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We have studied, both theoretically and experimentally, the extra conductivity cr„due to thermal

fluctuations in high-field superconductors in the Pauli-par~magnetic limit (SPPL). We first investigate

theoretically the Ashainazov-Larkin (AL) term, and show that the Pauli-paramagnetic effect in the AL
term can be included by renorm!b~ng the thickness of the film. Then we calculate the pair-brealong
function for the Malri-Thompson (MT) term in a magnetic field within the lowest-order approximation
of Keller and Korenman and show that in contrast to ordimiry superconductors the MT term in SPPL
can be enhanced by a weak parallel field. We also report the first experimental measurements of cr„in

SPPL. The angular dependence of the AL term is found to be essentially in agreement with the
calculation of Aoi reported earlier. Near T,o the MT term is observed to be suppressed by a parallel

field. We also study the effect of a perpendicular field, and find, both theoretically and experimentally,
that in SPPL the MT term appears to be suppressed by a perpendicular field.

I. INTRODUCTION

In the past few years much effort has been de-
voted to the study of thermal fluctuations of the
superconducting order parameter. ' It has been
found that fluctuations can give measurable effects
on various properties of metals near the transition
point. In the case of electrical conductivity, the
extra conductivity o„due to fluctuations is given
as the sum of the Aslamazov-Larkin (AL) contri-
bution' and the Maki-Thompson (MT)" contribu-
tion:

e' In(~/6)
6d (7 -6)

(3)

where d is the thickness of the film, 7. =In(T/T~)
= (T/T~) —1, and T~ is the transition temperature
in zero field. Thompson' obtained Eq. (3) by
introducing a pair-breaking parameter 5 to re-
move the divergence of the Maki diagram. Kaji-
mura and Mikoshiba' found that their experimental
data could be well fitted to Eqs. (1)-(3)by choos-
ing

5 =6x10 4Ra (4)

for their aluminum films, where Rp is the resis-
tance in ohms per square of the film in the normal
state. It was shown by Keller and Korenman
(KK) and by Patton'4 from microscopic calculations

+f1 +AL + +MT

For two-dimensional superconductors oAL and oMT

are given (in units where S= 1) by

oA~=e /16d~

and

that the form of Eq. (3) is approximately correct
in a restricted temperature range, but that 5 is
strongly temperature dependent':

6=2. 1x10 SR'/~

This nonvanishing 5 was obtained by modifying the
BCS interaction with a vertex correction caused by
the superconducting fluctuations themselves.

Magnetic field effects have been considered by
many authors. ' ' It is well known both theoreti-
cally' and experimentally '"' that a parallel field
enhances the pair-breaking parameter 5 and con-
sequently suppresses o.„Tin superconductors in
which the orbital motion of electrons limits H
On the other hand, it is predicted theoretically that
a perpendicular field should enhance oAL so that
in the neighborhood of T, it is four times oAL in
zero field. In the temperature range of 7' which
is less than a few times 5, a„Tshould also be en-
hanced by a perpendicular field (~'= [T —T,(H,)]/
T,(H, ) is the reduced temperature differencej. If
the pair-breaking effect due to other mechanisms
is small compared with that due to the perpendic-
ular field itself, o„Tnear T, can be as large as
four times crAL in zero field. The enhancement
in a perpendicular field comes from the fact that
the energy spectrum of the fluctuating pairs is dis-
crete due to the Landau quantization, and that there
is a large degeneracy in the lowest energy level
n =0. This degeneracy is to be compared with the
zero- or parallel-field case where there is only
one lowest energy state, namely, the q = 0 state
(q is the wave vector of the fluctuation mode). The
degeneracy in the perpendicular field case makes
thermal fluctuations easier. There are relatively
few experimental data available for the perpendic-
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ular field case. ' ' '" Aomine and Rinderer' ob-
served that in the vicinity of the transition tem-
perature, the fluctuation conductivity of Al is en-
hanced by no more than 2(P/p over the zero-field
valise and that the MT contribution is suppressed
by a perpendicular field. The latter is consistent
with the measurements of Klenin and Crow. '

If the film is sufficiently thin (typically 2 &50 A

for Al}, the critical field H,(8) is limited by Pauli
paramagnetism for small 8 «& w. ~9'~0 (We shall
refer to such superconductors as SPPL, supercon-
ductors in the Pauli-paramagnetic limit. ) Here 8

is the angle between the film surface and the ap-
plied magnetic field. One might expect that the
behavior of SPPL in a magnetic field is different
from ordinary superconductors in which H, (8) is
limited by the orbital motion of the electrons. In
fact SPPL do show some percularities. For ex-
ample, at low temperatures (T «T~) they undergo
a first-order phase transition to the normal state
with an increasing parallel magnetic field if the
spin-orbita1. scattering rate is small. 3 However,
there are cases in which the Pauli paramagnetism
is completely implicit, although important. For
example, in the angular dependence of the critical
field H, (8}, Tinkham's formula, which was derived
without taking into account Pauli paramagnetism,
works for SPPL. ' This is because "the effective
pair-breaking strength" due to the Pauli spin is
quadratic in H, the same field dependence as that

due to the orbital motions in a parallel field.
Fluctuations in SPPL were first considered by

