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Preserving entanglement and nonlocality in solid-state qubits by dynamical decoupling

R. Lo Franco,1,2,3,* A. D’Arrigo,4,5 G. Falci,4,5,6 G. Compagno,1 and E. Paladino4,5,6
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In this paper, we study how to preserve entanglement and nonlocality under dephasing produced by classical
noise with large low-frequency components, such as 1/f noise, using dynamical decoupling techniques. We
first show that quantifiers of entanglement and nonlocality satisfy a closed relation valid for two independent
qubits locally coupled to a generic environment under pure dephasing and starting from a general class of initial
states. This result allows us to assess the efficiency of pulse-based dynamical decoupling for protecting nonlocal
quantum correlations between two qubits subject to pure-dephasing local random telegraph and 1/f noise. We
investigate the efficiency of an “entanglement memory” element under two-pulse echo and under sequences
of periodic, Carr-Purcell, and Uhrig dynamical decoupling. The Carr-Purcell sequence is shown to outperform
the other sequences in preserving entanglement against both random telegraph and 1/f noise. For typical 1/f

flux-noise figures in superconducting nanocircuits, we show that entanglement and its nonlocal features can
be efficiently stored up to times one order of magnitude longer than natural entanglement disappearance times
employing pulse timings of current experimental reach.
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I. INTRODUCTION

Controlling the dynamics of entanglement and preventing
its disappearance due to decoherence [1] and via peculiar
phenomena such as entanglement sudden death (ESD) [2] is a
key requisite for any implementation of quantum-information
processing. For instance, an entanglement memory element
based on solid-state qubits will be strongly affected by
dephasing due to noise sources with a typical 1/f power
spectrum [3]. To circumvent this problem, it has been proposed
to use hybrid systems combining superconducting nanocircuits
with microscopic systems (atoms or defects), these latter
having much longer coherence times and being suited to
store quantum information [4,5]. Actually networking with
different platforms has a much wider scenario of potential
applications, and it is believed to be the pathway toward the
implementation of quantum hardware, despite the obvious
advantages (fabrication, control, and scalability) of performing
both quantum operations and storage on a single platform.
These applications, and other technologies such as security-
proof quantum key distribution and quantum communication
complexity [6–9], depend critically on the existence of quan-
tum correlations and nonlocality, witnessing non-classically-
reproducible entanglement [10,11].

In this paper, we address the relevant and still unsolved
question of how to preserve entanglement and nonlocality
under dephasing produced by classical noise with large low-
frequency components, such as 1/f noise. Toward that end,
we investigate protection using dynamical decoupling (DD)
techniques [3,12] focusing on an “entanglement memory,”
physically implemented by a bipartite solid-state nanodevice.

*rosario.lofranco@unipa.it

The physical message of our work is that DD operated by
control resources within the present technologies allows us
to preserve quantum correlations for times long enough to
perform two-qubit quantum operations.

Originally developed in nuclear magnetic resonance [13],
DD techniques find important applications to quantum hard-
ware [14]. They are open-loop (feedback-free) control methods
for Hamiltonian engineering, thus they do not require addi-
tional resources such as encoding overheads or measurements
capabilities. The strategy is dynamical averaging of environ-
mental noise by suitably tailored pulse sequences [12]. The
prototype is spin echo [15], employing a single π pulse to
cancel unwanted static couplings in the Hamiltonian, since
the effect of the environment accumulated before the pulse is
canceled during the subsequent “reversed” evolution. Periodic
DD (PDD), consisting of a train of such pulses separated by
�t , attenuates the effects of noise [12,16], especially at low
frequencies, ω � 1/�t < 1/τc, where τc is the correlation
time of the environment. In this work, we consider PDD
along with improved versions of DD sequences, namely the
Carr-Purcell (CP) [17] and the Uhrig DD (UDD) [18,19]
sequences. Pulse timing in these latter protocols is arranged
in a way to produce higher-order cancellations [20] in the
Magnus expansion of the system “average Hamiltonian” [13],
yielding a stronger protection from noise.

It is known that DD techniques efficiently fight decoherence
[12] affecting single qubits, especially in the relevant case
of the 1/f environment [3]. Indeed, it has been shown that
PDD achieves substantial decoupling, mitigating dephasing
due to random telegraph noise (RTN) and to 1/f noise,
both for quantum [21–23] and for classical [24–28] models.
More recently, the performances of optimized sequences
have been analyzed [20,29,30]. Routinely in experiments
with superconducting qubits, spin or Hahn echo [31–34] are
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seen to reduce defocusing due to noise sources of various
origins with a 1/f α spectrum. Recently, control by PDD, CP,
CP-Meiboom-Gill, and UDD sequences has been successfully
implemented [35–37].

The possibility to preserve entanglement via various DD
sequences has also been theoretically investigated recently
[38–41] for finite-dimensional or harmonic quantum environ-
ments. Concerning 1/f noise, enhancement of the lifetime of
an entangled state of a superconducting flux qubit coupled to a
microscopic two-level fluctuator [42] has been observed under
DD sequences. Experimental demonstrations of DD protection
of bipartite entanglement from a solid-state environment have
also been reported [43–46] for ensembles of nuclear, impurity,
and electron spin 1/2.

The results we present in this paper show that DD sequences
are able to preserve entanglement, ensuring at the same time
the existence of nonlocality, for a wide class of mixed initial
states in a pure dephasing environment. Toward that end,
we prove a relation between entanglement quantified by the
concurrence [47] and nonlocality identified by the violation of
a Bell inequality [10]. For realistic figures of 1/f noise [35,42],
protection for times more than one order of magnitude longer
than ESD times is achieved, allowing advanced applications
based on nonlocality. Notice that in our proposal, DD fighting
1/f noise is implemented avoiding nonlocal control, and
using pulse rates well within present experimental capabilities
[35,42].

