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We generalize the Kitaev’s spin-1/2 model on the honeycomb by introducing a two-dimensional Z; clock
model on the triangular lattice with three-body interaction. We discuss various properties of this model and show
that the low energy theory of the Z; generalized Kitaev model (GKM) is described by a single Z; parafermion
per lattice site coupled to a Z5 gauge field. We also introduce a slave-fermion approach for this GKM, treat the
resulting fermionic Hamiltonian at the mean-field level, solve the mean-field parameters self-consistently, and
obtain the low energy effective Chern-Simons (CS) gauge theory. The resulting CS gauge theory is identical to
that of a (221) fractional quantum Hall state. We then go beyond the mean-field approximation and demonstrate
that fluctuations generate a uniform interlayer pairing for the dual (221) bilayer state. We argue that this perturbed
system can undergo a phase transition to the Fibonacci phase by tuning the interlayer pairing strength.
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I. INTRODUCTION

Kitaev’s honeycomb model [ 1-3] is one of the few examples
of the exactly solvable models in theoretical condensed matter
physics. This model exhibits a stable Z; spin liquid phase with
non-Abelian excitation in its B phase. Kitaev showed that after
perturbing his model in the B phase with time reversal breaking
perturbations, Z, vortices will bind single Majorana zero
modes. Kitaev also established a mapping between his model
and a p, + ip, superconductor of spinless neutral fermions
coupled to a Z, gauge field. In this duality transformation,
the Majorana zero modes are bound to the vortices of the
dual p, +ip, superconductor in its weak pairing phase [4].
After recent interests in finding fractional topological super-
conductors [5-8] and related systems [9-14] with different
types of non-Abelian excitations, a natural question that arises
is whether we can generalize the Kitaev’s model such that (1)
its low energy is described by a stable spin liquid coupled to
a discrete gauge symmetry and (2) it is dual to a fractional
topological superconductor with non-Abelian anyons capable
of making universal quantum computation through braiding
operations. In this paper we give an affirmative answer to
these questions and introduce a Z3 generalization of the Kitaev
model with a stable Z5 fractionalized spin liquid ground state.
More importantly we will argue that for a wide range of pa-
rameters this spin liquid phase belongs to the Fibonacci phase
[6,7,9,15,16].

Recently, Barkeshli et al. [17] introduced the most direct
generalization of the Kitaev’s model by replacing spin 1/2
operators with Z, clock operators [18,19]. The resulting
Hamiltonian has many interesting properties similar to the
Kitaev’s original model. Here we introduce a different gener-
alization of the Kitaev’s model that is more tractable than
that of Ref. [17] and from which we gain a fair under-
standing of the two-dimensional (2D) parafermion systems
as well. We show that the low energy theory of this model
is identical to that of a (221) bilayer quantum Hall state
with interlayer pairing added to it which is believed to
undergo a phase transition to the Fibonacci phase [6,7,9,15,16].
We finally present another related model with similar
properties.

1098-0121/2014/90(7)/075106(8)

075106-1

PACS number(s): 05.30.Pr, 03.65.Vf, 11.15.Yc, 73.43.—f

II. MODEL

In order to understand the building blocks of our 2D Z;
clock model, let us first consider the following generalization
of the spin-1/2 algebra (Pauli algebra):

0:,i0x,i = WO0x,i0z,i, O0xi0y; = W0y 0y,
0,0, = W00y ;, o =exp(2mwi/3), (1)
along with 03. =1, o/ . =02, and 0,,;0,;0.; = 1 con-
g ai = 7 Yai T Ya,i’ x,iCy,i%z,0i —

straints where a = x,y,z. In this paper we consider three-
dimensional irreducible representation of the above algebra
(see Appendix A for more detail).

Next, consider the triangular lattice with three sites in the
unit cell shown in Fig. 1. We color the triangular lattice with
three different colors: red, green, and blue. In the first model
that we consider each color represents a certain three-body
interaction among three generalized spins at the corners. Thus,
we define the Hamiltonian as:

Hi=-J, Y T'-J. Y T'-J Y T'+Hec
R a’s GA’s B a’s

1 _
Tg = 04,i04,j0qa k> (2)

where R,G,B stand for red, green, blue.

