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Transient phonon vacuum squeezing due to femtosecond-laser-induced bond hardening

Fairoja Cheenicode Kabeer,* Naira S. Grigoryan, Eeuwe S. Zijlstra, and Martin E. Garcia
Theoretische Physik, Universität Kassel and Center for Interdisciplinary Nanostructure Science and Technology (CINSaT),

Heinrich-Plett-Straße 40, 34132 Kassel, Germany
(Received 20 December 2012; revised manuscript received 9 July 2014; published 15 September 2014)

Ultrashort optical pulses can be used both to create fundamental quasiparticles in crystals and to change their
properties. In noble metals, femtosecond lasers induce bond hardening, but little is known about its origin and
consequences. Here we simulate ultrafast laser excitation of silver at high fluences. We compute laser-excited
potential-energy surfaces by all-electron ab initio theory and analyze the resulting quantum lattice dynamics. We
also consider incoherent lattice heating due to electron-phonon interactions using the generalized two-temperature
model. We find phonon hardening, which we attribute to the excitation of s electrons. We demonstrate that this may
result in phonon vacuum squeezed states with an optimal squeezing factor of ∼0.001 at the L-point longitudinal
mode. This finding implies that ultrafast laser-induced bond hardening may be used as a tool to manipulate the
quantum state of opaque materials, where, so far, the squeezing of phonons below the zero-point motion has only
been realized in transparent crystals by a different mechanism. On the basis of our finding, we further propose a
method for directly measuring bond hardening.
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I. INTRODUCTION

Vacuum squeezing is a fundamental quantum-mechanical
effect involving a state in which the uncertainty in one of two
conjugate variables drops below that of the vacuum state. It
can be mathematically characterized by a nonpositive Glauber-
Sudarshan P distribution [1] or by a positive squeezing factor
[2]. At finite temperatures, the variance of thermal motions
may also be squeezed, i.e., so-called thermal squeezing [3,4],
which can be described either quantum mechanically or
in the classical approximation, where the most appropriate
description depends on the lattice temperature. Near 0 K,
vacuum squeezing may be induced. In this case, a quantum-
mechanical description is essential. Vacuum squeezing as such
has no classical analog.

Strongly squeezed photons with squeezing factors close
to 1 (Ref. [5]) find applications in the fields of quantum
communication [6] and gravitational wave detection [7,8].
A variety of squeezed states has been proposed for other
bosons, in particular, those associated with atomic vibrations
in quantum dots [9,10], quantum wells [11,12], molecules
[13,14], and polaritons [15,16]. In crystals, the excitation and
measurement of squeezed phonons can be of great importance
for fundamental explorations and for studying the ultrafast
dynamics of excited states on atomic length scales [17,18].
However, this effect is hard to achieve due to the weak coupling
of light with lattice vibrations and relatively strong incoherent
electron-phonon interactions.

In recent decades, it has been shown that in transparent
solids, femtosecond-laser excitation can lead to a vacuum
squeezed phonon state via second-order Raman scattering
[2,19,20]. The same phenomenon has not yet been demon-
strated in opaque materials. Recently, thermally squeezed
states have been observed in bismuth [21] and germanium
[22] opaque crystals, as a consequence of laser-induced
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bond softening. In these systems, the variance of the atomic
displacements increases above that of the vacuum state [21,22].

In the present study, we theoretically explore the possibility
of generating vacuum squeezed longitudinal phonons at differ-
ent points in the Brillouin zone (BZ) of silver (point group Oh),
which is shown in the inset of Fig. 1. In contrast to semimetals,
Ag shows bond hardening after ultrashort-laser excitation
[23] (Sec. II), but its influence (Sec. III) is counteracted
by incoherent electron-phonon coupling (Sec. IV). Here, we
add both effects in order to establish the conditions under
which the bond hardening wins and phonon vacuum squeezing
results (Sec. V).