The paper is organized as follows. In Sec. II, we derive the
relation between entanglement and nonlocality for extended
Werner-like (EWL) states under a pure dephasing dynamics.
In Sec. III, we introduce the model and the DD sequences,
illustrating our approach to evaluate the concurrence. In
Sec. IV, we analyze the case study of RTN. We address the
performance of DD sequences in the presence of local pure
dephasing 1/f noise in Sec. V. Finally, Sec. VI is devoted to
the conclusions.

II. RELATION BETWEEN ENTANGLEMENT AND
NONLOCALITY AT PURE DEPHASING

Strongly entangled systems are characterized by the pres-
ence of quantum correlations that cannot be reproduced by
any classical local model. In these cases, quantum mechanics
exhibits nonlocality, which would guarantee resources for
quantum technologies such as secure quantum cryptography
[6,7,9]. For pure states, entanglement always corresponds to
the presence of nonlocality, but this is not the case in general. In
fact, mixed states exist whose correlations can be reproduced
by a classical local model [48] while they are entangled, as
indicated by a nonzero value of the concurrence [47], C(t).
Nonlocality in such cases is unambiguously identified if Bell
inequalities are violated. Therefore, the Bell function B, as
defined by the Clauser-Horne-Shimony-Holt (CHSH) form
[10], can be used to determine whether the system exhibits
nonlocal correlations, which occur with certainty if B > 2.

The possible existence of closed relations between quan-
tifiers of entanglement and nonlocality is currently an open
issue of special interest in dynamical contexts [49–51]. A
relevant issue involves establishing, for a given time evolution,
whether a threshold value of concurrence exists, ensuring

nonlocal quantum correlations. More generally, the presence
of such correlations would guarantee resources for quantum
technologies such as secure quantum cryptography [6,7,9],
thus efficient DD sequences must preserve entanglement above
this threshold.

In this section, we analyze the relation between quantifiers
of entanglement and nonlocality for two noninteracting qubits,
A and B, locally subject to a pure dephasing interaction with
the environment. Each qubit has a Hamiltonian (� = 1, s =
A,B)

Hs = −�s

2
σ s

z − X̂s

2
σ s

z + Ĥ s
R, (1)

where �s is the Bohr frequency of qubit-s and X̂s represents
a collective environmental operator coupled to the same qubit.
The free evolution of the environment is included in Ĥ s

R . The
overall Hamiltonian is thus H = HA + HB . The results of the
present section are valid for any Ĥ s

R and X̂s .
We suppose that the two qubits are prepared in an EWL

state,

ρ1 = r|1a〉〈1a| + 1 − r

4
14, ρ2 = r|2a〉〈2a| + 1 − r

4
14,

(2)

where the pure parts |1a〉 = a|01〉 + b|10〉 and |2a〉 = a|00〉 +
b|11〉 are, respectively, the one-excitation and two-excitation
Bell-like states with |a|2 + |b|2 = 1. When a = b = 1/

√
2,

the EWL states reduce to the Werner states, a subclass of
Bell-diagonal states [10,52]. The density matrix of EWL
states, in the computational basis {|0〉 ≡ |00〉,|1〉 ≡ |01〉,|2〉 ≡
|10〉,|3〉 ≡ |11〉}, is nonvanishing only along the diagonal and
antidiagonal (X form). The purity P = Tr(ρ2) of EWL states
only depends on the purity parameter r , and it is given by
P = (1 + 3r2)/4. The initial entanglement is equal for both of
the EWL states of Eq. (2) with concurrence Cρ1 (0) = Cρ2 (0) =
2 max{0,(|ab| + 1/4)r − 1/4}. Initial states are thus entangled
for r > r̄ = (1 + 4|ab|)−1.

Since the two qubits are noninteracting, the evolution of
entanglement and nonlocality can be simply obtained from the
knowledge of single-qubit dynamics [53]. Under a pure de-
phasing evolution, for each qubit the diagonal elements of the
density matrix in the eigenstate basis remain unchanged. The
single-qubit coherences evolve in time, qs(t) ≡ ρs

01(t)/ρs
01(0),

the explicit time dependence being specified by the environ-
mental properties and the interaction term. If the system is sub-
ject to pure dephasing only, the X form of the density matrix is
kept at t > 0. In particular, diagonal elements remain constant,
whereas antidiagonal elements evolve in time. They are related
to the single-qubit coherences by ρ12(t) = ρ12(0)qA(t)q∗

B(t)
for the initial state ρ1 and ρ03(t) = ρ03(0)qA(t)qB(t) for ρ2.
The concurrences at time t for the two initial states of Eq. (2)
are given by [54] Cρ1 (t) = 2 max{0,|ρ12(t)| − √

ρ00(0)ρ33(0)}
and Cρ2 (t) = 2 max{0,|ρ03(t)| − √

ρ11(0)ρ22(0)}. For the pure
dephasing evolution, it easy to show that Cρ1 (t) = Cρ2 (t) ≡
C(t) with

C(t) = 2 max{0,r|a|
√

1 − |a|2|qA(t)qB(t)| − (1 − r)/4}.
(3)
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We now turn to nonlocality. The maximum CHSH-Bell
function B for a general X state can be found in an analytic
form [48]. It can be expressed as B = max{B1,B2}, where
B1, B2 are functions of the density-matrix elements [49,55].
This quantity has been studied for independent qubits each
coupled to a bosonic reservoir (cavity) with Markovian [56]
and non-Markovian [11,57] features. For independent qubits
subject to local pure dephasing noise, the two functions B1,B2

have the same form for the initial EWL states of Eq. (2) and
are given by

B1(t) = 2
√

r2 + 4r2|a|2(1 − |a|2)|qA(t)qB(t)|2,
(4)

B2(t) = 4
√

2r|a|
√

1 − |a|2|qA(t)qB(t)|.

It is easily seen that B1(t) is always larger than or equal to
B2(t), so that the maximum Bell function is B(t) = B1(t).

