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We study the charge dynamics of a quantum dot as measured by a nearby quantum point contact probing the dot
via individual single-particle wave packets. We contrast the two limiting cases of weak and strong system-detector
coupling exerting vanishing and strong backaction on the system and analyze the resulting differences in the

charge-charge correlator. Extending the study to multiple projective measurements modeling a continuous strong
measurement, we identify a transition from a charge dynamics dominated by the system’s properties to a universal

dynamics governed by the measurement.
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I. INTRODUCTION

Discussions on quantum measurement [1-3] usually rely
on two fundamental elements, the Born rule [4], telling us
how to extract information from the quantum mechanical
wave function, and the von Neumann [5] projection postulate,
stating that measuring a system observable generates a collapse
of the wave function and telling us how to restart the
system’s unitary evolution after the measurement. A third
most important element is that of the detector’s backaction
on the system which is at the heart of the projection process
when viewed from a microscopic perspective; much effort
has gone into the understanding of the phenomenological
von Neumann projection in terms of a unitary evolution of
the entangled system-detector dynamics. Here, we take a
step back and study the charge dynamics, specifically the
charge-charge correlator, of a quantum dot (QD) as measured
by a quantum point contact (QPC) in order to understand the
impact of the detector’s backaction on the time evolution of
the correlator. We study the impact of the backaction in two
limiting cases: (i) a weak detector-system coupling which we
treat perturbatively describing the limit of no backaction and
(i1) an intermediate/strong system-detector coupling which we
describe by a von Neumann projection accounting for the limit
of strong backaction. We determine the physically measureable
correlators and quantitatively analyze their difference for the
case of a quantum dot with a single resonant level.

Understanding quantum measurement as the bridge be-
tween the quantum and our classical work is a fascinating
and broad topic, ranging from fundamental aspects of the
measurement problem [6-9] to such practical issues as opti-
mizing the information gain at minimal system invasion [10].
Much effort has gone into the microscopic understand-
ing of the measurement process and its interrelation with
backaction, treating quantum averaged evolutions [11-16],
selective system dynamics [17,18], and correlated weak-strong
measurements in the form of weak values [19-24]. Quantum
dots in transport [11,12,24-26], isolated double quantum
dots [15-18,20,21], and quantum point contacts [27-30] have
played a central role in analyzing quantum measurement
within the realm of mesoscopic physics.

In the present study, we focus on the charge dynamics of a
quantum dot (or a localized region of a mesoscopic scatterer
in more general terms) as measured by a nearby QPC detector
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and determine the time evolution of the average charge and the
charge-charge correlator for different strengths of the system-
detector coupling. Thereby we keep in mind a measurement
with single-particle wave packets [31,32] incident on the detec-
tor at times #; and #, with their reflection/transmission through
the QPC providing information on the charge state of the quan-
tum dot at the two time instances. Our analysis provides us with
two central results: on a technical level, we find that the strong
projective measurement can be expressed through a projected
charge O (t|ty), the charge at time 1 after a previous projection
at time #y, for which we find a compact expression in terms
of the system’s scattering matrix. On a physical level, we find
that, in spite of the strongly different backaction induced by
the first measurement, the two correlators for weak and strong
measurements come out qualitatively similar, although quan-
titative differences remain, of course; the latter are specifically
discussed for the single-resonance level model. Furthermore,
we attempt to model the case of a finite constant voltage V
applied to the QPC detector by considering a sequence of wave
packets incident on the QPC, leading to repeated projections
which we describe via the projection postulate. Increasing
the rate of projections, we identify a transition from a regime
where the dynamics of the system is dominated by the system’s
characteristics to a regime where the dynamics is universal and
uniquely determined by the measurement.

The paper is organized as follows: In Sec. I we introduce
the model describing our mesoscopic conductor and discuss
the different regimes of projective (intermediate/strong cou-
pling) and weak measurements, identifying the measurable
charge-charge correlator in each of these regimes. In Sec. III,
the two charge-charge correlators are calculated for arbitrary
scatterers and their difference is discussed quantitatively for
the case of a single-level quantum dot. In Sec. IV, the
discussion is extended to the case of repeated projective
measurements. In order to understand the universal behavior
found for fast repeated measurements, we consider the model
of a fluctuating quantum dot level. A summary and conclusions
are given in Sec. V.

II. FORMALISM

We consider a mesoscopic conductor with a central
scattering region (e.g., a quantum dot), described through
its single-particle scattering matrix S; (see Ref. [33] for
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FIG. 1. The system of interest with the central region D holding
the charge O (here a quantum dot) capacitively coupled to the central
region M of the measurement system. The current I v in the detector
serves as a readout for the charge Q in the region D.

a review on the scattering matrix approach to mesoscopic
transport). Here, we are interested in the dynamics of the
charge Q(¢) (measured in units of electronic charge ¢) in the
scattering region and its modifications when it is subjected to
a (strong) measurement. In order to measure this dynamics
and specifically the associated charge-charge correlator, the
scattering region is capacitively coupled to the quantum point
contact (QPC) of a detector system; see Fig. 1. The charge
dynamics Q(t) of the system and the current /,(¢) through
the detector then mutually influence one another and we have
to analyze the measurement process in order to identify the
measurable charge-charge correlator.

A. The model system

We consider a one-dimensional noninteracting system
consisting of two half-infinite leads connected through a
central region D = [—d /2,d /2] where particles are scattered
by the single-particle potential V. The latter is characterized
by the single-particle scattering matrix

S, — (VLk t ) )
Iy TRk

We make use of the Lippmann-Schwinger scattering states
|@ak) satisfying (I-Alkin + V) |@ak) = € l@ar) With the kinetic
part of the Hamiltonian I:Ikin, the wave vector k > 0, and a =
L /R describing a scattering state incoming from the left/right.
We linearize the spectrum around the Fermi energy ¢;; i.e.,
€, = € + hvg(k — k). The asymptotics |x| — oo of the (LS)
scattering states is described by the scattering amplitudes; i.e.,

Pk ~ O(=x)(e™ + rpe™™) + O(0)HRe™,
‘ ‘ A 2
Pri ~ O(—x)tre ™ + O(x)(e ™ + rrpe’™).

Spin is trivially accounted for in our noninteracting system
and hence we restrict ourselves to spinless particles.