Fulde and Maki' for the parallel and perpendic-
ular field cases and then extended by Aot, ' (here-
after referred to as I), to the cases of arbitrary
field orientations. These authors considered only

the AL contribution, assuming in agreement with

the above-mentioned experiments that the MT con-
tribution is suppressed in a strong field. It was
shown in I that if o», (4H, 8, T) is considered as
a function of 8 for fixed values of T and 4H =H- H,
(8, T), then there is an angle 8o at which o» has a
maximum value, and 80 is not either 0' or 90'.
While this is correct, the conclusion that this max-
imum in oA„is a characteristic of SPPL is in er-
ror. Conversely, it was found by later numerical
calculations that the angular dependences of oAL,

for SPPL and ordinary superconductors are very
similar. ~

Recently the angular dependence of the

fluctuat-

ionn conductivity was measured by Aomine and

Rinderer for Al films in which H„,is partly lim-
ited by Pauli paramagnetism. In their case the
temperature was fixed only slightly below T~, and

apparently the magnetic field was not strong enough

to suppress o«completely. Nevertheless they ob-
served that o„hasa maximum at a field orienta-
tion which is close to, but not exactly parallel.

So far, however, there have been no experiments
on o'„for superconductors definitely in the Pauli
paramagnetic limit. One of the main purposes of

the present communication is to report the result
of such measurements for Al films. At the same
time we theoretically reconsider the AL term. We
also extend our consideration to the MT term in
order to look for the characteristic behavior of
SPPL. Another purpose is to clarify, both theo-
retically and experimentally, the effect of a per-
pendicular field on the fluctuation conductivity. In
this case we assume that H„is low enoUgh so that
Pauli paramagnetism is not important.

In Sec. II we discuss eA~ in connection with the
pair-breaking strength due to the magnetic field
and show that for a given ratio of H„,/H„one ex-
pects some universal behavior for oA~ as a func-
tion of 8 regardless of whether the samples are
SPPL or ordinary superconductors. In Sec. III
we consider the MT contribution in a magnetic
field. Investigating the field dependence of the
BCS vertex correction within the lowest-order ap-
proximation of KK we show that the internal pair-
breaking parameter 8; (the part which was consid-
ered by KK) behaves in magnetic fields in a way

very similar to o» itself. 5& is enhanced by a
perpendicular field and is suppressed by a parallel
field. In Sec. IV we describe our experimental
measurements. The resistance of thin Al films
was measured from 0.4 to 4. 2 K and with magnetic
fields up to 66 kOe. The angle between the plane
of the film and the field could be varied from 0' to
90 . The films studied were less than 50 A thick
and had sheet resistances of a few hundred ohms

per square. In Sec. V we discuss and summarize
our findings.

IL ASLAMAZOV-LARKIN TERM

In this section we first review the results ob-
tained in I and then reconsider their physical im-
plications in order to make clear the effect of
Pauli paramagnetism on superconducting fluctua-
tions. It was shown in I that the AL contribution
to the fluctuation conductivity, including the Pauli-
paramagnetic effect, is given by

e T I'(p)
4gdD Hsin8

with

E(p) =2(p —1)[g(l+ p p) —g(~ + —,p)]+4/p —2
(v)

where

e,'(H, 8)-e,(T, H)
28HD sin8

and

eo(H, 8) = 2DeH(2n+ I) sin8
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+ ( ~ D)(e dHcos8), n = 0, 1, 2. .. . (9)

Furthermore eo(T, H) is determined by setting

P(eo, H) =0

where

P(cot H} 7+2 1+
Q z gg ~ljl(&+a )

& — psH)'

(10)

with

b 1 1+ ~ 1
[ 2 & H)R]1/2 4(2 +a+}—(p, gH

(11) l

O. l IO

a+=2 (-,'eo+b~[h' —(peH)']'~') .

Here b=i/3r„with 7,~ being the spin-orbit scat-
tering rate of the conduction electrons, D = 3 v&I, is
the diffusion constant and g is the digamma func-
tion. For superconductors whose critical fieMs
are limited entirely by the orbital motion of elec-
trons Eqs. (10) and (11}give eo(T, H) = eo(H~ 8),
but for SPPL this is not the case. The use of Eqs.
(8), (10), and (11) is a trick to take into account
the Pauli paramagnetic effect. An- alternative way
to account for the effect of electron spin is to ex-
pand the pair propagator B (n, ur) from the begin-
ning. If b«2wT, we can wrjte

[S(n, u)N(0)]" =P(-i++co)

H -=a+ (v/8T} (-i(o+ eo+ e~}
(12)

where e&
——0. 54pe H /T. This expansion is only

valid for relatively high temperatures TQT~, but
the role of the Pauli paramagnetism is much
clearer in Eq. (12). This propagator leads us in
a straightforward manner to Eqs. (6)-(8), with p
now given by
P=

2De sin8(H-H, ) + [,' D(ed cos8—) +0.54p&/T] (H —H,)
2DeH sin8 (l 3}

For nH= H-H, (8, T) «H-, we can approximate Eq.
(18}by

p= [1+eK,(P' cos8)~/(3 isn )8](rkH H/, ), (14a)

where d* is defined by

(d~ cos8) = (dcos8)~+1. 62pe/e DT

If we set

&(p) =f(p)/p,

(15)

we can write Eqs. (6)-(ll) as

16d (~ vDe)[sin8+ (3 e)H, (P' cos8)~] SH '

Here (vDe/4) ' is equal to the slope hH, JdT of
H„versus T near T~. The function f(p} is plotted