To find a closed relation between B(t) and C(t), we
first observe that, in order to achieve nonlocality, two-qubit
entanglement is necessary, i.e., C(t) > 0. Under these condi-
tions, C(t) = 2[r|a|

√
1 − |a|2|qA(t)qB(t)| − (1 − r)/4], and

from Eq. (4) we obtain

B(t) = 2
√

r2 + 4[C(t)/2 + (1 − r)/4]2. (5)

We remark that this result is valid for any local pure-dephasing
qubit-environment interaction, starting from an initial EWL
state with a generic value of a �= 0,1. For example, when r = 1
(initial Bell-like state), Eq. (5) reduces toB(t) = 2

√
1 + C(t)2.

This relation, known when the system is in a pure state [58]
or in a Bell-diagonal state [52], is found here to persist during
the system evolution for more general states.

The threshold value for C(t) ensuring that at time t it is
B(t) > 2 immediately derives from Eq. (5),

Cth =
√

1 − r2 − (1 − r)/2. (6)

Thus, for initial EWL states evolving under any pure dephasing
interaction, the system exhibits nonlocality at time t provided
the concurrence C(t) is larger than a threshold value Cth

depending only on the initial purity of the system. The
threshold is a decreasing function of the purity, and for r = 1
it is Cth = 0.

This result has relevant implications in those quantum
computing platforms, allowing for accurate initial-state prepa-
ration. In particular, this is the case of superconducting
nanodevices. Preparation of entangled states has been recently
implemented in different laboratories [59–67]. For instance,
entangled states of two superconducting qubits with purity
≈ 0.87 and fidelity to ideal Bell states ≈ 0.90 have been
experimentally generated by using a two-qubit interaction,
mediated by a cavity bus in a circuit quantum electrodynamics
architecture [59]. These states may be approximately described
as EWL states with r = rexp ≈ 0.91 and |a| = 1/

√
2, giving

a value of initial concurrence C = 0.865 and a threshold
value for having nonlocality with certainty Cth ≈ 0.37. In the
remainder of this paper, except when explicitly mentioned, we
will use these parameters for the initial EWL state and the
threshold value Cth ≈ 0.37 as a benchmark for entanglement
protection.

III. MODEL AND DYNAMICAL DECOUPLING
SEQUENCES

We consider a two-qubit entanglement memory element
where each qubit is locally subject to an ensemble of classical
bistable fluctuators at pure dephasing and to pulse-based DD
as modeled by

H DD
s = Hs + Vs(t), (7)

where the single-qubit Hamiltonian Hs is of the form of Eq. (1)
and quantum control is operated by the external field included
inVs(t). The environmental operator X̂s is replaced here by the
stochastic process Xs(t) = ∑N

i viξi(t), where ξi(t) is a bistable
symmetric process randomly switching between 0 and 1 with
an overall rate γi . The power spectrum of the equilibrium
fluctuations of each viξi(t),

Si(ω) =
∫ ∞

−∞
dt v2

i [〈ξi(t)ξi(0)〉 − 〈ξi(t)
2〉] eiωt , (8)

is a Lorentzian Si(ω) = v2
i γi/[2(γ 2

i + ω2)]. Following the
standard procedure [3,68], we model 1/f noise as due to an
ensemble of N random telegraph processes, individual rates
being distributed in the interval γi ∈ [γm,γM ] with probability
density ∝ 1/γ . This yields the power spectrum

S1/f (ω) ≈ πσ 2

ln(γM/γm) ω
, (9)

where the noise variance σ is related to the distribution of
couplings v. Assuming a narrow distribution about the average
v̄, we have σ 2 = v̄2N/4 [69].

For DD, we consider sequences of an even number n of
instantaneous π -pulses about the x axis, orthogonal to the
qubit-environment interaction. The pulses are applied at times
tk = δkt , where t is the total evolution time and 0 � δk � 1,
with k = 1, . . . ,n. In PDD, δk = k/n and �t = t/n, the
last pulse being applied at the observation time t . A PDD
sequence with n = 2 corresponds to the echo procedure. In
the CP sequences, δk = (k − 1/2)/n, while in UDD, δk =
sin2[πk/(2n + 2)]. In the limit of a two-pulse cycle, n = 2,
UDD reduces to the CP sequence.

We suppose the qubits are prepared at time t = 0 in an
EWL state by some interaction that is thereafter switched
off. Since both noise and decoupling sequences act locally,
the two-qubit density matrix is entirely expressed by the
single-qubit coherences qs(t). For the PDD, we will rely on
the exact analytic expression for a qubit affected by a quantum
environment of bistable impurities [21,70]. Here we specialize
to the classical limit where each impurity produces RTN,
and we compare with the Gaussian approximation where the
coherence can be expressed as qs(t) = exp {−
s(t)} with [20]


s(t) =
∫ ∞

0
dω Ss(ω)

f (ωt)

πω2
, (10)

where the “filter function” f (ωt) is specific to the
pulse sequence [18]. For PDD, it reads [28] fPDD(ωt) =
2 tan2[ωt/(2n)] sin2(ωt/2). For the CP and UDD, we will
rely on the analysis of Ref. [28], where it has been found
for single-qubit coherence that down to a relatively small
pulse rate, the effect of RTN is reasonably approximated
by a Gaussian (Ornstein-Uhlenbeck) process even under
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strong-coupling conditions (see the next section for a quan-
titative definition). Therefore, for CP and UDD we will
resort to the Gaussian approximation Eq. (10) with filter
functions (for an even number of pulses n) fCP(ωt) =
8 sin4[ωt/(4n)] sin2(ωt/2)/ cos2[ωt/(2n)] and fUDD(ωt) =
1
2 |∑n

k=−n−1(−1)k exp[i ωt
2 cos πk

n+1 ]|2, respectively. Equipped
with these expressions for the single-qubit coherences, we
can investigate the time evolution of the entanglement by
Eq. (3), using qs(t) as given by the specific expression for
each sequence.

IV. DYNAMICAL DECOUPLING OF RANDOM
TELEGRAPH NOISE

We now consider an entanglement memory element where
each qubit is locally subject to RTN and to DD sequences. We
first review the effect of RTN on evolution of the entanglement
for the initial EWL states of Eq. (2) in the absence of pulses
[71,72]. This preliminary analysis lays the foundation for the
investigation of entanglement preservation by DD.