As shown in Refs. [29] and [34], the operator Q describing
the charge in the central region D (in units of the electronic
charge e) can be expressed through creation (annihilation) op-
erators 62,( (¢,;) of the above Lippmann-Schwinger scattering
states via

A dk' [ dk
JOEDY f o f o Awke Oy )

=" Awaili,, )
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with the notation & = (a,k) and Y, =Y, [(dk/2m). The
matrix elements ~Ao/,o[(t) = [Ap k(t)]y.q are related to the
scattering matrix S; = Sye’*?,

< &
Ap i (t) = _imei(k’—k)(vpu-d/z) )

, T ’
with Ay x(t) = —i S,ﬁakSk and where we have dropped terms

of order O(1/k;). The matrix A is equivalent to the density
of states matrix expression introduced in Ref. [35] and was
used in Ref. [34] to express the interaction kernel through
the scattering states in a discussion of interacting electron
transport; here, it is used to express the charge through the
scattering states, see Eq. (4), and to obtain simple and compact
expressions for the projected charge, see Egs. (23) and (27).
With regard to the latter, we note that the matrix A possesses
the useful projector property

d
/ P Ak DA ) = A1), ©)

a consequence of the projector property Q(1)Q(t) = Q(r) of
the charge operator restricted to the single-particle Hilbert
space; the latter is easily checked by acting (twice) with
the charge operator Q(t) = Pp(t) = fD dx ¥T(x,0)y(x,1) on
a single-particle state |W;) [here, ﬁp(t) denotes the real-
space projector on the region D]. The transport through D
is implemented by connecting the two semi-infinite leads
to two reservoirs at chemical potential p; and pgr with
mr/r = € £ eV /2 as described by the steady-state density
matrix Q.

Within this model, we are able to describe local properties
of the system, specifically the charge dynamics in the region
D, through the single-particle scattering matrix S; which is an
asymptotic property of the system. Note that interactions are
limited to the system-detector coupling; i.e., we are consid-
ering a noninteracting system. Interactions within the system
could be taken into account within perturbation theory [34].

B. The detector

In order to measure the system charge O we make use
of a capacitively coupled QPC detector [27]. The latter is
characterized by a steplike transmission characteristic, see
Fig. 2, with a width AT related to the tunneling time ty, ~ 1/ T

A

of particles traversing the constriction. The coupling Heoupt =
E.O O between the system charge 0 and the charge O m
in the QPC region M of the detector will shift the location
of the transmission step and the detector current will provide
information about the system, while at the same time cause an
unavoidable backaction.

To fix ideas, we restrict the discussion to a single-level
quantum dot (QD) with two charge states |0) and [1) and
focus on the limit where each detector electron probes the dot
individually, requiring that the tunneling time #,, ~ 1/T" be
small compared to the typical separation between detector
electrons (alternatively, we can consider a weakly driven
detector with bias voltage eV < AT such that the typical time
separation ty ~ h/eV > ty, between electrons is large). In
order for the detector to measure the system it should be
fast, fun < feys, Where Iy is a typical system time scale. In
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FIG. 2. (a) The QPC transmission changes from 0 to 1 within
a width Al. In the case of strong coupling E. > hl', the change
of transmission between 7Ty (empty dot) and 7};, (filled dot) can
be tuned to about unity (see black dots). (b) For weak coupling,
E. « hT, the change of transmission (see black dots) is small; i.e.,
AT ~ Ec/hT < 1.

this situation, the system is in a fixed charge state during the
tunneling of a detector electron. If the QD is empty (state |0)),
the electron is transmitted with probability Tjoy ~ T (e;), while
for a filled QD (state | 1)), the transmission probability is 7};y A
T (e; — E¢). We then identify two measurement regimes: (i) a
strong-coupling regime with E. > hI', see Fig. 2(a), where we
can choose a working point such that Tjpy ~ 1 and Tj;, ~ 0,
and (ii) a weak-coupling regime E. < hI, see Fig. 2(b), where
the change in transmission AT = Typy — T}y &~ E./hl’ < 1is
small.

C. Projective measurement

For strong coupling, E. > hI', the charge states of the dot
and the state of one single QPC electron after scattering [i.e.,
transmitted (|t)) or reflected (|r))] become fully entangled,
«|0) ® |t) + B]1) ® |r). The detection of this electron leads
to the “collapse” of the dot state and fully determines the
charge, such that the measurement with even a single QPC
electron is a strong one, able to acquire the full information;
the concomitant projection of the dot state corresponds to the
strongest possible backaction of the detector on the system.
Hence, in order to measure the charge Q(t) at time r at
strong coupling E. > hI', one single electron [31,32] is sent
towards the QPC to arrive there at time 7. The detection of the
transmitted electron determines the charge state of region D
and projects the system to the corresponding state. Repeating
this measurement (after the system has equilibrated) allows
one to determine the average charge Q. Similarly, in order to
measure the charge-charge correlator, the dot charge has to be
measured at times #; and #, and the measurement has to be
repeated after equilibration at fixed time delay A = #, — ¢ in
order to find the average charge-charge correlator for times ¢
and t,.

In order to describe this correlator theoretically, we describe
the measurement using the projection postulate [5]: the
measurement of the charge operator Q at ¢ projects the system
onto a state with an integer number of charges in the central
region D which we account for by the operator

2w

. dh 510

Py(t) = f - eHeO=N (7)
0 T
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projecting the state of the system at time ¢ onto a state with N
charges in the central region D. While the system’s state for
times ¢’ < t is described by the steady-state density matrix gy,
the charge measurement at time ¢ projects the density matrix
onto well-defined charge states which are expressed through
the operator ﬁN as Y Py 1) po 13N (t). Then the projected
charge-charge correlator at times #; and #, > ¢, is given by

Soott) = Y Tr(Q() Ot Py(t)po Py (1)), (8)
N

where the collapse of the state at time #; is accounted for by
the projection operators Py (r,) while the measurement at time
t, does not affect the result. Making use of the cyclic property
of the trace and [Q(tl),f’N(tl)] = 0, we obtain the projected
correlator

Spoltat) = (O (1lt) Q1)) ©9)

with (O) = Tr{O0 po} and the operator 0% () describing the
charge in the central region at time #, provided that the state
of the system was projected at time #; < f;,

0" (nlt) =Y Pu(t)Q(t2) Py(1). (10)
N

Equation (9) corresponds to the measurable charge-charge
correlator in the regime of strong, projective measurements.
Taking into account the spin degree of freedom, Eq. (9) remains
unchanged with Q(#;) = Q(f1) + O4(#;) and OFf(t|t) =
Qf (t2]t) + Qf (t2|t1); furthermore, the up- and down-spin
components of charge are uncorrelated.

At intermediate coupling E. < hI" the scattering of one
single electron becomes a probabilistic process (with finite
transmission and reflection probability for both charge states)
such that one electron alone does not provide the information
on the dot’s state and many electrons are required to probe the
dot. The full information about the dot state is acquired after the
passage of N electrons when the measured transmitted charge
Qu(N) through the QPC can be attributed to a particular dot
state; i.e., the difference Qlﬁ»(N) — 'Lr”(N) = AT N has to
be larger than the standard deviation o of the probabilistic
process of charge transmission. At small temperatures, the
latter is determined by the charge partitioning noise, i.e., 0> =
T(1 — T) N, such that the required number of probe electrons

is [11,12,15,16]
T\ >
N~(Z)ra-m. a1

C

For the case where a finite voltage V is applied across the
QPC detector, we obtain the measurement time ¢, ~ Nty with
ty = h/eV the voltage time. For small temperatures k, T < eV
the partitioning noise dominates over the thermal noise.