FIG. 1. f(p) as a function of p. f(p) is the enhance-
ment factor of the AL term due to the perpendicular com-
ponent of the magnetic field [see Eqs. (17a) and 0.7b)j.

in Fig. 1. So far we have been assuming that the
temperature T is fixed and H is a variable. If H
is fixed and T is varied, it is more convenient to
write

p =4[T —T,(H, 8)]/vDeH sin8 (14b)

oa, = (e /16d)f(p)T/[T —T,(H, 8) ] (ivb)

H, (8) = (H,jsin8) Q+ [~+ (H„cos8/H, sin8)~]~ ~j ~

(18)=H /sin8 for 8 R28,

where 8, is defined by

8g: co't (Hgl/2Hgg) (19)

Physically, 8, is the angle at which the pair-break-

where T,(H, 8} is the transition temperature for
the given field strength H and orientation 8.

One can see in Eqs. (12}and (9) that there are
three terms which suppress superconductivity: the
orbital terms due to the perpendicular and parallel
components of the magnetic field and the spin term.
There are no cross terms among these three
terms. The last two terms are quadratic in H
while the first is linear. The pair-breaking effect
due to the Pauli spin is now expressed in the same
form as that due to magnetic impurities, ~~ or that
due to orbital motion in the presence of a magnet-
ic field. If b «2mT, its pair-breaking strength
does not depend on b near T~. At lower tempera-
tures, where Eq. (12) is not valid, it is larger for
smaller b. It is worth emphasizing that, if
H~, » H„,H,(8, T) is not large enough for the quad-
ratic terms to play an important role except for
small 8, say, 8 & 5'-10', where the pair-breaking
strength due to the perpendicular component is
smaller. To be more precise, by solving Tink-
ham's formula we obtain
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ing regime changes from quadratic to linear. ~4

Also we note in Eqs. (14a) and (17a} that for
8 &28„

sin8+ & e H, (d* cos8)2 = sin8 (20)

which simply means that in this region of 8 the
parallel component of H is not important for ops.
It follows then that if the entire resistivity curve
is plotted against the reduced field H/H, (8) for dif-
ferent T, the curve should be independent of 8 for
8 &28,.

In Eq. (17) the Pauli paramagnetic effect is in-
cluded by renormalizing the film thickness accord-
ing to Eq. (15). Hence this effect is implicit if o»
is considered as a function of H. ~ does depend
on 8; however, if 8, &10'(as is usually the case),
a factor of cos38 can be inserted into the last term
in Eq. (15) and we can write

(d*)2 = d'+ (l. 62 p ')/(e'DT)

l

)
l

2

h

o

kOe

kOe

kOe

A

A

K

K

where d* is now independent of 8. It follows from
this result that the effect of Pauli paramagnetism
is also expressed almost completely implicitly for
the case where o„Lis considered a function of 8

for a fixed &H. Figure 2 demonstrates this fact.
o„Lcalculated from Eqs. (6)-(ll) is plotted as a
function of 8 for a fixed nH for SPPL (curve A)
and an ordinary superconductor (curve B). H„,
in curve A is limited almost entirely by Pauli
paramagnetism while the H„,of curve B is deter-
mined by the orbital motion. Curves A and 8 are
normalized in such a way that they give the same
values for 8 = 90'. One notes that except for the
normalization factor, the field dependence of o'„L
and 0„'„arealmost identical. It should also be
pointed out that d~ is temperature dependent, and
is larger for lower temperatures. This is in
agreement with the observed temperature depen-
dence of H„,(T) in that H„,for SPPL does not in-
crease as much in going to lower temperatures as
one would expect from the slope of H„,against T
near T,o.

Finally we wish to discuss the physical signifi-
cance of f(p) As plotted i.n Fig. 1, f(p) is a slowly
varying function of p, which varies monotonically
from a value of 4 for p«1 to a value of 1 for
p» 1. In the presence of a finite perpendicular
component of the magnetic field H sin8, the (orbit-
al) energy levels of the fluctuating pairs are quan-
tized as Po, n =0, 1, 2. . . (Landau quantization).
At each level there is a large degeneracy of states
which otherwise would be distributed continuously
between levels. In Eqs. (8) and (13) one sees that
p/2 is the ratio of the excess eo —e „ofthe pair-
breaking strength above its critical value &„to the
energy spacing of the discrete levels. Here &" are
the quantized energy levels which include the con-
tribution from the spin

0
I

60 90

FIG. 2. Calculated angular dependence of 0'fy for fixed
values of T and 4H=H-H~(8) for (A) SPPL and (B) an or-
dina. ry superconductor. The ratio H„,/H~& is assumed to
be the same for both cases. Note the similarity of the
shapes of the curves, especially that there are peaks for
both cases.

e"=&0(H, 8)+a~(H), n=0, 1, . . .

