80,82,83> n3(81,82,83:84) 1713(81,82:83 n3(g1,82,83,84) n13(80,81,835
% do 3(80,82,83 g4)d0 3(80,82,83 g4)d0 3(81,82,83 g4)d0 3(81,82,83 g4)(_)n3(g0,g|,gz,g4)+n3(g0,gz,g3,g4)9(132(§i)g° 83 84)0 3(80,81,83,84)

(0234) (0234) (1234) (1234)

9’13(80,81 ,gz,gs)éns(go,gz,gs.g4)9‘n3(go,g1 ,gz,g4)9n3(go,g1 ,gz,gA)ens(go,gz,gz,g4)9'n3(go,g1 q82»83)9'"3(80q81 »8%84)9_"3(81 182,83:84)
(0234) (0124) (0124) (0234) (0123) (0134) (1234)

(0123)
= 1.

We also note that the bosonic topological nonlinear o
models are characterized by action amplitudes that are pure
U(1) phases |v4(go, - - - ,84)| = 1 [where the action amplitude
on “+4” oriented simplexes is given by v,(go,...,g4), and
the action amplitude on “—" oriented simplexes is given by
vd_l(gg, ...,84) = (8o, - - - ,&4)]. The action amplitude being
a pure U(1) phase ensures that the model defined by the path
integral to be unitary theory.

But what is the analog of the pure U(l) phase condi-
tion on the Grassmann amplitude V;t {or on the pair of
functions [v4(go, - - - »84),Ma—2(80, - - - ,8a—2)]1}? Clearly, the
Grassmann amplitude V7 is not even a complex number. It is
hard to say when Vj[ behaves like U(1) phases.

To address this issue, let us introduce the com-
plex conjugate of a quantity that contains Grassmann

(012) (012) (023) (013) (123)
(B2)
(0134)
(B3)
[
numbers:
(1)919_293 N )* =v*. .. 9_3929_1. (B4)

We see that under the complex conjugate (a) the complex
coefficients are complex conjugated, (b) the order of the
Grassmann number is reversed, and (c) 6 and  are exchanged.
With this definition, one is tempting to require V; (V)* = 1,
in order for VJ to be a U(l) phase. But, VJ(V})* still
contains Grassmann numbers and we cannot require it to be
1. So, we try to require 'V (V;})* = 1 where the Grassmann
integral is defined in Eq. (31). Now, f V;(V;)* is a complex
number. But [ V] (V;)* is not non-negative. So, we cannot
treat [ V) (V;)* as a norm-square of V. After some consid-
erations, we find that we need to define a different complex
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conjugate:

ViE(go.gD)1T = Vi (80,8017,

PHYSICAL REVIEW B 90, 115141 (2014)

Vi (g0.81,8)1" = (=)™ €[V (g0,81,82)]",

V5 (gos - -

Vi(go, - g0l = Vi(go, - -

Using the new complex conjugate and the evaluation of
[ VFV; described above, we find that

/ VIV = / VIV = vavs. (B6)
Thus, we would like to require the Grassmann amplitude V(}t
to satisfy

/ VEVE =1, (B7)
which is to require |v;(go, .. .,84)| = 1. Equation (B7) is the
analog of the pure U(1) phase condition on the Grassmann
amplitude Vj. For the Grassmann amplitude V;t that satisfies
the pure U(1) phase condition (B7), we have

Vi =VF. (BS)

APPENDIX C: GROUP SUPERCOHOMOLOGY

In Sec. V, we studied the condition on v;(go,g1, ...) SO
that the fermionic path integral constructed from v;(go, g1, - - .)
corresponds to a fermionic topological nonlinear o model
which is a fixed-point theory under the RG flow. Those

J

ng-1(881, - - -

d
an_l(go, o 28i-1,8it1,---8d) = even, Vg, ....g4 €G.
i=0

’g3)]T — (_)m1(80e82)+ml(81»gS)[V;t(gO’ o

’g4)]*(_)m1(80»g1 ,83)+m1(g1,83,84)+m1(g1,82,83)+m (go,gz,gét)_

,884) = ng_1(g1, ...

81",
(BS)

(

conditions on v,(go, &1, - - .) actually define a generalization of
group cohomology [46,47]. We will call such a generalization
group supercohomology. In this Appendix, we will study the
group supercohomology in detail.

A d-cohomology class of group supercohomology is a set
that depends on a full symmetry group G and a fermionic
G-module M. We will denote the fermionic d-cohomology
class as ji”d(Gf,M).

We note that a fermion system always has a Z, symmetry
which corresponds to the conservation of fermion-number
parity. Such a symmetry group is denoted as Z{ which is
generated by Py = (—)V7 where Ny is the fermion number.

The full symmetry group G always contains Z'Zf as a
subgroup. We will define G, = Gf/Z{.

1. Graded structure of a group G,

First, let us introduce the graded structure of a group Gy.
A dD-graded structure of a group Gy is an integer function
ng_1(g1, -..,8a) of d variables, whose values are 0,1. Here,
we choose g; to be an element of G, rather than an element of
the full symmetry group G ;. This is because g; corresponds
to the bosonic fields in the path integral, and the bosonic field
is invariant under Z{ .

The function ny_1(g1, . . .,ga4) satisfies

,84), vV & € Gy,

(ChH

We see that a dD-graded structure of a group G, is a (d — 1)-cocycle ng_; € Z47'(Gy,Z>). If a function ny_; only satisfies the
first condition in Eq. (C1), then it will be called a (d — 1)-cochain. The space of all (d — 1)-cochains is denoted as C¥=YGp,Z»).

The coboundary is given by

BINGyZo) = {0y (81 -.8) = D mly 5(81. . .8i1.8i+1. - ---8a) mod 2|m);_,(gg1. ... .884-1)
i

=m)y (g1, ...,8d-1), ¥ &.&1s--..8d—1 € Gh} .

We say that two graded structures differing by an
above coboundary are equivalent. Thus, different classes
of dD-graded structures are given by HY"1(G,,Z,) =
Z9Y(Gy, L)/ B (G, L)

2. G-module

For a group Gy, let M be a G y-module, which is an
Abelian group (with multiplication operation) on which G

(

acts compatibly with the multiplication operation (i.e., the
Abelian group structure):

g-(ab)y=(g-a)g-b), g€ Gy, abeM. (C2)

For the most cases studied in this paper, M is simply the U (1)
group and a a U(1) phase. The multiplication operation ab is

115141-33



ZHENG-CHENG GU AND XIAO-GANG WEN

the usual multiplication of the U(1) phases. The group action
istrivial: g -a =a, g € Gy, a € U(1). We will denote such a
trivial G ;-module as M = U(1).

For a group G that contains time-reversal operation, we
can define a nontrivial G ;-module which is denoted as Ur(1).
Ur(1)isalsoa U(1) group whose elements are the U (1) phases.
The multiplication operation ab, a,b € Ur(1), is still the usual
multiplication of the U(1) phases. However, the group action
is nontrivial now: g-a =a*®, g € G, a € Ur(1). Here,
s(g) =1 if the number of time-reversal operations in the
group operation g is even and s(g) = —1 if the number of
time-reversal operations in g is odd.

3. Fermionic d-cochain

A fermionic d-cochain is described by a set of three func-
tions vg(go, - - -,8a)s Na—1(81,---8a4) and uly_,(g1,...,84).
ng—1(g1, . . .,8a4)is (d — 1)-cochain in C?~'(G,,Z,) which has
been discussed above. v;(go, . ..,g4) is a function of 1 +d
variables whose value is in a G-module M, v; : G;* — M.
Again, note that g; is an element of G, rather than the full
symmetry group G ;. For cases studied in this paper, M is
always a U(1) group [i.e., vy(go, . - - ,&4) 1S a complex phase].

Since the action amplitude is invariant under the sym-
metry transformation in Gy, v4(go,...,84) must satisfy
certain conditions. Note that a transformation g in G, will
generate a transformation in G, gG, — Gy, since G, =

G/Z]. So, va(go, . .. 8a) =

V¥ (880, - . . .884)-

The invariance under the symmetry transformation in G s
is discussed in Secs. VE and VII A. This motivates us to
require that the fermionic d-cochain v,(go, .. . ,g4) satisfy the

J

,84) transforms as vy(go, ...

vi(g1,82)v; ' (80.82)v1(80.81) = 1,
V2(81,82,83)V; ' (80,82,83)v2(80,81,83)v5 ' (80,81,82) = 1,

(—)”2(g°’g"gZ)"Z(gz’gB’g“Vs(gl,82,83,84)1)3_1(80,82,83,84)1)3@0,81783784)V3_1(g0,g1782784)1)3(80,81,82,(%’3) =1,

(_)nz(go,gn ,82.83)n3(80,83,84.85)+13(81,82,83,84)n3(80,81,84,85)+13(82,83,84,85)n3(80,81.82.85)
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following symmetry condition:
,88d)

= v4(80, - - - »&d) 1_[ [u8 (g0, -8 - - ,gd)](i)i,
i

¥ (ggo, - .-

nqi-1(28os - -.,884a—1)
=ng-1(80,-.-,84-1), &€ Gy (C3)
where the sequence go,...,8,...,84 1s the sequence
80, - - ..8a With g; removed, and u%_,(gi,gj,....g) is a 1D
representation of G s:
a b (8a)
ub (giv .. g0[us (giv .. .80]"
=uf® (g, .. ..80),
us' (88i,88;. - 88k)
a s(g)
= [uf (8,85 -.80]" (C4)

such that u:;ﬁl(g,-,gj, .. .,81) = (—)t-1i8j80  The triple
functions (vd,nd_l,uf;fl) that satisfy Eqs. (C3) and (C4) are
called fermionic cochains. We will denote the collection of all
those fermionic cochains (vg,n4_1 ,ufi_l) as <K‘J[Gf, Ur(1)].

4. Fermionic d-cocycle

With the above setup, now we are ready to define fermionic
d-cocycle. The fermionic d-cocycles are fermionic d-cochains
[vd,nd,l,uf;_l] in %d[Gf,UT(l)] that satisfy some additional
conditions.

First, we require ny_;(g1, ...,84) to be (d — 1)-cocycles
in Zd’l(Gf,Zz). Note that when d — 1, we have ng(g;) =0

x vy ' (80,82,83,84,85)V4(80,81,83,84,85)V5 ' (80,81,82,84,85)v4(80,81,82,83,85)V; ' (80,81,82,83,84)

=1
We will denote the collections of all d-cocycles
[va(gos, .- - ,gd),ufl_l(gl, ...,84)] that satisfy the above con-

ditions as Z[G ;,Ur(1)].

5. A “linearized” representation of group supercohomology

Since the coefficient of the group supercohomology
is always U(l), we can map the fermionic cochains
[vd,nd_l,uf,fl] into two real vectors and an integer vector
(vg,nq_1,h%_,), where the components of v, and h%_,
are in [0,1) and the components of n,;_; are 0,1. Then,
we can rewrite the cochain and the cocycle conditions on
[Va(gos - - - ,8a)sna—1(81, - -, 8a):uyy_ (g1, - - -,ga)] as “linear

or no(g1) = 1 for any G . We also require v4(go, - . .,84) O
satisfy
(C5)
(Co)
(e0))
v4(81,82,83,84,85)
(C8)

(

equations” on (vd,nd—l,hf,,]). Those linear equations can be
solved numerically more easily.
To map v,(go,...,g4) into a real vector vy, we can

introduce the log of v;(go, - - . ,84):
1
vi(g0,81, .. ..84) = i Inv,(go,&1, - --,84) mod 1. (C9)

So, we define v; as a |Gb|d+1-dimensional vector, whose
components are given by

(Va)(go,....00) = Va(g0s - - -, 8d)- (C10)
Similarly, ny_; is a |G|?-dimensional integer vector
(Ma—1)(gy,....00-1) = Nd (80, - - - 18d—1)s (C11)
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and hil is a |Gp|¢-dimensional vector

(hZ—l)(gO,m,gdf]) = hg_l(g()a .. 7gd—l)’

1
,8d—1) = =— Inub_,(go,...,g4—1) mod 1.

hz_l(g(), i

(C12)

Now, the cochain conditions (i.e., the symmetry condi-
tion) (C3), (Cl1), and (C4) can be written in a “linearized”
form

5(8)S5vs = vy + Dy—1h%_, mod 1,
S8 \ma_1 =ng4_y,
3(3)55—1h§]—1 = hZLp
h8'% = hS |+ s(g1)hy | mod 1,
hf;ﬁ, =1n, mod 1,
g.81.82 € Gy,

where S5 isa (|G,|?™! x |Gp|?*!)-dimensional matrix, whose
elements are

(C13)

g _
(Sd)(go,.__.g,,),(g['J g[,)—‘s(gé ----- 8)+(880+-:88a+1)" (C14)

.....

Also, Dgisa(|Gp|?T? x |Gp|?*!)-dimensional integer matrix,
whose elements are all O or £1:

where (go,...,&i,...,84+1) 1S the sequence obtained from
the sequence (g, . . . ,gq4+1) With the element g; removed. The
matrices Dy satisfy

Dyi1Dy = 0. (C16)

A triple (vd,nd,l,hf,_l) that satisfies Eq. (C13) corresponds
to a fermionic d-cochain in %d[Gf, Ur(D)].

We can also rewrite the cocycle conditions (59) as a “linear”
equation:

Dd_]nd_l = 0 mod 2,

Dgvg+ % far1 =0mod 1. (C17)

Here, f, is a |G,|?*'-dimensional integer vector whose
components are given by

(fd)(go ~~~~~ 8d4) — fa(gos - - .

where f;(go,...,g4) is obtained from ng »(go,...,g4-2)
according to the relation (57). A triple (vd,nd,l,hf,_]) that
satisfies Eqs. (C13) and (C17) corresponds to a fermionic
d-cocycle in Q"d[Gf,UT(l)].

,8q4) mod 2, (C18)

6. Fermionic d-cohomology class

As discussed in Sec. V, each (d + 1)-cocycle will define
a fermionic topological nonlinear o model in d spatial
dimensions which is a fixed point of the RG flow. Those
(d + 1)-cocycles give rise to new fermionic SPT phases.
However, different (d + 1)-cocycles may give rise to the same
fermionic SPT phase. Those (d 4 1)-cocycles are said to be
equivalent. To find (or guess) the equivalence relation between
cocycles, in this Appendix, we will discuss some natural
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choices of possible equivalence relations. A more physical
discussion of this issue is given in Appendix G 1.
First, we would like to show that (for d < 4)
Dyfqs=0mod?2, (C19)
where f; is determined from n4_i(g;,...,8¢) In
Zd’l(Gf,Zz) [see Eq. (57)]. For 1 < d < 3, the above is
trivially satisfied since the corresponding f; = 0. To show the
above for d = 4, we note that ny_»(go, . - . ,84—2) (Which give
riseto f4)isa(d — 2)-cocyclein H?"%(G},Z,). Let us assume
that a 2-cocycle n,(go,g1,82) gives rise to f4. The expression
f4(80,81,82,83,84) = n2(80,81,82)n2(82,83,84) implies that
the 4-cochain f4(go,g1,82,83,84) is the cup product of two
2-cocycles n2(g0,81,82) and n2(80,g1,82) in Z2%(G ,Z). So,
f4(80,81,82,83,84) 1s also a cocycle in Z4(Gf,Z2). Therefore,
Dyf4 =0 mod 2. We can also show that Ds fs =0 mod 2
by an explicit calculation using Mathematica. Therefore,
ford <5,

Dy[Dy-1v4—1 + 3 f4] =0mod 1 (C20)

for any fermionic (d — 1)-cochains (vy_1,m4-1 ,hil).
There is another important relation. Let us assume that a
d-cocycle ng(go,&1, - - - ,84) gives rise to f 442, and another
d-cocycle 7i(g0,81,---,84) gives rise to fd+2 (assuming

d < 3). If ny(80,815 - - - 84) and 7iy(go, 81, - - - ,8a) are related
by a coboundary in B4(Gyp,Z»),

nd(g(%gl» e 1gd) + Zm:ifl(g()a e 7§i7 e 9gd)
i

,8a) + (8my_)(go - - - .8a)
,84) mod 2,

= nq(go,&1, - - -

=714(80,81 - - (c21)
then what is the relation between fyi, and f, 2? In
Appendix I, we will show that f;,, and fd 4o also differ
by a coboundary Dy 18441 in BY2(Gy,Z5):

Faso = fas2 + Day18a+1 mod 2, (C22)

where g, is determined from n,; and m,_; (see Appendix I).
Using the above two relations, we can define the first equiv-
alence relation between two fermionic d-cocycles. Starting
from a fermionic d-cocycle (vy,n,— ,hf,_l), we can use a
fermionic (d — 1)-cochain (v, ,"d—27h§,2) to transform the
above d-cocycle to an equivalent d-cocycle (V4,741 ,l~1§_1):

g =g — 384 + Da—1va-1,
g1 =ng1+ Dy 2ng > (C23)

hy | = hS_ + Dy_shf_,,

where g, is determined from n,_; and n,_, [see Appendix I,
Eq. (16)].

