
PH YSICA L RE VIEN B VOI UME 9, NUMBER 2 15 JANUARY 1974

Quantum theory of acoustoelectric interaction
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Within the self-consistent-field approximation, a quantum-mechanical derivation is given for the dielectric
response function of an arbitrarily degenerate free-electron gas which is subjected to a drift field. Neglecting
in the equation of motion for the one-electron density operator a convection term, significant in the
classical-collision-dominated regime only, the dielectric response function and the acoustic gain factor t'or a

piezoelectrically active sound wave are obtained for the quantum and semiclassical-microscopic regimes. The
manner in which the theory can be extended to the collision-dominated regime is discussed. For a

collision-free electron gas, the requirements of energy and momentum conservation in individual

electron-phonon interactions lead to a cutoff in the acoustoelectric coupling when the acoustic wave number
exceeds the characteristic electron wave number. The broadening of this cutoff due to coHisions is

investigated and compared with thermal broadening. A number of useful approximations for the acoustic
gain factor are derived.

I. INTRODUCTION

The interaction of acoustic lattice waves with the
free carriers of a piezoelectric semiconductor has
been of considerable interest for some time. '

When the carrier drift velocity exceeds the velocity
of sound, this interaction may lead to a buildup of
an intense a.coustic flux by amplification of ther-
mal-background lattice vibrations. The amplified
sound flux causes the drift current to saturate or
to oscillate, the latter case being associated with
the formation and propagation of acoustoelectric
high-field domains.

The acoustoelectric interaction can be c'assified
into three regimes according to the manner in

which the electron gas responds to the acoustic
perturbation. In the classical-collision-dominated
regime, the electron mean free path is much
smaller than the acoustic waveleng|h. Electron
drift and diffusion are then determined by the local
field and the local-carrier-density gradient, re-
spectively. In this regime, the interaction can be
treated as that between a sound wave and a space-
charge wave, with the application of a drift field
leading to a collective drift of acoustically bunched
electrons. In the semiclassical-microscopic re-
gime, ' the electron mean free path is comparable
with or longer than the acoustic wavelength, and
nonlocal effects occur. In this regime, the inter-
action can be described in terms of the Landau
damping mechanism as a resonant interaction be-
tween the sound wave and individual electrons
traveling with a velocity component in the direction
of acoustic propagation equal to the velocity of
sound. Application of a drift field, by shifting the
dc part of the carrier distribution in reciprocal
space, changes the relative number of electrons
with velocity components just below and just above
the velocity of sound. Finally, in the quantum re-

gime, the acoustic wavelength is comparable with
the characteristic electron de Broglie wavelength.
The electron recoil in a. single-phonon emission or
absorption process then becomes significant, ' and
a cutoff in the electron-phonon coupling occurs
when the phonon momentum becomes too large to
be given up or absorbed by an electron in an ener-
gy -conse rving process. In this regime, the inter-
action can be considered as a phonon-maser pro-
cess.

So far, most experimental work has been con-
cerned with the classical-collision-dominated re-
gime, although the semiclassical-microscopic
regime has also been investigated to some extent. 7*'

The introduction of x-ray-scattering techniques ''
to obtain the spectral distribution of piezoelectri-
cally amplified sound flux in the 100-6Hz region
has permitted an extension of experimental work
to the quantum regime, and has thereby stimulated
renewed theoretical interest in this area. The
high-frequency cutoff in the acoustoelectric cou-
pling has recently been observed by Carlson and
Segmuller' ' " in x-ray-diffraction experiments
performed on highly doped GaAs single crystals.
For nondegenerate electron statistics, the acousto-
electric coupling has been discussed by Nakamura'2

in terms of individual electron-phonon interactions
which conserve energy and momentum. To ana-
lyze the results of the abave-mentioned x-ray-
diffraction experiments, these calculations were
extended by the present author" to treat the case
of an arbitrarily degenerate electron gas, and to
consider effects of impurity banding. The phonon-
maser model adopted in these papers treats the
screening of the electron-phonon coupling in an ap-
proximative manner. Furthermore, it is difficult
to include in that model effects arising from finite
electron collision times. For these reasons, an
alternative approach has been adopted in which the
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acoustic attenuation constant is obtained from the
quantum-mechanically calculated longitudinal di-
electric response function. This method seems
first to have been applied by Takimoto'4 to calcu-
late acoustic absorption in metals. A similar cal-
culation was done by Spector' for electron-optical-
phonon interaction in semiconductors. Gurevich
and Eagan'~ used the dielectric-response-function
fnethod to discuss acoustoelectric coupling for a
collision-free electron gas at zero drift field.
Electron collisions were taken into account by
Carlson and Segmuller'0 to evaluate the collision
broadening of the high-frequency cutoff of the zero-
field attenuation constant. A dielectric-response-
function approach has also been adopted by Spector'
and by Sharma and Thornton" to study acoustoelec-
tric effects in magnetic fields and in crossed elec-
tric and magnetic fields, respectively. To the
best of the author's knowledge, a quantum theory
of dielectric response and acoustoelectric coupling
in the presence of a static electric field and a scat-
tering mechanism has not previously been pub-
lished. This latter case differs from the afore-
mentioned by the fact that stationary electron
wave functions in the presence of a drift field do
not exist. Using time-dependent electron eigen-
functions, Spector' has given a quantum theory of
dielectric response for a collision-free electron
gas subjected to arbitrary electric and magnetic
fields. In the present paper the simultaneous ef-
fects of collisions and a drift field are discussed
using the representation provided by the time-in-
dependent free-electron wave functions.