III. SLAVE-PARAFERMION APPROACH

Here, we develop a slave-parafermion method to study our
model Hamiltonian. Before going into details let us first define
the parafermion algebra. y; is called a Z,, parafermion operator

when y' = 1, ViT — " and y, y; = e2mi/n

; vjyvi wheni < j
for a specified ordering [18,19]. Every two Z, parafermion
operators define an n-dimensional Hilbert space, therefore
every single parafermion defines a /n-dimensional Hilbert

space. Now we consider four flavors of Z3 parafermions with

Vx,iVyi = (Dyy,iyx,i»

i Vxi = OVx.iVeis

Vy.iVei = OVziVy.i
NiVai = OVa,iMi 3
local commutation relations [18,19]. Using the above relations

we can represent the generalized spin operators, o, ;’s, in terms
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FIG. 1. (Color online) The Z; generalized Kitaev model is de-
fined on the triangular lattice with three types of three-body
interactions. Each color represents one type of interaction.

of parafermions:

Ox,i = Vj,ini’ Oyi = 77;7/_\7,1', 0 = 7/;,,'771‘- “

It is easy to verify that the above slave-parafermion rep-
resentations indeed satisfy the algebra in Eq. (1). Observe
that the above relations enjoy a Z3 gauge symmetry, namely:
Vi.asn) = o(¥i.q,ni) local transformation leaves o, invariant.
Now note that the Hilbert space associated with the clock
operators at site i is three dimensional. On the other hand,
the dimension of the Hilbert space associated with four
parafermions on site { is nine dimensional. As a result there is a
threefold redundancy, hence we must project out the redundant
unphysical states. To this end, we can use the o, ;0,;0;; =1
relation that leads to the following local constraint on the
Hilbert space:

oyl =1, )

which reduces the total Hilbert space (per lattice sites) by a
factor of three. In terms of the parafermions, the interaction
terms become

50,0,k + Hc. = Jy(Vo.i V. Vs n; n +He. (6)

It is straightforward to verify that Pil;k = ViV jVbk =

(yb,iy,i j)(Vlj, ;Vb.x) operators commute with the Hamiltonian
as well as among themselves for all b = x,y,z and i, j,k’s that
form a colored triangle. Consequently, Pf; « S are constants of

motion and can be replaced by their expectation values. Pl.’” ik
takes Z3 values because it cubes to one. Assuming the lowest
energy corresponds to uniform value of Pi?k’s, we obtain the
following low energy effective description of the generalized

Kitaev model (GKM) on the triangular lattice:

= > Jemmpme = Y Lminjme— Y, Jynimjne + Hee.
Ra’s Ga’s Ba’s
@)

The above Hamiltonian suggests that the effective degree of
freedom at low energies is described by a single parafermion
per site, i.e., there are 3™/2 total degrees of freedom. We can
also reach this conclusion by finding the number of conserved
Z5 quantities, namely Wilson loop operators. In Appendix B
we show that there exist Ny /2 commuting distinct Wilson loop
operators signaling that half of the degrees of freedom of our
2D clock model are frozen at low energies.
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In order to understand the fate of the above coupled
parafermion system we first consider SU(2)4 topological
field theory (TFT) that contains five primary fields: <Df) with
j =1/2 spin, where [ = 0, ...,4 [15]. Next, we condense the
spin-2 field (@3) of the TFT [20]. Doing so, the spin-1/2
(®}) and spin-3/2 (d; = ®} x ®}) non-Abelian operators
become identified and confined. So CD(l) ~ CDS =1, where t
will be referred to as the twist operator. Furthermore, <I>(2)
branches into X and Y Abelian operators with X x X =Y
and X x Y = I fusion rules. Twist operator satisfies T x 7 =
I+ X + Y fusion rule and have d = +/3 quantum dimension
accordingly. Therefore, condensing @ field of the SU(2)4
results in I,X, and Y deconfined Abelian and t confined
non-Abelian excitations [20]. It can be shown that to each twist
operator T a single Z5 parafermion zero mode is attached
[5,14]. Thus, we can view the 2D array of parafermion in
Eq. (7) as a triangular array of twist fields.