First, we would like to show that if (v,,n,4_ ,hf,_l) satisfies
the cochain condition (C13), then (f)d,ﬁd_l,fzi_l) obtained
above also satisfies the same cochain condition. Let us first
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consider the first equation in Eq. (C13):
5(8)S;iva
= 5(8)S§va — 384 + 5(8)S§ Da-1v4-1

= vy 4 Dy_1h’_, — 3g4 + Dy_15()S5_ v4—1 mod 1
=0y + Dg_(h_, + Dy—2h%_,) mod 1
=g+ Dy 1hS_, mod 1, (C24)
where we have used
S5ga=8as S5fa= fa, (C25)
and the relation
S%Dy_1 = D41 S5_,. (C26)

It is easy to show that (ﬁd,fzd_l,izj_l) also satisfies other
equations in Eq. (C13).

Now we like to show that if (vd,nd,l,hi_]) satisfies the
cocycle condition (C17), then (¥ ,714—; ,ﬁf}_l) obtained above

J
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also satisfies the same cocycle condition:

Dby + 3 fyi1 = Dava — Daga + 3(far1 + Daga)
—0mod 1. (C27)

We can also define the second equivalence relation between
two fermionic d-cocycles. Let hf,_l (g0, - - -,84—1) be represen-
tations of G, that satisfy

h (80,81, .. )+s(g)RY (80,81, .. )= h3*)(g0.81. - . .),

,8d—1)s
(C28)

,88a—1)=h%" (g0, ...
8,84,8b € Gp.

s(@hy (g8, - -

Then, starting fronz a fermionic d-cocycle (vd,nd,l,hg_l),
we can use such a hfl_l(go, ...y 84—1)tO transfczrm the above
d-cocycle to an equivalent d-cocycle (V4,741 ,hf,_l):

d
04(20,81 -+ »8a) = Va(80:81- - - -»8a) + (GRS (1, - ,8a) + 5(280) Y (=) BS1(80, - &1 - - 8a),

i=1

1a-1(80,815 - - - 18a—1) = Na—1(80,&15 - - - ,8a—1),
hS_ (80, - .8a—1) = h'_ (8o, ... .8a—1) + s(880)h’5_1 (g0, - .. .8a-1). (C29)
The above can also be written in a more compact form
Vg =g+ Dy_rha_y, Mgy =nq_1, hy_,=hs_ +h5_, (C30)
where h,_; and 5571 are the |G,|?-dimensional vectors
(Ba-1)(g0..cgs) = S(8IMG 1 (800 - 8a-1)s (Ra1) g o = S(880)1G_1(80, - - 8a-1)- (C31)
Let us first show that (94,724_; ,ﬁj_l) is a d-cochain:
5(8)04(880,881, - - - ,884)
d
= 5(2)va(g80,881 - - - 884) + s(&)s (8RS (881, - - . 884) + 5()s(880) Y _(—)'A§¥, (880, - -8, - - - .884)

d
= 0a(20:81, -8+ D () h_ (0, - 8-
i=0

d
= Ud(g()’glv cee 7gd) + Z(_)ihi_l(g()’ cee 7§i7 e
i=0

,8a) + s(ggh5 (g1, . ..

.8a) + s(gghs_ (g1, ..

i=1

d
84) + 5(880) Y () RE (o, - i+ 8a)

i=1

d
-8a) + 5(880) Y ()R (80. - \8i - 84)

i=I

d
+ (RS (81 8a) +5(20) Y (VRS (20, - 8is -+ 18a)

i=1

d
= D4(80:81, - --8a) + Y (=) h5 (80, .. 8ir - . 8a).
i=0

(C32)

Second, since ¥y = vy + Dy_1hy—_1, it also clear that (T)d,ﬁd,l,iti 1) is a d-cocycle. The equivalence classes of fermionic
d-cocycles obtained from the above two kinds of equivalence relations (C24) and (C29) form the group d-supercohomology

HUG;,Ur(1)].
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We note that, when n;_; = 0, the representations of G,
h%_, are also representations of G,. So, the second equivalence
relation implies that a d-cocycle (vy,n4-1 = O,hf,fl) is always
equivalent to a simpler d-cocycle (¥4,n4—1 = 0,h§71 =0).
Such kinds of d-cocycles are described by group cohomology
and form group cohomology class HAYUG,,, Ur (D).

We also note that, due to the requirement hji | = %nd_l
mod 1, for each fixed n,_;, all allowed choices of h§71
belong to one class under the second equivalence rela-
tion. So, we just need to choose one allowed hfl_, for
eachny_;.

APPENDIX D: ABELIAN GROUP STRUCTURE
OF THE GROUP SUPERCOHOMOLOGY CLASSES

Similar to the standard group cohomology, the elements
of supercohomology classes #[G ;,Ur(1)] should form
an Abelian group. This Abelian group structure has a very
physical meaning. Let us consider two SPT phases labeled
by a,b. If we stack the phase a and the phase b on top of
each other, we still have a gapped SPT phase which should be
labeled by c. Such a stacking operation a + b — ¢ generates
the Abelian group structure of the group supercohomology
classes. So, if our construction of the fermionic SPT phases is
in some sense complete, stacking the phase a and the phase
b in %ﬂd[Gf,UT(l)] will result in a SPT phase c still in
AU G ¢, Ur(1)]. In other words, 5#?[G ;,Ur(1)] should be
an Abelian group.

The key step to showing #/[G ¢, Ur(1)] to be an Abelian
group is to show that all the valid graded structures labeled
by the elements in BHY~!(G},Z,) form an Abelian group.
Since H4"!(G,,Z,) is an Abelian group, we only need to
show that for any two elements ny_1,n,_; € BH"1(G},Z»),
their summation n); | =ng_1+n),_, € BHY (G, Z»). In
Appendix J, we prove that f' | — fay1 — f;,, is a cobound-
ary in B(G,,Z,) (given by a; below), where f; is
obtained from ny4, f; is obtained from n), and f; is
obtained from n;, respectively. Therefore, if f;.; and
fi41 are (d + l)-coboundaries in BG,, Ur(1)], S
is also a (d + 1)-coboundary in BY*'[G,,Ur(1)]. On the
other hand, BH?"'(G,,Z,) is a subset of H? (G}, Z»),
hence, BH¢"'(G,,Z,) forms an (Abelian) subgroup of
HN(Gy, Z,).

Using the above result, we can show that if (vy,n4—; ,uil)
and (Vé’”;zqv“/gq) are elements in %”d[Gf,UT(l)], then
using an additive operation we can produce a (v);,n/j_,.u”5_)):

Mg_y = Na—1 +ny_y,

124 I 4 18
g =Ug_1Ugqy

(D1)
Vi = vgv(—)%

such that it is also an element in %d[Gf,UT(l)]. Here, the

phase factor (—)% is given by

ap=a; =ay =0,
as = n2(£0,81,82)15(80.82,83) + 12(81,82,83)15(80.81.83),
as = n3(8o.81,82,83)15(£0.81,83.84)

PHYSICAL REVIEW B 90, 115141 (2014)

+n5(80,81,82,84)M3(80.82.83.84)
+n3(80,81,83.84)15(81,82.83.84)

+n3(g0,81,82,83)M5(81,82,83,84)- (D2)

APPENDIX E: CALCULATE H*(Gy,Z,),
THE GRADED STRUCTURE

In this Appendix, we will discuss several methods that allow
us to calculate the graded structure H%(G,Z,) in general.

1. Calculate H(Z,,Z,)

The cohomology group H¢(Z,, M) has a very simple form.
To describe the simple form in a more general setting, let
us define Tate cohomology groups H%(G,M). For d to be
0 or —1, we have

H(G.M) = M /Img(Ng, M),
H'(G,M) = Ker(Ng,M)/IgM. (E1)
Here, M, Img(Ng, M), Ker(Ng,M), and I M are submod-

ules of M. MS is the maximal submodule that is invariant
under the group action. Let us define a map Ng : M — M as

a—>2g~a, aeM. (E2)
geG

Img(Ng,M) is the image of the map and Ker(Ng,M) is the
kernel of the map. The submodule I; M is given by

IcM = ang-a anzo,aeM . (E3)

geG geG

In other words, IgM is generated by g-a —a, V g € G,
aeM.
_ For d other than 0 and —1, the Tate cohomology group
H4(G,M) is given by

HY(G,M) = H (G, M) ford > 0,

HIG,M) = H_41[G,M] ford < —1.  (E4)

For cyclic group Z,, its (Tate) group cohomology over a
generic Z, module M is given by [47,76]

= (N 0 s, 9
where
HY(Z, M) = M? /Img(N7, ,M),
H N (Z,.M) = Ker(Nz, ,M)/1; M. (E6)

For example, when the group action is trivial, we have
M?% =M and Iz M = 7Z,. The map Nz, becomes Nz, :
a — na. For M =7Z,, we have Img(Nz,,Z,) =nZ, and
Ker(Nz,,Z,) = Z,2) [where (n,m) is the greatest common
divisor of n and m]. So, we have

Zy ifd =0,

Z(n,2) ifd > 0. (E7)

HUZ,,70) = {
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What is the nontrivial cocycle in H4[Z5,Z,]7 In [46], it is
shown that a d-cocycle can be chosen to satisfy

,8d—2:8d—1,84) = 1,
,8d—2:8d—1,84) = 1

v4(8.8,82,835 - - -
v4(80,8.8.83, - - .

vd(g07g17g2»g3» e 1gd729gag) =1 (E8)

by adding a proper coboundary.

Let us denote the two elements in Z, as {E,o } witho? = E.
If we choose the cocycle vy(g0,81,82,...) in HYZ»,Z>)
to satisfy the above condition, then only v;(E,0,E,...) =
vy(0,E,o,...) can be nonzero. Since H%(Z,,Z,) = Z,, so
ve(E,0,E,...)=v4(0,E,0,...) =0 must correspond to the
trivial class and v (E,0,E,...) =v4(0,E,0,...) =1 must
correspond to the nontrivial class in HUZy, 7).

2. Calculate H*(G,Z,) from H?(G,Z) using Kiinneth
formula for group cohomology

We can also calculate H%(G,Z,) from H%(G,Z) using the
Kiinneth formula for group cohomology. Let M (resp. M’) be
an arbitrary G-module (resp. G’-module) over a principal ideal
domain R. We also assume that either M or M’ is R free. Then,
we have a Kiinneth formula for group cohomology [77,78]

d
Zy — [[H"(G.M) @r H'™7(G'. M)
p=0
— HY(G x G',M @r M)
d+1
— [ [ Torf (M (G.M). H*="1(G'.M")] - Z,. (E9)

p=0
If both M and M’ are R free, then the sequence splits and we
have
HY G x G'\M @k M)
d

= | [[#"(G.M) @ H (G, M)
p=0

d+1
< | [] TorfH?(G. M), H* PG, M")]
p=0

(E10)

If R is a field K, we have
HYG x G'\M @x M)

d
= [ [(H"(G.M) @k H=7(G',M")].
p=0

(E11)

Let us choose R =7, M =7, and M' = Z,. Note that
M =7 is a free module over R =7 but M’ = Z, is not
a free module over R = Z. We also note that M @z M' =
Z ®yz 7.y = Z>. Let us choose G’ = Z; as the trivial group
with only identity. We have

7, ifd=0,

Z, itd > 0. (E12)

HUZ,,Z,) = {
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Thus, we obtain
7y, - HYG,Z) ®z L, — H(G,Z>)
— Tor? [H*N(G,2),2,] — Z,. (E13)

The above can be calculated using the following simple
properties of the tensor product ®z and TorlZ functor:

Z@zM=MQz7 =M,
L2y Q®z M =M Qz 2L, =M/nM,
Lim @z Ln = Ln.ny
(AXB)QrM =(A®r M) x (BQr M),

M ®r (A x B) = (M Qg A) x (M Qg B); (E14)
Tor2(Z,M) = Tot2 (M, 7)) = Z,,,
Tor?(Z,,,M) = Tor®(M,Z,)) = M/nM,
Tor2(Z, Zon) = L.y
Torf (A x B,M) = Tor{(A,M) x Tor{(B,M),
Torf(M,A x B) = Torf(M,A) x Torf(M,B).  (E15)

Here, (m,n) is the greatest common divisor of m and n.
Using
Z ifd =0,
HNZ,,2)={Z, ifd=0mod?2,
Z, ifd=1mod?2,

(E16)

we find that for d = even,

7y = 7, ®z Ly — HUZ,,Z,) — Tor2(Z,,7,) — 7,
or Zy = Ly — H Z0, 7o) — Ty — Ly, (E17)
and for d = odd,

Zy - Iy ®z Ly — MLy, Z2) — Tori(Z,.Z2) — Z,
or 7y = 7y = HUZ,.7y) = Linry — 7. (E18)

This allows us to obtain Eq. (E7) using a different approach.
Using

Z, . d=0,
H1Z % 207 < ZZ Z, X Z(Z), d = 0 mod 4,
(ﬁn), , d =1mod?2,
Zy x Zé’”), d =2 mod 4,
(E19)

we can show that ford =0 mod 4,d > 0,

d-2
Zy = (2o x Ly x L3,,) ®2z Ly — H[Zy % Z2,Z5]

AR

d
2

d

or Z1 — Zy % Z(Zz’n) — 'Hd[Zn X Zy,2,] — Z(z,n) — Zy;
(E20)

ford =1mod4,d > 0,

d-1
Zy > L3, ®z Ly — H[Zy % Z3,7,]

—>T0rZ(Z XZ% L) —> 7
1 2 2,n)* %2 1

d+1

d—1 atl
or Z; — Z(zfn) — HYZ, X Z2, 7] — 7o ¥ Z(ﬁn) — 71
(E21)
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ford =2mod 4,d > 0,
d
Zi — (22 x L}y, ®z Lo — H'1Z, % Z3,Z5]
d
— Tor? (23 . Z2) — L

d d

or Z1 — Z, X Z(zz’n) — HYZ, X Z2,70] — Z(Zz,n) — 71
(E22)

ford =3mod4,d > 0,

d—1

7, — Z(Zz,n) Kz Ln — Hd[zn X Zo,75]
d—1

— Tor (Zy x Zy x Z3,.Z2) — Zi

=1 dxl
or Zy = Lz, — HZy % 22,251 > Lo x L3, — L.

(E23)
Combining the above results, we find that, for d > 0,
HUZy % 22, 22] = Ly x L}, . (E24)
Using
d _JZ itd =0mod 2,
Hvm.2] = {Zl ifd = 1mod2, %)

we find that for d = even,

Ly — Z.®z Ly — H[U(1).Zy) — Tor{(Z1.Z) — Z
or Zy — Zn — HUU),Zy] = Z1 — Zy; (E26)
and for d = odd,

Ly — 7y ®z Ly — HU(1),Zy] — Tor{(Z,7) — 7,

or Z, - Z1 — HYU1),Zy) — Z, — Z;. (E27)
This allows us to obtain
d 12, ifd =0mod?2,
HIUA), 221 = {Z1 if d = 1 mod 2. (E28)

Note that in H¢[U(1),Z] and H/[U(1),Z,], the cocycles vy :
[U)* — Zorv, : [U(D))4*! — Z, are Borel measurable
functions.

Let us choose R = M = M’ = 7Z,. Since R is a field and
Z> @z, Z>, we have

d
HUG x G'.Zy) = [ [IH"(G.Z2) ®z, H' "7 (G . Zy)).

p=0
(E29)
Note that
Ly Qz, Ly =1L, 1®z, L1 = 1. (E30)
We find
HIZy x Z5,75] = 74T, (E31)

APPENDIX F: CALCULATE GROUP
SUPERCOHOMOLOGY CLASS

In this Appendix, we will demonstrate how to calculate
group supercohomology classes, following the general outline
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described in Sec. VI. We will do so by performing explicit
calculations from some simple groups.

1. Calculate s7%[Z; x Z],U(1)]

Here, we choose G, = Z; (the trivial group) which
corresponds to fermion systems with no symmetry. Since
HI"NZ,,Zy) =7y for d =1 and HY(Z,,Z,) =7, =0
for d > 1. We find that there are two 1D-graded structures
and only one trivial dD-graded structure for d > 1. For each
dD-graded structure, we can choose a ugfl(go, ...,84—1) that

(80, - ga—1) = (—)'a-1Gsan),

For d > 1 and for the only trivial graded structure, the
equivalent classes of v, are described by HYAZ,, U] = Z,.
Therefore, #4[Z, x Z{ ,U(1)] = Z, ford > 1.

Ford = 1, H%(Z,,Z,) = Z». The trivial graded structure is
given by n©'(E) = 0 and the other nontrivial graded structure
is given by n)(E) = 1. The corresponding fs"(go, . . . ,84)
are given by fz(“) =0, a =0,1. Thus, for each graded
structure, the equivalent classes of v, are described by
H'[Z,,U(1)] = Z,. Therefore, S'[Z, x Z{ U] = Z,.
To summarize,

Zy, d=1

Zy, d=>1. (FD)

Az, x z{, u)] = {

HNZ, x Z{,U(l)] = Z, implies that there are two possible
fermionic SPT phases in d, = 0 spatial dimension if there is
no symmetry. One has an even number of fermions and the
other has an odd number of fermions.