In Sec. II we solve the equation of motion for the
one-electron density operator in the presence of a
drift field, a scattering mechanism, and a piezo-
electrically active sound wave. It is assumed that
the carrier collisions can be treated in the relax-
ation-time approximation. The dc part of the den-
sity operator will then be diagonal in the represen-
tation provided by the plane-wave eigenfunctions of
the kinetic-energy operator, and to first order in
the electric field the diagonal elements will corre-
spond to a drifted thermal-equilibrium distribution
function for the electrons in reciprocal space.

The equation of motion for the density operator
contains a term which describes the convection or
collective drift of acoustically bunched electrons
in the applied drift field. This term gives rise to
the characteristic resonant field dependence of the
classical acoustoelectric gain factor, ~ but the term
is negligible outside the collision-dominated re-
gime. Since we shall concern ourselves with
acoustoelectric effects in the quantum regime, a
simplified solution of the equation of motion is ob-
tained by neglecting the convection term. From
this solution, the longitudinal dielectric response
function is calculated. In Secs. III and IV, we de-

rive a number of limiting expressions for the
acoustoelectric gain factor.

II. ELECTRON RESPONSE KITH A DRIFT FIELD

We consider a piezoelectrically active acoustic
wave e'~'" '"' interacting with an arbitrarily degen-
erate gas of conduction electrons in the presence
of a drift field Fo and a scattering mechanism. q is
the acoustic wave vector and (d the angular acoustic
frequency. Within the self -consistent-field approx-
imation, the response of the electron gas to the
external disturbance can be obtained from the one-
electron density operator p. The equation of mo-
tion to be satisfied by this operator is

~8sg = [Ho +Hy +Hg~, p] —fg(p —p8)/T i

where H, = p'/2m is the kinetic-energy operator,
m being the effective electron mass, and p the
momentum operator. H~ = eF~ ~ r is the potential
energy in the applied drift field, and H„= V„
&e'~ '"' is the potential energy in the self-con-
sistent electric field accompanying the sound wave.
e is the elementary charge, 7 is the electron col-
lision time, and p, is the equilibrium density op-
erator corresponding to the local electron density.
The requirement of carrier conservation in the
scattering processes may be expressed as '

(2)

which implies that p and p, correspond to the same
local electron density. In the calculations to fol-
low, this condition serves to determine p, . Al-
though not always justified in practice, the as-
sumption of an energy-independent relaxation time
will suffice for the present purpose. The quantum-
mechanical cutoff of the acoustoelectric interaction
is affected by electrons in a relative narrow range
of energy, and will be controlled by the collision
time corresponding to these energies.

I et us first consider the equation of motion in

the absence of an acoustic disturbance. In this
case, a time independent density operator exists
which satisfies the relation

[H, +H~, p] =N(p —p,)/7,
with po being the thermal-equilibrium density oper-
ator. Inserting into this equation p = po+ p„, and

expanding to first order in the electric field, we
obtain

imp /r=[H, p ] [H, p ] .