Now let us consider —n;n;n; = —(nmj)njnk term in the
low energy Hamiltonian, Eq. (7). A simple analysis shows
that these terms favor spin-0 (i.e. I operator) fusion channel
in the fusion of every two neighboring twist fields. Hence,
the parafermion coupling term, Eq. (7), can be viewed as a
projector onto the spin-0 fusion channel of the <I>(1) X CD(I) fusion
in the SU(2)4 theory (or for T x t after CDg condensation). In
Refs. [21,22], the effect of these projectors has been studied
and authors have shown that the many body collective state is
described by a topological phase with %&/(2)‘ edge state
with parent SU (2)4 state and SU (2); x SU(2); with vacuum.
Moreover, authors of Ref. [7] have shown that if we condense
@} in the parent SU(2), state, the resulting many body state of
coupled parafermions will be the Fibonacci phase whose only
nontrivial and deconfined excitation is the Fibonacci anyon, €.
Thus, we conjecture that the ground state of the above coupled
parafermion system is described by the Fibonacci theory [16].
Fibonacci anyons are excitations with € x € = 1 + € fusion
rule, dr = (1 + «/g)/Z =~ 1.617 quantum dimension, and s =
2/5 topological spin. The TFT of the Fibonacci phase is
described by an SU(2);3 x SU(2); Chern-Simons gauge theory
and it chiral edge by a Z3 x U(1)¢ x U(1), conformal field
theory (CFT) with ¢ = 14/5 central charge, where Z3 stands
for the Zamolodchikov-Fateev Z3 parafermion CFT [23].

IV. SLAVE FERMION APPROACH

Here we utilize a different approach, the slave-fermion
method, to study our GKM. This framework is shown to be
quite useful for Kitaev’s original model [24]. Since the Hilbert
space associated with Zsz clock operators at site i is three
dimensional, we can represent it in terms of three flavors of
fermions, namely

Oi; = w2f3t,-f3,i + wfiifZ,i + fﬁifl,i,

Ojx = fiifs,i + f;ifz,i + f;,ifl,i,

oy = flifui+Off fui+ @ ®)
along with

Hifsi+ i+ flfi=1 ©)
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constraint that projects states into the physical Hilbert space.
Note that Egs. (8) and (9) are invariant under the following
U(1) gauge transformation: f,; — €'“ f, ;. Furthermore,
the model Hamiltonian in Eq. (2) is symmetric under the

(f1, /2, 3) = (f2, f3. f1) Z3 exchange.

V. MEAN-FIELD TREATMENT OF THE SLAVE FERMIONS

Using the slave fermion representation of the clock opera-
tors we can easily rewrite the 2D clock Hamiltonian in terms
of f,,; fermions. To this end, first note that 0,0, ;04 =

0, k-
Oj i0a,j t i%a, Moreover:

i _ m—n ANn,m AM,nN
0.i02j =72 @ "Xij Xji >

i o AnmAm-‘rl%? n+1%3
Ux,iUX»J - § : ’
T _ Z n—m grom om= 1%3,n—1%3
0)’,iGY»j - w Xl Jj ]1 ’ (10)

n,m

where 3" = fj}i fm,j and % means indices are defined mod
3. Now, we would like to use the mean-field approximation and
replace the """ operator with its expectation value until we
reacha quadratlc Hamiltonian of slave fermions. For simplicity
we assume that the mean-field parameters do not break lattice
symmetries. We also make no-fermion-pairing and no-flavor-
mixing assumptions so ( )A(f}m) = 8p,m Xi—j- Thus, every flavor
is conserved and we can promote the U(1) x Z3 symmetry
of the slave-fermion representation to U(1) x U(1) x U(1)
symmetry, each associated with one flavor conservation.

Now, we solve the mean-field equations self consistently to
obtain the mean-field parameters. From Eq. (10) and Fig. 2,
this mean-field ansatz results in the following mean-field
Hamiltonian:

Hyp =Y ) ik ko)W, (11)

FIG. 2. (Color online) Schematic representation of the no-
pairing no-flavor mixing mean-field ansatz. We assume that the
mean-field parameters are translation invariant, and do not depend
on the flavor. All the mean-field parameters at the edges of a colored
triangular have the same value. The flux enclosed by color a triangles,
®,, is defined through x> = |x,|?¢'® identity. We consider three
different values for the mean-field parameters and their associated
fluxes based on the color.
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FIG. 3. (Color online) Mean-field phase diagram of the two
models discussed in the paper. (a) MF phase diagram of Eq. (2).
The equilateral triangle is defined on the J, + J, + J, = 1 plane and
J, > 0. White regions denote the topological mean-field solutions,
i.e., those areas with |C| = 1. (b) MF phase diagram of Eq. (17).

where J = 3Jalxal*, Vi = (fekes [y fek), and

o= Jiwe™™ + I xpe ™ + Iy
hys = T xee ™™ + Jixy + T2 xee™™
hap = JExee O 4 Il + IE e (12)