II. ORIGIN OF BOND HARDENING

Recent theoretical [23] and experimental [24] studies on
noble metals predict a hardening of phonon modes after elec-
tronic excitation on extremely short time scales, i.e., shorter
than the equilibration between the excited electrons and the
lattice, which lasts picoseconds [25]. Figure 1 shows this effect
for the longitudinal L- and X-point phonons in silver. Since the
lattice vibrational frequencies have changed after excitation,
the system no longer evolves in the ground-state potential and
a perturbing potential arises from the atomic displacements.
In particular, the atomic motions along longitudinal phonon
directions cause the overlap of electronic distributions between
neighboring atoms to increase. As a result, the bands broaden
and the electronic density of states (DOS) changes. In order
to quantify these changes, we computed the DOS of silver in
the ground state with and without atomic displacements along
a longitudinal phonon direction [Fig. 2(a)]. In both cases, a
high DOS peak between −6.5 and −2.5 eV below the Fermi
level arising from the 4d electrons is superimposed on a lower
and broader distribution starting at −8 eV belonging to the
half-filled 5s band. Figure 2(b) shows the difference in the DOS
in the central region of the s band. The negative difference in
the DOS indicates that electrons in the 5s band are distributed
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FIG. 1. (Color online) Ab initio computed longitudinal L- and
X-point phonon frequencies in femtosecond-laser excited silver as
a function of the laser-induced electronic temperature. Inset: The
Brillouin zone of silver.

over a wider energy range, away from the Fermi energy, when
the atoms are displaced.

Figure 3 schematically illustrates the phonon potential
energy: Before laser excitation, one observes a parabola whose
second derivative is proportional to the square of the phonon
frequency. After femtosecond-laser excitation, the atoms move
on a laser-excited potential-energy surface, viz., Mermin’s free
energy of the electrons at a constant high electronic tempera-
ture Te. The relationship between the ground-state potential-
energy surface and the laser-excited phonon potential can be
approximately described by a Sommerfeld expansion [26],

U (Te) ≈ U (0) − π2

6
(kBTe)2 DOS(EF ), (1)

FIG. 2. (Color online) (a) Electronic ground-state DOS of silver
without (black dashed line) and with (green solid line) atomic
displacements in the direction of the L-point longitudinal phonon
mode. (b) Difference in DOS around the center of the half-filled 5s

band. Gray vertical lines indicate the Fermi energy.

FIG. 3. (Color online) Schematic illustration of Mermin’s free-
energy change after laser excitation for the phonon mode whose
electronic DOS is shown in Fig. 2.

where kB is Boltzmann’s constant and DOS(EF ) is the
electronic DOS at the Fermi energy. Because of the smaller
electronic DOS at finite displacement, Mermin’s free energy
decreases less with increasing displacement after laser
excitation, leading to a steepening of the potential energy
versus displacement. This is the origin of bond hardening in
noble metals at electronic temperatures Te ∼ 2000–8000 K,
on which our present study is focused. Our result that the
excitation of 5s electrons dominates the phonon hardening
is in agreement with the finding of Ref. [27], where at these
electronic temperatures, the electronic structure of noble
metals resembles the free-electron gas model, where only the
s-band electrons overlap.

At higher Te, a significant amount of d-band electrons is
additionally excited, which—we found—contributes also to
the bond hardening at very high fluences [28]. It is interesting
to note that these two physical mechanisms are both different
from the origin of bond softening and hardening in Mg, which
are related to the appearance of new Van-Hove singularities in
the electronic DOS, when the atoms are displaced [26].