Next, we have to account for the time scale f,, of the
dot. For tys < tgys, the state of the dot can be determined
by probing the dot for some measurement time larger than
Ims; such a measurement is strong and projective. On the other
hand, the measurement is generically weak if #,s > #sys and we
have to find an alternative procedure to find the information on
the dot’s charge state; we will discuss this weak-measurement
regime in the next section.
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The discussion in this section has been limited to the
case of a single-level quantum dot; however, the extension
to the case of a more complex system with more charge
states is straightforward. While in such a situation it is not
possible to resolve all charge states by one electron alone, a
projective measurement involving many electrons or a weak
measurement as described below are still possible.

D. Weak-coupling, weak-measurement regime

At generically weak coupling E. < AT (such that #p,6>f5ys),
the system cannot be measured during the system time £y, and
we need an alternative measurement scheme. The capacitive
coupling between the system and the detector still affects
the detector current /4 and thus can be used to learn about
the system’s charge dynamics Q(¢). The detector current is
given by the expectation value (I /{fl (x,t)) = Tr{l /{fl (x,1) Psa},
where [ /{ft (x,t) is the current operator in the Heisenberg
representation and fgyq is the steady-state density matrix of the
combined system-detector setup, fsg = O ® ,66”. For a weak
system-detector coupling, we can calculate the modulation in
the detector current perturbatively [29,36-38]; to lowest order
in the coupling strength E.. the result is

(Tn(x,1))

+ 2§C/ d‘l,'ISM(.Xl )(0(1)),
- (12)

(I xe,n) ~

where [ m(x,t) is the current operator in the interaction
representation (i.e., with respect to the coupling Hamiltonian)
and (O) = Tr{O py}. In the expression above, IS,%(x,t; 7)

J

RSP (xastas Xp.15) =
ApB
~ EC EC

+O(ta — T)O(T4 — T)I ST (x 4143 TORSTp(X5,15; TB)L S,
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is the imaginary part of the correlator between the detec-
tor current £y(x,t) and the detector charge 0 m(T); Le.,
IS}Z(XJ;T) =i ([ pm(x,0), Qm(D)]) /2 with (O10,)) =
(0,0,) — (0)(O,). The quantity IS o(x,1;T) is a response
function of the measurement apparatus ./\/1 and hence a pure
detector property, independent of the system. A good detector
is much faster than the dynamics of the system of interest,
i.e., fun <K gy, such that the charge (O(1)) can be treated as
slowly varying on the time scale of the detector. The response
function Z§ I/\é then is effectively given by the zero-frequency
response function, i.e., ZS;4(x.t;7) = IS}E ,_o8lr — (1 —
X /vg)], such that

oy . 2Ec _ A

(e, 0) = (Tu(x) + TIS,Q@:O(QU —x/vp). (13)
This relation allows one to determine the time-averaged charge
expectation value Q from an experimentally measured time
trace of In(x,t) by calculating the time-averaged current
T =(1/T) [ dt In(x,1).

Next, we derive an expression for the charge correla-
tor at times f; and #, in the weak-coupling regime. We
consider two detectors [38] A and B capacitively cou-
pled to the system; i.e., Heoup = EAQ 40 + EBQ50. The
correlation between the two detectors arises due to the
coupling between the two detectors via the system charge.
The measurable time-domain correlator of the detector is
the irreducible symmetrized current-current correlator [39]
(TH xcpt)If (xp,tp) + TH (xp,t5) [ (x4,£.4)))/2 (in contrast
to a measurement in the frequency domain, where a nonsym-
metrized correlator is measured at positive frequencies [40—
42]). The above symmetrized detector correlator is related to
the charge-charge correlator of the dot via

(T ceat DI (xpotp) + T (e, t9) I (xa.10))) /2

// dtadts(O(t4 — TA)Os — TB)LS;t(Xast43 TAL Sy (X5.18; TBYR S o (T4, T5)
—00

0(TA,T8)

— 05 — 8)0(18 — TARS] o (X 4,14 T ST (5,185 TR S G (T4, T8)),  (14)

as follows from a perturbative analysis in the lowest order of
the couplings. In the above expression,

RS}t 1) = ({Imx,0), O m(I)/2, (15)
I8]5@.t:1) = —i ([0, Om@IN/2  (16)

are the real and imaginary parts of the current-charge
correlator in the detectors M = .4 or B representing
pure detector response functions. On the other hand,

RSo(ta:75) = ({O(). 0e)})/2 and ISE(ra,ts) =
—i (([Q(‘L’A), Q(‘L’B) ) /2 are the real (symmetrized) and imagi-
nary (antisymmetrized) parts of the irreducible charge-charge
correlator of the scattering region D which we are interested
in. Again, for good, i.e., fast fy, < fgys, detectors, the system
quantities S, and RS, are slowly varying on the time
scales of the detectors and the response functions effectively

(

are given by the zero-frequency response functions 7 S%,mo
and RS,/VQI’w:O. For the QPC detector with a symmetric scat-
tering potential, the real part of the zero-frequency response
vanishes [29,30], i.e., RS%,wzo =0, and we arrive at the
simple relation [38]

Rs}jls(xAvtAa XB’IB)
EA B

hZ

with &y = taq — |xm|/ve for M = A,B. Hence, for weak
coupling and good (i.e., fast) detectors, the measureable quan-
tity is the symmetrized irreducible correlator RS (E 1,EB) =

{OEL, OER) /2 which depends only on the time dif-
ference A& = &4 — &g. Analyzing the measurement with a
single detector M, we find that the relation between the

ISIQw OISIQw oRS 06a.6p) (17)
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current-current and charge-charge correlators is of the form
[36,37]

irr,0
SIM Im

RS 1, (t2s11) ~ (t2,11)

(TS o1 RS — 1) (18)

with RS}';(,)M (f2,11) describing the intrinsic current fluctuations

of the detector current giving rise to a reduced signal-to-noise
ratio.

Finally, the measurable reducible charge-charge correlator
that can be compared to the projected charge correlator Eq. (9)
is given by

RSgo(ts — 1) = (0) + RSyt — 1)
= ({0(12), O(11)}) /2. (19)

As for strong coupling, spin can be taken into account by
considering the full charge operator Q = Q4 + Q inEq. (19)
and accounting for the statistical independence of Q¢ and O i

III. CHARGE-CHARGE CORRELATORS

A. Symmetrized charge-charge correlator

The measurable quantity at weak coupling is the sym-
metrized charge-charge correlator RSgo(f2,t1). Making use
of Eq. (3) expressing the charge O(¢) in region D through the
matrix Ay x(¢) and the density matrix gy we obtain the result

2
1
RSgo(ta,11) = (Z Aa,ana) 5 2 Aap()Apaln)
o a,f

X [na(1 —ng) +npg(l —ng)l, (20)

with the occupation numbers n, = ng = f(€p — 1,). Below,
we will compare this correlator to the projected charge-charge
correlator Sg o(ta,11).