~„=coo(H„8)+ e, (H, )

with e~ as defined after Eq. (12). Hence p gives a
measure of how important the discreteness is, and

f(p) is the enhancement factor for the AL term due
to the discreteness [see Eqs. (17a) and (17b)].
From Fig. 3 one can easily understand the reason
why f(p) for p«1 is larger than f(p) for p»l.
p «1 means that the discreteness is important; in
this case [see Fig. 3(a)], because of the Boltzmann
factor, fluctuations which occur in the states of the
lowest energy level & are larger than the sum of
fluctuations which would occur at these levels if
they were distributed continuously between c and
e' [see Fig. 3(c)], hence the AL term is enhanced
by a perpendicular field in the vicinity of the tran-
sition point. (Whenever we talk about enhancement
or suppression by a field, we mean enhancement or
suppression after the shift of T„dueto the field,
is taken into account, unless otherwise stated. )
For p»1 [see Fig. 3(b)] it is obvious that the dis-
creteness is not important, and f(p}=1. The an-
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FIG. 3. Energy spectra of fluctuating pairs. This
diagram illustrates the importance of the Landau quanti-
zation due to the perpendicular component of the mag-
netic field. & is the lowest energy level for the pairs;
&~ is its critical value for superconductivity, that is,
when &0= &~ is satisfied, the superconducting transition
occurs. ~", n=1, 2. . .are other Landau levels. If p
«1 [case (a)] (corresponding to & —&~«e —+'), more
thermal fluctuations occur at the lowest energy states
than in the case of continuous distribution [case (c)] of
states, because of the large degeneracy at this level in
the former case. For p»1 [case (b), the spectrum is
almost a continuum and the discreteness is not impor-
tant.

gular dependence of oAi, shown in Fig. 1 is deter-
mined by two factors in Eq. (17a), namely, f(p) and
the quantity in the square bracket. If f(p) is seen
as a function of 8 for a fixed &H such that &H» H„,
it increases very sharply from 1 for 8 = 0' to about
4 for 8 = 28, and then becomes approximately con-
stant until 8 = 90'. From this fact and Eq. (20), we
can see that oAL is smaller at both angular ex-
tremes, 8 =0' and 90' and has a maximum at some
intermediate angle 80. 8o is approximately equal
to 8„the angle at which the pair-breaking regime
changes from being dominated by H„orspin para-
magnetism to the regime dominated by the perpen-
dicular field. 80 is smaller for larger values of
a = H„,/H„, and for a & 100, 8o is less than 1'.

QPi —Ggp+ 2$0'p, gH
g fOr (di &(dp„o( ) &u, —~, + 2io)J.oH+Dq

Pao (diy (d2

~o (~a~ ~x) for ~, &~,
(21)

The integral equation for the vertex function
which includes the correction due to the pair fluc-
tuations is shown diagrammatically in Fig. 5. By
a careful examination one can convince oneself that
the solution to this integral equation can be ob-
tained by making the following replacements in the
results obtained by KK:

4) (d + so'P, Hp (d ~ (d —zo'P, H

Ao Ao, Ko S

lais- CU~, - 0'

plicity we set b = 0. Since the MT term is impor-
tant only in relatively weak fields, the pair prop-
agator given by Eq. (12) is sufficient.

The one-particle Green's function for spinless
electrons is given by

G((u, p) = (itd —g~)
'

where g~=vf(P —Pz) and &3 =&o+(-,' r,) sgn&u where To

is the electron mean free time. The Zeeman split-
ting can be included by replacing e by &+ivy, ~H
provided that sgn(x) is interpreted as sgn(Rex),
where o =+1 is the spin of the electron under con-
sideration. The vertex function Ao(s&z, &oo), which
includes corrections due to impurity scattering but
not those due to Zeeman splitting or superconduct-
ing fluctuations, is given by

i~o(oot ~o) =
I &i —~al (I~i —&ol +Dq )

where &, and +~ are frequencies of the interacting
electrons via the BCS interaction. It follows from
the above considerations that the Zeeman splitting
can be included in Ao by replacing cubi and +z by
~, +iap, ~H and re~ -iop, ~H, respectively, where
o is the spin of the electron with frequency (d, .
Thus we obtain

III. MAKI-THOMPSON TERM

In this section we discuss the contribution from
the Maki diagram (see Fig. 4) including the Pauli
paramagnetic effect. Since the derivation of the
MT term without including the Pauli paramagnetic
effect is given in va, rious places~2, 4, is, i4 we sha, ll
only indicate how Pauli paramagnetism can be in-
corporated into o„T.The most important point is
how the pair-breaking parameter is affected by
Pauli paramagnetism. We calculate the pair-
breaking parameter 5 in a magnetic field within
the lowest-order approximation of KK. For sim-

~n ~o ~s+~o ~rr~ ~

FIG. 4. Maki diagram. &~ is the frequency of the
fluctuations. In the text we consider only the case of
co~= 0. The wavy line is the pair propagator, and the
triangular parts are vertex functions calculated in Fig.
5.



880 AOI, MESERVEY, AND T EDROW

and

r =a+(v/ST)e =—ln[T/T, (H, e)]

6(H, e) =6,(H, e)+6.(H, e), (2&)

with

6, (H, e) =(v/ST)e', (H, e) (28)

+ X + X + X X
6, (H, e) =(v/4T)ReL' . (28)

+ 3 SYMMETRICAL GRAPHS

FIG. 5. Diagrammatic representation of the integral
equation for the vertex function &~((d, (d'); 0 is the spin
of the electron with frequency co. Broken lines denote
impurity scattering.