Using the above Hamiltonian, the mean-field parameters
can be solved self consistently through X,nJm = fnTJ. S )
relations. Next, we compute the Chern number [25] associated
with each flavor’s band structure (see Appendix C material for
more detail). To this end, first recall that the local constraint
on the Hilbert space in Eq. (9) requires every site to contain
one slave fermion. Therefore, due to the symmetry of the
mean-field ansatz, the average number of a certain fermion
flavor per unit cell is one and the lowest energy band is fully
occupied for every flavor of fermions. If the lowest band is
separated from higher energy bands by a finite energy gap,
then we can assign a topological Chern number to it. The
mean-field phase diagram is shown in Fig. 3.

VI. LOW ENERGY DESCRIPTION: CHERN-SIMONS (CS)
GAUGE THEORY

To implement the local constraint on the Hilbert space in
Eq. (9) it is easier to perform a particle hole transformation on
one fermion flavor, e.g., f3. Defining d3; = f; ; operator, the

local constraint becomes d;id&i = f{ifz,[ + fﬂ,-fu- Given
the fact that the hopping Hamiltonian h; ; transforms to
—hj; = —h" under the particle hole transformation, we can
immediately see that the Chern number remains invariant dur-
ing this transformation. Due to the no-flavor mixing symmetry
of the mean-field ansatz we can define three auxiliary U(1)
gauge fields, ay ,,as ,, and a3 ,, that are minimally coupled
to f1, f>, and dj slave fermions, respectively. These auxiliary
gauge fields are related to the current density of the slave
fermions of flavor n (if n = 1,2) or its particle-hole conjugate
(if n = 3) through J}' = ﬁe’”)\avan,;\ relation [26,27]. Such
relations guarantee the flavor conservation symmetry because
I, JE=0. Knowing the Chern number, we can integrate the
massive f1, f>, and ds fermions to achieve the effective low
energy description of the system in terms of CS theory in terms
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of auxiliary gauge fields [26,27]. Doing so, we obtain

C
L= L,=) Ee“”anﬁuavan,)\. (13)

The next important step is to enforce the local constraint
in Eq. (9) within the CS gauge theory. In terms of current
densities the local constraint becomes 13” = JI” + J2"“. This
condition on the Hilbert space can be translated in auxiliary
gauge fields language. We can fix the gauge such that

as, =ay, +a,. (14)

Therefore, fi (f2) carries a unit charge under a;, (a2,)
auxiliary gauge field and is neutral under ay, (a;,). On

the other hand, f3 = d; carries a negative unit charge under
both a; , and a, , auxiliary gauge fields. Plugging the above
relation for a3 , in Eq. (13), the total CS Lagrangian becomes

Kn m
Lcs = ﬁéuman,uavam,hK =C <% ;) . (15)

The above CS action is exactly identical to that of a (221)
bilayer quantum Hall state for |C| = 1. The K matrix fully
determines the topological properties of the ground states
for the Abelian quantum Hall states [28]. For instance, the
topological degeneracy of the ground state on a genus g
manifold is |K|$. Furthemjore, the anyon excitations are
labeled by integer valued [ vector, whose self statistics is
0y = m1'K~'1. The mutual statistics between two different
excitations is 0 = 271TK ’11’. For the above K matrix,
besides the trivial excitation [ = (0,0), there are two other
nontrivial anyon excitations: (/1,/) = (1,0),(1,1), both with
0 = 2w /3 self statistics. Furthermore, there are two electron
excitations: Yy with [ = (2,1) vector and ¥, with [ = (1,2).
The edge CFT of the (221) state is described by two
free bosons ¢; and ¢,. From the bulk wave-function-edge
CFT duality we can bosonize different fermion flavors after
which: fi ~ €%, f, ~ %2, and f3 ~ e~ ®1+¢2) Therefore, all
slave fermions are fractional excitations with 8 = 27 /3 self
statistics. Similarly, we can find the free boson representation
of electron operators and we have

Yy ~ QO+ f;flslﬂz ~ ol @1H202) f3Tf2' (16)

VII. BEYOND MEAN-FIELD RESULT: FIBONACCI PHASE

So far, we approximated the GKM in Eq. (2) with a
quadratic fermion Hamiltonian. Doing so, we achieved the
CS low energy effective theory of the model. We showed
that for a large part of the phase diagram, the CS theory
is identical to that of a (221) bilayer FQH state. Now we
would like to study fluctuations beyond the mean field by
taking the effect of quartic fermion terms into consideration.