III. COHERENT EFFECT OF BOND HARDENING

In bond-softening materials, for example, semiconductors
and semimetals [29,30], the laser-induced potential is shal-
lower than in the electronic ground state. Therefore, the phonon
wave function, whose width is at sufficiently low lattice
temperature initially equal to the zero-point motion 〈Q2

qλ〉0K
and which is afterwards characterized by the expectation
value 〈Q2

qλ(t)〉, where Qqλ is the normal coordinate of the
phonon with wave vector q and branch index λ, is too
narrow, immediately following the femtosecond-laser pulse,
for the laser-modified potential. So it starts to broaden in
an oscillatory fashion as follows from the time-dependent
Schrödinger equation. After a quarter of a phonon period,
the wave-packet expanse in real space, i.e., its mean-square
width, reaches a maximum and, after half a phonon period,
the wave packet reaches its minimum width, which, however,
is not narrower than the initial state. Therefore, the squeezing
factor

S = 1 −
√√√√

〈
Q2

qλ(t)
〉

〈
Q2

qλ

〉
0K

, (2)
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with respect to the 0 K mean-square width before laser
excitation, 〈Q2

qλ〉0K
= �/2Mωqλ, cannot become positive in

this case, which is, as we have already mentioned above, the
hallmark of phonon vacuum squeezing in real space. In the
above expression, � is Planck’s constant, M is the atomic
mass of silver, and ωqλ is the frequency of a particular phonon
mode. We note that the variance of the conjugate variable of
Qqλ, the phonon momentum Pqλ, which behaves oppositely,
might squeeze below its 0 K width following femtosecond-
laser-induced bond softening.

Noble metals show, as we explained in Sec. II, laser-induced
bond hardening, which is equivalent to a laser-modified
potential that is narrower than the ground-state potential. For
these materials, we shall demonstrate that the wave packet may
initially squeeze in real space with S > 0, depending on the
degree of phonon hardening and the incoherent rate of energy
transfer from the hot electrons to the lattice, which are both
functions of the excitation density.

For studying the possibility of vacuum squeezing in laser-
excited silver, it is necessary to calculate the time-dependent
variance of the coherent laser-induced atomic displace-
ments in the direction of particular phonon modes quantum
mechanically using [21]

〈
Q2

qλ(t)
〉
coh = �M

2

∑
λ′

ωqλ′
∣∣εe†

qλ · εqλ′
∣∣2

×
[(

cos ωe
qλt

ωqλ′

)2

+
(

sin ωe
qλt

ωe
qλ

)2]
, (3)

where ωqλ (ωe
qλ) and εqλ (εe

qλ) are, respectively, phonon
frequencies and eigenvectors in the ground (laser-excited)
state, which we calculated ab initio in the local density ap-
proximation [31] using the full-potential linearized augmented
plane-wave code WIEN2k [32]. The ωqλ were determined
from the second derivatives of the ground-state total energy
computed along the phonon directions shown in the insets of
Fig. 4 and the laser-excited phonon frequencies were obtained
non-self-consistently [26] using

U (Te) ≈ U (0) + �Fband, (4)

where �Fband =�Eband−TeSe, �Eband = Eband(Te)−Eband(0)
is the laser-induced change in the band energy, and Se is
the electronic entropy. Typically, if ωe

qλ > ωqλ, the variance
〈Q2

qλ(t)〉coh will initially decrease after t = 0, which is the time
of the laser excitation. We show our computed time-dependent
variance of the coherent atomic displacements in the directions
of two phonon modes in Fig. 4 (black curves).

IV. INCOHERENT ELECTRON-PHONON COUPLING

In addition to the coherent oscillations of Eq. (3), there
is an incoherent heat transfer from the hot electrons to the
lattice, which we approximated by simulating the evolution
of the lattice and electronic temperatures, Tl and Te, in laser-
excited silver using the coupled equations of the generalized

FIG. 4. (Color online) Normalized time-dependent variance of
the atomic displacements (a) for the L-point (initial laser-
induced Te = 5500 K) and (b) for the X-point (initial laser-induced
Te = 4500 K) longitudinal phonon. The solid black curves show
coherent phonon squeezing and the dashed black curves show in-
coherent lattice heating. The colored curves show the total variances.
Filled symbols indicate the points of greatest squeezing. The shaded
regions show the zero-point motion in the initial states. Insets: The
directions of the atomic displacements in these two phonon modes.