B. Projected charge-charge correlator

Starting from the expression (9) for the projected charge-
charge correlator, we make use of the Poisson formula
Yoy €PN =3 278 — A 4 2 M) to rewrite the pro-
jected charge in the form

A AN o A~ 20
QP(t2|t1)=/ Ee*IAQ(II)Q(IZ)eleUl). (21)
0

Using the projector property of A, see Eq. (6), we find for the
commutators [we adopt the notation in Eq. (4)]

D" Ag (i)l e 00,
,V/
(22)

[ zAQ(Il) A]L ] _ (e*l)\.

[6,,e* 0] = ¢M0(git _

DY 8,A,4n),
14

and carrying out the integration in (21) over A, the projected
charge operator can be written as

O (nln) =Y AL ()il é,.

oo

(23)
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The matrix A,f,ﬁ . associated with the projected charge assumes
the form (in lead space)

k’ k(t2|tl) - //
+Ak’,p’(tl)Ap/,p(t2)1;p,k(t1)]
with the matrix Ay ,(#) given by Eq. (5) and Ay (1) =

2m8(k — p)1 — Ay ,(¢). Finally, the projected reducible
charge-charge correlator S SQ can be expressed in the form

SIQ’Q(tle) = ZAﬁ,a(tzltl)na ZAﬁ,ﬁ(fl)nﬁ
o B

[Ak’ P (tl)Ap p(tZ)Ap k(tl)

(24)

1 P
+5 Zﬁ AL s(]11)Ap o (11)

X [no(1 = ng) +np(l — na)l, (25)

where the first contribution corresponds to the product
(OF (|t))(O(11)). The comparison with the symmetrized
correlator RSp(t2,t1) found in Eq. (20) reveals quite some
similarities, with one of the matrices Ay ; to be replaced by
its projected version A,f,.k. Further below, we will analyze
this correlator and compare it to the symmetrized correlator
RSQQ(Ig,ll).

Before doing so, we show that the projected charge matrix
elements in Eq. (24) can be simplified considerably. To this
end, we derive a generalized version of Eq. (6) which involves
different times ¢ and s,

d d
f ﬁAk,,,(r)A,,,q(sh Os — 1) f %Hk.pa)Ap,q(s)

d
1O —s) / ﬁAk,p(r)np,q(s),
(26)

with the matrix elements Iy (1) = —ie!k=PrHd/2)
(k — p —1i8) and ©(¢) the Heaviside function. Combining
Egs. (24) and (26) we obtain the projected charge matrix

dp’
AL (nalt) = / / P dp S (DA ()T 1 (01)

+ (1A, (0T, k(1)1

where 1=Ik,,,(t) = 2n8(k — p) — I p(t). Note the consider-
able simplification of this expression as compared to the orig-
inal formula (24), where the structure of the region D encoded
in the matrix elements Ay ; through the scattering matrices

27

S}; and S, appeared three times, while now only one matrix
A, , remains. The result Egs. (23) with (27) for the projected
charge operator is the main technical result of this paper.

The generalized projector property Eq. (26) is related
to the projector property of the charge operator O = Pp
restricted to the single-particle Hilbert space. Expressing
the field operators in / dx II}T()C)l/AI()C) = 1 (restricted to the
single-particle Hilbert space) through the scattering states, we
can express Pp through the projectors onto the incoming and
outgoing parts of the scattering states,

Pr(t) = 1 — Pun(t) — Poult), (28)
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where P,(r) = f dx lﬂj(x,t)lﬁv (x,#) with v = in/out. Here,
we have used that p(@a|®sg)injous = 0 and have neglected the
small overlaps in (@ak|9sg)out = O(1/ k). Multiplying Eq. (28)
by ﬁp(s) with s > ¢, we obtain the relation

Pr(s)Po(t) = Pp(s)[1 — P, (29)

where we could drop the term Pp(s)Poult) since the out-
coming component of a scattered particle cannot contribute to
the charge on the dot at a later time. Expressing Pp through
the charge matrix A ,, see Eq. (5), and using 1 — Pinlt) =
ff(dk/27t)(dp/ZJT)Hk,p(t)é,ié,, with matrix elements ITy ,
given above, we straightforwardly arrive at Eq. (26). Choosing
s < t, we multiply Eq. (28) by Pp(s) from the right.

The two correlators RSpo(t2,t1) and Sg o(t2,11) are for-
mally different; see Eqgs. (20) and (25). This implies that in
the two limiting measurements, a different charge dynamics is
detected due to the different backaction of the measurement
onto the system. To study the difference between these two
correlators beyond a formal level, we focus on the specific
example of a single-level quantum dot (modeled by the single
resonance level model [34]) and investigate the differences
between RSgo(t2,t1) and SgQ(tz,ll) quantitatively. In the end,
we will draw some conclusions from this analysis for the
general situation.

C. Single resonance level model

We model a single-level quantum dot scatterer by a
single resonance level with a wave vector ks defining its
energy €ps = € + hup(kes — k¢), @ width y (in k space),
and a parameter n € [—1,1] describing the asymmetry in the
coupling to the two leads [34]. The unprojected charge matrix
elements in Eq. (5) assume the simple form

A ak(t) = aga, [¢p ) ()] (30)

withay g = £i/TF nand ¢ (t) = /¥ /(6k +iy) x g iokvet
where 6k = k — k. Alternatively, the charge operator can
be expressed as Q = did with d =Y, [(dk/27)a,ilur,
where the operator d' creates a charge on the resonance level.
This model describes a single spin-degenerate dot level in
the noninteracting case with the spin trivially accounted for as
noted above; alternatively, the model applies to the case of a dot
with strong Coulomb interaction where at most one electron
is present on the dot. In the following, we restrict ourselves to
the discussion of the equilibrium case at zero temperature,
ie., up = ug and T = 0 (more precisely, we require that
ks T < max[|€es — €:|,hvpy]). Equation (4) combined with
Eq. (30) then provide us with the equilibrium (steady-state)
charge

SKE
0= (00) = Y Auana = [ S0 1)

oo T SKZHT]

which is the measured dot occupation both for a strong
and a weak system-detector coupling [we introduced the
dimensionless relative wave vector 6k = (k — kes)/ ¥ 1.

(a) Projected charge. First, we determine the expectation
value of the projected charge operator O (¢]0); see Eq. (23).
The measurement of this quantity involves two charge projec-
tions at times t = 0 and later at r > 0, where the outcome of
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the first measurement is disregarded. For the single resonance
level, the projected charge matrix element Eq. (27) is given by

ALy alt)) = ala, {7 @lm)é] (0ln)
+ [¢5:(12) — " (12|t ][ by (12) — B (1a2]1)]}
(32)
with the projected amplitude @/ (t2]t1) = ¢, (1) x e~ V=),

The expectation value of the projected charge operator then

takes the form
_ e—t|2
>, (33)

(0P (110)) = /‘S”F d(8/<)< e
oo T\ k241 Sk2+1

|ei8Kr

where we have introduced the dimensionless time T = vyt.