A generic quartic term can be obtained from O’i :0a.i0,

~
a,zodaqk -

(ojyiaa,k)ajyiaa, ; approximation and using the slave fermion
representation for a[f i0a,j Operator. The aj’ ;0;,j term generates
terms of fnT’ S ,,Tl j Jm.j form which act like a density-density
interaction on the (221) state. On the other hand, the axT’ i0x,j

and O';[’iO'y’j t'erms generate fj,iﬁiﬂsifrl'ﬂ.jf,.,,,j quartic terms.
Every resulting term can be easily investigated from the
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free boson representation of the slave fermion and electron
operators in Eq. (16). For example, f;i S f; i~ Vi
acts like an interlayer pairing for the (221) bilayer state.
Therefore, the quartic perturbations around the mean-field
solutions can be mapped to the (221) bilayer state with uniform
interlayer pairing as well as density-density interaction (of
both interlayer and intralayer types). In Refs. [7] and [6], the
problem of perturbing a 2/3 FQH state with interlayer pairing
has been studied, and the authors show that the non-Abelian
Fibonacci phase can emerge for a strong enough pairing. A
related study of the 2/3 FQH perturbed by uniform interlayer
tunneling in Ref. [9] has also shown the emergence of the
Fibonacci phase above some threshold (see Appendix D for
detailed analysis). Therefore, we conjecture that the ground
state of the GKM in Eq. (2) can belong to the Fibonacci phase.

VIII. ANOTHER RELATED MODEL HAMILTONIAN

Here we introduce another Z3 generalization of the Kitaev’s
honeycomb model on the triangular lattice:

Hy=1J Y T+ Y T +J, » T}+Hc
R A’s Ga’s B a’s

Ta2 = U;’,‘O—a,j + O'J’jUa,k + O';L’kO'a,i. (17)
Unfortunately the slave-parafermion method does not simplify
the above model, though we still can find enough Wilson loop
operators. On the other hand, the slave-fermion framework
works equally well for this model, and we can obtain the
ground-state properties by following similar procedures we
performed for the model Hamiltonian in Eq. (2). The results
of such a mean-field analysis is presented in Fig. 3. Again, the
fluctuations above the mean-field solution lead to interlayer
pairing in the dual (221) state, hence the Fibonacci phase is a
possible ground state of this Hamiltonian.

IX. CONCLUSION

We presented arguments based on the slave-parafermion
and slave-fermion approaches supporting our conjecture that
there exists a family of three-state clock Hamiltonians with
topological spin liquid ground state and protected chiral edge
states for a wide range of coupling constants. This fraction-
alized spin liquid itself can belong to two distinct phases:
Abelian state or non-Abelian. The Abelian phase of this
topological spin liquid is dual to a (221) bilayer FQH state with
similar fractional excitations, while its non-Abelian state is a
Fibonacci phase with non-Abelian excitations. These results
together with the Kitaev’s original honeycomb model suggest
a deeper relation between 2D Z, clock models with strong
anisotropic interactions and fractional topological supercon-
ductors with an edge state containing Z,, parafermion CFT.
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APPENDIX A: GENERALIZED SPIN OPERATORS

The original Kitaev’s honeycomb model can be generalized
in a different way using the spin-1/2 operators (see for example
Refs. [29-32]). In this paper, however, we would like to make a
different generalization by introducing operators that satisfy a
different commutation algebra than spin 1/2’s. In this appendix
we give the matrix representation of the Z3 algebra utilized in
this paper. To that end, let us first consider the following two
matrices:

1 0 O
co=10 o O
0 0 o?
and
0 0 1
t=|1 0 O
1 0

where @ = ¢*"/3, These matrices form the following Z3
commutation algebra:

0T =wto, o =1 =1,
ol =0% =<2 (A1)

The generalized spin operators are defined in terms of the
above Z; clock operators as follows:

— — — T T
Gx,i =71, Gz,i = 0j, Uy,i = 7,'[- U[» . (AZ)

The above three operators satisfy the following algebra:

0;,i0x,i = WOy ;07 i,
Ox,i0y,i = WOy Oy i, (A3)
0y,i0z,i = W00y i,

which resembles the spin-1/2 algebra except for the —1 — w
substation.