The pair-breaking function L' is given by

L' =A [~'- (w/8 T)(eo+ 2zo pBH) ]'
x [0(&'/z)) 0(—6,/z)) ],

where A = T/4N(0)vdD and

6~=(v/IST)(eo+2iizeH)+ ,'7'-
(30)

(31)

For e = 0 or H= 0, Eqs. (26) and (30) are undefined
and must be replaced, respectively, by

Hence the momentum-independent part of the ver
tex function is given for co & 0 and co & 0 by

y( p)
u& —td

' + 2z Zz eoH
~ —~'+2zp, oH+Dq'+L'(~)+L (~')

(22)

and

o„,=(e'/Sd)(r' 6)-'ln-b'/6) (32)

ST eHsine
N(0)v vd

xQ [(e+e )(hu+2iizeoH+2eo+e)]',

with e = (8T/v) z . For &o & 0 and e '
& 0,

A'((o, (u )=A '((o', (g) L 4o)=L (l(ol)

The extra conductivity due to the Maki diagram is
given by

o„T= lim —[Q"((o,) —Q"(0)],
fzl0~0 Qpp

where

Q" (&oo) =2ve DTN(0)g P(m, ~0)~(m, 0) (24)

P(m, + )=TRe Z [&o„+ze +iiz H+L'(&u„)]'
0&

x [(dp &d++ z e p ipeH+L (&oo —&o„)]
(26)

We replace L'(+) by its value for &o =0. Summing
over n and then m in Eqs. (25) and (24), respec-
tively, and substituting the resulting expression
for Q" into Eq. (23) we obtain

o„T= (e'/Sd)(r' 6) ' [q(r'/z)) —-q(6!z))], (26)

where z) =(v/2T) DeH sine,

I,'=A[ '- ( /8T)( ,'+2'
Zz H)]'1 ( '/6 ) . (33)

For H=O these expressions reduce to the corre-
sponding ones obtained by KK.

A few comments are in arder. First, Pauli
paramagnetism does not contribute to the external
pair-breaking parameter 5,. If it did, we would
have &&+ 2i pH instead of &0 on the right-hand side
of Eq. (28). A cancellation of the i p, eH terms oc-
curred because these terms come in with opposite
sign in the two different factors in Eq. (25). These
factors originate from the denominators of the ver-
tex functions A'(ruo-&o„) and A'(&o„-&uo, vo-v„) at
each of the pair-propagator vertices in the Maki
diagram. Since we are considering the anomalous
contribution [ze„(~„-&yo) & 0], the signs of i ZzeH in
these vertex functions are opposite. Second, the
pair-breaking function I' is very similar to 0».
The similarity becomes clearer if we write

z —(v/ST)(to+ 2zizeH) = 2(z
' —Si)

in Eqs. (30) and (33). There is, however, an es-
sential difference. Each of the last three diagrams
in Fig. 5 contains two vertex functions A,
(ur, &o,.—&o), where &u,. is the frequency of the pair
propagator. The signs of i p. ~H in these vertex
functions are the same; hence no cancellation of
i p, ~H occurs, and 2ip. ~H is present in 5~. This
term suppresses L' in a parallel magnetic field.

Let us first consider the case of perpendicular
fields. If eD/Zze»1, the term 2ipeH can be ig-
nored in Eq. (31), and

Sz, =(v/16T)2DeH+z t =z (6 +T')
From the similarity of 5L, to 5, and L' to O„Tone
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can easily see that a perpendicular field increases
I.' because of the Landau quantization. If 5, were
unaffected by a field (as in the Thompson theory'),
the Landau quantization would enhance o« for the
reason discussed in Sec. Q. Thus a perpendicular
field gives two competing effects on o„~:the sup-
pression of fluctuations due to the increase of 5;
and the enchancement of fluctuations due to the
Landau quantization. By numerical calculations it
appears that the over-all effect is the suppression
of o» for most cases.

For e = 0(pa-rallel tield case) if the film is suf-
ficiently thick,

f (H) =f,(H)»~(O)

and o» is suppressed by a parallel field. On the
other hand, if Dd is very small and H„,is limited
by Pauli paramagnetism, 5,= 0 and 5& is the leading
contribution to 5 in Eq. (27). Now L' (and there-
fore 5,) is suppressed by a parallel field because
of the term 2ip, ~H in 51,. Hence we expect that 0'»
for SPPL is enhanced by a parallel field. However,
in practice Dd is finite and for a strong enough
field, 5, becomes large, and c« is suppressed.

The approximation which we have used may be
too naive. In fact KK found that in order to obtain
agreement with experiment it is necessary, first to
take into account the frequency dependence of the
pair-breaking function L, which we have neglected,
and second to sum overthe frequency of fluctuations.
Nevertheless, we believe that the above conclusions
are essentially correct, independent of the approx-
imations made, since they originate from the fun-
damental properties of the diagrams. These con-
clusions are that I-' is increased by a perpendicular
field and that 0» for a SPPL is enhanced by a par-
al.lel field.

IV. EXPERIMENTAL METHODS AND RESULTS

A. Experimental technique

The Al films used in this study were formed by
evaporation on liquid-nitrogen-cooled glass sub-
strates in a vacuum of 10 Torr. The film thick-
ness was determined using a quartz-crystal oscillator.
To avoid edge effects, the films were photoetched
to form the pattern shown in Fig. 6. The samples
were immersed in liquid He or He~ depending on
the temperature range to be studied. High-field
measurements were made using a transverse-ac-
cess Bitter solenoid with a maximum field of 66
kOe. Here, the entire cryostat could be rotated to
obtain the desired angle between the field direction
and the plane of the sample. Some low-field mea-
surements were made in a conventional iron magnet
which could be rotated to adjust the field angle.