A. Entanglement under local RTN

The single-qubit dynamics under these conditions has been
investigated in several papers, and here we briefly summarize
the main findings. The qubit coherence for qubit s = A,B is
given by [69,73]

qRTN
s (t) = e−i�s t

[
Ase

− γs (1−αs )t
2 + (1 − As)e

− γs (1+αs )t
2

]
, (11)

where As = 1
2αs

(1 + αs − igsδp0,s) and αs = √
1 − g2

s are
expressed in terms of gs = vs/γs , and δp0,s is the initial
population difference of the two states, ξs = 0,1. Repeated
measurements with fully thermalized fluctuators are described
by δp0,s = 0, whereas other choices (e.g., δp0,s = ±1) are
appropriate for nonequilibrium conditions [69]. For a weakly
coupled fluctuator, gs � 1, the coherence decays exponen-
tially with the rate 
 = Ss(0) = v2

s /(2γs), which is the standard
golden rule result. Under these conditions, the Gaussian
approximation applies to the bistable process. In the strong-
coupling regime, gs � 1, the system exhibits damped beatings,
and for gs 
 1 the decay rate saturates to γs . In this regime,
the non-Gaussian nature of the stochastic process is clearly
visible in the qubit evolution [69,73].

The concurrence of two uncoupled qubits each subject to a
RTN process is readily found using Eq. (3), with qs(t) given
by Eq. (11). For a pure initial entangled state, r = 1, a �= 0,
entanglement reflects the single-qubit coherence qualitative
behavior. The concurrence either decays exponentially if
gs < 1 or displays damped beatings if at least one gs is larger
than 1. The regime r < 1 instead reveals the new phenomenon
of ESD, i.e., the concurrence [2] vanishes abruptly at a certain
time tESD, and qualitatively different entanglement behavior
is shown for different values of the dimensionless couplings
gs . For identical qubit-RTN coupling conditions (i.e., for
both gs = g), a threshold value exists, separating a regime of
exponential entanglement decay or ESD from a regime where
entanglement revivals occur. This threshold value, not yet
reported in the literature, only depends on the parametrization

g g

g g

FIG. 1. (Color online) Top panel: Concurrence C as a function
of γ t under local RTNs with g > ḡ ≈ 2.3 (EWL, initial states
with r = 0.91, |a| = 1/

√
2): g = 3 (dashed orange), g = 5 (thick

green), and g = 8 (dot-dashed purple). We fixed δp0 = 0 except
for the thin green line, which corresponds to δp0 = ±1 for g = 5.
In the inset, g < ḡ: g = 0.5 (thick black), g = 0.8 (dashed blue),
g = 1.1 (dot-dashed red), and g = ḡ = 2.3 (dotted magenta). Bottom
panel: sketch of the threshold values of the dimensionless coupling
parameter g separating dynamical regimes for single qubit and
entanglement dynamics.

of the initial state, and it is given by1

ḡ(r,|a|) =

√√√√1 + 4π2

[
ln

(
4r|a|

√
1 − |a|2

1 − r

)]−2

. (12)

Since r < 1, it is ḡ > 1; for instance, for r = 0.91 and |a| =
1/

√
2, we get ḡ ≈ 2.3. When g � ḡ, the system displays ESD,

whereas for g > ḡ, a “final death” (FD) of entanglement takes
place, i.e., a definitive disappearance of entanglement after
revivals. These behaviors are illustrated in the top panel of
Fig. 1. The different dynamical regimes for single-qubit and
entanglement dynamics with respect to ḡ are schematically
illustrated in the bottom panel of Fig. 1.

The ESD time for g < 1 can be simply derived from
Eq. (11). When g � 1 and δp0 = 0, the first term of Eq. (11)

1The expression of ḡ(r,|a|) of Eq. (12) is obtained as follows. First,
one finds the time tmax corresponding to the first maximum of C(t) of
Eq. (3), assuming g > 1. Second, one looks for the values of g such
that C(tmax) > 0, which in turn gives g > ḡ(r,|a|).
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TABLE I. Dimensionless ESD and FD times (scaled with γ ) for
different values of g for local RTNs and initial EWL states with
r = rexp = 0.91 and |a| = 1/

√
2. For g > ḡ, tESD has been identified

as the first time at which entanglement disappears, C(tESD) = 0, thus
tFD > tESD.

g

0.1 0.5 1.1 ḡ = 2.3 3 5 10 30

γ tESD 600 23.60 4.75 1.50 1.09 0.6 0.28 0.09
γ tFD 600 23.60 4.75 1.50 2.83 2.83 2.68 2.76

is much larger than the second one and, from Eq. (3), the ESD
time (for equal γs = γ ) is found as [72]

tRTN
ESD = − 2/γ

1 −
√

1 − g2
ln

⎛
⎜⎜⎝

√
(1−g2)(1−r)

r|a|
√

1−|a|2

1 +
√

1 − g2

⎞
⎟⎟⎠ . (13)

We checked numerically that the above expression provides a
reasonable approximation up to g = 0.9. For larger values of
g, the numerical ESD and FD times are reported in Table
I. The dependence of the single-qubit coherence qs(t) on
the initial population difference δp0,s qualitatively affects the
entanglement dynamics for g > ḡ, while it leaves it practically
unchanged for g � ḡ [72]. In particular, when g > ḡ, the
concurrence for δp0 = ±1 does not exhibit revivals, and it
is always larger than for δp0 = 0. The final death time is also
longer than for δp0 = 0 (see Fig. 1 for g = 5).

In the following, we shall see that the existence of a
threshold value for g plays a role in the efficiency of the DD
procedure to prevent complete entanglement disappearance
under local RTNs. Hereafter, the value of the initial population
difference of RTN is set to the thermal equilibrium value
δp0 = 0.