JOZ) x Z{,U(l)] = Z, implies that there is only one
trivial gapped fermionic SPT phase in d, = 1 spatial dimen-
sion if there is no symmetry. It is well known that there are two
gapped fermionic phases in d, = 1 spatial dimension if there
is no symmetry: the trivial phase and the phase with boundary
Majorana zero mode [59]. One way to see this result is to
use the Jordan-Wigner transformation to map the 1D fermion
system with no symmetry to a 1D boson system with sz

symmetry. A 1D boson system with Z{ symmetry can have
only two gapped phases: the symmetry unbroken one (which
corresponds to the trivial fermionic phase) and the symmetry
breaking one (which corresponds to the Majorana chain) [44].
Both gapped phases can be realized by noninteracting fermions
(see Table II). However, the nontrivial gapped phase (the
bosonic Z{ symmetry breaking phase) has nontrivial intrinsic
topological orders. So, the nontrivial gapped phase is not a
fermionic SPT phase. This is why we only have one trivial
fermionic SPT phase in 1D if there is no symmetry.

A3[Zy x ZL ,U(1)] = Z; implies that there is only one
trivial gapped fermionic SPT phase in dy, = 2 spatial dimen-
sions if there is no symmetry. It is well known that even
noninteracting fermions have infinite gapped phases labeled by
7 in d,, = 2 spatial dimensions if there is no symmetry (see
Table II). Those phases correspond to integer quantum Hall
states and/or p + ip, d + id superconductors. Again, all those
gapped phases have nontrivial intrinsic topological orders. So,
we only have one trivial fermionic SPT phase in dy, = 2 spatial
dimensions if there is no symmetry.
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2. Caleulate #/[Zyyy x Z1,U(1)]

Next, we choose G = Zyyi X Z'{. Again, since
HI"NZops1,22) = Ly for d = 1 and "N (Zoit1,2,) = Z,
for d > 1, there are two 1D-graded structures and only one
trivial dD-graded structure for d > 1. For each dD-graded
structure, we can choose a uf}_l(go, ...,84—1) that satisfies
Mz_l(go, . ,gd—l) =1 for g € Gb and M;il(go, . ,gd—l) =
(_)n(/fl(go ..... 8a-1)

For d > 1 and for the only trivial graded structure, the
equivalent classes of v, are described by H Zo 41, U] =
Z, for d = even and H9[Zys1, U] = Zoxyy for d =
odd. Therefore, 7#%[Z, x Zf,U(l)] = 7 for d = even and
A Z) x ZL U] = Zys for d = odd.

For d = 1, H%(Z241,Z2) = Z,. The trivial graded struc-
ture is given by n®(gg) =0 and the other nontrivial
graded structure is given by n)(go) = 1. The corresponding

(g0, ....ga) is given by £ =0, a = 0,1. Thus, for the
each graded structure, the equivalent classes of v, are de-
scribed by H'[Zax41,U(1)] = Zoy41. Therefore, 7' [ Zy 41 %
Z; LU =2y X Zogy1 = Zggyr. To summarize,

, Lsgyr, d=1
AU Zoy1 x ZL, U] =32y,  d=-evend >0
Z2k+1, d = odd.

(F2)

IO Zojq X Z{,U(l)] = Z4i+, implies that there are 4k + 2
possible fermionic SPT phases in d,, = 0 spatial dimension
if there is a Zy;4; symmetry. 2k 4+ 1 of them have an even
number of fermions and the other 2k + 1 of them have an odd
number of fermions. The 2k + 1 phases are separated by the
2k + 1 possible Zy;| quantum numbers.

A Zyiy X Z1,U(1)] = Z, implies that there is no
nontrivial gapped fermionic SPT phases in d,, = 1 spatial
dimension if there is a Zy;4; symmetry. We can use the Jordan-
Wigner transformation to map 1D fermion systems with Z;
symmetry to 1D boson systems with Zp;4 X Z{ = Zap+2
symmetry. Since H?[Z442,U(1)] = Z;, 1D boson systems
have only two phases that do not break the Zy;,; symmetry:
one does not break the Z'Zf symmetry and one breaks the
Z{ symmetry. The fermionic SPT phase has no intrinsic
topological order and corresponds to the bosonic phase that
does not break the sz symmetry (and the Zj;; symmetry).
Thus, 1D fermion systems with Z; | symmetry indeed have
only one trivial fermionic SPT phase.

IO Zopq X Z{,U(l)] = Z4 implies that our construc-
tion gives rise to 2k + 1 gapped fermionic SPT phases in
dyp = 2 spatial dimensions if there is a Zo;; symmetry. The
constructed 2k + 1 gapped fermionic SPT phases actually
correspond to the 2k 4+ 1 gapped bosonic SPT phases with
Zok+1 symmetry [since H?*(Zok+1,Z>) = Z; and there is no
nontrivial graded structure].

3. Calculate #[Z, x Z] ,U(1)]

Now, let us choose Gy = Z» x sz Following the first step
in Sec. VI, we find that H9~Y(Z,,Z,) = Z, and there are
two graded structures in all dimensions. For each dD-graded
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structure, we can choose a uf,,l(go, ..

»
ud_ (8o, -..,84-1) = 1 for g € Gy and u,” (g, - ..
(_)nd—](go ----- 8a-1)

,84—1) that satisfies
,8d—1) =

Following the second step in Sec. VI, we note that the
trivial graded structure is given by n;_1(go, - ..,84—1) = 0.
The nontrivial graded structure is given by

nqg_1(e,o,e,...) =ny_1(o,e,0,...) =1, others =0, (F3)

where e represents the identity element in Z, and o represents
the other element in Z,.

Ford = 1,2, H~Y(Z,,Z,) = 7. Foreach graded structure
ng—1(go, - - -,84—1), the corresponding fy+1(go, --.,8d+1) =
0. Thus, BHY"Y(Z,,7Z,) = Z,. For d =3, HX(Z>,Z,) =
Z,. For the nontrivial 3D-graded structure, np(e,0,e) =
ny(o,e,0) = 1 and others n, = 0, the corresponding f4 has
a form

fa(e,0,e,0,e) = fi(0,e,0,e,0) =1, others =0. (F4)

One can show that (—)/*®08) is a cocycle in Z4[Z,,U(1)].
Since H*[Z,,U(1)] = Zy, (—)/*®8) is also a coboundary
in B*[Z,,U(1)]. Therefore, BH*(Z,,Z,) = Z,.

Ford = 4, H3(Z,,7.5) = 7. For the nontrivial 4D-graded
structure, n3(e,0,e,0) = n3(0,e,0,e) = 1 and others n; = 0,
the corresponding f5 has a form

fs(e,0,e,0,e,0) = fs5(0,e,0,e,0,e) =1, others =0. (F5)

One can show that (—)/5(®0+85 is a cocycle in Z3[Z,,U(1)].
Since H>[Z,,U(1)] = Z, and (—)/5@0-8) corresponds to
a nontrivial cocycle in H3[Z,,U(1)] = Z,, we find that
BH3(Z,,Z,) = 7.

Following the third step in Sec. VI, we can show that
the elements in J#9[Z, x Z ,U(1)] can be labeled by
H[Z, x Z{ ,U(1)] x BHY"1(Z,,Z,). Following the fourth
step in Sec. VI, we would like to show that the above labeling
is one to one. For d = 1,2,3, f;(go,...,84) = 0. Thus, the
labeling is one to one. For d = 4, a 3D-graded structure in
BH*(Z,,7Z,) gives rise to a f4(go, . . . ,&4). Since (—)/+(808)
is a cocycle in Z4[Z,,U(1)] and since H*[Z,,U(1)] = Z1, we
find that (—)/#(80--~84) i5 also a coboundary in B*[Z,,U(1)] and
the labeling is one to one.

So, using
Z d=0mod2,d >0
d _ 1 s
H [vaU(l)] - {Zn’ d — 1 mOd 2, (F6)
we find that [46]

Z%, d=1

d f Lo, d=2
A2, x 23, U()] = Ze d=3 E7)

Zy, d=4.

Here, the Z4 group structure for (2 4 1)D case comes from the
fact that two copies of a fermionic SPT phase give rise to the
nontrival bosonic SPT phase [see Eqgs. (88) and (89)].

FZ, x Zf,U(l)] = Z% implies that there are four pos-
sible fermionic SPT phases in dy, = 0 spatial dimension if
there is a Z, symmetry. Two of them have an even number of
fermions and the other two of them have an odd number of
fermions. The two phases with an even number of fermions
are separated by the two possible Z, quantum numbers. The
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two phases with odd number of fermions are also separated by
the two possible Z, quantum numbers.

JOZy x Zf,U(l)] = Z, implies that there are two
gapped fermionic SPT phases in d;, = 1 spatial dimension
if there is a Z, symmetry. We can use the Jordan-Wigner
transformation to map 1D fermion systems with Z, symmetry
to 1D boson systems with Z, x Z{ symmetry. Since H?[Z, x
Z,,U(1)] = Z,, 1D boson systems have two phases that do
not break the Z, x Z; symmetry. 1D boson systems also
have another phase that does not break the Z, symmetry:
the phase that breaks the sz symmetry. The fermionic SPT
phases have no intrinsic topological order and correspond to
the bosonic phases that do not break the Z'zf symmetry (and the
Z, symmetry). Thus, 1D fermion systems with Z, symmetry
indeed have two fermionic SPT phases.

J3Zy x Zf,U(l)] = Z4 implies that our construction
gives rise to four gapped fermionic SPT phases in d;, =2
spatial dimensions if there is a Z, symmetry.

4. Calculate [ Zy, x Z{,U(1)]

Similarly, letus choose Gy = Zy; X Z{ . Following the first
step in Sec. VI, we find that H?~'(Zx,Z,) = Z, and there are
two graded structures in all dimensions. For each dD-graded
structure, we can choose a ujfl(go, ...,84—1) that satisfies

P
uy_1(8o, - .84—1) = 1 for g € G and uy” (go, ... .8a—1) =
(_)”d—l(g() ----- 8a-1)

Following the second step in Sec. VI, we note that the
trivial graded structure is given by ng_1(go, . ..,84—1) = 0.
The nontrivial graded structure is given by

ng_1(e,o,e,...) =nqg_1(o,e,0,...) =1, others =0, (F8)

where e represents the even elements in Z,; and o represents
the odd elements in Zy;.

For d=1,2, H*"YZw.Z,)=7Z,. For each
graded structure n4-;(go, .-..,84—1), the corresponding
fa+1(80, - - - .8a+1) = 0. Thus, BH"N(Zok,Z>) = Zo>.

Ford = 3, H*(Zy,Z,) = Z,. For the nontrivial 3D-graded
structure, ny(e,0,e) = ny(0,e,0) = 1 and others n, = 0, the
corresponding f; has a form

fale,0,e,0,e) = fu(0,e,0,e,0) =1, others=0. (F9)

One can show that (—)7#(0-84) is a cocycle in Z*[Za, U (1)].
Since H*[Zy, U(1)] = Z, (—)/+€089) is also a coboundary
in B*[Zy,U(1)]. Therefore, BH*(Zo,Z>) = Z».

Ford = 4, H3(Zx,Z») = Z,. For the nontrivial 4D-graded
structure, ns(e,o0,e,0) = n3(o,e,0,e¢) = 1 and others n3z = 0,
the corresponding f5 has a form

fs(e,0,e,0,e,0) = fs5(0,e,0,e,0,e) =1, others =0. (F10)

One can show that (—)/5(0:-89) is a cocycle in Z°[Za, U(1)].
Since H[Zox,U(1)] = Zo and (—)75(80:89) corresponds to
a nontrivial cocycle in H3[Zy,U(1)] = Z», we find that
BH}(Zo,Z>) = 7.

Following the third step in Sec. VI, we can show that
the elements in [ Zy X Z{,U(l)] can be labeled by
HAUZo, U] x BHY"N(Zok, o).

Following the fourth step in Sec. VI, we would like
to show that the above labeling is one to one. For d =
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1,2,3, fi(go, --.,84) = 0. Thus, the labeling is one to one.
For d =4, a 3D-graded structure in BH?*(Zy,Z») gives
rise to a f4(go, - ...g4). Since (—)/*80-~8) is a cocycle in
Z4Zy, U(1)] and since H*[Zay,U(1)] = Z,, we find that
(—)/+(80--84) s also a coboundary in B*[Zy,U(1)] and the
labeling is one to one.

So, using
Zi, d=0mod2,d >0
we find that [46]
Lok x Lr, d=1
Zs, d=2
ﬁfd[zzk % Zf,U(l)] — Zik d—3 (F12)
74, d=4.

Here, the group structure Zg4 could be derived from a
topological field theory approach [74]. We note that it is a
central extension of Zy; (which classifies bosonic SPT phases)
over a Z, graded structure.

FON Zop % ZZf,U(l)] = Zo x Z implies that there are 4k
possible fermionic SPT phases in d;, = O spatial dimension
if there is a Zy; symmetry. 2k of them have an even number
of fermions and the other 2k of them have an odd number of
fermions. The 2k phases are separated by the 2k possible Zy;
quantum numbers.

JO [ Zop X Z'zf,U(l)] = 7, implies that there are two
gapped fermionic SPT phases in d;, = 1 spatial dimension
if there is a Zy;, symmetry. We can use the Jordan-Wigner
transformation to map 1D fermion systems with Z,; symmetry
to 1D boson systems with Zy; x Z{ symmetry. The fermionic
SPT phases have no intrinsic topological order and correspond
to the bosonic phases that do not break the Z{ symmetry
(and the Z»; symmetry). Since H2[Zoy X Z2,U(1)] = Zs, 1D
boson systems have two phases that do not break the Z»;, x Z‘2f
symmetry. Thus, 1D fermion systems with Z,; symmetry
indeed have two fermionic SPT phases.

HON Zoy X Z{ ,U(1)] = Zy4 implies that our construction
givesrise to 4k gapped fermionic SPT phasesin dy, = 2 spatial
dimensions if there is a Z,; symmetry.

5. Calculate #[Z] x Z{,Ur(1)]

Now, letus choose G y = Z2T X Z{. Since Hd’l(Zg,Zz) =
Z,, there are two graded structures in all dimensions. The

trivial graded structure is given by ng—_1(go, . ..,84—1) = 0.
The nontrivial graded structure is given by
ng_i(e,o,e,...) =ng_1(o,e,0,...) =1, others =0,
(F13)

where e is the identity element in ZJ and o is the nontrivial
element in ZZT . For each dD-graded structure, we can choose

auy_ (8o, ....ga—1) that satisfies u5_,(go, ...,g4-1) = 1 for
g € Gp.

For d =1,2, H*Y(ZI,Z,)=Z,. For each graded
structure ng—1(80s - ,8&d—1)s the corresponding
fa+1(80, .- -,84+1) =0, and the equivalent classes
of w; are described by HY[Z!,Ur(1)], Therefore,

ANZTx 2] ,Ur()] = Zy and A2 x 2] ,Ur(1)] = Z,.
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Ford = 3, H*(ZI,Z,) = Z,. For the nontrivial 3D-graded
structure, n,(e,0,e) = ny(o,e,0) = 1 and others n, = 0, the
corresponding f; has a form

fa(e,0,e,0,e) = fs4(0,e,0,e,0) =1, others =0. (F14)

cocycle in H4[ZZT ,Ur(1)], so for the nontrivial 3D-graded
structure, Eq. (C17) for v; has no solutions. For the trivial
3D-graded structure, the equivalent classes of v, are described
by H3[ZT,U7(1)]. Thus, %3[25 X Z{,UT(I)] =17.

Ford = 4, H3(ZZT ,Z) = Z,. For the nontrivial 4D-graded
structure, ns(e,0,e,0) = n3(o,e,0,e) = 1 and others n3 =0,
the corresponding fs5 has a form

fs(e,0,e,0,e,0) = f5(0,e,0,e,0,e) =1, others =0. (F15)

One can show that (—)/5(80-85) js a cocycle in 23 [ZZT LUr(D)].
Since H3[Z1,Ur(1)] = Z1, (—)/5885) is also a coboundary
in B[ZT,Ur(1)]. So, for the nontrivial 4D-graded structure,
the equivalent classes of v, are labeled by H*[Z] U7 (1)] =
Z5. On the other hand, if (—)/*0--~8%) is a nontrivial cocycle
in B*[ZI,Ur(1)], then the labeling is not one to one. In fact,
(—)/*(80--284 g a nontrivial cocycle in B*[ZT,U7(1)] which
implies that the nontrivial bosonic SPT phase protected by
T? = 1 time-reversal symmetry can be connected to a trivial
direct product state or an atomic insulator state via interacting
fermion systems. (We note that such a “collapsing” can happen
because local unitary transformations in interacting fermion
systems have a much more general meaning [27].) Thus,

AZT x 7], Ur(1)] = Z,. To summarize,

Zr, d=1
Zs, d=2

A ZE x 2],ur()] = 7. a—3 (16
Zr, d=4.

HNZT x Z'{,UT(I)] = 7, implies that there are two
possible fermionic SPT phases in d;, = 0 spatial dimension if
there is a Z! symmetry. One has even an number of fermions
and the other one has an odd number of fermions.