The data were obtained in a conventional dc way,
with a constant current through the sample giving

If

FIG. 6. Diagram showing sample shape. The width

of the photoetched lines is 0.8 mm.

rise to a voltage proportional to the sample resis-
tance R. Most of the high-field, low-temperature
data were in the form of x-y recorder plots of R vs
T or H. The high-temperature low-field data were
obtained from the printed output of a digital volt-
meter. Checks were made for possible thermal
voltages or current drift.

The problem of determining the normal resis-
tance is a troublesome one. Ai low temperature
and high parallel field, R becomes independent of
H at constant 7 for H &H„,. In this region, fluctua-
tions are suppressed because of the first-order
phase transition in SPPL films. Therefore, this
H-independent value of R was chosen to be R„.
Some of the films, however, were not studied at
low 7', so this method could not be used. For these
films R„wasobtained by extrapolating to H= 0 the
value of R vs H, for H, »H„. This method was
used rather than the conventional method of plotting
1/R vs 1/H, and extrapolating to 1/H, —0 because
the films had a negative magnetoresistance at high
fields. This effect will be discussed in Sec. V.

The film thickness was measured during evapora-
tion by the frequency change of a quartz crystal os-
cillator. The thickness of the films after evapora-
tion (do in Table 1) was about 32 A. The films were
then warmed to room temperature, exposed to the
laboratory atmosphere for a few minutes, coated
with photoresist, exposed with the circuit pattern,
developed, and etched. Solder terminals were ap-
plied and the films were mounted in the Dewar and
measured. Before measurement the total exposure
to the laboratory atmosphere was about 2 h. The
oxide layer formed on Al films under these con-
ditions is estimated from the resistance of tunnel
barriers and from previous measurements~~'I to
be 15-20 A. The thickness of the oxide film is
known to be about 1.4 times thicker than the Al

film which it replaces. ~ Thus the estimated de-
crease in Al-film thickness caused by oxidation is
estimated to be 11-14A. The values for the cor-
rected thickness d given in Table I were found in
this way.

An additional check on the film was obtained by
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TABLE I. Properties of Al films.

Film
No.

Al —1
Al —2
Al —3
Al —4

34 20-30

32
29

18-21
15-18

g' (A.) R, (0)

185
24 333
23 426
22 510

Thickness determinations

2.22
2. 68
2.49
2.49

((0) (A.)

256
168
270
161

45.7
51.9

3.3
4

49.0

H „(0)(kOe) H &(kOe)

d() is the thickness determined from the crystal monitor, d is obtained by substracting an
estimated oxide thickness from do, and d is derived from comparison of R with measure-
ments on other films of R vs do during evaporation.

comparing the resistance of the present films after
oxidation with the resistance of similar films dur-
ing evaporation on a cooled substrate. The resis-
tance-derived thickness d' is also given in Table I.

B.Angular dependence of of&

In this subsection we consider the angular depen-
dence of o„.Since the measurements were taken
at low temperature T«T~, the critical field H,
should be high enough to suppress the MT contribu-
tion, and according to theory we should analyze our
data entirely on the basis of the AL contribution,
that is, o,'", =o„L. Figure 7 shows the resistivity
R as a function of the magnetic field for a fixed
temperature T=0.2 T,o for various angles 8. H is
scaled according to H, (0}. Note that in these plots,
we have identical curves for 8 ~ 25' (=—28t*") as
should be the case. This value compares with the
theoretical one 28',"=16' obtained from Eq. (19).
%'e also observed that the functional relation of Eq.
(16}is satisfied experimentally. From these we
conclude that if H„,/H„»1, both H, and o„are
limited by the perpendicular component H sin8 of
H alone for a large range of 8: 8, ~8~90'. In Fig.
6 we plot ff„'=-ago „asa function of H (without scal-
ing) for various values of 8. Determination of the
normal conductivity was relatively easy because of
the absence of the MT contribution. For a large
enough field H»H„ the resistivity R was observed
to be independent of H. In this plot, the smaller
the slope, the larger the extra conductivity o'„.
One notes that the transition is sharper for both
8=0' and 90' and is less sharp for intermediate
angles. o«has a maximum at 8=14.7' (the slope
has a minimum as a function of 8 for a given value
of ft, ',). A comparison of these data with Eqs.
(6)-(11}is done in Fig. 9 where we plot (6„)' for
selected values of 8. First we observe that the ex-
perimental curves are much flatter than the theory
predicts near the transition point. This makes a
systematic determination of H„and H„,difficult.
From Fig. 8 we chose H~ and H f( to be 4. 4 and
51.9 kOe, respectively. These values determine
D and d by the use of Eqs. (10) and (11) for an as-
sumed value of b. We set b =0.24, which was ob-

tll
QJ

x ~
h

v) P
M—
IX b

8 *0'
50
70—

H/ Hc

FIG. 7. Resistivity R as a function of the scaled mag-
netic field H/H (8) for Al-1 with T=0.44. Note for 8
«25, curves are independent of 8.