B. Entanglement echo

For the two-pulse echo, the qubit coherence reads [21,73]

qe
s (t) = e− γs t

2

α2
s

[
1 + αs

2
eαs

γs t

2 + 1 − αs

2
e−αs

γs t

2 − (
1 − α2

s

)]
,

(14)

where t = 2�t . For the sake of simplicity, we assume that the
two qubits are acted by simultaneous pulses applied at times
�t and 2�t . We consider two fluctuators with equal switching
rates, γs ≡ γ , but differently coupled to the respective qubits
vA �= vB in order to address different coupling regimes, gA �=
gB . The general outcome of this analysis is that the echo
preserves entanglement with a qualitative behavior critically
sensitive to the values of γ�t and gs .

When the qubits experience the same coupling conditions,
gs ≡ g, the entanglement-echo efficiency reflects the presence
of ESD or of FD in the unconditioned evolution, i.e., it depends
on whether g is smaller or larger than ḡ. This behavior of
“entanglement echo” is illustrated in Fig. 2(a). When g � ḡ,
the ESD time is delayed, whereas for g > ḡ the dynam-
ical structure of entanglement revivals and dark periods is
washed out by the echo procedure, and entanglement exhibits

0 2 4 6 8 100.0

0.2

0.4

0.6

0.8

1.0

γt

C

a

0 1 2 3 4 5 6 70.0

0.2

0.4

0.6

0.8

1.0

γt

C

b

FIG. 2. (Color online) Concurrence C(2�t) at the end of the echo
as a function of γ t = 2γ�t , showing different “entanglement echo”
behavior depending on g ≷ ḡ = 2.3 (for the chosen initial state
mentioned in the text). (a) Cases gs = g = 0.8 < ḡ (dashed black
lines) and g = 8 > ḡ (solid red lines), with echo (thick lines) and
without (thin lines). For g = 8, notice the plateau at γ�t = 2π/g ≈
0.8. (b) gA = 0.4 and gB = 5, with echo (thick line) and without (thin
line).

plateaulike features. These latter reflect non-Gaussianity of the
RT process, and they are the counterpart of the plateaus of the
single-qubit coherence in the strong-coupling regime, g 
 1
[73], observed in the experiment of Ref. [31].

Plateaus occur also when gA �= gB , provided at least one
qubit is sufficiently strongly coupled, as shown in Fig. 2(b).
The effect originates from echo pulses on the qubit affected by
the strongly coupled fluctuator.

A figure of merit for the entanglement-echo efficiency is
the concurrence at the echo time t = 2�t . We analyze its
behavior as a function of the couplings gs ≡ g in Fig. 3, and we
compare with the concurrence at the same times. As expected,
for small pulse interval, �t � 1/γ , echo is very effective in
suppressing the noise, even for relatively large values of g. A
richer scenario is found for �t ∼ 1/γ . In the absence of echo,
the concurrence at fixed t = 2�t is nonmonotonic with g (see
Fig. 3, thin solid line, for t = 1/γ ). In particular, in the limit
g 
 1, an analytic expression can be found for the asymptotic
expansion of Eq. (11), |qRTN(t)| ≈ exp (−γ t/2) cos (gγ t/2).
Such oscillations reflect the already discussed entanglement
collapses and revivals as a function of time, occurring in
the regime g > ḡ. Oscillatory behavior of C is observed
also in the presence of the echo pulse (Fig. 3, thick solid
lines). Interestingly, echo preserves entanglement even when
it vanishes in the absence of the pulse. However, the recovered
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FIG. 3. (Color online) Concurrence after an echo sequence
C(2�t), as a function of g ≡ gs (thick lines). Shown is the behavior
for a small pulse interval (γ�t = 0.1 blue dashed line) and for a
larger interval (γ�t = 1 orange solid line). For comparison, the
concurrence in the absence of echo at the same time t = 2�t is
reported (thin dashed and solid lines).

entanglement might still not be sufficient for an efficient
realization of quantum error-correction tasks. Finally, for
increasing �t > 1/γ , the echo procedure becomes more and
more inefficient in reducing the detrimental effects of noise,
regardless of the value of g.

C. Entanglement protection by DD sequences

The above results suggest that a sequence of pulses may
preserve entanglement for longer times. Here we investigate
this issue for PDD, CP, and UDD. For illustrative purposes, it
is sufficient to consider identical qubits, gs = g.

We first study how entanglement-DD performs against
RTN in both the strong- and the weak-coupling regimes
for increasing pulse rate. We consider PDD sequences and
evaluate the concurrence at fixed times t̄ and a different
number n of pulses equally spaced, �t = t̄/n. This quantity
can be obtained from the exact result, Eq. (A1), on DD of
a single qubit from a pure dephasing RT fluctuator [21,70].
Moreover, in order to gain insight into the effect of the
non-Gaussianity of RTN, we compare the above results with
their Gaussian approximation. In the latter, the coherences are
obtained using Eq. (10), where Ss(ω) is the power spectrum of
an Ornstein-Uhlenbeck process.

In Fig. 4, we plot [ln C(t̄)]/g2 as a function of the (even)
number of pulses n for γ t̄ = 10 and for an initial Bell
state. Notice that in the Gaussian approximation [12], since

s(t) ∝ g2, also the quantity ln[C(t̄)] = −[
A(t̄) + 
B(t̄)] ∝
g2, thereby the combination plotted in Fig. 4 is universal. On
the contrary, a dependence on g related to non-Gaussianity
appears for RTN. Actually for g < 1 (main panel), the exact
result and the Gaussian approximation practically coincide,
showing that the discrete nature of RTN is not relevant in
weak coupling, as expected on physical grounds even in the
absence of pulsed control [69]. Instead, for g > ḡ (inset) the
equivalence is recovered only at large n, i.e., for sufficiently
large pulse rates, where ln[C(t̄)]/g2 shows universal behavior.
For intermediate rates, 1/�t ∼ γ , even though PDD cancels
dark periods and revivals (see Fig. 1), the entanglement
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FIG. 4. (Color online) Comparison [ln C(t̄)]/g2, at the fixed time
γ t̄ = 10 for PDD, as a function of the number of pulses n for RTN
(green diamonds) and Gaussian (Ornstein-Uhlenbeck) noise (orange
triangles). The values of g are 0.5 (principal panel) and 5 (inset). The
initial state is pure maximally entangled.

recovered is relatively small since its decay is already relatively
slow, ∼ e−2γ t .