%”Z[ZZT X Z'Z",UT(l)] = Z4 implies that there are four
gapped fermionic SPT phases in d;, = 1 spatial dimension
if there is a Z) symmetry. We can use the Jordan-Wigner
transformation to map 1D fermion systems with ZI sym-

metry to 1D boson systems with ZT x Z'zf symmetry. Since
HZ[ZZT X Z>,Ur(1)] = Z, x Z,, 1D boson systems have four
phases that do not break the Z7 x Z{ symmetry. These four
bosonic phases correspond to the four gapped fermionic SPT
phases described by %[ Z] x Z{,UT(I)] = Za.

Note that the stacking operation of 1D systems and the
Jordan-Wigner transformation of the 1D systems do not
commute. The state obtained by stacking two 1D fermion
systems then performing the Jordan-Wigner transformation is
different from the state obtained by performing the Jordan-
Wigner transformation on each 1D fermion systems then
stacking the two resulting boson systems. This is why, although
HPZT x Z'{,UT(I)] and H*[ZT x Z,,Ur(1)] classify the
same four states, their Abelian group structure is different.
The Abelian group multiplication operation in %”2[25 X
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Z{ ,Ur(1)] corresponds to stacking 1D fermion systems,
while the Abelian group multiplication operation in H*[Z] x
Z,,Ur(1)] corresponds to stacking 1D boson systems. Both
types of group multiplication operations give rise to Abelian
group structures, but they give rise to different Abelian groups.

1D boson systems also have four phases that do break the
Z‘2f symmetry: two do not break the time-reversal 7 symmetry
and two do not break the T P; symmetry. The fermionic SPT
phases have no intrinsic topological order and correspond to
the bosonic phases that do not break the Z{ symmetry (and the
ZT symmetry). Thus, 1D fermion systems with ZI symmetry
indeed have only four fermionic SPT phases.

%3[25 X Z{,UT(I)] = 7, implies that our construction
only gives rise to one trivial gapped fermionic SPT phase
in d;, =2 spatial dimensions if there is a ZJ symmetry.
HNZT x Z{,UT(I)] = 7, implies that our construction
gives rise to one nontrivial gapped fermionic SPT phases in
dy, = 3 spatial dimensions if there is a Z symmetry. We
note that, using noninteracting fermions, we cannot construct
any nontrivial gapped phases with Z! symmetry (the 7% = 1
time-reversal symmetry).

APPENDIX G: PROPERTIES OF
THE CONSTRUCTED SPT STATES

1. Equivalence between ground state wave functions

In Sec. VII, we have demonstrated how to construct an
ideal ground state wave function ®({g;},{n;;.«}) in d spatial
dimensions from a (d + 1)-cocycle (vg+ 1,nd,u§). However, a
natural question is as follows: How do we know these wave
functions describe the same fermionic SPT phases or not?
Here, we will address this important question based on the
new mathematical structure: group supercohomology class
invented in Appendix C.

a. A special equivalent relation

Let us choose arbitrary (vg,n4—; 7“571) in one lower
dimension. Here, (vg,n4_1 ,uifl) is not a d-cocycle. They just
satisfy the symmetry condition (55). In Appendix C, we have
shown that (¥41,7,,i5) obtained from (vg41,n4,u5) through
Eq. (C23)is also a (d + 1)-cocycle. Here, we will assume that
na—1 = 0and u¥_, = 1, and the resulting

- = g g
Vg1 = Vaq10ve, fg=ngq, iy =uy (G1)

is a (d + 1)-cocycle. The new (d + 1)-cocycle (f}d+1,ﬁd,ﬁ§)
gives rise to a new ideal wave function ®'({g;},{n;; «}).
Should we view the two wave functions ®({g;},{n;;. «}) and
®’({gi}.{nij. «}) as wave functions for different SPT phases?

From the definition of v, [Eq. (58)], we can show that
the two wave functions ®({g;},{rn;j}) and ®'({g;},{nijr}) are
related through

(i) i) = D(lg ) ng) [ (—)eneossiso
(@ij...k)
% v;ij...k (givgj’ e ,gk), (G2)

where [[;; ;) is the product over all the d-simplexes that
form the d-dimensional space [in our (24+1)D example,
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[ 1.1 is the product over all triangles]. Also, s;; x = £1
depending on the orientation of the d-simplex (ij...k).
Since vd *(8i,8j,---»8k) is a pure U(1) phase that satisfies

o (8i.88)s - -+ 88K) = Vi (8i.8j - - - ,&k), it TEpresents a
bosomc symmetric local unitary (LU) transformation. There-
fore, the new wave function @’ induced by (v; # 0,n4y_1 =
0,u_, = 1) belongs to the same SPT phase as the original
wave function ®. Also, fy;; for d <3 is always zero.
Therefore, below three spatial dimensions, the new wave
function @’ belongs to the same SPT phase as the original
wave function ®.

In three spatial dimensions and above (d > 3), if we
choose (vgy = 0,ny-1 # 0), the new induced wave function
@’ will differ from the original wave function dD by a

represents a LU transformatlon and the two wave func-
tions ® and ® have the same intrinsic topological or-
der. But, since (_)fm(go.,gguggj ~~~~~ 88k) £ (_)fm(go,g,-,g_f ----- 8,
(—)fa+1(80:8i:85--8) does not represent a bosonic symmetric
LU transformation. So, we do not know whether ®" and ®
belong to the same fermionic SPT phase or not.

We would like to point out that in order for &' and &
to belong to the same fermionic SPT phase, the two wave
functions can only differ by a fermionic symmetric LU trans-
formation (which is defined in [27]). The bosonic symmetric
LU transformations are a subset of fermionic symmetric LU
transformations. So, even though (—)/¢+(80:8:8j-:85) js not
a bosonic symmetric LU transformation, we do not know
whether it is a fermionic symmetric LU transformation or
not. The structure of group supercohomology theory devel-
oped in Appendix C shows that fz41(g0,8i,8j,---.8%) is a

J
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(d+1)-cocycle with Z, coefficient, suggesting the sign factor
(—)fa+1(80:8i-8j--8) can be generated by fermionic symmetric
LU transformation.

b. Generic equivalent relations

In the above, we discussed a special case of (Dd+1,ﬁd,ﬁj)
where 7i; and @i are the same as n, and ujj. However,
the equivalent class of group supercohomology has a more
complicated structure. In Appendix C, we have shown that

(Va41,714,05) obtained from

Dap1 = vap1 ()%, fig=ng+m)_,, a5=u’ (G3)
[with g4(go,...,84) = (gd)(g0 YYYY ) mod 2] also belongs to
the same equivalent class of group supercohomology. We
note that here the graded structure n,; changes into 7,. It
would be much harder to understand why the corresponding
new wave function still describes the same fermionic SPT
phase. Let us consider the (24 1)D wave function on a
sphere as a simple example. Since the wave function derived
from the fixed-point amplitude (43) is a fixed-point wave
function with zero correlation length, it is enough to only
consider a minimal wave function with four sites on a
sphere (labeled as 1,2,3,4). Such minimal wave functions
will contain four triangles 123, 124, 134, and 234. From
the definition of ¥;, we can show that the two wave func-
tions ®({g;},{n;jx}) and (’i)({gj},{fll’jk}) are related through
B((gi). (1], ) = (—)%E88-80D({g;}, nij1)). To see this ex-
plicitly, let us construct the ground state wave function by
adding one more point O inside the sphere. In this way, the
wave function can be formally expressed as

W(g1,82,83:84,0234,0124,0134,0123) = (=)™ 8189 / V5 (80.81.82.83)V5 (80.81.82.84)V5 (80.81.83.84) V5 (80.82.83.84)

= (=" &8IV (g1,82,83,84) = 3(81,82,83,84)0%

n2(82,83, 84)0"2(!;'1 182, 84)9"2(82 183 84)9"2(21 182, gz)

(G4)

Again, the symbol [ is defined as integrating over the internal Grassmann variables with respect to the weights m; on the internal
links [see Eq. (31)]. Similarly, the wave function corresponding to a different solution (¥4 ,ﬁd,zlfi) takes a form

nz(g'z 83, g4)0n2(g1 ,82, g4)9nz(gz .83, g4)9r£§g1 ,82, g:)' (G5)

U(g1,82,83:84,0234,0124,0134,0123) = v3(81,82,83,84)(— 548182838002 124 h34

We note that g4(g81,882,883,884) = 84(81,82.83,84) implies the phase factor (—)g4(g'*gz*g3’g4) is a symmetric LU transformation.
However, we still do not know whether the two wave functions with different patterns of fermion number {7;;;} and {n;;;}

describe the same fermionic SPT phase or not.

Indeed, we find that up to some symmetric phase factors, the state |®) and |®) can be related through a symmetric LU

transformation |®) ~ U’|®), where

_ l—[ oM 1 (8is g,) _m(gi.g)) 1—[ tm'(gi.gj) tm'(g;, gk)cun 1(8is gk)(cljk))m(g,,gj,gk)—nz(g,»,g,,gk)

(0ij) (01/) (Ol])

(0ij)

x l_l(czfijk))ﬁz(g;,g/,g;()—nz(g,-,g, gA) Tm (8is gk)ch 18) gk)CTm 1(8i.87)

v

with  7i2(g:,8;.8%) = 1n2(8i,8,8K)+m(gi,g1)+m (g, 81)+
m}(gk.8i)- We note that both n, and m/ are invariant under

symmetry transformation. Here, (cjijk))_l is defined as

€k 0ik)

ojh - Coijy (G6)

(

(C(Ti jk))’1 = C(ijk)- ~ means equivalent up to some symmetric
sign factors which will arise when we reorder the fermion
creation/annihilation operators in U’. We also note that U’ is a
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generalized LU transformation which only has nonzero action
on the subspace with fixed fermion occupation pattern n;.
The above discussions can be generalized into any dimension.
Thus, we have shown the wave function constructed from the
above (P41 ,ﬁd,ﬁg ) describes the same fermionic SPT phase.

Finally, we can consider the more general case where
uf also changes into . It is very easy to see that such
changes in the wave function can be realized by symmetric
LU transformation since those u% evolve “gy are all canceled
in the wave function.

In conclusion, we have shown that (vd+1,nd,u§) and
(Va+1,74,0%) belonging to the same group supercohomology
class will give rise to fixed-point wave functions describing
the same fermionic SPT phase.

2. Symmetry transformations and generic SPT states

In Sec. VIIB, we have constructed an ideal fermion SPT
state [V) = U|®y) using the the fermionic LU transformation

J

> ITe) ggzll—[ us(gi.8j.8)] ]—[
{ei} i
1

Wo(g) = U'W(g9)U =

12(& 8j8k) nz(go 8i-8k) =n2(80.8 gk)_nz(go 8i:8j

PHYSICAL REVIEW B 90, 115141 (2014)

U constructed from a cocycle (v3,n7). In this Appendix, we
are going to discuss how to construct a more generic SPT state
|W’) that is in the same phase as the ideal state |V). Clearly,
|W’) and |¥) have the same symmetry. So, to construct [¥'),
we need to first discuss how symmetry transformation changes
under the fermionic LU transformation U.

The symmetry G, that acts on |W) is represented by the
following (anti)unitary operators:

W(g) = Z]_[ u(gi.8j.81)]
x ]"[|gi><gg,~| K

where W; is the symmetry transformation acting on a single
site i, and K is the antiunitary operator

KiK' = KcK'=¢, Kc'k™!
We find that

Huz(gl’gj’gk)

(G7)

=c'. (GY)

—i,

u5(gi 8.8k

n2(80,8i> g,) 12(80.8-8k) =12(80,8i-8k) 12(&i+8j-8k)

(ljk) C0ik) (0jk) (Ol]) (Olj) (Ojk) (0ik) (ijk)
\Y
n2(0,8i-8;) ~112(80,8i.8;)
X 1_[ z(go,g,,g,,gk)nvg (g()’ghgjsgk)l_[ C0ij) (0ij)
A 0ij)
12(80,88i,88) =12(80.88i,88)
< [T ey s e s ]_[ > (80.881-887-880] " [ [v3(g0.881.88-
©ij) v

Tnv(go 88is gg/)CTnz(go ,88+88k) Tm(gn 88i,88K) Tnz(gg/ 28)s
0ij) 0jk) C(0ik)

Al

Using the fact that U is independent of g,, we can change the go
in the second half of the right-hand side of the above expression
to ggo. Then, we can use the symmetry condition (55) on
(v3 ,nz,u§ ) to show that the above is reduced to

S T 10 (egilk =

{gi} i

W) =U'W(gU = (G10)

in the subspace with no fermions. Note that W%(g) acts
on |®g). If we choose a new no-fermion state |W¥;) that is
symmetric under the symmetry G: Wo(g)|\116) = |, then
the resulting |¥') = Ul\l—f(’)) will be symmetric under W(g):

W(g)|W') = V). Since W(g) = [T, lgi)(g&ilK " has a
simple form, it is easy to construct the deformed |®() that
has the same symmetry under Wo(g) = I1; 1gi){ggil. Then,
after the fermion LU transformation U, we can obtain generic
SPT states that are in the same phase as |\W).

Here, we would like to stress that, only on a system without
boundary, the total symmetry transformation W is mapped
into a simple onsite symmetry W the LU transformation U.
For a system with boundary, under the LU transformation U,

115141

|nv(ggf,gg/,ggk)ctnz(go,ggi,ggk) _Tn2(80,88,88k) =T12(80.88i.88;)
Ciijky (0ik) 0jk) (0ij) :

88k) l—[

(G9)

(

the total symmetry transformation W will be mapped into a
complicated symmetry transformation which does not have an
onsite form on the boundary [45].

3. Entanglement density matrix

The nontrivialness of the SPT states is in their symmetry-
protected gapless boundary excitations. To study the gapless
boundary excitations, in this Appendix, we are going to
study entanglement density matrix pr and its entanglement
Hamiltonian Hg: pg = e "%, from the above constructed
ground state wave functions for SPT states. The entanglement
Hamiltonian Hg can be viewed as the effective Hamiltonian
for the gapless boundary excitations.

To calculate the entanglement density matrix, we first cut
the system into two halves along a horizontal line. To do
cutting, we first split each site on the cutting line into two
sites: |g;) — |gi) ® |gi’) [see Fig. 21(a)]. The ground state
lives in the subspace where g; = g;». We then cut between the
splitted sites.

Because the entanglement spectrum does not change if we
perform LU transformations within each half of the system,
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a’ we can use the LU transformations to deform the lattice into a
A [\ simpler one in Fig. 21(b), where the sites are labeled by 1, 2,
A L/ 211 ¢ 3’ oL, 1,2, ., L', along the edge which forms a ring, and
B0 NIRRT R 3 the only two interior sites are labeled by a and a’.
%v \\ 4’/ On the defopned lattice, the ground state wave function can
@ b be written as U|®), where
FIG. 21. (Color online) (a) We divide the system into two halves |Po) = |Pa) (Pal @ |@ar){Par| ®iL=1 |di) (il ®iL,/:1, |pir) (D]

along a line by doubling the sites on the line |g;) — |g;) ® |g:)

and then cut between the pairs. (b) The interior of each region is (G11)
deformed into a simpler lattice without affecting the spectrum of the
entanglement density matrix. and
J
~12(80,8i+1:8i) 12(80,8i7+1,&i") =12(80:8a:8i) 12(80+8a:8i)
U= ]_[1)3 (80,8i'+1,8i ,ga)]_[Vs(go,ga,g,+1,gz)]_[c(o,+°1 b0 l_[c(()a,f €(0ai).
512(80:811:8a') 112(80.8i1-8a') 112(8a.8i41:81) 112(80.84-81) 5112(80-8i41.81) 5112(80. 84 8i-1)
X l—[ (Ol a’) (0[ a’) l_[ (a i+1, l)+ ( ai) (0,[Jr1,i)Jr (0,a,i+1) "
112(80.8i741:8i7) 112(80,8178a’) =1112(80,8i7 41:84') =T2(8ir 1187 :847)
X l_[ O+l Coran C,ir+1.ay @iay (G12)

Now, let us rewrite U as U = Uup Udown, where Uup acts on the upper half and Udown acts on the lower half of the system:

20 (G ) 12(80,8i+1:8i") _12(80.&i"8a") nz(gn 8i"+8a")
U=|(- )f Sir 8y HV3 (80,8ir+1,87 7ga)l_[C(()[+1’ +,) l—[ Coira’) C0i'a’)

% CTIIz(go,g;f+1,g,-f) Tnz(gn,g,vugur)_Tnz(go,gm],g{I')ETnz(gml,g,‘ugm)
(0,i"+1,i") (0i'a’) (0.i'+1.,a") (i"+Li".a’)

) ) ~12(80,8i+1,8i) ~12(80,8a+8i) ,12(80:8a-8i) Tnz(ga 8i+1,8i) tnz(go,gmgi)—Tl1z(go,gi+1,gi)-Tnz(go.ga,g,m
l_[ V3(80,8a-8i+1-8i) H C,i+1,i) l_[ C(0ai) C(0ai) Cla,i+1,i) C(0ai) C0.i+1,i) C0,a,i+1,) )
_12(80,8i+1,8) 12(80:8i7 +1,8i") n2(80.&i’ 41:8i") 12(80,8i+1,8i)

where the pure sign factor (—)/ @82 arises from rewriting []; Coitliy  CO.i+1.i as [ [ C.i+1'.i1) IL Coirliy

and we have used the fact that g; = g;- in the ground state subspace. Thus, Eq. (G13) is valid only when U acts within the ground
state subspace.
Now, the entanglement density matrix pg can be written as

P = TrupperUnpUdown| Do) (@0l U Uy = Trupper Udown| Do) (Do U]

down

(G13)

own’

where Trypper 18 the trace over the degrees of freedom on the upper half of the system. Since g; = g;» along the edge in the ground
state, pg (as an operator) does not change g; along the edge (i.e., pg is diagonal in the |g;) basis). So it is sufficient to discuss pg
in the subspace of fixed |g;)’s

=12(80,8i+1,81) 512(80:8a:81) 12(80.8a:8i)
PE8L, .. .) Z]_[va(go,ga,g,H,g,)vg(go,ga,gm,gl)]_[c(é,il,;‘ H oan " Coaty.