APPENDIX B: CONSERVED WILSON LOOP OPERATORS

Now we show that there are N;/2 conserved Wilson loop
operators, where N is the number of sites. Since, each Wilson
loop reduces the dimension of low energy subspace by a factor
of three, the total degree of freedom in the low energy subspace
is 3V/2, which clearly points towards a single parafermion
degrees of freedom per lattice site.

Let us consider uncolored (white) triangles. There are three
types of them based on the color of the triangle above their top
edge. For example, let us consider the white triangle whose
top edge is next to a green triangle (type I). Next, we assign
the following Wilson loop operator to it: W, = oo} o} Itis
straightforward to verify that this loop operator commutes with
all terms in the Hamiltonian. So it can be a constant of motion.
Similarly, we can assign a different Wilson loop operator to
a white triangle whose top edge is next to a green triangle

PHYSICAL REVIEW B 90, 075106 (2014)

as follows: Wl%k = oixa]?oky . Although this loop operator also
commutes with the Hamiltonian, it does not commute with

Wiljk, hence we have to choose either of them, not both, as a

constant of motion. We could also consider Wli.k = oiyoj’.‘ of

operator for type III white triangles, but it does not commute
with Wilson loops type I or type II though it commutes with
the Hamiltonian. Therefore, we can take only type to be a
constant of motion, say W\, . This immediately leaves us
with N; = N, /3 small Wilson loops marked with blue dots in
Fig. 4. Although any two corner-sharing Wilson loop operators
(which are of different types) have nontrivial commutation
relations and thus cannot be simultaneously conserved, we
can consider larger loops that are made of several small
Wilson loops and are defined as their products can be shown
to commute with small Wl.ljk operator. A simple analysis
shows that there are two kinds of larger Wilson loops, each
with N;/12 abundance that commute with the Hamiltonian,
themselves, and other Wilson loop operators. Therefore, in
total we can find N,/2 commuting Wilson loops that are
constants of motion and therefore reduce the dimension of
the Hilbert space by a factor of 1/3%/2 (Wilson loops take
Z5 values as they are defined through Z3 clock operators). As
a result, we are left with v/3 degrees of freedom per lattice
site at low energies that implies the existence of a single Z3
parafermion local degree of freedom coupled to a Z3 gauge
field due to the condensation of Wilson loops.

1
— Y T 2
=0;0;0%

Wiljk ZZUz‘ZU;'/U/f Wizjlc = ofajag Wi:;k

FIG. 4. (Color online) Conserved Wilson loop operators. There
are three types of white triangles in the lattice, each represented by
a different Wilson loop. However, every three triangles that meet at
a point are noncommuting and we must pick one of them only. As a
result, every dotted white triangle (including those with bigger black
circles) represents an allowed Wilson loop operator. They account for
N, /3 conserved quantities. The triangles with bigger dots host two
larger wilson loops defined by yellow lines in addition to the small
triangles. These larger Wilson loops are defined by the product of
every white triangle’s Wilson loop that they enclose. Thus we obtain
N;/12 4+ N, /12 = N, /6 additional conserved quantities. Therefore,
altogether, we find N, /2 Z; conserved quantities.
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APPENDIX C: COMPUTING CHERN NUMBER
OF THE SLAVE FERMIONS

Recall that we had to impose the following constraint on
the number of slave fermions at every lattice site:

Aibi+ Bibi+ fifi=1. (@)
Assuming a translational symmetric mean-field ansatz we
obtain (f/; fi.1) = (3, f2i) = (f1; f3.:) = 1/3. Furthermore,
the unit cell on our decorated triangular lattice contains three
sites. Therefore, the average number of slave fermions of a
certain flavor per unit cell is 1, hence the lowest band first
Brillouin zone is completely filled. Due to the number of three
sites in the unit cell, we obtain three energy bands. Let us
denote the lowest energy band of the mean-field Hamiltonian
associated with flavor a fermion by |k, 1),, and similarly the
two higher energy bands by |k,2), and |k,3),. Based on what
we just argued the lowest band is fully occupied and if it is
well separated by a nonzero gap from |k,2), band, we can
index it with the Chern number. This topological index can be
obtained through the following steps:
a. Find the Berry connection defined as: Aj (k) =
i(k,llaﬁlk,l)a
b. Compute the Berry curvature through: F , (K) =
aAL oAy )
ks k,
c. Obtain the Berry phase by integrating the Berry
curvature over the first Brillouin zone.
d. Chern number is related to the Berry phase in the
following way:

relation

C“—%l— ! dk.dky,F} C2
- E - E xRy kecky ( )
In the Z3 symmetric state, all flavors would have the same
Chern number. As an example, let us apply the following rules
to a two band model and compute the Chern number associated
with its valence band. To this end consider the following Bloch
Hamiltonian:

H, = —7.d,, (C3)
where o; are Pauli matrices. The negative eigenvalue of Hj is
E, _ = —|di| and its associated eigenstate is

e"i%/2 cos (6 /2)
|k7_> - ( eiq)k/Z 81n(9k/2) ’ (C4)

where cos(6;) = c?k.ﬁ and tan(¢y) = %, where c?k = E/|k|.
According to the definition of the Berry connection it would

be
A, (k) = 1 cos(6;)0, ¢, (C5)

which results in the F x, (l;) = %2(% cos(6y) x %qﬁk) expres-
sion for the Berry curvature. We can rewrite this latter relation
in terms of the dj vector after which we achieve the following
celebrated formula for the Berry curvature of a two band
Hamiltonian:

Feor, () = Ydi (9, di x 3, di). (C6)

Accordingly, the Chern number assigned to the lower band
is C = % fdkxdkydk(akxdk X O, dy) which is the winding
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number associated with the mapping of the 2D torus (the 1st
Brillouin zone) to the unit sphere spanned by dj.

APPENDIX D: PHASE DIAGRAM OF THE (221) FQH
STATE WITH UNIFORM INTERLAYER ELECTRON
PAIRING

In this section, we briefly discuss the fate of the (221)
Halperin state perturbed by uniform interlayer electron pairing.
In Ref. [9], we have studied a related problem: (nn/) FQH in
the presence of interlayer tunneling. Using a variety of distinct
approaches, we obtained a phase transition to a non-Abelian
state with U (1)y(,41) X SU(2),—; edge CFT. On the other hand,
in the same paper, we showed that (nnl) FQH with interlayer
pairing problem can be mapped to (nn,—!) FQH perturbed
by interlayer tunneling that for example can be justified by
making particle hole transformation on one layer. Therefore,
(221)+pairing is dual to (22,—1)+tunneling problem whose
fate is the Fibonacci phase with U(1), x SU(2); edge CFT.
Accordingly, we conjecture that taking the effect of interlayer
pairing on the (221) Halperin state into consideration yields a
phase transition to the Fibonacci phase. For completeness, in
the remainder of this section we present the coupled wire con-
struction approach discussed in Refs. [6,7,33,34] that can help
us understand the phase transition to the Fibonacci phase better.

1. Coupled wire approach to (221) state with uniform
interlayer electron pairing

Let us consider two adjacent (221) bilayer FQH bars. At
their interface, we have two left-moving chiral modes from
the upper bar, and two right-moving antichiral modes on the
lower bar (see Fig. 4). In our notation ¢; g, for I = 1,2 is
the right-moving boson on the Ith layer, while ¢; ; is the
left-moving boson from the /th layer. It is convenient to define
the linear combinations:

L
V2

and similarly for the left-moving modes. These describe the
charged and neutral modes, respectively. Using the K matrix,
it is easy to verify that the new bosonic fields are compactified
on circles of radius R, = V6 and R, = V2 Dcjs,R ™~ Pejs,R +
27w R/, and similarly for ¢,/ ;. The electron destruction
operator on each of the gapless modes is

(1R — d2.8), (D)

3
Per = \/;(¢1,R +@2r), Psr =

U r & e2PLRTOLR = ei\/g(lbL.R“ri\/;(ﬁs,R

W, g o e rt2itnn = oiv/30en—in/Tduk (D2)

and similarly for the left-moving modes. For simplicity we
assign i to the top and iy, to the bottom layer. The
Hamiltonian that describes these four gapless modes in the
absence of any perturbation is
1
m=Y o [ xtepr @01 ©3)

_ $eys.R—Pess.
c/s — 2

where @./; = %, 0 are conjugate

bosonic variables. Next, we consider the following pertur-
bations, corresponding to intralayer electron backscattering
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and interlayer electron pairing between counter-propagating
gapless modes:

§H) = _tll(q";R\pl,L + \I’;’R\IQ,L) + H.c.