The monotonic increase of [ln C(t̄)]/g2 with increasing
pulse rate, 1/�t , shows how PDD suppresses the effect of
RTN. In the universal regime, γ�t � 1, very frequent π -
pulses about σx coherently average out the effect of RTNs with
γ � 1/�t and partially reconstruct the initial entanglement,
independently of the coupling regime. This argument holds
more in general and explains why in this regime different
statistical properties of Gaussian and non-Gaussian processes
do not produce a distinguishable effect on the entanglement
dynamics.

The above argument also suggests that the equivalence
at large pulse rates holds also for CP and UDD sequences
in general. This can be shown explicitly by comparing
the Gaussian approximations with entanglement calculated
using the numerical solution for the qubit coherences in the
presence of RTN [28]. This analysis pointed out that high-order
noise correlators in the decay factor of the qubit coherences
are suppressed by CP and UDD, the former performing
better than the latter, which is by construction optimized to
reduce the second cumulant (Gaussian term). For the CP and
UDD sequences, the Gaussian approximation for the qubit
coherences was found to be applicable up to g = 10 for n = 10
pulses [28].

Based on these considerations, in the following we study
how entanglement is preserved as a function of time. We
consider sequences with a fixed number n of pulses for each
t . This would be the outcome of an experiment where the
qubits evolve during runs of assigned duration t under the
considered n-pulse sequence. The overall curve is recorded
from successive runs varying t , but not n. We will use the
Gaussian approximation for the coherences under the CP and
UDD sequences, whereas for PDD we resort to the exact result
form Eq. (A1).

Results, shown in Fig. 5 for n = 10 pulses, illustrate that
the DD procedures preserve entanglement at times longer than
for its natural complete disappearance, independently of the
coupling conditions. We notice that the different qualitative
behaviors of the entanglement observed for g � ḡ and g > ḡ

in the absence of pulses (see also Fig. 1) are canceled by DD.
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FIG. 5. (Color online) Concurrence as a function of the dimen-
sionless time γ t for g = 0.5 (top panel) and g = 5 (bottom panel)
for a fixed number of pulses n = 10 (δp0 = 0). Black dashed
lines represent concurrences without DD sequences. The magenta
long-dashed line, green dot-dashed line, and orange solid line
represent concurrences for PDD, UDD, and CP, respectively. A
blue long-dashed line is also displayed coinciding with the magenta
one and representing PDD in Gaussian approximation. The gray
dotted line at Cth ≈ 0.37 represents the threshold value of C for
Bell inequality violation. The red dotted line at the top is the initial
value of concurrence.

Indeed, from the filter functions of the considered sequences,
it is easy to see that the application of n pulses within time
t effectively suppresses the effect of noise components below
frequency ωn ∼ 2n/t [28]. CP slightly outperforms UDD,
PDD being the less effective sequence. Notice how effective
the pulse sequences are in the strong-coupling regime (lower
panel of Fig. 5): for instance, for g = 5, the CP sequence
keeps the concurrence above the nonlocality threshold Cth for
times (γ t ≈ 4.5) an order of magnitude longer than in the
absence of pulses (γ t ≈ 0.4). In the weak-coupling regime,
DD extends to larger times the initial short-time behavior. As
a consequence, nonlocality becomes more robust and the ESD
times are delayed.

Another figure of merit of the DD sequences is how many
pulses are required to store the entanglement until the ESD-
FD times. To address this issue, we evaluate the concurrence
under DD at the time t̄ where it definitively vanishes under
free evolution. These times depend on the coupling conditions
and are given by the ESD times for g � ḡ and by the FD
times for g > ḡ (see Table I). This analysis is reported in
Fig. 6 for the CP sequence, which is the most efficient pulse
sequence. Notice that the minimum number of pulses to store
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FIG. 6. (Color online) Concurrence under CP as a function of
the number of pulses n at fixed times γ t̄ = γ tESD for g � ḡ and
γ t̄ = γ tFD for g > ḡ. The values of g are 0.5 (purple circles), ḡ = 2.3
(blue diamonds), and 5 (green squares). The gray dashed line at
Cth ≈ 0.37 represents the threshold value of C after which there is
a Bell inequality violation. The red dotted line is the initial value of
concurrence.

entanglement is obtained for g = ḡ = 2.3: already two pulses
allow the threshold Cth to be exceeded, while ten pulses give
C = 0.857, i.e., an error ∼ 0.9% with respect to the initial
value C(0) = 0.865. This is due to the fact that for g = ḡ,
entanglement disappears completely in the shortest time (see
Table I). This means that small pulse intervals are needed;
however, few of them very efficiently recover the large amount
of entanglement initially lost in the absence of pulses, as shown
by the fast initial increase of C(γ t̄) in Fig. 6.

V. DYNAMICAL DECOUPLING OF 1/ f NOISE

In this section, we investigate the efficiency of PDD, CP,
and UDD sequences to preserve entanglement between two
superconducting qubits in the presence of pure-dephasing
broadband colored noise (BBCN). This is the common
instance in solid-state implementations of quantum processors.
We refer to the experimental situation reported in Refs. [35,36]
where magnetic flux noise on a flux-type superconducting
qubit has been well characterized. Consistent measurements
of 1/f -type power laws have been reported at 0.2–20 MHz
and in the range 0.01–100 Hz. Based on these results, we
consider flux noise S�(ω) = A�/(2πω), extending between
1 Hz and 10 MHz with amplitude A� = (1.7 × 10−6 �0)2

[�0 = h/(2e) is the magnetic flux quantum]. For the above
noise amplitude and γi ∈ [1,107] Hz, Eq. (9) yields σ ≈
2π × 107 Hz. We attribute this figure of noise to a large
number (N = 104) of impurities with a narrow distribution
of couplings about the average, v̄/2π = 0.2 MHz. We remark
that γM = 107 Hz is a soft-uv cutoff, the spectrum decaying
as ω−2 at larger frequencies.