8a-8, 1 i=1

12(8as8i+15 gz) 12(80:8a:85) 2Tn2(80,8i+1,81) =112(80,8a>8i+1) /
X l_[ (a i+1, z)+ (OaJ) ! (0,i+1 z)Jr (0,a,i+1) ! |ga><ga|

(80,8, 8i+1) l’lz(go git1.8i) 112(80.84.81) ﬂz(g,l 8i+1,8i) 12(80,85.81) Tnz(go 80:81) ~1n2(80,8i+1,8:)
X l_[ Coaith)  Coittn  €oai) Claitli) l_[ €(0ai) €(0ai) l_[ Coirrn - (Gl4)

We see that pg has a form

pe =Y pegr, - .80) ® (®i1gi (&) = D {&iJeager 80) ({8iJeage: &0l (G15)
{gi} {8i}
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1/2 _12(80,8i i _1n) a»8i a»8i)
{8 Jedge- 80) = |Gyl ™" vas(go ga,g,,gn]"[c?gfif,;'g Jelaady ety

i=1
12(8a-8i+1,8i) . T1n2(80,84-8i) z112(80,8i+1,81) ZT12(80.8a>&i+1)
X l_[C(a,iJrl,i)+ C(0ai) Coivtny  Comitrny  18a) ® (®ilgi)- (G16)

This is a key result of this paper that allows us to understand gapless edge excitations. In fact, |{g;}eqge) 1S a basis of the low
energy subspace of the edge excitations. We see that the low energy edge excitations are described by g; on the edge.
We can simplify the above expression (G16). First, we note that

L
—"?(go 8i+1,8i) —1(80,84-8i) 12(80,84>8i)
(0 i+1,i) C(Oaz) C( Oai)
i=1 i
L
_ —n2(80~8a~gi)cn2(g0«ga781‘)5"2(80»&'4—1 ,8i) = (- )nz(go 180>81)4+12(80,84,81) Sy 12(80,8i+1,81) nz(go 8a-8i Enz(go J8i+1,8i) =12(80,8a&i+1)
- (Oai) (Oai) (0,i+1,i) (Oai) (0,i+1,i) (0,a,i+1) .
i=1 i=1
(G17)
We also note that
T12(8a:8i+15 gi)cTnv(go 18a-8i) =T12(80,8i+1,8i) =T12(80,8a+8i+1)
(a,i+1,i) (Oai) 0,i+1,i) (0,a,i+1)
_ =1n2(80.8a-8i+1) 5T12(80.&i+1.8i) Tnz(go,ga,g,)clﬂz(ga J8it1s g,)(_)lnz(ga,gi+|,g,-)+nz(gn,g,l,g,-)+n2(g0,g,-+|,g,-)+n2(g0,ga,g,v+1)1/2 (G18)
(0,a,i+1) (0,i+1,i) (0ai) (a,i+1,i) .
Therefore,
L
—nz(go 8i+1:8i) —nz(go 8as8&i) na(go 8as8&i) Tnz(ga,gw,g,) Tnz(go,ga,g,)ETnz(go,gi+1,gi)—Tnz(go,ga,gi+1)
C0,i+1,i) €(0ai) (0ai) Cla,i+1.i) (0ai) (0,i+1,i) (0,a,i+1)
i=1
L (80-8i41-81)+12(8a 81 4.1.8)
_ (_)nZ(gngasgl)+n2(g0:ga~gl)Z,Lzl 12(80,8i+1,8i) 1_[(_)"2 £0-8e4 1061 3 LECHLLSD) 4 s (80,8ar8i) T"Z(ga 8i+1:8i)
— (a i+1,i)
i=1
We find
~1/2 n 8as 1+ n s s
[{8idedge-80) = 1GHI ™2 Y " [T v3(80-8ari1,8i)(—)2 808080 Lz malso s 0]
8a
L ( )
12(80:8i+1:8i)+12(8a.8i+1.8;)
+n 0 8i Tﬂz(ga 8i+1,8i)
x [T : (80,8080 IS8 0 © (®1181))- (G19)

i=1

We see that the total number of fermions in [{g;}edee,&0) is given by Np = Zi n2(ga,8i+1,8i)- So, the fermion number is not
fixed for fixed g;’s (due to the g, dependence). Since Ny = ", n2(go,8i+1,&:) mod 2, the fermion-number parity is fixed for
fixed g;’s

To see how |{g; }edge,&0) depends on go, let us use Eq. (G19) to calculate ({g; }edge,801{&i Jedges&0):

_ L n2080-8i+1-8)+12(80-8i1:8) ) ) , ) )
({gi}edge,g(/)“gi}edge780> = |G| 1 Z(_)Zizl 3 +12(8a,8i+1,81)+12(80s8a-8)+12(80,84,8i)

&
/ 1+ k \8it1 8 -1
% (_)[nz(go,gu»g1)+nz(go,ga,g1)][ +> i1 12(80.8i+1,81)] 1_[ V3 (g(/)’gmgiﬂ’gi)v3(g0’ga’gi+1’gi)
i

nz(g(/]ygi“ 28 )H12(80.8i+1-8i)
2

= |Gyl -1 (_)ZiL:l Z(_)ZiL:l 12(8a.8i+1,8i)+12(80.808)+12(80.8)-84)

8a

! / L . . —1
% (_)[nz(govgovgl)+n2(g0,goqga)][l+2‘=1 12(80.&i+1,8)] 1_[ V3 (g(/)’gmg”rl ,8)V3(80,8a»8it1,81)- (G20)

i
L L .,
Using (—)Xi=172(80:8i+1:8) = (—)Xizi"2(8a8i+1.8) and the cocycle condition

V3 (80r8ar8it181)V3(8058a>8it1581) = V3(80,80>8it1-81)V5  (80+80»8as 81)V3(8058h» 8a» ig 1 )(—) 280 E0-8am280-8i41:80 (G2 1)
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we can rewrite the above as

L 72080 8i+1,8)+12(80-8i-+1:8)) L o o
({81 }eage: 86 81 beage: g0) = (—)%= : O
/ L . . — “
x (_)”2(8{)180»8])[14’2;:] n2(80.8i+1,8i)] 1_[ va(go,g(),giH ,8)|Gy| 1 Z(_)(L+1)nz(80»govgu). (G22)
i 8a

We see that when L = odd, |{gi}edge,&0) and |{g;}edge. &) only differ by a phase

12(80:8i41:81)12(80-8i+1:8;)
3

: / .
|{gi}edge780> = (—)Z‘:l +12(80,80,8i)

/ L . .
x (=)o g0l maeo.geon 80 TT g (0. 80 8i1.81) {81 dedge-80)- (G23)
i

From the above results, and using the relation between the entanglement density matrix and gapless edge excitations, we learn
two things. (1) The low energy edge degrees of freedom are labeled by {g;, ...,g.} on the boundary since pg(gi,...,gr) has
one and only one nonzero eigenvalue for each {g;, ...,gr}. (2) The low energy edge degrees of freedom are entangled with the
bulk degrees of freedom since the states on the site a (in the bulk) are different for different {g;, ...,g.}.

Using the expression (G19), we calculate the low energy effective Hamiltonian H.g on the edge from a physical Hamiltonian
Hegge On the edge:

(Heff){g,’},{g,-] = <{g;}edgEagO|Hedge|{gi }edgeagO)~ (G24)

H.s has a short-range interaction and satisfies certain symmetry conditions if Heq,. are symmetric. In the following, we are going
to study how |{g;}edge,&0) transforms under the symmetry transformation.

4. Symmetry transformation on edge states

Let us apply the symmetry operation W(g) [(G7)] to the edge state {g8i}edges&0):

W(2)l{g8iedzes80)

— -1 —~ i i
=G, 72 Y [ [ [45(2argie1.80] v3¥(20,284281 1 881) ]_[ Ggftenes)
8 i=1

-12(80,884:88i) nz(go 88a-88i) T12(88a.88i+1,88i) .T12(80.884.88i) =112(80.88i+1.88i) =112(80.884.88i+1)
X 1_[ C(0ai) l_[ Cairrn 0 Coai) Coitty o Coaitty o 18a) @ (®ilgi)

—-1/2 -1 -1 -1 _na( i+1,81) _na( a:8i) 12 as8i)
=G| Y [ ][5 " 20.8i11.80] vag go,ga,gm,gi)Hdﬁf,’iﬁ‘;g“g ]_[ gpts e sl e s
8 i=1
(a i x) ( as :) ( i x) 7( as8i )
x H clmalgnsicns) a0 s ghuals Lo s s)gln g8 |0 ) @ (@]g:)) o (81 )eager 8 90)- (G25)

When L = odd, |{gi}edgeag_1g0> 6.8 |{gi}edge’g0> and we find

W(2){g8iJedzer80) = w({gi},8){giYedee80)

_ _ -1
({81 Yedge- 801181 Yeaee 81 80) TTi [45(8 7" 80.8i1.81)]
({gi}edge’g()|{gi}edge’g0>

w({gi}.g) =

(s 20.8i41.81)-12(80-8i11.81) - , -
_ (_)ZfL:I 2 foditl g'; LEOSELSD s (g ]go,go,g;)(_)nz(g ‘go,go,gl)[L-ﬁ-ZiL:l n2(87" 80.8i+1,81)]

L

1
XHV3(8 '90.80-8i+1,80) [ [ [45(¢ " 20.8i11.80)] - (G26)
i=1

Note that we have rewritten (_)nz(g"go,go,gl)[HZ,vL:l n2(g™" g0.8i+1.80] gq (_)nz(g"go,go,gl)[L+Z,L:1 208" 80-81+1:8)) gince L is odd.
Although the above expression for the action of the edge effective symmetry is obtained for L = odd, we can show that the
expression actually forms a representation of G ; for both L = odd and L = even. Let us consider

W(g 'ehW(g)lgg ' &' gitedee-80) = W(g ' Hw(lg ' g'gi}. )" &' gitedee- 80)

W(g"{g'8i ) edges &0

w(lg ' g'gi)owllgil.g ' &g edee 80) = w({gi},8){gi Yedee-80)- (G27)
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We see that in order for W(g) to form a representation, we require that w({g~'g’g:},2)w({gi},g'g") = w({gi}.£"). So, let us
examine

L ome es e g8 g 8 nas0.8 7 g8 g s

— — L ) Lo 1.
w(ig™'¢'gihowgit.e g = ()= : a8 )
x () g DI AR mate e e N [T ws(g ™ 60,580,818/ gi01.8 ' 8'81)

1

L
-1
g, —1 1 1 -1 L mo(eT 880:8i 418171280 814 181) )y (o1~ g0 g
x []_[[uz(g 0.8 '8'gi11.87'8'81)] }(—)Z'-1 2 2" 850.80.81)
i=1

- L+Y°F 1280, 8i+1.8i -1
% (_)nz(g 280-80,8 DL+ n2(8'~ 880, 8i+1 g)]l_[l)3(g/ 880.80.8i+1,81)

1

iy _
[ % (¢ ggo.giv1.80] - (G28)
1

L
X

1

Using

_ _ _ . y S, S, -1
v3(g ' 20,80.8 &' giv1,8 "8 8) = v3(g' ' 20,8 " 880, giv1,80)u5 C (g 1880’8i+1,gi)[14§ f(g 180a8i+1»gi)]

=1, 1 1 =1, 1 1 —1
xuj (g g0.8" " gg0.8)[u5 ¢ (¢ "80.8" " g80.8i+1] ). (G29)
we can simplify the above as
—1 —1
w({e™ &'} ow(gi}.g™ )
n —1 —n —1 N .
:(_)[nz(go,g’go,g’gn)+nz(go,ggo,g’go)][L-FZ,-L:,nz(go,gi+1,gi)](_)ZiL=1 26 80:8i1:81) 108 88080180 4y (o1 go o' gy g1)

Lo eg0.8it1.8)—12(80:8i41:81) —1
" +n ,80,8i r—1 r—1 —1
X (=) 2 287 880,208 | | v3(g 80,8 880,8i+1,8)v3(g  £80,80,8i+1,&i)

l

L
x [[u$ (8" g0.8i+1.80]

i=1

L "2(2,718[)‘)2,4,1«)2,)—”2(3013j+],gj
2

(_)[nz(go,g’go,g’gl)+nz(go,ggo,g’go)][LJrZ,Zl n2(80,8i+1 ,gi)](_)Z_l ) 1 (g 0,80, 2)+12(¢"~ €0,8'~ 220, 0)

L
_ _ _ ! _ —1
x [ Tvs(e " 0.8 280.8i+1.8)v3( " 880,80, 8i+1,8) [ | [45 (& " g0 gi41.80)] - (G30)

i i=1

Using the cocycle condition
v3(g' ' 280.80.8i-+1.8)v3(8 ' 80,8 ' 880.8i+1.81)
— — — — — — =1 r—1 . .
=13(¢" " 80,80, 8i+1,8)v3(8 " 80,8 ' 880,820,813 (&' 80,8' ' 880,80, gi1)(—)"2E 808 ss0s0mR0-8im18) (G ])

we can rewrite the above as

L "2(3'7'g04gi+14g,’)7n2(§0,ﬁ,-+1ygi
2

— L ) —
w({g_lg/gi},g)w({gi},g_lg’) — (_)nz(g 20,80, 8DIL+Y"1, nz(go,gm,gf)](_)z,-:l +n2(8'"" 80.80.8i)

L
- o -1
x [T va(e " g0.20.8i1,80) [ ] [45 (&' ' g0.8i11.80)] - (G32)

i=1

We see that we indeed have w({g~'¢’g:},g)w({g: },g’ig’) = w({g;},g"). The strange factor (—)”2(3_13"’@'@)["+ZiL:1 n2(8™'80-8i+1:80)]
is important to make w({g;},g) to be consistent with W(g) being a representation of G 5.
So, if W1(g)Hedge W(8) = Hedge, then (Hegt)q).(,) satisfies

(Heff){gg‘f},{gg[} = ({gg,{}edge»g0|Hedge|{ggi}edge:gO) = <{gg;}edgeag0|WT(g)HedgeW(g)l{ggi}edge7g0>

W*({g;}’g)w({gi}vg)({g;}edge»go|Hedge|{gi}edge»g0> = U)*({gl{}’g)(Heff){g,f},{g,}w({gi}vg)- (G33)

In the operator form, the above can be rewritten as

We-rff(g)HeffWeff(g) = Hefr,
Weii(8)1{8i }edge-80) = w*({8i},8)1{88i}edge-80)- (G34)
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We see that the symmetry transformation of Heg contains
additional phase factor w({g;},g). In particular, the phase
factor cannot be written as an onsite form w({g;},g) =
[1; f(gi.8). So, the symmetry transformation on the effective
edge degrees of freedom is not an onsite symmetry transfor-
mation. The non-onsite symmetry of the edge state ensures
the gaplessness of the edge excitation if the symmetry is not
broken [45]. Note that for bosonic case n, = 0 and u§ =1.
We have a simple result

w({gi}.g) = [T v3(¢7"80.80.8i+1.8)- (G35)

Let us write w({g;},g) as

w({gi}g)
— (_)nz(g’]go,go,gl)[LvLZiL:l n2(8™" 80.8i+1,81)] 1_[ wiir1, (G36)
i

where

Wiy = i"z(!s’*lgo-giﬂ-8,‘)—"2(£ovgi+1qgi)+2nz(g"go,go,gi)

_ _ -1
x v3(87"20.80,8i+1,8)[ 15 (87" 80,81 &i+1)] -
(G37)

We see that for fermion cases, we cannot write the
phase factor w({g;},g) as a product of local non-
onsite phase factors w;;;;. The nonlocal phase factor
—1 L —1 ) .
(_)nz(g 80-80-8DILAD iy n2(g™ " 80.8i+1:8)]  must appear.
Each term in the edge effective Hamiltonian H.y =
>, Hegr(i) must satisfy

W () Het () Wt () = Hegr(i), (G38)

where Hgr(i) only acts on sites near site i. Heg(i)
must also preserve the fermion-number parity (—)VF =
(_)Zle n2(80-8i+1:8)  Tn other words, He(i) commutes with
L . . . .
(—)Zicim0.8i1:8) - So if Heg(i) is far away from the site
1, then H.x(i) commutes with the nonlocal phase factor
(—)(& " 80808 LY m2(8 ™" 0.8i+1:8)] Thus, Ho(i) is invariant
under

W (@) Hett () Wetr(8) = Hegr (G39)
where

(G40)
|

Wett(9)1{8i Jedge 80) = W*(18:},8)1188i Yedge 0)

PHYSICAL REVIEW B 90, 115141 (2014)

FIG. 22. (Color online) (a) The matrix elements of the Hamilto-
nian term H; can be obtained from the fermionic path integral of the
fixed-point action amplitude V5 on the complex (g1£2838485868:8;)-
The branching structure on the complex is chosen to match that of the
triangular lattice in Fig. 14. (b) The action of H; can be obtained by
attaching the complex in (a) to the triangular lattice in Fig. 14. The
Grassmann numbers on the six overlapping triangles are integrated
out.

with
b({gi}he) = [ | wiinr-

APPENDIX H: IDEAL HAMILTONIAN
FROM PATH INTEGRAL

After constructing the fermionic SPT state |W) in
Sec. VII A, here we would like to construct a local Hamiltonian

H:—ZHi (H1)

that has the G y symmetry, such that |¥) is the unique ground
state of the Hamiltonian.