The thermal-equilibrium density operator po has
the property that pp(k)=fo(k) Ik)& where fo(k) is
the thermal-equilibrium electron distribution func-
tion and lf) denotes a plane-wave eigenfunction
for the kinetic-energy operator, i. e. , Ho(k)
=E(k)lk), with E(k) = 8 k /2m Evaluatin. g matrix
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elements on both sides of (4) between the eigen-
functions IR& and lk'&, and using the commutator
relation"

[He~ po]=~eFo' &rpo

we obtain

(kl p IK') = (er/@Fo ~ vrfo{K)8{k—k') (6)

and consequently

%IPI&'& [f=o%+(er/@Fo ~ffo{k)1&{k-k') (~)

To first order in the drift field, the density oper-
ator is thus diagonal in the representation pro-
vided by the free-electron eigenstates Ik&, and the
diagonal elements correspond to a drifted electron
distribution function

[ih/7'+ h(d —E(k)+E(k q ) —ieFo ' wf](k I ps I

k q)

=If(&-q) -f(k)l V). +(ig/r)(klp, lk-q) . (»)
In the limit of small acoustic wave number relative
to the characteristic electron wave number, this
equation reduces to

[ik/r+ Ii(d —ho k ~ q/m —ieFo. rr~] f,(k)

= —V, q ~ mef(k)+(ih/w) fo(k), (13)

which is identical to Eq. (2. 4) in Spector's paper.
The quantum theoretical expression (12) therefore
applies in the semiclassical and elassieal regimes
covered by Spector's theory, as mell as in the
quantum regime.

Associated with the acoustically generated elec-
tron-density modulation we have a wave-periodic
variation of the local Fermi energy &~ „ i. e. ,

fo(k ko) ~fo(k) ko ' Vgfo$) (8)
&~ —F~+H2,

with the displacement in reciprocal space being
ko = —erFo/5

Since the argument can be generalized to higher
order in the field, we shall from now on define the
solution of (3) to be the density operator pe and
assume that it has the property

where E~ is the thermal-equilibrium Fermi energy
and H~ varies as e' '"'. Since p~ is the equilib-
rium density operator corresponding to the simul-
taneous action of the self-consistent potential en-
ergy H„and of the variation of the Fermi level H~,
we have

„Ik&= f(k) lk&,

with f(F) being the dc part of the electron distribu-
tion function in the presence of the drift field.
This procedure appears to be rigorous in the re-
laxation-time approximation, although a more de-
tailed description of the electron collisions under
certain conditions may lead to off-diagonal ele-
ments in p~, e. g. , for ionized-impurity scattering
with the scattering centers arranged in some sort
of a regular lattice. ' Such probl, ems are outside
the scope of the present paper.

Let us now return to our original problem as stated
in (1). In order to linearize the solution, we ex-
pand the density operators p and p, to first order
in the wave amplitudes

p= ps+pi and ps= pa+ pa ~ (10)

where p, and pa vary in time and space as e"'
Since the collision processes tend to restore an

equilibrium distribution of electrons relative to the
lattice frame, p, should be expanded in terms of an
undrifted density operator. Retaining only first-
order ter~s in the acoustic amplitude, we then
find

~ ~pi» „'=[Ho pi]+[fi~ pi]+[Hi., pel

with Vo=(klHoIk —q&. The minus sign in the fac-
tor V„—V~ arises because the electron density is
a function of the difference between the local poten-
tial energy and the local Fermi energy.

The electron-density modulation is determined
by

n, =v 'Tr(e"'p, )=v-'Z(kl»lk q), (18)
k

or, using the condition of carrier conservation in
in the scattering processes,

n, =V 'Tr(e ""po)=V''5 (klpolk —q) . (I(()

The summation extends over all allowed wave vec-
tors. V is the sample volume.

The first-order differential equation (12) has
the solution

«lpil&-q& =(i/eFo) f "~(A„', Io„ i.)n()„&„')u.',
(18)

v(k')=[f(k'-q) -f(k')] v„
+[fo(k —q) -fo(k ')]»'(1'$(v„- V,)/(q —2k„') (19)

(11)

which evaluated between the eigenfunctions Ik) and
Ik —q) becomes (20)
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III. COLLISION-FREE ELECTRON GASHere we have taken the applied drift field and the
direction of acoustic propagation to be along the x
axis of our coordinate system. The wave numbers
ko and k, are given by ko = m~/ffq and k, = m/@f v.
Using (15)-(18), V„(k l p, I k - q }, and (k l p, I k —q)
may now be eliminated to obtain the electron-den-
sity modulation n, from which the dielectric re-
sponse function may be evaluated. A detailed dis-
cussion of this problem will be the subject of a
future publication. %'e only note that the dielectric
response function obtained in this way will apply
for all three regimes of electron response.