The single-qubit coherence q1/f (t) = �N
i=1qi(t) is obtained

as the product of N coherences qi(t) associated with each
RTN, which in the absence of pulses is given by Eq. (11). The
resulting concurrence, Eq. (3), allows us to estimate the ESD
time, which will be used as a benchmark for entanglement
recovery. Using quasistatic 1/f noise [33,74], we have tESD ≈
1/{σ√

ln [4|ab|r/(1 − r)]} [75], and the corresponding figure
for the initial EWL state and σ we consider is tESD ≈ 27 ns.
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FIG. 7. (Color online) Concurrence as a function of time t at a
fixed number of pulses n = 4 (top panel) and n = 10 (bottom panel).
The blue long-dashed line, green dot-dashed line, and orange solid
line represent concurrences for PDD, UDD, and CP, respectively.
The black dashed line is the concurrence in the absence of pulses,
with entanglement disappearing at tESD ≈ 27 ns. The gray dotted line
at Cth ≈ 0.37 is the threshold value of C for after Bell inequality
violation. The top red dotted line is the initial value of concurrence.
The 1/f -noise figures are given in the text.

Results for other sequences are found following the same
steps. For PDD, we use the exact qPDD(t) of Eq. (A1),
whereas CP and UDD sequences are studied in the Gaussian
approximation Eq. (10) for the qubit coherences, evaluated
with S1/f (ω) [Eq. (9)] and the appropriate filter functions. In
each case, we finally find the concurrences from Eq. (3).

The effectiveness of the considered DD sequences is
analyzed in Fig. 7, where we display the concurrence versus
time t ∈ [0,0.3 μs] for sequences with a fixed number of
pulses (n = 4 and 10). The CP sequence shows remarkable
performances, since already four pulses allow entanglement
to be stored for times t ∼ 500 ns, much larger than tESD ≈
27 ns. For 10 CP pulses, entanglement is preserved until
t ∼ 900 ns. It is worth stressing that the concurrence exceeds
the nonlocality threshold Cth for time scales relevant for
computation, namely t ∼ 300 ns with 4-pulses CP, to be
compared with t ≈ 13 ns in the absence of pulsed control.
Operating four CP pulses in 300 ns is absolutely within current
technologies [35], and there is room for improvement by higher
pulse rates. We find that the CP sequence outperforms PDD and
UDD, despite the expectation that UDD gains from its strong
low-frequency filtering properties. Therefore, the CP sequence
interestingly works best for entanglement protection in the
no-cutoff case. This circumstance, which is also observed in
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FIG. 8. (Color online) Concurrence as a function of the number
of pulses n at t̄1 = 0.1 μs (top panel) and t̄2 = 0.3 μs (bottom
panel). Blue circles, green squares, and orange diamonds represent
concurrences for PDD, UDD, and CP, respectively. The CP points are
superposed to the UDD ones. The gray dashed line at Cth ≈ 0.37
represents the threshold value of C after which there is a Bell
inequality violation. The red dotted line at the top is the initial value
of concurrence.

experiments, is due in our model to the ∼ ω−2 tail of the
spectrum for frequencies larger than γM .

In Fig. 8, we study how increasing the number of pulses
yields a high degree of entanglement and nonlocality at
given times (t̄1 = 0.1 μs and t̄2 = 0.3 μs), both much larger
than tESD. Notice that we have short tESD since the problem
addressed in this paper, namely 1/f noise at pure dephasing,
is the “worse scenario” for dephasing. In a single qubit, the ef-
fects of noise with a sharp uv cutoff γM are strongly suppressed
if 2n/t̄ > γM , with UDD yielding high fidelity at short times
and CP being more efficient at longer times [28,76,77]. We
find qualitatively the same behavior for entanglement, except
that we consider a soft-uv cutoff obtaining only a partial noise
suppression. Notice that at t̄ = 0.1 μs, a concurrence larger
than Cth is recovered with only n = 2 pulses by both CP and
UDD sequences. They yield C ∼ 0.8, the corresponding PDD
yielding slightly worse results, being a two-pulse echo with
not so large �t = 0.5/γM . The advantage of using the CP
sequence emerges at longer times. At 0.3 μs, entanglement is
kept above the nonlocality threshold Cth with only four pulses,
Fig. 8 (bottom panel). For this protocol, the intervals between
pulses, �t1 = �t4 = 37.5 ns and �t2 = �t3 = 75 ns, are well
within current experimental resources. On the contrary, PDD
with n = 4, with �t = 4/(3γM ), has a worse performance
since the effect of fluctuators switching at γ ∼ γM is not
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TABLE II. Values of CP sequence efficiency En(t) and fidelity
Fn(t), displayed as (E,F), at the indicated times and different number
of pulses n, for initial EWL states with r = rexp = 0.91 and |a| =
1/

√
2 and 1/f -noise figures discussed in the text.

n t̄1 = 0.1 μs t̄2 = 0.3 μs

2 (0.905, 0.99451) (0.049, 0.84100)
4 (0.975, 0.99945) (0.506, 0.93661)
6 (0.989, 0.99988) (0.734, 0.97428)
8 (0.994, 0.99996) (0.843, 0.98796)
10 (0.996, 0.99998) (0.896, 0.99370)

canceled. Notice finally that for the parameter we consider,
strongly coupled fluctuators, such that γ � v̄ = 0.4π MHz,
are effectively averaged out since we consider higher pulse
rates, 1/�t 
 v̄ [21].

It should be noted that for noises with a strong low-
frequency component, such as 1/f noise, there is a strong
inhomogeneous broadening effect that is efficiently removed
by echo and by CP sequence, in the multipulse case. As is
visible in the results shown, PDD indeed shows up as an
inconvenient sequence compared to a CP sequence with the
same number of pulses.