The time dependence of (0P (t]0)) for different positions
of the resonance with respect to the Fermi level is plotted in
Fig. 3. The data are (particle-hole) symmetric with respect to
the resonance’s position relative to the Fermi level, with the
average projected charges below the Fermi level (6 > 0) and
symmetrically above (—dk;) related via

(0P (t10) s, = 1 — (O (110)) _s¢.- (34)

This symmetry enforces the projected charge to be equal to
the equilibrium value for the resonance aligned with the Fermi

/\—/(SKF =5

/\—/(5,%1: =0

[~ ——0ke = =5

(b) 1 T T T T

051 - .
S =@y
(WL QU)W )
/ | __I <‘I’3mj‘|Q(t)\\PIij>
O 1 2 3 _ 4 5

FIG. 3. (a) Charge expectation value QF(¢|0) for iy = £5,
Skp = £2, 8k = 1, Sk = 0.5, and S« = 0. (b) Escape dynamics
of the projected electron [hole] out of the dot described by
(W), O] (dotted) [(W,|Q0)|W,;) (dashed)] resulting in
the total projected charge dynamics (OP(¢10)) (full line) for Sxy = 1.
(c) Sketch of two possible outcomes |\Il;mj) and |\I/3mj> of the charge
projection at t = 0.
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level, (OF(t]0))s5—0 = 1/2 at 8k, = 0; see Fig. 3(a). Away
from the Fermi level, the average projected charge attime ¢t > 0
is suppressed in magnitude with respect to its equilibrium value
(OF(r = 0]0)) = Q and returns back as t — oo with a typical
equilibration time feq ~ 1/ Vg|ke|.

Consider, for example, a situation where the resonance is
located below the Fermi level (6« > 0). In this situation, it is
more likely to observe an electron on the dot and thus one has
Q > 1/2 in this regime. Surprisingly, the second projective
measurement at 0 < 1 < f.q gives an average charge which is
smaller than its equilibrium value (and correspondingly for
3k < 0). In order to understand the relaxation dynamics of
(OF(2)0)) it is instructive to analyze the evolution of the entire
many-particle state right after the first projection. Consider
again the situation where the resonance level is placed below
the Fermi level. After the first projection, the dot is either
occupied or empty; i.e., for zero temperature the state of the
system is given by

PN|\I’eq>
pI‘OJ) ~ ’
("Ijeq|PN|"IJeq)

where the equilibrium state |Weq) corresponds to a filled Fermi
sea [see Fig. 3(c)]. Making use of the projectors Py = dd' and
= d'd one can see that for both measurement outcomes

= 0, 1 the projection creates a single electron-hole pair in the
system. The hole then screens the excess charge on the dot and
gives rise to a Friedel-type oscillation of the charge distribution
around the dot due to the sharp Fermi edge at zero temperature.
Assume the first measurement results in an outcome N = 1
increasing the charge value on the dot above the equilibrium
value. Since the projection is local, the accompanying hole is
also created near the dot. During the subsequent evolution the
charge in the dot can equilibrate in two ways: (1) the electron in
the dot can tunnel out above the Fermi sea, or (2) it can tunnel
out below the Fermi sea and fill the hole state. The appearance
of the second relaxation channel enhances the electron escape
rate that gives rise to the reduction of the average charge
value below the equilibrium level; see Fig. 3(b). The same
picture holds for the state |lIJl?mj) with the excess hole in the
dot compensated by an excess electron screening the charge
outside the dot. Finally, the projected charge expectation
value (OF(¢|0)) is a weighted average of the two processes
corresponding to the two alternatives N = 0,1 of the first

|w N =01,

projection, (0 (1]0)) = (O)(W) ;| Q)W) + (1 — (0))
<w§roj|Q(r)|\y§m> see Fig. 3(b).

The creation of the electron hole-pair due to the projection
of the charge provides energy to the system. The average
energy of the excited electron-hole pair is given by €, =

S §{H Py poPy) — (H po),
(ek - eq)

©dk (' dgq
€ph =2 2 2 2
ke oo T [8KZ+y21[8¢% + ¥

This integral is divergent for the linear dispersion €; = €, +
hvp(k — ki) (the same is true for the quadratic dispersion as
well [withg > 0inEq. (35)]), a consequence of the description
of the projection as an instantaneous process. In an experi-
mental realization the measurement involves a finite time and
provides a finite amount of energy to the system; hence the

(35)

PHYSICAL REVIEW B 90, 075312 (2014)

particle-hole pair involves a finite energy. For example, for
the case of single-electron projection with a strong Coulomb
coupling E. > hI' the measurement time is given by the
tunneling time #,,, ~ 1/T" and the energy exchange between
the system and the detector is limited by E.; on the other
hand, the measurement process should provide the energy for
a “reasonable” electron-hole pair (defining one electron or
hole in the dot) given by €,;, ~ |€; — €rs|. For a resonance
overlapping with the Fermi level |e; — €.5| < hvzy and a fast
measurement with fy, < fys ~ 1/v:y the Coulomb energy
exceeds the electron-hole energy as E. > hI' > hvey ~ €.
In the case of a multielectron projection with E. < hI', each
individual QPC electron provides a small amount of energy
~FE. exciting the system to a virtual state and the overall
process creates the resulting electron-hole pair in a way similar
to the ionization via multiphoton absorption [43].

(b) Charge-charge correlator. When discussing the charge-
charge correlator, it is convenient to subtract the asymp-
totic value (Q)? = Q2 and define A(RSpg0) =RSpo — Q2
(which corresponds to the irreducible correlator) and AS5 00 =

Sg 0~ Q?. For a single resonance level, the correlator
A(RS(g) as given by Eq. (20) takes the form

8ke J(8k) cos(8k T)
T k241

A(RSgo)t = t/yve,0) = e_t/

2

/(SKF d(SK) eté/cr
7 Skr+1

(36)

On the other hand, the projected correlator AS 5 o follows from
Eq. (25) and reads

SKg d(8K) etékr 2

T Sk241

(37

ASSy(1,0) = Qe — U

with the equilibrium charge expectation value Q given in
Eq. (31). Due to particle-hole symmetry, both correlators
Egs. (36) and (37) remain unchanged when replacing §« —
—4&ky. Furthermore, the difference between the two correlators
is given by the first terms and vanishes as ék; — +oo (filled
and empty dot, unaltered by the projection) as well as at the
particle-hole symmetric point at half filling, é«; = 0.
Analyzing the time dependence of the two correlators,
see Figs. 4(a)-4(d), we observe that both correlators become
negative at t ~ 1/yve|dk;| (cutoff at r ~ 1/yv: as |8k| drops
below unity) indicating the anticorrelation in the system:
detecting a particular charge value on the dot at r = 0, the
observed charge state of the dot after the tunneling time is
more likely to be inverse. At large times both correlators
show a weak oscillating behavior approaching ARSpo(t —
00,0) = AS{,(t = 00,0) > 0 and the full charge-charge
correlator assumes its asymptotic value Q2. Comparing the
two correlators with one another, we identify two regimes: (1)
For 8k < 1, the system is close to the particle-hole symmetric
point and the time-dependence of the two correlators is
qualitatively the same with only a small quantitative difference.
(2) When the Fermi level is away from the resonance level, the
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0.2 (a) 6krp =0 (b) dkr = 0.2 0.2