For the present discussion of acoustoelectric ef-
fects in the quantum regime, the convection term
Fo ~ Vf (k l p~ l k —q} in the equation of motion for the
density operator may be neglected. ' The results
to be obtained in the rest of this paper will then

apply for ql » 1 only. 34 l is the electron mean free
path. Neglecting the convection term in (12), elim-
ination of Vo, (kl p, l(t —q}, and (Rl po lf —q) yields
for the electron-density modulation

For a collision-free electron gas, our expres-
sion (25) for the dielectric response function re-
duces to the well-known Lindhard formula25

e(q, &u) = 1+ (e'/aoq'V}

f(k -q) -f(k)
E(k) —E(k —q) —I&o —in (27)

where o is a small positive energy introduced to
define the convergence properties of the summa-
tion. For zero drift field, a discussion of the
acoustoelectric interaction based on this formula
has previously been given by Gurevich and Eagan. "
Their expressions are fairly complicated to apply,
however, and it is worth while deriving a few sim-
ple approximations.

%e shall require that the acoustic wavelength be
much larger than the lattice spacing so that the
material can be considered an elastic continuum.
This condition in fact is necessary if the pheno-
menological constitutive equations of the piezoelec-
tric, and therefore also Eq. (28), are to be used.
The acoustic dispersion relation will then be linear,
i.e. , (d = qv„with v, being the velocity of sound.
In most cases of physical interest, v, will be much
smaller than the thermal-electron velocity e~
= (2ksT/m)'~o, so that an expansiontofirst order in

v, /vr will be appropriate. ks T is the thermal en-
ergy.

The drift field is assumed to be applied along
the direction of acoustic propagation which we
choose to be the x axis of our coordinate system.
The drift field is taken into account by inserting
for the electron distribution function a displaced
thermal-equilibrium distribution, i.e. ,

—V„f (q, &u)

1+Ro(q, ~}/Lo(q, 0) ' (21)

with

~( V ig f(&-q) -f(&)
f E(k) —E(E —q) —k&o —N/r '

(22)

~i v fo(k —q) -fo(k)
E(K) —E(k q)—

Ro(q, v)= V '

A2
f(K) = exp [(k, - k,)'+ k,'+ k'. ]—

(28)

where E~ is the Fermi energy as measured from
the conduction-band edge. The displacement of the
electron distribution in reciprocal space is given
by ko = ego/g= mvo/k, vo being the electron drift
velocity. It will be assumed that k~ is much small-
er than characteristic electron wave numbers and

that v„ is much smaller than the thermal-electron
velocity v~. This may be considered part of a
justification for the assumption of a rigidly shifted
electron distribution in reciprocal space. For a
further discussion of this point see Sec. V. It is
noted that this assumption is commonly used to
calculate acoustoelectric amplification factors and

is known to give results in good agreement with
experiments.

lt proves convenient to introduce the function

(e'/eoq') 1(q, &u)

e(q, ur) = 1 —e'n, /e oq V„=1 +

(25)
with &0 being the static dielectric constant of the
material.

From the dielectric response function, we may
finally obtain the acoustoelectric gain factor P
using the expression5

P=E q Im[e '(q, Id)), (28)

where K is the electromechanical coupling con-
stant. In Secs. IG and IV, we shall discuss a num-
ber of limiting expressions for the acoustic gain
factor applicable, respectively, for the arbitrarily
degenerate electron gas with no collisions, and for
the fully degenerate electron gas with few coDisions. Q(q, ~)=[&(q, ~) -llq'.

(ik/&)[fo(k —q) -fo(k)l
[E(k)-E(K-q}][E(k)-E(k-q)-g(0 N/7] '-'

(24}

As before, fo(k) is the thermal-equilibrium elec-
tron distribution function and f(k) is the dc part of
the distribution function in the presence of the drift
field. For the dielectric response function we then

find
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The physical significance of this function may be
realized by noting that for +=0 and for q much
smaller than characteristic electron wave numbers,
Q(q, &u} reduces to 25

Q(q, 0) —= qo=— (30)0
q', = e'IV, /e, ke T (40}

-K q Imp
(q +ReQ) +(ImQ)'

Expanding now to first order in the parameter
(v, —v„)/vr we find

84)
ImQ = —8 y f,(a)

kaT

(31)

(32)

29 " dx
ReQ =— —[G(~Eq —x) —G(-,'Rq+ x)] =-g~(q),

(33)
with

B=e m ksT/2neok'q,

(vd vs)/vs,

a = fl q /BmkeT,

fo(a)=(e "+I) ',

(34)

(35)

(36)

G(P) = In(1+exp[(Ez p~/2m)/ksT)) -.

q=E„/keT is the normalized Fermi energy. fo(a)
is the usual Fermi factor giving the probability
that an electron state of energy akeT = k q /8m be
occupied in thermal equilibrium. This factor
arises because an electron must have a minimum
wave number of (approximately) kq to emit or ab-
sorb a phonon of wave number q in an energy- and
momentum-conserving process. ' At high phonon
wave numbers, only a small fraction of the free
electrons possesses this momentum, and the
acoustoelectric interaction is reduced as result of
the decrease of 1 ImQ I . go(q) denotes the screen-
ing wave number which, quantum-mechanically
calculated, is a function of the acoustic wave num-
ber. As q becomes comparable with the charac-
teristic electron wave number, g~(q) starts to de-
crease and approaches zero in the limit of very-
high wave numbers.