two-temperature model (TTM) [27,33],

Ce

∂Te

∂t
= −G(Te − Tl), (5)

Cl

∂Tl

∂t
= G(Te − Tl), (6)

where Cl(Tl) and Ce(Te) are, respectively, the lattice and
electronic heat capacities and G(Te) is the electron-phonon
coupling factor. Note that Ce and G depend on the electronic
temperature and Cl depends on the lattice temperature.
Equations (5) and (6) consider only the temporal dependencies
Tl(t) and Te(t) and do not include their depth dependence,
effectively describing noble metals in a thin-film geometry (see
Ref. [34]). To solve the equations of the TTM, we computed
the heat capacity of electrons, which we show in Fig. 5, from
the Kohn-Sham eigenenergies. In order to obtain the phonon
heat capacity, we computed the full phonon spectrum by
diagonalizing the dynamical matrix of silver. We constructed
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FIG. 5. (Color online) Computed electron and lattice heat capac-
ities as a function of their respective temperatures. The dashed line
indicates the classical limit of the phonon heat capacity, 3NkB , with
N the density of atoms per m3.

this matrix from the interatomic force constants up to the sixth
nearest neighbors that we obtained by displacing one atom
in a 32-atom supercell by a small distance and by computing
the forces on the other 31 atoms as in Ref. [35]. We used
the electron-phonon coupling data from Lin et al. [27,36].
We found that the lattice heats rather rapidly. For example, a
particular laser excitation heating the electrons to 5500 K (the
excitation density equals 1.00 GJ/m3), whose effect we study
in Fig. 4(a), heats the lattice to 124 K with an average heating
rate of 0.12 K/fs during the first 1 ps, as shown in Fig. 6.

From the so-obtained time-dependent lattice temperature,
we calculated the increase of the variance of phonons with
quantum numbers {q,λ} due to incoherent lattice heating in
the harmonic approximation to be [3]

�
〈
Q2

qλ(t)
〉
incoh = �

2Mωe
qλ

{
coth

[
� ωe

qλ

2kBTl(t)

]
− 1

}
, (7)

as shown in Fig. 4 by the dashed curves. The total variance due
to coherent squeezing and incoherent lattice heating is given

FIG. 6. (Color online) Evolution of electron and lattice tempera-
tures after a laser excitation heating the electrons to 5500 K according
to the generalized TTM. Inset: The indicated region enlarged.

by 〈
Q2

qλ(t)
〉
tot = 〈

Q2
qλ(t)

〉
coh + �

〈
Q2

qλ(t)
〉
incoh. (8)

We note that the lattice heating leads to an increase of the mean-
square atomic displacements counteracting the squeezing
effect. As we will show below, our calculations indicate that
a femtosecond-laser pulse can nevertheless transiently induce
phonon vacuum squeezing.

V. PHONON VACUUM SQUEEZING

In Fig. 4 (colored curves), we show the total time-dependent
variances of the atomic displacements in the directions of
the L- and X- point longitudinal phonon modes immediately
following an intense femtosecond-laser excitation [Eq. (8)]
leading to Te = 5500 and 4500 K, respectively. We see that
immediately after the laser excitation, 〈Q2

qλ(t)〉tot dips below
the zero-point motion (shaded regions in Fig. 4). The lowest
values of 〈Q2

qλ(t)〉tot have been reached in both points 40 fs
after the femtosecond-laser excitation and are denoted by filled
symbols, which are the points with the greatest squeezing
factors.