N\ |\ o

0 S 0

'0'10 1 2 3 4 50 1 2 3 4 5'0'1

0.2 (c) drr =1
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-0.1 :
0 1 2 _3 4 -

o
o
—
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FIG. 4. The correlators ARSpo(¢,0) (dashed line) and
AS S 0(,0) (full line) as a function of the dimensionless time
T = y vt for different values of the dimensionless resonance position
Skg = (kg — kees)/y . While the two correlators are similar for small
Sk [see (a) dkr = 0 and (b) Sk = 0.2], for larger S«g, the difference
between the two correlators is more pronounced [(c) dkz = 1 and
(d) 6«kr = 2]. The absolute value of the correlators decreases for
increasing 8« such that in the limit §xz — 0o both correlators vanish.

two correlators deviate considerably as the projection enhances
the nonequilibrium behavior of the charge at later times.
Indeed, the projected correlator shows a larger anticorrelation
and more pronounced oscillations than the symmetric one;
see Fig. 5.

The following general conclusions can be drawn from the
above results: If the region D is in a well-defined charge state,
the two correlators are identical as the projection due to the
first charge measurement does not alter the state. For small
deviations from a well-defined charge state, the difference
between the two correlators remains small. The same is true
for a system with particle-hole symmetry, as discussed for
the half-filled dot above. If the system is in a superposition
of different charge states with similar weights (but away
from a particle-hole symmetric point), the projection has a
pronounced impact on the measurement outcome and the two
correlators RSp(t,0) and S QPQ(I,O) can deviate considerably

-0.05 t

- AREQQJHH! b
- ASQQ,min

-0.10 : s :
0 6 8 10

FIG. 5. The minima of ARSg min = min, RASQQ(t,O) (dashed
line) and ASp, ., = min; ASpp(z,0) (full line) as a function
of the dimensionless resonance position dkg = (kg — kres)/y. The
anticorrelation dip is much more pronounced for the projected
correlator.
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with specific details depending on the scattering matrix of the
system.

IV. EFFECT OF MULTIPLE PROJECTIVE
MEASUREMENTS

So far, we have discussed two regimes of measuring
the time-resolved charge-charge correlator: (i) by projections
(strong measurements) at times #; and f,, or (ii) by a weak
measurement where the charge-charge correlator is obtained
from a deconvolution of the detector current-current correlator
and the detector response function. While in the latter case the
detector current may be applied continuously, for the strong
measurement it is crucial to measure the charge at two times
in a strong manner and allow for an unperturbed evolution
in between. Let us compare these two regimes to a typical
experimental situation [26]: In these experiments, a fixed
voltage V is applied at the detector which thus is constantly
monitoring the charge of the system; at the same time, the
clear steps visible in the detector-current traces indicate a
strong measurement. Given the constant monitoring of the dot
charge, the system is always perturbed. Furthermore, while
our analysis above assumes a fully coherent evolution of the
system, the coupling to the environment leads to a further
decoherence beyond the one introduced by the measurement.
Our model of a projective measurement of the charge-charge
correlator S 5 Q(tz,tl) with an initial projection at time #; and
a final projection at time #, is inappropriate to describe these
measurements.

In the following, we formulate the continuous strong
measurement discussed above and derive the appropriate
charge-charge correlator. Following the general spirit of the
paper, we model the continuous strong measurement by
repeated projective measurements of the system. We introduce
the formalism of multiple projective measurements and present
the results for the multiple projected charge expectation value
as well as the multiple projected charge-charge correlator. We
identify a critical measurement rate where the dynamics of
the charge changes from a system property to a regime where
it is dominated by the measurement, becoming universal in
the limit of a high projection rate. In the end, we discuss
the rate at which we should project the system in order to
model a realistic continuous measurement and compare to
experiments.

A. Charge expectation value

Starting from the situation where we project the density
matrix Py once, see Sec. IIIB above, we account for n
projections at times #; < --- < t, via the multiply projected
density matrix

27 [H Py, 00} poT []_[ Py, (ti)] (38)
il i=1

with the time-ordering operator 7 and the anti-time-ordering
operator 7. The charge expectation at time ¢ > t, after n
previous projections at times #; < --- <1, is given by the
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expression

3 Tr{Q(t)T []j[ v, (1) :|,OOT []_[PN () ”
=y Tr{ []:[ N(r,}é(r>7[lljﬁN,(ri)} ,50}

= (0" (t){t;})),

where we have used again the trace property Tr(AB) =
Tr(BA) and we have introduced the multiply projected
charge operator onr (¢{t;}) with the projection times {¢;} =
ti,...,t,. The latter can be expressed as Q”‘P(t|{tj})=
Do AZ’,{; (t|{tj})63; ¢, with matrix elements AZ’,Z(H{U}). To
obtain these matrix elements, the projection operators can
be taken into account iteratively; i.e., QmP (tty, ... .t;) =
. Pn, ) O™ P (tlty, . . . ti1) Py, (1;). Making use of Eq. (26)
and the property [(dq/27)I1pg(1)1k(t") = I pi(tmin) With
tmin = Min(¢,7"), the resulting matrix element can be simplified
to

ARt
_ / dp' dp
n—1

27 21
+ Y (1) = T T pr Ay p (DTG 1) — T

i=1

(39)

{Hk’ (DA (DT (1)

+ ﬁk’p’(tn)Ap’,p(t)ﬁpk(tn)} . (40)

1. Single resonance level model

The relevant time scale in the description of (multiple)
projections of the mean charge is the equilibration time
Teq = ¥ Vpleq ~ 1/8k: (for 8k >> 1). For multiple projections,
there are two regimes: if the time between subsequent projec-
tions &t = §t/vey exceeds the equilibration time, §t > foq,
the projections are independent; see Fig. 6 (dashed line)
for a plot of the corresponding multiply projected charge
QPO (t)y = (QMP(t|{t; = (j — 1)61})). On the other hand,
for short intervals 8¢ < feq, the system is not in equilibrium
when the next projection occurs; multiple charge projections
with small equal-time steps 6¢ then drive the system to a new
steady state; see Fig. 6 (thin line).