SHL = —A (W] W), + W] 0] ) +He (D4
We can translate the above perturbations in terms of bosonic
fields, after which we have

SH = —4cos(6y)[A cos(«/§<pc) +1 cos(\/gec)]. (D5)

In the absence of pairing, i.e., for A} = 0, every two counter-
propagating modes that are coupled with backscattering
become gapped. The generated gap that also defines the bulk
gap of the fractional quantum Hall state is therefore of order ¢;.
However, the pairing term competes with the backscattering
term and decreases the bulk gap. At some point the bulk
gap closes and the system undergoes a phase transition.
For larger values of A the bulk is again nonzero, but the
topological order of the system is changed. The above effective
Hamiltonian can be greatly simplified if we drop the cos(6y)
term. In fact this can be done formally due to the following
argument. The bosonic neutral field 6;(x) commutes with every
term in the Hamiltonian and therefore can be condensed. After
the condensation of 6, the cos(\/gé?s) can be replaced with its
expectation value. Doing so, we achieve the following effective
sine-Gordon Hamiltonian:

Her = — / dx[(3r00) + (3,6.)°]
%4

—u / dx[A] cos(v/3¢.) + 1) cos(v/36.)],  (D6)

where u = 4(cos(6;)). Since the conformal dimension of the
cosine perturbations is (3/2) the above effective Hamiltonian
can be identified with the well studied B> = 6 self-dual
sine-Gordon model according to the notation of Ref. [35]. In
Ref. [8] we have shown that the ,82 = 67 sine-Gordon model
describes the low energy physic of a Z3 parafermion chain.
This immediately suggests that the self-dual point, i.e., f; =
A, is a critical point with Z3 parafermion CFT description.
Reference [35] presents two other proofs for this result. The
resulting Z3 parafermion CFT has a chiral (antichiral) sector
with ¢ = 4/5 (¢ = —4/5) central charge. It has six different
quasiparticles, three of which are Abelian anyons: ]I,l/r,wT,
where  is the parafermion primary field. The remaining three
primary fields are non-Abelian excitations: o,0',¢, where o is

the spin field and € = oy is the Fibonacci anyon. The quantum
dimension of these non-Abelian excitations is 1+Tﬁ

Next, we follow the method developed in Refs. [5,7,33]
and consider a 2D array of the 1D chains with proper
interchain couplings. Each of the 1D chains consists of a pair
of counter-propagating Z3 parafermion modes. Now we can
consider two different possibilities. In the first scenario we can
couple the parafermion modes such that every parafermion

mode is gapped except for the right-moving parafermion on

PHYSICAL REVIEW B 90, 075106 (2014)

FIG. 5. (Color online) Coupled wire construction in the (221)
state. (a) The (yellow) green arrows represent the (intrawire electron-
backscattering) interwire electron pairing. Note that the outermost
free boson modes do not couple to other modes, and remain gapless.
(b) By tuning the strengths of the two different types of backscattering
terms, we obtain counterpropagating gapless Z; parafermion modes,
shown in dotted lines. We have drawn the right and left moving
parafermion modes to be spatially separated, although their spatial
profile may be more complicated. The parafermion chains can in
principle couple in two different ways, shown pictorially by the blue
and orange arrows. These couplings may require strong electron
tunneling, in addition to allowed quasiparticle tunnelings, and can
gap the counterpropagating modes. (c) When the strength of orange
type (6H;) interwire coupling dominates, the topmost antichiral
parafermion mode remains gapless. This case corresponds to ¢ = 6/5
total central charge of the chiral edge CFT. (d) When the strength of
green type interwire coupling (67H,) dominates, the topmost chiral
parafermion remains gapless. This case corresponds to ¢ = 14/5 total
central charge of the chiral edge CFT.

the topmost chain and the left-moving parafermion mode on
the bottom-most chain (see Fig. 5). In the second scenario
the topmost left-moving and bottom-most right-moving
parafermion modes remain gapless and all other parafermion
modes gap out.

In addition to the remaining chiral parafermion modes, the
two outermost edge modes of the sample are still chiral with
¢ = 2 central charge. These two bosonic modes correspond
to the edge between the parent (221) state and vacuum.
The two scenarios sketched above result in an additional Z3
parafermion mode whose central charge is ¢ =4/5 in the
first scenario and ¢ = —4/5 in the second one. Hence, the
total chiral central charge of the state is ¢ =2 +4/5. The
first scenario gives rise to the Fibonacci phase with ¢ = 14/5
central charge with only two primary fields: identity operator
and Fibonacci anyon. In Ref. [9] we have studied a related
problem and we obtain ¢ = 14/5 from two other methods.
So we believe that the first scenario that yields the Fibonacci
phase is more likely.
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