We note that the path integral of the fixed-point action
amplitude not only gives rise to an ideal ground state wave
function (as discussed above), it also gives rise to an ideal
Hamiltonian. From the structure of the fixed-point path
integral, we find that H; has a structure that it acts on a
seven-spin cluster labeled by i, 1-6 in blue in Fig. 14, and on
the six-fermion cluster on the six triangles inside the hexagon
(123456) in Fig. 14.

The matrix elements of H; can be obtained by evaluating the
fixed-point action amplitude V3i on the complex in Fig. 22(a)
since the action of H; can be realized by attaching the complex
Fig. 22(a) to the triangular lattice and then performing the
fermionic path integral on the new complex [see Fig. 22(b)].
The evaluation of Vf on the complex gives us

(_)ml(g4vg,{)+m1(g,{,gl)(_)ml(gnngml(g3vgi)+m1(gsygi)+m1(gi,ge) / 1_[ Vs
X

:(_)m1(gA,gf)vLml(gfagl)vLml(giqu)erl(gsqu)erl(gS»gi)erl(gi,gs)/ 1—[ de"z(gi,g},gj)dénz(gi,gf,g,) l_[ denz(gj’gi'é’f)dé"z(gjaghgf)

Gi'j) Gi'j) (i’ (i’

j=1.2.6 j=3.4,5

x (_)ml(g47gi)+ml(gSsg,{)+ml(gi .86)+mi(g),g1)+mi(gi.g2)+m) (gz,g,{)(_)ml(gi .87

x V5 (85.8i.81+86)V5 (84,85.8:,8)V; (84.83.8i.8)V5 (83.8i.81.82)V5 (8i.8.82,.81)V5 (8i.8!.86:81)

:(_)ml(g4~,g;)+ml(g;’gl)+ml(gi182)“""”1(nggl)J"ml(85»81)“1’"’11(81’86)/ 1_[ dgﬂz(gng},gj)dg—nz(gi,gf,g_,) l_[ denz(gj’gi'é’f)dg‘"z(gj,ghgf)

Gi'j) Gi'j) (i’ (i’

j=1.2.6 j=3.4,5

x (_)ml(84~,gi)+ml(85,8,{)+m1(gi»g(w)erl(g,{vgl)+ml(81782)4’"11(83vg,{)(_)m1(8i-g,{)
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/ 12(8i,8;-86) n12(g5,8i,86) ;12(85.886) 3712(85,8i,8}) \Nn12(85,8i:81) n112(84,85.8]) 3712(84,8i-8]) F112(84,85,8i)
X v3(85,8i:8;-86)0,i'6) Oisi6) Osiv6) Osiin V3(84,85:8i-8)Ysii7) Basi) Oiin Olasiy

—1 INa2(84,83,81) n112(84.8i-8)) 5112(84.83.8]) A112(83.8i-8]) | —1 , n2(83.8i,8;) H12(83.8}.82) An2(g3,8i,82) 3112(8i-&}82)
X vy (84,83,8i,8)0431) Ouiir) O43iny Oaiir) vy (83:8i:8i-82)03:ir) Oiir) O3i2) Biir2)

-1 / n2(8i-8/,82) yn2(gi.g2.g1) ;12(8i-81&1) z12(8!.82.81) / n2(g;.86-81) /12(gi~81-81) Ana(gi.g6.81) s12(8i 18} -86)
X vy (8i58;582:81002) a1 i) 1) v3(8i.8:86:81)9761) i) o) Oiiv6) .

(H2)

(

Just like the wave function, we have included an extra factor  is needed in the path integral on the complex in Fig. 22(b)
(—)m(8a8Dtma(ghgn) (— ym (i g2)0+mi (83,80 +mi(85.8)+m1(8i:86) ip the obtained by attaching the complex in Fig. 22(a) to the
path integral. With this extra factor, multiplying Eq. (H2) to triangular lattice. Also, note that the factor (—)"1(88)+m(g.g1)
the wave function can then be viewed as attaching the complex ~ is what we need in the new wave function after the ac-
Fig. 22(a) to the triangular lattice [see Fig. 22(b)]. Note thatthe =~ tion of attaching the complex Fig. 22(a) to the triangular
factor (—)"1(8i-g2)+mi(gs.g)+miss.g)+m(8i-86) plus the factor that  lattice [see Fig. 22(b)]. By combining all the m; factors
we included in the wave function (—)™1(8+8)+™ -8 give us  on the right-hand side of Eq. (H2), we find that all those
a factor (_)m1(g4,gi)+m1(gi.,gl)+m1(gi,gz)+m1(gs,g,-)+m1(gs,gi)erl(gi,gs) m; factors become (_)nz(gz,gi,g,f)+nz(g4.,g,-,g,’)+nz(gs,gi,g,f). So, we

on all the six interior edges {i,1}, {i,2},..., {i,6}. This factor find

|
(_)ml(g4,g{)+m1(g{,gl)(_)ml(gf,gz)+m1(gzygi)-kml(g5,g1)+m1(gi,ge)/HV3
)

@i’y @i’y (jii") (jii")

:(_)n2(g3,givg:)+’12(g4qgiagf)‘i’l‘lz(g.i»gi’g;)/ H 462810887 75m(81.81.87) 1—[ 8880 g5128).81-8)
j=1.2.6 j=3.4.5

% (_)nz(gzx,gs,gi)nz(gzx,g,-,g{)+nz(g4,gi,g{)nz(g4,g3,g,-)+nz(g,f.gz,g1)nz(g,-,g{,gl)+n2(gi,g,f-gl)nz(g,f,gmgl)

/ n2(8i+87-86) n12(8s.8i86) 512(85:8786) 512(85.8i:8) 1\ p"2(85:8i-87) n112(84:85.8)) F112(84,85,8i) 5712(84:8i-87)
X v3(8s,8i8:-86)176) 0(5[6) 9(51”6) 9(51'[') V3(g4,g5agi’gi)9(5ii’) 9(45,") 9(455) Oaiin

-1 INn12(84:8i:8)) /n2(84,83.81) 5112(84.83.8)) 712(83,8i-8))  —1 / n2(g3.8i.8}) n12(83.81.82) Ana(g3.8i.82) s12(8i.8}-&2)
X vy (84:83:8i58)04iiry 0431 Oazir) i) vy (83.8i,8i-82)01) 032 i) i)

—1 / n2(8i-&/-82) yna(gi.g2.81) ;12(8/.82.81) s12(8i .8} -&1) ’ n2(gi-&/-81) n12(8;.86.81) Ana(gi.g6.81) sM2(8i 8} 86)
Xy (8i:8;582:8108112) a1 i) i) V3(8i.8:-86:81):1) Oir61) o) Biive) .

(H3)
In the above, we have also rearranged the order of the Grassmann numbers within some simplexes to bring, say, 9_("421,5‘?; 808 pext

to G(Z(lg; %) Now, we can integrate out d6 dd’s and obtain

(_)ml(g4»g,‘)+m1(g,@gl)(_)ml(gf,gz)+m1(gsvgi)-kml(gsygi)+m1(gi-gs) / 1_[])3 — (_)”2(8iv8;~86)
>

% (_)nZ(ES»gi ,8)+12(84.,8i.8))412(85.8i,8))+12(84.85,81 M2(84. 81 8))+12(84. 8,8 I2(84.83.81)+12(8] . 82.81)n2(gi . 8], 1) +12(gi . &/, 81)n2(8] . 86.81)

.8i-86) 512(85.87+86) 12(84.85:81) n2(84.85.81) | —1 (84,83,8i) 5112(84:83.8))
X 3(85.81+81-86)0 0 S D gy 5 134, 85.81.800sey < Oni 05 (84,83, 81,80 S B

-1 n2(83,8/,82) Ana(g3,8i:82) | —1 (8i,82,81) 5112(8]-82,81) n2(87.86,81) Fn2(8i.86:81)
X V3 (g3,gi,gf,g2)9(32i/2§ ’ 9{;,‘28; s V3 (gi,g,{,gz,g1)98221ﬁ §8 9(,‘/221) o v3(givg;ag6vgl)0(i’26]) o Qgélg) 080 (H4)

where the factor (—)"2(&88) comes from bringing é(rllf,(g) 8080 iy Eq. (H3) all the way from the back to the front. Let us rearrange

. 712(85,8:86) 12(85,8i86).
the order of the Grassmann numbers to bring, say, ;. in front of 65;¢**"":

(_)ml(g4,g[)+m1(g,f,gl)(_)ml(gi,gz)-‘rml(g3,gi)+m1(85~8f)+m1(gi,ge) f l_[ Vs
P

— (_)nz(gi,gf,86)+nz(83,gi,gf)+nz(g4,gi,gf)+n2(85,gi-g,’)
x (_)nz(gmgs,gf)nz(g4,giqg{)+nz(g4,gi,g,‘)nz(gmgs,gi)-ﬁ-nz(g},gz,gl)nz(gi,g,f,gl)+nz(g,',g§,g1)nz(g,‘,ge,gl)
v3(84,85,81,8,)v3(85,8i,8i-86)V3(8i &/ 86,81) , / /
209°6126i A2 =1 2 05265 _)nz(gs,g[,ge)nz(gs,gf,g6)+nz(g4,g3,g;)nz(g4,g3,gi)+nz(g,,gz,gn)nz(gi,gz,gl)

v3(8i.8;,82,81)v3(83,8i.8;,82)v3(84,83,8i-8})
0_”2(85vg;vgﬁ)enz(gSvgi«86)9”2(34#5*3;)0—"2(84v85qgi)e_”Z(g4vg3vg;)9n2(84»83«8i)

(5i'6) (5i6) 45" 45i) 43i") (43i)
n(83,8/.82) 412(83.8:.82) 512(8/.82:81) n12(8i,82.81) n12(8/.86:81) A12(8i,86.81)
0ir) 03:2) 1) Oiar) Oi61) Bio1) . (H5)
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Indeed, the above expression can be regarded as the fermion coherent state representation of the ideal Hamiltonian. We can

replace, for example, é{?fﬁ;g ’gﬁ)é(’;g’;“’g"’gﬁ) as
A 12(85.8/>86) .
C= (C(Tsiﬁ)) s c{?,%f 8089 _ 1 — n2(gs.8:,86)1[1 — nz(gs,gi,gé)]C(TSiﬁ)C(Sié)- (H6)
We have
¢ = C(Siﬁ)C(TsiG) for [n2(gs,8/,86):12(g5,8i,86)] = [0,0], C = csi6) for [n2(gs,8!,86).n2(85,8i,86)] = [0, 11,
H7)
C= 62556) for [n2(gs,8/,86),n2(85.8i.86)1 = [1,0], C = 035[6)C(5i6) for [n,(gs.8/.86).12(85,8i,86)] = [1,1].
We note that the fermion coherent state is defined as |6s;)) = |0) — Q(Siﬁ)CZSiG) |0). It is easy to check
= n2(85,8;.86) \8is An2(85.8,86) nn2(gs,8i,
Osiolclsie) " cze ) — [1 = nay(gs.g}.8) 11 — n2(gs.8:.86)1Cisi6)Csio|sie) = Oy 5 0/2E80 (H8)

However, a sign factor (—)"2(¢6¢) is required when the Hamiltonian acts on the coherent state since d@j2e % d & <

should be reordered as dé('gzigg;’g”g“) d@éﬁ%ﬁs’g”gw. Similarly, for the face (45i), the fermion coherent state is defined as |9s;)) =

|0) — 67(45,-)c245i)|0). In this case, dOj35" % dd 35 %" is the correct ordering and we do not need to introduce the extra sign
factor.

By applying the same discussions to other triangles, we find that 43; and i12 also contribute sign factors (—)">(¢+83&) and
(—)2(8i-82:80) 'We also note that

(_)”Z(gisg,{agﬁ)""nZ(g}agrsgl{)+n2(g4:gi’g,{)+n2(g5sgiag,‘/)(_)nz(gS:gi786)"'”2(84»8%8/)+”2(giagz’gl) — (_)'12(84,83,5’,{)‘*-"2(5’5sg,f,ge)-‘rnz(gi’gzsgl) (H9)
and finally obtain

v3(84,85,8i,8)v3(85,8i.8},86)v3(8i, &+ 86,81)

H; = Z |87818283848586)(8i>818283848586] , / ! (10
Z v3(8i,8;82,81)v3(83,8i,8;,82)v3(84,83,8i-8;)
X (—)"z(gmgs,g,)nz(gzx,g,-,g£)+nz(g4,g.-,g[)nz(g4.,ga,g,-)+nz(gf~gz,g|)nz(gf-g,ﬁgl)+"2(gi’8f*g')”2(gf’g5'g‘)
X (—)12(85:81>86)12(85, 812 86)T712(84,83, 81)112(84,83,81)H712(87..82, 81)2(8i> 82:81) (_ y12(84:83,8) 71208587 86)+12(81-82.81)
12(85.81:86) na(gs,gi,86)
X [(62516)) iy 5 — (1 — na(gs,&;,86))(1 — ”Z(gS»gi’86))625i6)c<5i6>]
12(84:85:81) 1y(gs.85.81)
X [(62451')) sy S8 = (1 = na(ga,gs,8))(1 — ”2(84»85»gi))cz45i)c<45i>]
nz(g4-,83’g,{) (84,83,8i
X [(6243:')) 5?453?7)4'83 ) —(1- n2(84.83,8))(1 — ”2(84783vgi))CZ43i)C(43i>]
n2(83,8,82) \8is
x [(C23i2)) clas e — (1 — na(gs.g),82))(1 — ”2(83’81"g2))cz3i2)c(3i2)]
n2(8/:82:81) ny(g:.82.81)
X [(CZQI)) ity #8 —= (1 = nay(gj, 82,81 — ”lZ(gingvgl))CZizl)C(i2l)]
12(87:86:81) 15 (g:,86.81)
[l et (1 — (gl 6,811 — magi-go.810)hgnciion - (i
We can rewrite H; as
_ / 88 88 &8  &I& (8IS )88
H; = Zg,»,g,’ 18i+818283848586)(8i:8182838485861 0564, g, O15:g,0s O3:010; 032030 Q210081 Obligesn (H12)
where O ¢, are given by
2gi,;i’izgl = V3_1(gi’gl{’gz’gl)(_)”z(g,/vgz,gl)nz(gi,g;’gl)ﬂL”Z(g;'gZ'g‘)”Z(gf’gz'gl)+n2(gi’g2’gl)
n2(g;,82:81) o
X [(C(Tizl)) Cl(lizz(lg) 280 (1 — na(g),g2,80))(1 — ”2(81"82’6"))C(Ti21>c(i2'>]’ (H13)
e . + 0 (12(83.81582) ny(g3.8i.80) !
032:8382 =V (ga,gi,g,{,gz)[(coiz)) C(nSszf 8 — (1 — na(g3,8/,82))(1 — n2(83vgi’gZ))C(3i2)C(352)]’ (H14)
i 8i —1 2(84.8i.8; »83:8i 83:87 183:81 83:8;
Olfigie, = V3 (849381 g (—) 1280810281183, F12 0838 (.80, 80 412 84:83.8))
12(84:83:81) ny(g4,83.81)
X[(C2L43i)) iz 88 = (1 — no(ga,g3.8))(1 — nz(g4,83’8i))C(T43i>C<43">]’ (H15)
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055 o0 = v3(84,85,8i, g )(—) R (Ensvsimsnsis)
n2(84.85.8}) 185.8i)
x [(C(T45i>) c?fs(ff 880 — (1 — na(ga,85,8))(1 — nz(g4,gs,gi))C(T45,~>C<45i>]s (H16)
0§é’g[ = v3(g5,8i gf gﬁ)(_)nz(gs1g,/vg6)”2(85a8i786)+’12(g5’g1{’g6)
18586 TRe2 oo
n2(8s,8/-86) .8
y [(C(Tm)) CREEE) (1~ ny(gs,8)86)(1 — nz(gs,gi,ge))c(Tsm)asm)], (H17)
Ogi/;igl = V3(gi78;786781)(—)+"2(gfvgfsé’1>”2(gf*g6’g‘)

n2(8;.86:81) 1865
x [(chier) 5 b ) — (1= na(gl. 86,811 — n2(81.86.81))clig1 Caien) |- (H18)
The above expression for H; is valid in the subspace where the fermion occupation number 7;;x on each triangle (ijk) satisfies
nijx = n2(gi,&j,8)- The ideal fermionic SPT state | W) is also in this subspace. We can add a term

Hijpy = U|gi8jgk>(gigjgk|[C(T,~jk)C(ijk) —n2(gi,8;-801° (H19)
with a large positive U on each triangle to put the ground state in the subspace.