When the Fermi energy resides above the resonance level
(6kz > 0), the new “steady state” corresponds to a lower
occupation of the dot state than in equilibrium, while for a
resonance level above the Fermi energy (6« < 0), the dot
occupation is increased. Frequent projection pushes the steady-
state occupation towards 1/2; see Fig. 6. For |6k;|67 < 7, the
steady-state occupation (at the times of projection) is given by

: mpoigy _ L SKidT

alzlino Q 0= 2 + 2r
i.e., the dot occupation is 1/2 up to a small correction. We
can attribute this universal behavior (independent of applied
chemical potentials) to an effective “broadening” of the level

; (41)
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single projection

multiple
projections

limit: 0t — 0

FIG. 6. For a single initial projection, the charge QF(¢|0) re-
turns to the equilibrium value after a characteristic time scale fq
[upper thick line; we choose §kr = (kg — kyes)/y = 2]. For multiple
projections (indicated by arrows) with time steps 8z, we find two
different behaviors for the charge Q"P(t): For 8t > to, the dot
returns to the equilibrium before the next projection (dashed line;
8t = 2/yvg), while this is not the case when 8¢ < f.q and the system
is driven to a new steady state (upper thin line; 6t = 1/2yvg). For
faster projections (lower thin line; §t = 1/10y vg), the occupation
value is driven towards 1/2 (with the limit §+ — 0 indicated by the
lower thick line).

over the width //§¢ in energy—as this width becomes much
larger than the distance hv|8k;| of the resonance level to the
Fermi level, the dot is filled and emptied with equal probability.

2. Comparison to experiment

Let us compare these results and in particular the ap-
pearance of a universal regime with a charge expectation
value 1/2 to the experiments by Gustavsson et al. [26];
as it turns out, this experiment is not dominated by the
measurement but rather by temperature and no universal
behavior is expected. The experimental setup consists of a QPC
detector which is measuring the charge states |[N) or [N + 1)
of a capacitively coupled quantum dot. The QPC detector is
driven with a constant voltage Vg ~ 500 uV producing a
current [;;, ~ 20 nA which corresponds to electrons impinging
on the QPC at a rate 1/ty ~ 10" Hz. From the current
steps, we conclude that the transmissions corresponding to the
two charge states are given by Tyy ~ 0.3 and Tjy41y ~ 0.2,
implying a coupling E./hI" ~ 0.1. Making use of Eq. (11),
we obtain that N = t,,,5/ty ~ 20 electrons determine the dot
state. For each data point, the QPC current is integrated during
tap ~ 50 pussuchthat 6 x 10° electrons pass through the QPC,
which is far larger than Npj ~ 20. With 14, <ty every
data point then provides the information of the actual charge
state of the dot. The system lifetime derives from the step
widths (of order #ys ~ 1 ms) of the measurement tracks and
amounts to 1/ tsys ~ 1073 peV. We model the effect of the
continuous measurement by repeated projections on the time
scale &t ~ tng, which provides an effective level broadening
h/tms ~ 2 pneV. This value is far below the temperature
scale [26] k, T ~ 20 neV (at T ~ 230 mK). Alternatively, the
system is drive-dominated when Vi, > k,T'; see Ref. [26].
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B. Charge-charge correlator
Next, we investigate the effect of multiple projections on the
charge-charge correlator. We consider the correlator between
charges at times #; and ¢ with multiple projections at times #; in
between, assuming a free evolution of the system at times prior
to the first measurement at ¢;. The corresponding correlator is
given by

Spotnlit})

= Tr {Q(r)T []‘[ Py, )} O(t)pT []‘[ Py, (n)}}
N N,

..... i=1 i=l1
= Tr{ Q™" (t1{t; ) Q(t1) o}, (42)

where we have used the trace property and the definition of the
multiply projected charge operator Q" ” (z|{z;}). Making use of
the matrix elements Af;’”;(t [{t;}) in Eq. (40), the charge-charge
correlator can be expressed as

Spot.nl{t) =D ArL{tiDng Y Appting
« B

1
3 2 AU DApa(n)
a.p

X [ne(1 —ng) +ng(l —ny)],  (43)

where the first contribution is (O™ (¢|{r | IO@)). Compar-
ing this result to the case of a single projection discussed
before, see Eq. (25), we recognize that the multiple projections
enter through the matrix elements Agf’g (¢|{t;}) replacing the

(singly projected) matrix element A7 4(z|0).

1. Single resonance level model

For the single resonance level in equilibrium (u; = ug =
€r) the charge matrix element assumes the simple form in
Eq. (30). In Fig. 7 we compare the projected correlator
S SQ(t,O) with the multiply projected correlator .S g g'at(t,O) =
Sgg(t,tl =0|{t; = (j — 1)ét}) with equal-time separations
8t = 8t /y v between projections; we consider the cases §t =
1 and 8t — 0. All correlators start out at t+ = 0 with the value

1 T T T T

single proj.
fffff or=1

= — 01— 0
=
§0’ —— . T
EQ
0

0 1 1 1 1

0 1 2 3 4 5

FIG. 7. SZS’S'(Z,O) for multiple projections at ékr = 1: Single
projected correlator (thick line), multiply projected correlator (dashed
line, with §7 = 1 and dots indicating the projections), and the limiting
behavior for § — 0 (thin line).
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Ee

1/v

VAVAVAVAY A Y e

FIG. 8. A single resonance level at energy €. coupled to two
leads with states filled up to the Fermi energy e is capacitively
interacting (with interaction strength E.) with the electrons passing
through the QPC with frequency v. We take this interaction into
account via an effective time-dependent level energy €,.s().

Q of the average charge Eq. (31). The correlator S g Q(t,O) then
undergoes a pronounced anticorrelation dip and approaches
(O()(O0)) = Q2 for t — oo (as the two charge states at 0
and ¢ become uncorrelated). Repeated projections in between
drive the correlator Sgg"”(t,O) towards (O™ (1))(0(0)) as
the measurement induces an additional time dependence. In the
limit of frequent projections, the projected charge expectation
value (Q™P% (1)) approaches 1/2 and hence the asymptotic
value of the correlator is given by Sgg’at_’o(t,O) ~ Q/2.
Overall, the result shows that only small times t < 1 probe
the system dynamics, while larger times become dominated
by the measurement.