We repeated our simulations of femtosecond-laser-induced
phonon squeezing for different excitation densities. Our result-
ing dependencies on the laser-induced electronic temperature
of the maximal squeezing factors for silver at the L- and
X-point longitudinal modes are shown in Fig. 7. We find that
the squeezing factors increase with Te up to a certain maximum
value, after which they start to decrease. This decline is caused
by the Te dependencies of the electron-phonon coupling factor,
which is nearly constant up to the temperature of ∼5000 K, and
shows a significant strengthening at higher temperatures (see
Fig. 2(d) in Ref. [27]). As mentioned above, vacuum squeezing
in real space takes place only if S > 0. We found an optimal
squeezing factor of 0.0014 at the L-point longitudinal mode
at Te = 5500 K, which is small but nevertheless three orders
of magnitude greater than the previously reported quantum
squeezing in a transparent KTaO3 crystal [2]. Our results
therefore provide a strong indication that femtosecond-laser

FIG. 7. (Color online) Maximal squeezing factor S of the L-point
(green circles) and X-point (blue squares) longitudinal phonons
for various laser fluences heating the electrons to different initial
temperatures. The maximal squeezing effect reaches its optimum at
laser fluences leading to Te = 5500 and 4500 K, respectively.
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excitation leads to transient phonon squeezing in opaque
bond-hardening materials. From Figs. 4(a) and 4(b), it is clear
that the total variance dips steeper below the zero-point motion
for the L point than for the X point. In agreement, the greatest
hardening occurs at the L point compared to other phonon
wave vectors [35]. In addition to the ultrafast bond hardening,
which is a necessary condition for the achievement of vacuum
squeezing, it is important to realize that squeezing can only
overcome the lattice heating if silver is excited by an ultrafast
pulse clearly shorter than the time scale of phonon squeezing,
i.e., below 40 fs.

VI. DISCUSSION

Previously, ab initio calculations have predicted that hard-
ening of phonon modes in gold due to increased Te results
in an increase of the melting time [24,34], which provides
already strong evidence of bond hardening. The observed
delay in the melting time is small for aluminum, but has
been shown to become large for gold [34]. We expect that
such significant delay in melting should also be observable in
silver. The conclusion that there is bond hardening on the basis
of delayed melting relies, however, on electronic and lattice
heat capacities and on the electron-phonon coupling parameter,
which are calculated functions of the electronic excitation, and
is therefore indirect. In contrast, the time-dependent variance
of the atomic displacement is directly observable from the
time-resolved diffraction intensities through structure factors
using time-dependent Debye-Waller theory [21,34,37]. Recent
progress in time-resolved diffuse x-ray scattering techniques
permits one to explore the nonequilibrium lattice dynamics of
particular phonon modes as well [22,38]. Measuring vacuum
squeezing in real space by means of diffuse background scat-
tering would thus provide direct evidence of bond hardening
because the coherent part of the squeezing [Eq. (3)] depends
only on the laser-modified potential.

We remark that the generalized TTM allowed us to calculate
the temperatures of the electrons and phonons averaged over
all q vectors. However, the coupling strength of electrons
with the lattice varies from point to point in the BZ and it
is impossible to resolve a particular phonon mode using the
TTM. In addition, 40 fs are far too short for reaching thermal
equilibrium among the lattice degrees of freedom [3,38].
Consequently, at some points in the BZ, our approach based
on the generalized TTM is bound to underestimate the effects
of lattice heating, while at other points it may overestimate
�〈Q2

qλ(t)〉incoh. The fact that our results show that phonon
vacuum squeezing can be induced at different points in the BZ
of silver indicates that our conclusions are probably not overly
sensitive to the approximations of the TTM, which provides the
best currently available macroscopic description of incoherent
lattice heating after femtosecond-laser excitation.

Our maximum predicted phonon vacuum squeezing factor
in silver is of the order of 10−3. Provided one could find
materials with greater bond hardening or a smaller electron-
phonon coupling factor, it might be possible to improve this
result by one or two orders of magnitude. Based on their
chemical and physical similarities, we expect that phonon
vacuum squeezing can also be achieved in copper and gold.
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