tained by theoretically fitting H„,(T) in an earlier
experiment for similar films. 7 Here 4 is the su-
perconducting energy gap in zero temperature and
zero field. Theoretical values for H, (8) can now
be determined for all 8 again from Eqs. (10) and
(ll). The experimental point at each nH= H- H,(8}—
was obtained from Fig. 8 for the corresponding H
and 8, that is, no arbitrary adjustments were made
for H, (8} at each angle. If 5/& were assumed to be
0. 5, we would obtain a slightly larger value for d,
but H, (8) as well as o,', would be almost unchanged.
The theoretical curves are bent upward; this ten-
dency is most obvious for 8=2.7'. As one sees
from the approximate expression Eq. (17a), (ap) '
vs 4H should be linear if f(p) were constant. How-
ever, with increasing &H, p increases and f(p) de-
creases, meaning that the Landau quantization is
less important for larger &H. Consequently 0,',

vs 4H curves bend upward. The experimental
curves have this character, although the slopes for
smaller &H are much smaller than the theory pre-
dicts; as &H increases, the slopes of ((f/)") ' vs
&H approach the theoretical values. If the MT con-
tribution were important these curves would bend
downward, but there is no indication of this effect
in the measured curves. Comparison between the-
ory and experiment for 6„(8}as a function of 8 for
a given &H (the type of plot shown in Fig. 2} would
be interesting. However, the result of such an
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60 the MT contribution by a parallel field was ob-
served.

V. DISCUSSION

A. Determination of normal resistance

20—

0 i~
2.0 2.4 2.8

z (K)

3.2 3.6

FIG. 11. v„/oft vs T for H=0 (open circles) and for
H&=1165 Oe (solid circles). Curve A is the AL predic-
tion for a„/af& in zero field while 8 represents the sum
of the AL and MT contributions using the empirical value
for g. Curve C was calculated from the AL theory for
a perpendicular field. Curve A' has a slope equal to f
that of A. Experimental points with zero field fol-
low A near T~p and then deviate from it because of the
MT contribution. The deviation, however, is not as
large as Eqs. (3) and (4) predict. Note that the MT term
is enhanced by a parallel field. With a perpendicular
field, the AL contribution is enhanced near T„andthe
MT contribution is suppressed.

of &rga„to zero disregarding a very small resis-
tance tail corresponding to the last point or two.
This tail is probably caused by sample inhomoge-
niety. The theoretical curve C was obtained from
Eqs. (6)-(11) (AL contribution) and can be approx-
imated by Eq. (14b). In the vicinity of T„the
slope of C is according to theory equal to 4 of the
slope of A and is shown by A'. A' fits the experi-
mental data satisfactorily in this region near T,.
Well above T~ the theoretical curve C becomes
parallel to A and fits the experimental data reason-
ably well. This result shows that the MT contribu-
tion is almost completely suppressed by the field.
The coherence length E(0) was determined from the
shift of T, by the perpendicular field.

In Fig. 12, we show measurements of ago„
=6„asa function of T for various values of paral-
lel magnetic field H. The MT contribution appears
to be suppressed more strongly as the field is in-
creased. However, K, ', does not approach the value
predicted by the AL theory, except perhaps very
near T,. In high fields, the slopes of the curves
decrease at high temperatures. At the highest
fields (not shown), K„hasa negative slope. This
behavior is related to the maximum in the second-
order phase transition (part of which is a super-
cooling curve) of SPPL. This behavior was ob-
served by Tedrow, Neservey, and Schwartz and
analyzed by Fulde and Maki. No enhancement of

I

70— At-4
~ I

45.4

~ 37.9 ~

50—
30.3

229
o

n
Rc

~ o nll4

20—
~ 0

l0—
~ o

2.0 2.5
l

3.0
v (K)

3.5 4.0

FIG. 12. a„/a&& as a function of T for various parallel
magnetic fields, listed on the figure in kOe. The solid
line shows the prediction of the AL theory. That the
slope of the data increases with increasing field indicates
that for this sample a.Mr is suppressed rather than en-
hanced by the field.

As mentioned in Sec. IV the conventional method
to determine R„byplotting 1/R vs 1/H, for T = T,
and extrapolating to 1/H, —0 was not useful. In
fact our films showed a resistance maximum at
fairly low fields (15 kOe). The field dependence of
R for H, well above H„(T= T~) appeared to be lin-
ear. Therefore, to obtain R„,we extrapolated this
linear portion back to H, =0 and the intercept with
the H, =O axis we took to be R„(seeFig. 13). This
method assumes that 0„is very small for H, » H„.
The value of R„for sample Al-4 by this method was
about 0. 3/0 larger than that at the maximum of the
R vs H, curve. The explanation of this negative
magnetoresistance is not yet known, but it is the
magnetic field normal to the film plane which
causes the effect. As mentioned previously for
those films for which H„,was measured at low tem-
peratures the normal resistance at high parallel
fie ds was used to determine R„.

B. Angular dependence of off

Theory and experiment are qualitatively in agree-
ment concerning the angular dependence of 0„.
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dependence of [8(of~') '/&H]„„«& to be ap-
proximately the same as that of a homogeneous
film except for a constant factor (which accounts
for the fact that a fraction of the film is still super-
conducting). For H greater than the maximum val-
ue of H, (8, r) we expect the slope 8(of~')-'/8H to
be relatively unaffected by the inhomogeniety be-
cause the entire film is now in the normal state.
This explanation may account for the anomalously
large value of o„"and the fact that qualitatively it
agrees with theory. If the inhomogeneity does not
change T~ much, it should not cause a broadening
of the transition in zero field (in agreement with
our results shown in Fig. 11}.

O' Of 1 ACII ~ 0

FIG. 13. Construction used to find R„for films Al-3
and Al -4. The high-field portion of the plot of R vs H~
is extrapolated back linearly to H&= O. The intercept with
the R axis is chosen to be R„.