Next, we would like to show that H; is Hermitian. This property is very important and it makes the whole theory to be unitary.
In the above, we express the matrix element H;,g, o/(g18283848586) a8

(_)ml(84»8;)+ml(8;,81)+m1(8iagz)+m1(gs,gi)+m1(gs,gi)erl(gi,gﬁ)/l_[VS (H20)
D)

hence, its Hermitian conjugate H;'kgf gv(gl £28384858¢) reads as

_ 184 8)+mi(gi.g1)+mi(gl,82)+m1 (g3, 8 )+m1(gs, g )+m1(g!.g6) 12(87,8i:87) 5 312(87,8i:8;) n2(8):8:81) 7712(8;.8:81)
=) / [T a665 a5, [T a6 a65
=126 j=3.4.5

% (_)m1(g4,g5)+m1(gs,g,-)+m1(g,ﬂg6)+m|(gi,gl)+m1(g,’,gz)Jrnn(gs,gi)(_)ml(g{»gi)v3—1(gs’gl{’gi,gﬁ)g(';(ﬁ’;’gi'81)9("521'(,22vgi’gﬁ)g(’gzig&gi'86)

A12(81+8i:86)  —1 ’ 1(84.85.8}) n112(84.8/-81) An2(84.85.81) 5712(85.8/-81) , 12(83.81-8i) y112(84.83.81) 5112(84.8;81)
Oiire) V3 (84,85:8i-81)0usi) Oaiiry B4si7y Ocsiiry 13(84.83.8;-8i)03;i1) Oa3ir) Oaiir)

A12(24,83,8)) ’ n2(8;,8i,82) n12(83,8/82) An2(83,8i,82) ;112(83:81-81) / An2(8:,82,81) 572(8],8i-81)

0431 3(83,8;8i-82)i12) e Oair2) Oaiir) v3(8:+8i-82,81)0121) Oiir)

n2(8;.82.81) y112(8]:8i:82) 1, 7 n2(8;.8i.86) n112(8;.86,81) 572(8;.8i.81) Fn2(gi . 86.81)

B2y B2y Vs (8i:8i:86:81)0i16) O Oiin) ) : (H21)

Note v*=v~! [v is a U(l) phase factor] and (6,6,0:0,)" = 646:0,0,. However, we can not directly com-

pare the above expression with H;.g o/(818283848586) since it is a function of new pairs of Grass-

. 12(85,87:86) 312(85.81.86)  512(84:85:8]) n12(84.85.81)  n12(84:83:8)) 312(84.83.81)  12(83:81:82) n12(83.81.82)  12(8]+82:81) F12(8i.82.81)
mann  variable 65" O s5i6) s Ousiy sy s Ouair) a3y s 0in) O6i2) » O G2y )
and Q—nz(g},g(»,gl)enz(gi

1) (iag-s8) Such a difference is simply because the action of H; maps, for example, fsis) to f(si6) While the

action of _Hf maps 6_(5,-@ back to Gs6)- Thus, to see whether they are the same mapping in the Hilbert space or not, we need to
redefine 9(51’6)(9(51'6)) as 0(51"6)(0(51"6)) and 0(51"6)(0(51"6)) as 9(51’6)(0(51'6))- A simple way to do so is jllSt replacing l(l/) by l/(l) in the
above expression:

oy (gag)m (i) +mi(g].g2)+mi(gs.8))+mi(gs.g))+mi(g].g6) n2(87.8i:8)) 5712(8;.8i.87) 12(8).87:81) 5 52(85.8]:81)
=) / [T a6 abgs [T a6 a0
j=1,2,6 j=3,4,5

< o 2 " 2 g 1g)—1 n2(85.8,8i) n12(85.8i-86)
% (_)ml(g4 8)+mi(gs,gi)+mi(g;.86)+mi(gi,g1)+mi(g,g2)+mi(g3,8 )(_)mu(gl 8 )v3 (gs’gl{’gi’gﬁ)e(;i’i)i ggziﬁg; 8i-86

An2(85,8;-86) 512(8-8i+86) —1 ’ 1n2(84.85.8)) /12(84.8}-8i) sna(g4.g5.81) 512(85.8/-81) / n2(83,8;,81)
X Oy Qi) vy (84,85.8,81004siy  Ouity  Ouas Osi) v3(84,83,881)03075)

12(84,83.8i) 412(84.81.8i) 512(24.83.8)) ’ ny(g!.8i.82) nn2(83.8/.82) sn2(g3,8:.82) aN2(83.8},81) ’
9(431') 9(4,’/,’) 9(43,'/) V3(g3’gisgi182)9(,'/i2) 0(3,'/2) 9(3,'2) 9(31'/,') V3(gi1gisg21g1)

Ana(gi 82.81) ;12(81.8i81) f12(81.82.81) n112(8]-8ix82) —1, 1 n2(8;.8i,86) n112(8}-86-81) 512(g;.8i-81) Ana(gi,86.81)
X 021y ity 21 Oiri2) V3 (8:18i:86:81)0 ;6 Oi61) Oiin) Bi61)

@'ij) @"ij) (i’ (i'i)

:_ml(gA,g,-Hm](g,ungml(gf,gz)erl(gs,g,’)erl(gs,g,f)erl(g,f,gg)/ H de'lz(gﬁ’gi-g_f)dénz(g},ghgj) 1—[ denz(g,-,gf,gi)dg-nz(gj,g,’,g,-)
j=1,2,6 j=3.4,5

x (_)ml(g4,g,f)+m1(gs,g,-)+m1(g,f,gs)+m1(g,-,g1)+m1(g{.gz)erl(ga.gi)(_)ml(g,ﬁgf)
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x V; (85.8,8i86)V5 (84,85.8-8)V5 (84,83.8,8)V5 (83.8/,81,82)V5 (8,8:,82,81)V; (8/.8i,86:81)

— (_)m1(g4,gi)+m1(gi,gl)+m1(g,ﬁgz)+ml(g3.g,f)+m1(gs,g,f)+m1(g,f,gs)/HV3. (H22)
o

We note that in the last line we evaluate the complex Fig. 22(a) in a different way (by choosing opposite orientation for
the internal link). The topological invariance of the V3 path integral implies the two different ways must give out the same
results. It is also not hard to see that the new sign factor (—)"(&+ &)+ (gi.g0)+mi(gi.g2)+m (g5, 8)+m (g5.8)+m1(8;-20) ig equivalent to

(—)ym (84:8))+m1(g].g0)+m1(gi.82)+m1(g3.8:)+m1(8s5.8:)+m1(8i-86) gipnce

mi(gs,8) +mi(gi. &) +mi(g,82) +mi(g3,8)) +mi(gs.g;) + mi(g,g6)
+mi(ga,8)) +mi(gi,g1) + mi(gi,g2) + mi(gs,8) + mi(gs,gi) + mi(gi, &)
= ny(gs,8..86) + n2(85.8i.86) + n2(84.85.81) + n2(84.,85,8:) + n2(84,83.8/) + n2(84,83.8:)

+n2(83,8,82) + n2(83,8,82) + n2(8,82.81) + n2(8i,82.81) + n2(g/,86.81) + n2(gi,86.81) = 0 mod 2.

Thus, we have proved that the matrix element
Hig; 5/(818283848586) is the same as H'/,  (18283848586);
implying H; is a Hermitian operator.

Finally, we note that the Hamiltonian only depends on
vz and np. It does not depend on m;. So, the Hamiltonian
is symmetric under the Gy symmetry. By construction, the
ideal ground state wave function is an eigenstate of H; with
eigenvalue 1. The topological invariance of Vs path integral
implies that Hi2 = H; and H;H; = H;H;. Thus, H; is a
Hermitian projection operator, and the set {H;} is a set of
commuting projectors. Therefore, H = — Y. H; is an exactly
solvable Hamiltonian which realizes the fermionic SPT state
described by (v3,n2,u3) € 23[G ;,Ur(1)].

APPENDIX I: THE MAPPING n; — f,,2 INDUCES
A MAPPING H4(Gy,7Z3) — H*2(Gy,Z,)

We note that Eq. (57) defines a mapping from a d-cochain
ng € C4(Gy,Z») to a (d + 2)-cochain f; € C4*(Gp,Z»). We
can show that, if ny is a cocycle n, € 294Gy, Z5), then the
corresponding f;,»isalsoacocycle f; € Z972(Gy,Z,). Thus,
Eq. (57) defines a mapping from a d-cocycle n; € Z4Gy,Z)
toa (d + 2)-cocycle f; € Z92(G,,Z,). In this Appendix, we
are going to show that Eq. (57) actually defines a mapping
from d-cohomology classes to (d + 2)-cohomology classes:
HA(Gy,Z>) — H**?(Gy,Z>). This is because if n,y and 7ig
differ by a coboundary, then the corresponding f;.» and fy,»
also differ by a coboundary.

J

(H23)

(

To show this, let us first assume d = 2. Since the 4-cochain
£4(80,81,82,83,84) in C*(Gy,Z,) is the cup product to two
2-cocycles n2(go,81,82) and n2(go,g1,82) in Z%(Gy, Z»), so if
we change the two cocycles by a coboundary, the 4-cochain f;
will also change by a coboundary. Thus, there exists a vector
g3 such that

fa=fa+ D3gzmod2 an

and Eq. (C22) is valid for d = 2.
To show Eq. (C22) to be valid for d = 3, we need to show

when n3(g0,81,82,83) and 7i3(go,&1,82,83) are related by a
coboundary in B3(G},,Z,):

713(80.81,82.83) = n3(80.81.82.83) + m5(81,82.83)

+m’(80.82.83) + m5(80.81,83)
+m}(go.81,82) mod 2, (12)

the corresponding f5 and fs are also related by a coboundary
in BS(G};,ZZ):

f5 = }5 + D4g4 mod 2. (13)
Let us introduce

n5(80,81,82,83) = M5(g1,82,83) + M5(80,82,83)
+m5(g0,81,83) + my(80,81,82)- (14)

Then, we can express fsas fs = fs + f{ + fI + 111, with

1{(g0.81,82.83.84,85) =13(80,81,82,83)15(80,83,84,85) + N3(81, 82,83, 84)15(80. 81,84, 85) + 113(82,83.84,85)15(80, 81,82, 85)

141(80.81.82.83.84.85) =15(80.81,82,83)13(80, 83,84, 85) + 115(81,82,83,84)13(80,81,84,85) + 13(82,83,84.85)13(80, 81,82, 85)5

M (0,81,82.8384.85) =15(80,81,82,83)15(8083, 84, 85) + 13(81, 82,83, 84)13(80, 81,84.85) + 15(82. 83,84, 85)15(80. 81,82, 85)-

as)

In the following, we would like to show g4 can be constructed as g4 = g4 + g4’ + g1'/, with

24(80,81,82,83,84) = 13(80,81,82,83)M5(80,83,84) + 13(81,82,83.84)M(80, 81, 84),

247(80,81,82,83,84) = 13(80,82,83,84)M5(80,81,82) + 13(80,81,82,84)M5(82,83,84) + 13(80,81,83,84)M5(81,82,83)s

111

84" (80.81,82.83.84) = n5(80,81,82,83)M5(80.83.84) + n5(81,82.83.84)m5(80,81,84) + m5(80.81,82)m5(82.83.84).  (16)

Let us prove the above statement in three steps:
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First step. After plug-in, we find that f{ — D,g} is given by

14(80.81,82,83,84.85) — 84(80,81,82.83-84) — 84(80,81,82:83:85) — 84(80,81,82,84,85)
— 81(80,81,83,84.85) — 84(80,82,83,84.85) — 84(81,82.83,84.85)
= n3(go.81.82,83)[M5(80.83.84) + m5(80.83.85) + m5(80.84.85) + m5(83,84.85)]

+n3(81,82,83,84)[M5(80,81,84) + m5(80.81,85) + m5(80.84.85) + m5(g1,84.85)]
+n3(82.83,84.85)m5(80.81.82) + m5(80.81.85) + m5(80.82,85) + m5(g1.82,85)]
—n3(80,81,82.83)M5(80,83,84) — n3(81,82,83.84)M5(80,81,84) — 13(£0,81,82,83)M5(80,83.85)
—13(81,82.83,85)M5(80,81,85) — 13(80,81.82,84)M5(80,84.85) — n3(81,82.84,85)M5(80,81.85)
—n3(80,81,83.84)M5(80,84,85) — 13(81,83,84.85)M5(80,81,85) — 13(£0,82,83,84)M5(80,84.85)
—13(g2,83.84,85)M5(80.82.85) — n3(81,82.83,84)M5(81,84.85) — 13(£2.,83.84.85)M5(81,82.85)-

We note that th(.are are five terms containing m)(go,84,gs) and five terms containing m’(go,g1,8s). Using the condition that
n3(80,81,82,83) is a 3-cocycle

n3(g0,81,82.83) + 13(80.81,82,83) + 1n3(g0,£1,82,83) + n3(g0,81,42.83) + 13(£0.81,82,83) = 0 mode 2, {I7)

we find that those terms cancel out. Also, there are two terms containing m/(go,g3,84), tWo terms containing n5(8o,84,85), ---»
etc. Those terms also cancel out under the mod 2 calculation. But, the m5(go,&1,82) term and the m’(g3,84,85) term appear only
once. Thus, we simplify the above to

14(80.81,82,83,84.85) — 84(80,81,82.83-84) — 84(80,81,82,83,85) — 84(80,81,82,84,85)
— 84(80.81:83.84.85) — 84(80.82.83.84.85) — £4(81.82.83:84.85)
= n3(g0.81,82,83)M5(83.84.85) + n3(82,83.84.85)m5(g0,81,82) mod 2. (I8)

Second step. Similarly, we have

S41(80:81.82:83.84.85) — 84" (80.81.82.83.84) — 84 (80:81.82:83.85) — 81" (80.81.82.84.85)
—847(80.81,83:84:85) — 84 (80:82:83:84.85) — &4 (81,82:83.84.85)
= —n3(80,81,82.83)M5(g3,84.85) — 13(£2.83,84.85)M5(£0.81,82) mod 2. 19)
Third step. Finally, by using the results derived in the first step, we have

1 (g0.81,82,83.84.85) — 841 (20,81,82.83.84) — 841 (80,81,82.83.85) — 841 (80,81,82.84.85) — &4 (20,81,83.84.85)
— 24""(80.82,83.84.85) — 84"1(81.82.83.84.85)
= n3(80,81,82,83)M5(83,84,85) + 15(82,83,84,85)M5(80,81,82) + M(80,81,82)M75(82,83,84)
+m5(80,81,82)M5(82,83,85) + m5(80,81,82)M5(82,84,85) + M5(80,81,83)M(g3,84.85)
+m’5(80,82,83)M5(g3,84,85) + m5(g1,82,83)m5(83,84,g5) mod 2 = 0 mod 2. (I10)

Combining the results from the above three steps, we can show
Digs= fi+ fY + fi mod 2. I11)

Thus, we prove Eq. (C22) for d = 3.
We would like to mention that the induced mapping H%(G},,Z,) — H**(Gy,Z>) by the ny — fy44» mapping (57) appears
to be the Steenrod square Sqg? [72,73]. This realization will allow us to generalize Eq. (57) to higher dimensions.