A. DD sequence efficiency

The performance of each DD sequence in preserving
entanglement until time t can be quantified by evaluating the
efficiency defined as

En(t) = CDD
n (t)/C(0), (15)

where CDD
n (t) is the concurrence for a given DD sequence with

n pulses at time t . Another figure of merit is the fidelity to the
initial EWL state given by [78]

Fn(t) = Tr
√√

ρiρDD
n (t)

√
ρi, (16)

where ρi is the initial EWL Eq. (2), while ρDD
n (t) is the evolved

state under DD control.
We list in Table II the values of efficiency En(t) and fidelity

Fn(t) for the CP sequence in the presence of 1/f noise at times
t̄1 = 0.1 μs, t̄2 = 0.3 μs, and different n. We observe that the
CP sequence can be very effective in protecting entanglement
against 1/f noise up to times of the order of the total typical
duration of two-qubit gate sequences [59]. Moreover, these
results provide evidence that the CP sequence is the most
effective, the entanglement being kept over the threshold Cth

of Bell inequality violation up to times allowing, for instance,
for secure quantum cryptography.

VI. CONCLUSIONS

In this paper, we investigated DD techniques protecting
entanglement and nonlocality in a system of two noninter-
acting qubits subject to strong low-frequency noise, with a
1/f spectrum. We focused on a realistic setup of distributed

quantum memory, operating DD by different sequences (PDD,
CP, UDD) of pulses. We used typical noise and control figures
from superconducting qubits where these sequences have
been recently used to mitigate single-qubit dephasing due to
low-frequency noise [35,42]. In contrast with other proposals,
where DD of entanglement between two qubits is realized by
nonlocal control [38] or nested [39,40] sequences, here we
considered simple DD pulse sequences acting locally on each
qubit.

In particular, we focused on the question of whether it is
possible to preserve nonlocality for a class of mixed states, al-
lowing for applications to quantum technologies. Toward that
end, first of all, we demonstrated a closed relation—Eq. (5)—
between an entanglement quantifier (concurrence) and non-
locality, quantified by the Bell function. This dynamical
connection among different quantum correlation quantifiers,
which is the main mathematical result of our work, is valid
during the system evolution under any local pure-dephasing
qubit-environment interaction of systems prepared in EWL
states. It implies that a threshold value of concurrence Cth

exists, which depends on the purity of the initial state, above
which the two-qubit system exhibits nonlocal correlations
with certainty, providing a benchmark for the performance
of strategies of entanglement protection. Entanglement can be
preserved by local pulses since the two qubits are independent
and affected by local pure dephasing noise, an effect recently
pointed out in Refs. [79–81].

We first studied pulsed control in the presence of a single
RTN identifying a variety of behaviors depending on the
qubit-fluctuator coupling g. We found that the effects of
two-pulse echo depend on whether g is smaller or larger than
a threshold value ḡ, marking the existence of entanglement
revivals in the absence of pulses. When g � ḡ, the ESD time
is delayed, whereas when g > ḡ, the dynamical features of
revivals and dark periods are canceled out by the echoes, with
entanglement exhibiting plateaulike behaviors. Multipulse
sequences turn out to be more efficient in entanglement
preservation, prolonging the ESD time and allowing C > Cth

to be maintained.
We then studied entanglement DD from 1/f noise with an

amplitude typically observed in superconducting nanocircuits.
We have shown that entanglement and its nonlocal features can
be stored very efficiently up to times an order of magnitude
longer than natural entanglement disappearance times, which
is the physical message of our work. These storage times are
long enough to perform two-qubit quantum operations with
pulse timings of current experimental reach [35,42].

In this paper, we considered hard pulses, i.e., ideal instanta-
neous pulses. The real finite-pulse duration could be included
in this analysis by appropriately modifying the filter functions,
as in Ref. [35], where the authors assumed square pulses (about
7 ns duration). We do not expect that this analysis would give
substantial modification of our results, also in consideration of
the fact that we concentrated on a rather small number of pulses
[28]. Instead, we expect that numerical optimization of control
pulses [22,82,83] and realistic bounded amplitude control
[84] may further improve the efficiency of the investigated
entanglement memory element. Room for improvement is also
expected since, as we find in our simulations for both RTN and
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pure dephasing 1/f noise, and as observed in experiments
in the latter case, the CP sequence outperforms PDD and
UDD. Finally, it would be interesting to extend our work to
study decoupling from correlated low-frequency noise sources
acting on both qubits, which produce distinctive decoherence
effects in realistic solid-state quantum hardware [85].
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APPENDIX: QUBIT COHERENCE IN THE PRESENCE
OF RTN AND UNDER PDD

In this Appendix, we report the analytic form of the single-
qubit coherence in the presence of pure dephasing random
telegraph noise under PDD with an even number of pulses
qPDD(t) derived in Falci et al. [21] and D’Arrigo et al. [70].
Here we set α =

√
1 − g2 and remind the reader that pulses

are applied at times t = n�t ,

qPDD(t) = E
n
2 e− γ t

2

|α|n
{

I−
EG2

[E1 + δp0(E3 + iE2)] + I+

}
,

(A1)

where

E0 = |α|2
∣∣∣∣cosh

(
αγ t

2n

)∣∣∣∣
2

+ (1 + g2)

∣∣∣∣sinh

(
αγ t

2n

)∣∣∣∣
2

,

E1 = 2 Re

{
α cosh

(
αγ t

2n

)
sinh

(
αγ t

2n

)∗}
,

E2 = −2g

∣∣∣∣sinh

(
αγ t

2n

)∣∣∣∣
2

,

E3 = −2g Im

{
α cosh

(
αγ t

2n

)
sinh

(
αγ t

2n

)∗}
,

E =
[
|E0|2 −

3∑
i=1

|Ei |2
]1/2

,

G1 = E0

E
, G2 =

[∑3
i=1 |Ei |2

]1/2

E
,

I± = [(G1 + G2)n/2 ± (G1 − G2)n/2]/2.

Re and Im indicate, respectively, the real part and the imaginary
part of the complex number.
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