C. Fluctuating quantum dot level

We have seen that repeated projections with a time
separation between subsequent projections approaching the
Heisenberg time h/|€; — €s| start dominating the dynamic
evolution of the system and the average occupation number of
the dot approaches the universal value (Q) = 1/2, irrespective
of the position of the dot level with respect to the Fermi level;
see Eq. (41). Here, we show how this formal result of the von
Neumann projection postulate can be understood in terms of a
measurement-induced fluctuation of the dot level. As before,
we assume that the state of the dot is measured by a capacitively
coupled QPC; see Fig. 8. We assume single electrons passing
through the QPC with a frequency v, e.g., due to an applied
voltage V' corresponding to v = eV /h, which corresponds
to an incoming QPC current / = ev. An electron passing
through the QPC interacts typically during a time #,, = 1/ T
with the dot. The interaction strength is given by the Coulomb
energy E.. In our model, we take into account the effect of
this current on the dot level €, via a classical electrostatic
potential of the form e;s(t) = €5 + E.cos(2vt) with an
effective coupling strength E. = E.v/ T accounting for the
typical interaction time #,, = 1/T". In order to describe the
system, we define the time-dependent Hamiltonian

. dk o
H(t) = es()é1e + / Eek(agak +bib,)
dk
T / E[hup/—n(a;@ +H.c)

+ hvp/7r(blE + Hoe))l, (44)
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where ay, l§k are the annihilation operators for the left and
right reservoirs, ¢ is the annihilation operator corresponding
to the localized dot state, y; g are the partial widths of the
level, €, = €; + hvg(k — k;) is the linearized dispersion of the
lead electrons, and €.(?) is the fluctuating energy of the dot.
Solving the Heisenberg equation of motion, we obtain

&) = @(to)e*idﬁ(t)ﬂtﬁ(to)*yUF(tfto)/z
. dk . ~
— vy E(./nak + /Vrbr)

t
% / At e OO -y ur=) 2= —1)/h (45

4]

where y = (yL +yg) is the resonance width and
¢(t) = ["dt'ers(t')/h. Taking tp — —oo and t =0, the
steady-state dot occupation is given by

n dk
(0) = (@ ©20) = / & e+ van)

0
% f dr, dtze*i(b(fl)+i¢(tz)+VvF(f1 +12)/2+i€(ti—12)/ R (46)
—00

which in equilibrium, i.e., ny; = ngry = O(ks — k), simplifies
to

0 —ig(t))+ip(t2)

A\ — dndt e : YuR(ti+1)/2 jiep(ti—t)/h

(Q) =y . —e e .
oo 2Wi tp— 1ty — 08

The phase ¢(r) is of the form ¢(r) = €pst/h+ (Ec/hv)
sin2mvt) and using the expansion €**"% =" J,(z)e"?,
we can rewrite the expression above as

o0

A EC EC 0 Y vpt—i2w (n—m)vt
(Q)Z Z Jn ﬁ Jm ﬁ Y Vg _oodte

n,m=—00

—2t dt e—i2ﬂ(n+m)ur+i(ep—e,es)r/h

x / dr . 7)
o 2mi T—id

with J,(z) the Bessel functions of the first kind. Assuming
frequent projections, hv > |6z — €|, and a narrow
resonance, iy vy K |€; — €|, We can calculate (Q) to leading

order, where only terms n = m < 0 contribute, and obtain

(0) = 1[1 + sgn(e; — € )J2<E)] (48)
- ) g F res) J0 hv s

where the identity 1 = [Jo(x)]* +2 Y57, [J,(x)]* has been
used. Making use of EC/ hv = E./hI", we notice that for E. >
AT, the steady-state charge (Q) approaches the asymptotic
value 1/2. Hence, assuming a strong system-detector coupling
with each electron realizing a strong projective measurement,
we reproduce the case of frequent projective measurements
discussed before; see Eq. (41). In order to reproduce the
case of a projection by N electrons within a time 5, we
consider a periodic oscillation €,5(f) = €res + E.cos(2mbt) of
the dot level with frequency U = v/N = 1/t and effective
Coulomb strength E. = NE.9/T" = E.v/T". While this pe-
riodicity is artificially introduced here, it could be realized
by switching the QPC current on and off repeatedly with
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this period. Adapting the calculation above, we obtain in the
limit of fast projection hD >> |€; — €| an average charge
(Q) = (1/2)[1 + sgn(€p — €res) JOZ(NEC/hF)], such that for
NE. > hI the system is driven to the universal regime as in the
case of single electron projection discussed above. Within this
treatment, it is the randomization of the dot level which leads
to equal probabilities to find the level either empty or filled
and which is responsible for the universal filling factor 1/2.

V. CONCLUSION

We have studied the charge and charge-charge correlator
of a quantum dot D (a localized region D of an arbitrary
mesoscopic scatterer in more general terms). Making use
of the single-particle scattering matrix of the scatterer Sg,
we expressed the charge operator Q(¢) for D through the
single-particle scattering matrix. In order to measure this
charge, the system has been coupled to a detector; the
measurement then acts back on the dot’s occupation and
therefore the charge dynamics depends on the coupling to
the detector. We have focused on a QPC detector which is
capacitively coupled to the charge in region D. We have
analyzed different measurement regimes and identified two
particular cases: at strong dot-detector coupling E. > hI', one
single electron already can perform a strong measurement and
project the system; such a strong/projective measurement is
still possible even at intermediate coupling E. < A" where
many electrons accumulated over a measurement time 7, are
needed to project the dot state, provided that 7., remains below
the system time fs where the charge on the dot changes.
In our phenomenological approach, we have described such
strong measurements with the help of the von Neumann
projection postulate (maximal backaction) and the measured
charge-charge correlator is the projected quantity Sgg(t,O)

involving the projected charge operator O (¢|0). When the
coupling is weak, E. < AT and ;s > fgys, the measurement is
in the weak regime. We have analyzed this case in lowest-order
perturbation theory (with vanishing back action) and have
identified the symmetrized irreducible correlator RSp(¢,0)
as the measurable quantity.

The difference between the strong and weak measurement
regimes consists in the different degree to which the system
becomes entangled with the detector during the system’s
dynamical time. In a strong measurement, the projection of
the detector degree of freedom implies a projection of the
system’s state, allowing one to exclude the detector from
the consideration. For the weak measurement, the system
becomes only weakly entangled with the detector and almost
preserves its coherent evolution; the detector’s projection
(involving a quasiclassical variable [39]) then acts only as
a weak perturbation on the system’s dynamics. Although the
results for strong and weak measurements look quite different
on a formal level, we find a qualitative correspondence when
analyzing the expressions for a single-level quantum dot.

The projected charge correlator involves the projected
charge operator Q7 (¢|0) providing the charge at time ¢ after
a projection at an earlier time ¢ = 0; see Eq. (23). A simple
expression for this quantity (that could also be carried over
to the case of multiply repeated projections) was obtained by
making use of the analytic structure of the scattering matrix S.
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The evolution of this projected charge, in particular, its initial
decay in modulus and subsequent return to the equilibrium
value, could be understood in terms of the generation of
a particle-hole excitation in the nearby leads through the
projection. In the limit of frequent projections, we have
identified a transition from a regime where the dot dynamics
is determined by the characteristics of the system to a regime
where it is uniquely determined by the detector with universal
outcome. In order to reproduce these results within a unitary
treatment, we have modeled the projective measurements by a
strongly fluctuating dot level.

The backaction of a measurement naturally manifests itself
in the time correlator of the measured quantity, as the second
measurement probes both the dynamics of the system as well
as the backaction on the system originating from the first
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measurement. Furthermore, the strength of the backaction
increases from zero in a weak measurement to a maximum
in a strong measurement described by the von Neumann pro-
jection scheme. Our analysis of time correlators then provides
insights on the range of backaction effects in a simple model
setup.
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