APPENDIX J: THE MAPPING n; — fs+» PRESERVES ADDITIVITY

In this Appendix, we will show that the operation (D1) defines an Abelian group structure in 5#“[G ;,Ur(1)]. The key step
is to show that if ny maps to fy,2, n) maps to f; ,, and n); = ng +n; maps to f ,, then f7 , — fay> — f;,, is a coboundary
in BY(Gy,Zy). {Itis also a coboundary in B*1[G,,Ur(1)].}

Let us first consider the case d = 2 and we have

14(80.81.82.83.84) = 12(80,81.82)12(82,83,84),  [4(80,81.82,83,84) = 15(£0,81,82)15(82.83.84),
14 (80.81,82,83,84) = [n2(80,81,82) + 15(80,81,82)1[12(82,83.84) + n5(82,83.84)]. an
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So,
Y — fa— fi = n2(80,81,82)15(82,83,84) + 15(80,81,82)n2(82,83,84)- (J2)
The above is indeed a coboundary:
1n(20.81,82)15(82,83.84) + 15(80,81,82)12(£2.,83,84) = (daz)(go. - - - .84),
a3(go, - - -83) = 12(80,81,82)115(80,82,83) + 12(81,82,83)15(80,81,83), J3)

where d is a mapping from (d + 1)-variable functions f;(go, . ..,g4) to (d + 2)-variable functions (df;)(go, . - - ,8d+1):
d+1

(dfd)(go’ BRI ’gd-H) = Z(_)ifd(go’ B 7§i7 ) 3gd+l)~

i=0
It is easy to check that
n2(80.81,82)15(80,82.83) + 12(81,82,83)15(80.81.83) + 12(80.81,82)15(80.82.84) + n2(g1.82.84)n5(80.81,84)

+12(80,81,83)15(80,83,84) + n2(g1,83,84)15(80,81,84) + 1n2(80,82,83)15(80,83,84) + n2(82,83,84)15(80,82,84)
+n12(81,82,83)05(81,83,84) + 12(82,83,84)15(81,82.84)

= n2(£0,81,82)[15(82.83.84) + 1n5(80.83,84)] + 1n2(81,82,83)15(80.81.83) + 12(81,82,84)15(80,81.84)
+12(80,81,83)15(80,83,84) + n2(g1,83,84)15(80,81,84) + 12(80,82,83)15(80,83,84) + 12(82,83,84)15(80,82,84)
+n2(81,82,83)n5(81,83,84) + n2(g2,83,84)n5(81,82,84) mod 2

= n2(80,81,82)15(82,83,84) + 1n2(81,82,83)15(80,83,84) + 12(81,82,83)15(80,81,83) + 12(81,82,84)15(80,81,84)
+12(81.83,84)n5(80,81,84) + 12(82,83,84)M5(80,82,84) + 12(81,82.83)M5(81,83,84) + 1n2(82,83.84)15(81,82,84) mod 2

= n2(80,81,82)15(82,83,84) + 1n2(81,82,83)M5(80,81,84) + 12(81,83,84)15(80.81,84) + 12(81,82,84)15(80.81.84)
+n12(82,83,84)15(80,82,84) + 12(82,83,84)M5(81,82,84) mod 2

= n2(80,81,82)M5(82,83,84) + 12(82,83,84)15(80.81,84) + 12(82,83,84)15(80,82.84) + N2(82,83,84)n5(g1.82.84) mod 2

= n2(80,81,82)15(82.83,84) + n2(£2,83,84)n5(80.&1,82) mod 2. J4)
Here, we make use of the fact that n,(go,g1,£2) and n,(go,g1,€2) satisfy the 2-cocycle condition
n2(80,81,82) +12(80,81.83) + n2(80,82,83) + n2(g1,82,83) = 0 mod 2,
Js)

n2(80,81.82) + 1n2(80,81.83) + 1n2(80,82.83) + n2(g1,82,83) = 0 mod 2.

Thus, we have shown that f;" — fi — f; is a coboundary.
Next, we consider the case d = 3, we note that

/5(80.81.82.83.84.85) = n3(80,81,82,83)M3(80,83,84,85) + 1n3(81,82,83,84)13(80,81,84,85) + 13(82,83,84,85)13(80,81,82,85)>
14(80,81,82.83.84,85) = n5(80.81,82,83)15(80.83.84.85) + 1n5(81,82,83,84)n5(80.81,84,85) + 15(82,83.84.85)15(80,81,82.85)s
14(80.81.82.83.84.85) = [n3(80,81,82,83) + 1n5(80,81,82,83)1[13(80.83.84.85) + 15(£0.83.84.85)]

+[n3(81.82,83,84) + 1n5(81,82,83.84)1[1n3(80,81.84,85) + 15(80,81,84.85)]

+[n3(82,83,84.85) + n5(82,83,84,85)1[13(80.81.82.85) + 15(£0.81.82.85)]. J6)

So,
= fs — fi = n3(80,81.82.83)15(80,8384.85) + 13(81.82.83,84)15(80.81.84.85) + 13(82,83,84.85)15(80.81,82,85)
+n5(80,81,82.83)13(80,83,84.85) + 15(81,82.83,84)13(80,81,84.85) + n5(82.83.84,85)M3(80.81,82,85), (J7)
which is indeed a coboundary
fs = fs — fs = day,
as(go, - - . .&4) = n3(80,81,82.83)15(80.81,83.84) + 15(80.81.82,84)13(80.82.83,84)

+n3(80,81,83.84)5(81,82,83,84) + 1n3(80,81,82,83)M5(81,82, 83, 84)- J8)
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First, it is easy to check that

n3(80.81,82,83)5(80.81,83,84) + 13(80,81,82,83)15(80, 81,83, 85) + 13(80,81,82,84)5(80,81,84,85)
+n3(80,81,83,84)15(80,81,84,85) + 13(80,82,83,84)15(80,82,84,85) + n3(81,82,83,84)15(81,82,84,85)
+n5(80.81.,82,84)13(80,82,83,84) + 15(80,81,82.85)13(80,82,83.85) + 15(80.81.82,85)M3(80.82.84.85)
+n5(80.81.83,85)13(80,83,84,85) + 15(80,82.83.85)13(80,83,84.85) + 15(81,82.83,85)M3(81,83.84.85)

= 13(80,81,82,83)[115(80,83,84,85) + 15(80,81,84,85) + 15(81,83,84,85)] + 13(80,81,82,84)15(80,81,84,85)
+n3(80.81,83.84)15(80.81,84.85) + 13(80.82.83,84)15(80.82,84.85) + 1n3(81,82.83,84)n5(81,82.84,85)
+n5(80.81,82,84)13(80,82,83,84) + 15(80,81,82.85)13(80,82,83.85) + 15(80.81.82,85)3(80.82.84.85)
+n5(80,81,83.85)13(80,83,84.85) + 15(80,82.83,85)13(80,83.84.85) + 1n5(81,82,83,85)n3(81,83,84,85) mod 2

= n3(£0,81,82.83)[1n5(80.83,84.85) + 15(81,83.84.85)] + [13(80.82.83.84) + 13(81,82,83,84)1n5(80.81,84.85)
+13(80,82-83,84)15(80,82,84.85) + 13(81,82,83,84)15(81,82,84.85) + 15(80,81,82,84)13(80, 82,83, 84)
+n5(80,81.82,85)13(80,82,83.85) + 15(80,81,82,85)13(80,82.84.85) + 15(80.81,83,85)M3(80.83,84,85)
+15(80,82,83,85)13(80,83,84,85) + 15(81,82,83,85)13(81,83,84,85) mod 2

= n3(80,81,82,83)[115(80,83,84,85) + 15(81,83.84.85)] + 13(81.82.83,84)15(80, 81,84, 85)
+n3(80,82,83,84)[15(80.81.82.85) + 15(81,82,84,85)] + 15(80.81.82.85)13(80.82.83.85)
+13(81,82,83,840)5(81,82,84,85) + 15(80,81,82,85)13(80, 82, 84,85) + 15(80,81,83-85)13(80,83,84,85)
+15(80.82,83.85)13(80.83,84.85) + 15(81.,82,83.85)n3(81,83,84,85) mod 2

= n3(80,81,82,83)[15(80,83,84.85) + n5(81,83,84.85)] + 13(81,82,83,84)15(£0.81.84.85) + [13(80.83.84.85)
+n3(82,83,84.85)1n5(80,81,82.85) + 13(80,82.83.84)15(81,82.84.85) + 15(80.81,83,85)13(80,83,84,85)
+n3(81,82,83,84)15(81,82,84,85) + 1n5(80,82,83,85)13(80,83,84,85) + 15(81,82,83,85)13(81,83,84,85) mod 2

= n3(£0,81,8283)[15(80.83,84.85) + 15(81,83.84.85)] + 1n3(81,82.83,84)15(80.81,84,85)
+n3(82,83,84.85)15(80,81,82.85) + 13(80,82,83,84)15(81,82.84.85) + n3(81,82,83,84)5(81,82,84,85)
+ [15(80.81,82,83) + n5(81,82.83,85)1n3(80,83.84.85) + n5(81,82,83.85)M3(81,83,84,85) mod 2

= n3(80,81,82,83)M5(80.83.84.85) + 1n5(80.81,82,83)13(80,83.84.85) + 13(81,82,83,84)15(£0.81.84.85)
+n3(82,83,84.85)M5(80.81,82.85) + 1n3(81,82,83,84)15(81,82,84.85) + 13(80,82,83,84)15(81.82.84.85)
+13(80,81,82.83)15(81,83,84.85) + n5(81,82,83.85)3(81,83,84.85) + 15(81,82,83.85)13(80.83,84.85) mod 2. (J9)

In the above calculations, we make use of the fact that n3(go,g1,82,¢3) and n3(go,g1,82,23) satisfy the 4-cocycle condition

n3(80,81,82,83) + 13(80.81,82,84) + 13(80,81,83.84) + 13(£0,82,83,84) + n3(g1,82,83,84) = O mod 2,
J10)

n3(80.81,82,83) +13(20.81,82.84) +13(20.81.83.84) + 13(80,82.83.84)" + 13(g1,82,83.84)" = 0 mod 2.
Next, by using the same trick, we can see that
n3(80.81,82,83)5(80.81,83,84) + 13(80,81,82,83)15(80,81,83.85) + 13(80.81,82,84)5(80,81,84,85)
+n3(80,81,83,84)15(80,81,84,85) + 13(80,82,83,84)15(80,82,84,85) + n3(81,82,83,84)15(81,82,84.85)
+n5(80.81.,82,84)13(80,82,83,84) + 15(80,81.82.85)13(80,82.83.85) + 15(80.81.82,85)M3(80.82.84.85)
+n5(80.81.83,85)13(80,83,84,85) + 15(80,82.83.85)13(80,83.84.85) + 15(81,82.83,85)M3(81.83.84.85)
+n3(80,81,83,84)n5(81,82,83,84) + 13(80,81,83.85)15(81,82.83.85) + 13(80.81,84,85)M5(81,82,84,85)
+n3(80,81,84.85)15(81,83,84.85) + 13(80,82,84.85)15(82,83.84.85) + n3(81,82.84,85)M5(82.83,84,85)
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= n3(80,81,82,83)15(80,83,84.85) + 15(80,81.82.83)13(80,83.84.85) + 13(81,82.83,84)15(80.81,84,85)
+n3(82,83,84,85)15(80,81,82,85) + 13(81,82,83,84)15(81,82,84,85) + n3(80,82,83,84)15(81,82,84,85)
+n3(80.81.,82,83)15(81,83,84,85) + 15(81,82.83.85)13(81,83.84.85) + n5(81.82.83,85)M3(80.83.84.85)
+n3(80,81,83,84)15(81,82.83,84) + 13(80,81,83,85)5(81,82,83,85) + 13(80,81,84,85)15(81,82.84.85)
+n3(80,81,84.85)15(81,83,84.85) + 13(80,82.84.85)15(82,83.84.85) + 13(81,82,84,85)n5(82.83,84,85) mod 2

= n3(80.81,82,83)15(80.83.84.85) + n5(80.81,82.83)n3(80,83,84.85) + n3(81.82.83,84)15(80.81.84.85)
+n3(82,83,84,85)15(80,81,82,85) + 13(81,82,83,84)5(81,82,84,85) + 13(80,82.83,84)15(81,82.84.85)
+n3(80,81.82.83)15(81,83,84.85) + 15(81,82.83.85)[13(£0,81,84.85) + 13(80.81,83,84)1+13(80.81,83.84)n5(81,82, 83, 84)
+13(80,81,84,85)15(81,82,84,85) + 13(80,81,84,85)15(81,83,84,85)
+13(80,82,84,85)15(82,83,84,85) + 13(81,82,84,85)15(82,83,84,85) mod 2

= n3(80.81,82,83)15(80,83,84.85) + 15(£0.81,82.83)13(80,83,84.85) + 13(81,82.83,84)15(80.81,84.85)
+n3(82,83,84,85)M5(80.81,82,85) + 1n3(81,82,83,84)15(81,82.84.85) + 13(80,82,83,84)15(81,82.84.85)
+n3(80,81.82.83)15(81,83,84.85) + n5(81.82.83,85)[13(80,81.84.85) + 13(80.81,83,84)]
+n3(80,81,83,84)15(81,82,83,84) + 13(80,81,84,85)5(81,82,84.85)
+n3(80,81,84,85)15(81,83:84,85) + 13(80, 82,84, 85)15(82, 83,84, 85) + 13(81,82,84,85)15(82, 83, 84,85) mod 2

= 13(80,81,82,83)75(80,83,84,85) + 115(80,81,82,83)13(80,83,84,85) + 13(81,82,83,84)15(80,81,8485)
+n3(82,83,84.85)15(80,81,82,85) + 13(81,82.83.84)15(81,82.84.85) + 13(80.82.83,84)15(81.82.84.85)
+13(80,81,82,83)15(81,83,84,85) + 13(80,81,83,84)15(81,82,83,85) + 13(80,81,83,84)15(81,82,83,84)
+13(80.81,84.85)15(81.82,83.84) + [13(£0.81.82.85) + 13(80,81.82,84)1n5(82,83,84,85) mod 2

= n3(80.81,82,83)5(80.83.84.85) + 15(80.81,82.83)13(80,83,84.85) + n3(81.82.83,84)15(80.81.84.85)
+13(80,81,84.85)15(81,82,83,84) + 13(80,81,82,85)5(82,83,84,85) + 13(82.83,84,85)15(80, 81,82, 85)
+ [13(80.81,82.84) + 13(£0.81,82.83) + 13(80,81.83,84)115(81,82.84,85) + n3(80,81,82,83)15(81,83,84-85)
+n3(80,81,83,84)15(81,82,83.85) + 13(80.81,83,84)15(81,82.83,84) + 13(80,81,82,84)n5(82,83,84,85) mod 2

= n3(80.81,82,83)5(80,83,84.85) + 15(80.81,82.83)13(80,83,84.85) + 13(81.82.83,84)15(80.81,84.85)
+n3(80,81,84,85)M5(81,82,83,84) + 13(80,81,82,85)M5(82,83,84.85) + 13(82,83,84,85)15(£0.81,82.85)
+[13(80,81,82,84) + 13(80,81,82,83)115(81,82,84,85) + 13(80,81,82,83)15(81,83,84,85)
+n3(80,81,83.84)[n5(81.83,84,85) + 15(82,83.84.85)1 + n3(80.81.82,84)15(82,83.84,85) mod 2

= n3(g0.81.82,83)15(80,83,84.85) + n5(80,81,82,83)13(80,83.84.85) + 13(81,82,83,84)15(80.81.84.85)
+13(80,81,84,85)15(81,82,83,84) + 13(80,81,82,85)15(82, 83,84, 85) + 113(82,83,84,85)15(80,81,82,85)
+n3(80.81,82,84)n5(81,82,84,85) + 13(80,81,82.83)[15(81,82,83.84) + n5(81.82.83.85) + n5(82.83,84.85)]
+13(80,81,83,84)15(81,83,84,85) + [13(80,81,82,83) + 13(80,82,83,84) + 13(81,82,83,84)115(82, 83, 84,85) mod 2

= 13(80,81,82,83)15(80,83,84,85) + 13(80,81,82,83)13(80,83,84,85) + 13(81,82,83,84)15(80,81,8485)
+n3(80.81,84.85)15(81.82,83.84) + 13(80.81,82,85)15(82,83,84.85) + 13(82,83.84,85)n5(£0,81,82,85)
+13(80,81,82,84)15(81,82,84,85) + 113(80,81,82,83)[115(81,82,83,84) + 15(81,82,83,85)]
+13(80,81,83,84)15(81,83,84,85) + [13(80,82,83,84) + 13(81,82,83,84)1n5(82,83,84,85) mod 2. J1n)
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To this end, we can finally show that

PHYSICAL REVIEW B 90, 115141 (2014)

n3(80.81,82,83)15(80.81,83,84) + 13(80,81,82.83)15(80,81,83,85) + 13(80,81,82,84)15(80.81,84.85)
+n3(80.81,83.84)15(80.81,84.85) + 13(80.82.83,84)15(80.82.84.85) + 13(81,82.83,84)n5(81,82.84,85)
+n5(80,81,82,84)13(80,82,83,84) + 15(80.81,82.85)13(80,82.83.85) + 15(80.81,82,85)M3(80,82,84,85)
+n5(80.81,83,85)13(80,83,84,85) + 15(80.82.83.85)13(80,83,84.85) + n5(81.82.83,85)M3(81,83.84.85)
+n3(80.81,83,84)15(81,82,83,84) + 13(80,81,83,85)15(81,82.83,85) + 13(80,81,84,85)15(81,82,84,85)
+n13(80.81,84,85)5(81,83,84,85) + 13(80,82,84.85)15(82,83,84.85) + n3(81,82.84,85)M5(82,83.84.85)
+n3(80.81,82,83)15(81,82,83,84) + 13(80,81,82,83)5(81,82.83,85) + 13(80,81,82,84)n5(81,82,84,85)
+n3(80.81,83.84)15(81.83,84.85) + 13(80.82.83,84)15(82,83,84.85) + n3(81,82.83,84)n5(82,83:84,85)
= n3(80,81,82.83)15(80,83,84.85) + 15(80.81.82,83)13(80.83.84.85) + 13(81,82,83,84)n5(80, 81,84, 85)

+n3(80,81,84,85)5(81,82,83,84) + 13(80,81.82.85)15(82,83.84.85) + 13(82.83.84.85)M5(80.81,82,85) mod 2.

J12)

Thus, f{' — fs — fi = day is a coboundary. For general d, we believe such a statement is still correct, however, since only
the cases with d = 2 and 3 are relevant to physical reality, we are not going to prove it for general d and leave it as an open
mathematical problem. Once we have f; — f; — f; = dag, it is quite easy to show Eq. (D1).
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