There is an angle 8o of the maximum a ff (8) near
6 =0'; this fact is strong evidence for the quantiza-
tion of the energy spectrum of the fluctuation modes
due to the perpendicular component of the magnetic
field. This result should be compared with a re-
cent specific-heat measurement. 8 It has been
found that because of the Landau quantization, the
extra specific heat due to fluctuations for a bulk
superconductor behaves in a strong magnetic field
like that of a one-dimensional superconductor. ~'

A quantitative discrepancy in the low-tempera-
ture and high-field region is that in the neighbor-
hood of H„o,","is larger by some factor for all
8 than the theoretical value. Since this is true even
for the parallel field case, it cannot be due to flux-
flow resistivity. Similar roundings in the critical
region in the zero field were investigated by Chien
and Glover and were found to be closely related
to the scattering by the film-substrate boundary.
In the present case, too, the rounding may be
caused by surface scattering. And the fact that the
rounding is much larger for our case (particularly
for a strong magnetic field) may be because the
film is much thinner and surface scattering is play-
ing a more important role.

On the other hand, the rounding in the critical
region might be caused by inhomogeneity of the
films. A spatial variation of thickness or mean
free path would lead to a spatial variation of crit-
ical field. If for some position r, H, (8, r) is larg-
er than its average H,(8)„,it is so for all 8 at that
value of r. It follows that the observed o„~'at
H = H,(8)„,for example, will contain the extra con-
ductivity of the fraction which is superconducting
at that field (and this fraction is the same for all 8}.
Since cA„is roughly linear in &8, we expect the

The purpose of taking data near T~ was (i) to see
if the AL contribution to o« is enhanced by a per-
pendicular field in the neighborhood of the transi-
tion as predicted by Egs. (14b) and (17b) (note f(p)
=4 for p«1) and (ii) to find how the MT term be-
haves in zero and weak magnetic fields. Con-
cerning the first point we observed that o',~' is en-
hanced about as much as the theory predicts. To
check if this enhangement is anomalous (similar to
that found at lower temperatures) we took the mea-
surements with a parallel field H„=30 kOe (for
which T, =2. 0 K). In this case the result was only
a shift of T, and no enhancement of o'«was ob-
served except for the immediate neighborhood of
T,. That the observed enhancement with the per-
pendicular field was not quite as large as the the-.
ory predicts might be attributed to the adverse ef-
fect of the grain boundaries in the film on Landau
quantization, since the radius of the Landau orbits
is much larger than the average grain size. De-
spite this discrepancy, however, we conclude that
the observed enhancement of the AL contribution
is further evidence of the quantization of the energy
levels of the fluctuating pairs. Since this property
is not a characteristic of SPPL the experiment
could have been done on thicker and cleaner films,
but the films used were useful in that they exclud-
ed the MT contribution. The present result con-
trasts with that of Aomine and Rinderer who found
that the perpendicular field does not enhance the
fluctuation conductivity more than 30% of the zero-
field value. The latter may be because of the
decreased mean free path caused by using an oxy-
gen atmosphere in evaporation. It is probable that
this procedure increases the oxide in the grain
boundaries and would be very effective in suppress-
ing Landau quantization effects.

Concerning the second point, we found that at
zero field the MT contribution was less than what
the empirical formulas Egs. (3) and (4) predict.
Equations (3) and (5) also predict values larger than
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those measured. In the latter case if we sum up
the effect of fluctuations of finite frequencies, the
agreement will improve. Keller and Korenman
found that this summation is more important for
dirtier samples. In this respect our theoretical
treatment of the MT term is incomplete for applica-
tion to dirty superconductors. At the same time
since the normal-state conductivity is a sensitive
quantity, Eq. (34) may not be reliable for thin dis-
ordered films such as ours. Apparently the sup-
pression of the MT term in disordered films is a
universal phenomenon. It is still an open question
whether the suppression arises entirely from the
higher-order corrections due to fluctuations or that
there are other mechanisms for it. If the former
supposition is correct we can expect that our the-
oretical conc1usions concerning the magnetic field
behavior of the MT term should be at least quali-
tatively correct. This conclusion is based on the
validity of the cancellation of the i pH term dis-
cussed in Sec. IQ for fluctuations of finite frequen-
cies. Our failure to observe enhancement of o«
in a parallel field could simply be caused by not
having films with small enough values of d D.

VI. CONCLUSIONS

Theoretically we have obtained the following re-
sults. .(i) Although Pauli paramagnetism is impor-
tant in eA„, its effect can be included by renormal-

izing the thickness of the film, and therefore it is
implicit in o„„.(ii) The fact that o„„(&H,e, T) has
a maximum at some angle 804 0, 90' for given val-
ues of &H, and T is a consequence of the Landau
quantization of the paired electron orbits. (iii) A
perpendicular field enhances e„~and suppresses
o». (iv) In SPPL, o„Tis enhanced by a weak par-
allel field.

Experimentally we have made the following ob-
servations (i) The angular dependence of a„„is in
satisfactory agreement with the theory and, in par-
ticular, there exists an angle eo for which the fluc-
tuations are a maximum. (ii) The o» is enhanced
roughly by a factor of 4 by a perpendicular field.
(iii) o„rappears to be suppressed by a perpendic-
ular field. (iv) a„rin SPPL was not observed to
be enhanced by a weak parallel field. Observa-
tions (iii) and (iv), are not in quantitative agree-
ment with theory.
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