With these approximations, and noting that Re@
» 1 Imp I, our expression for the acoustoelectric
gain factor reduces to

where qo is the screening wave number for the
arbitrarily degenerate electron gas as obtained
from the Thomas- Fermi approach. g, is the ther-
mal-equilibrium density of conduction electrons.
In terms of Q(q, &o)„ the acoustoelectric gain factor
may be expressed as

N, =2(mkeT/2vh )'i' . (41)

gz, =—q r (1 —q'/12k +), (43)

respectively, with

qv=e n, /e, keT2 2 (44)

q,'=3e'n /2eoEF .

qa is the Debye screening wave number for the
nondegenerate electron gas, and q~ is the Thomas-
Fermi screening wave number for the fully degen-
erate gas. kz ——(2mEe/k )'~ is the radius of the
Fermi sphere. As before a= k~q~/8mks T. We
have found that interpolation between the two for-

N, is the effective density of states for the conduc-
tion band and q, is the Debye screening wave num-
ber for a nondegenerate electron gas of density
N.

For an arbitrarily degenerate electron gas, the
integral in (33) can not be analytically evaluated.
(For fully degenerate statistics the integration is
straightforward, and for nondegenerate statistics
the integral can be expressed in terms of Dawson's
integral. ' ) The variation of the screening wave
number with acoustic wave number is a second-
order effect of the inability of the electron gas to
respond to the acoustic perturbation. In many
cases of practical interest, one may therefore ne-
glect the dependence of the screening wave num-
ber on q by replacing go by qo in the expression
(39) for the acoustoelectric gain factor. One then
retains the expression for the gain factor found on
the basis of the phonon-maser model" in which
the screening of the electron-phonon coupling was
treated by the Thomas- Fermi approach. The
neglect of the q dependence of go was found" to
give rise to an underestimate of the acoustic gain
factor at the frequency of maximum gain by 12%%uo

for a GaAs sample with a free-carrier density of

n, = 1.35 X 10" cm ' at 20 K. (These values of
doping and temperature relate to the x-ray-diffrac-
tion experiments of Ref. 10.}

An improved approximation can be obtained by
expanding go(q) as given by (33) to second order in

q. Performing such an expansion for nondegener-
ate and fully degenerate statistics, one finds

gv =qv(1 —2a/3}
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mulas (42) and (43} can be accomplished using the

relation

a'z' = qo [1 —(2&/3)E-zgz(&)/E-& gz(n)1

with

(46)

1
Eg(n) = F(.,1)

x' dx
exp(x —q) + 1

(48)

where I'(j+1) is the usual I' function. For the
numerical example considered above, using the
approximation (46) for the screening wave number

reduces the underestimate of the gain factor from
12% to 3t//t';

To illustrate the quantum-mechanical cutoff of
the acoustoelectric coupling, we have plotted in

Fig. 1 the acoustic gain factor P as a function of
angular acoustic frequency co for a GaAs sample
with a free-electron density of 1.35~10" cm ' at
20 K. ' For the effective electron mass and for the

squared electromechanical coupling constant we

have assumed m=0. 067rno and K =3. '7&10', re-
spectively. mo is the free electron mass. The
value adopted for K applies for fast transverse
acoustic waves propagating along the [110]direc-
tion of GaAs. The drift parameter is y=(v~-v, )/
v = 5. For angular acoustic frequencies above
Sx10" sec ', the probability that an electron pos-

u 102

2 e ~&c a
qo —

Sg 'qv E-g Jz( 1)/E1/z( 1)
&0 ~~~

The functions E,~z(g), E,~z(q), and E ziz(ri) belong
to a class of tabulated Fermi integrals defined by2~

sesses the momentum required to emit or absorb
a phonon decreases quickly, and the gain factor is
reduced.

IV. COLLISION BROADENING OF THE HIGH-FREQUENCY
CUTOFF

In Sec. IG, we discussed the acoustoelectric
coupling for a. collision-free electron gas. A cutoff
of the electron-phonon coupling was then found to
occur when the phonon momentum becomes too
large to be given up or absorbed by an electron in
an energy-conserving process. Mathematically,
this cutoff is described by the factor fo(a) appear-
ing in the formula (32) for Imp. The cutoff func-
tion

fz(a) = [exp[k (q —4k'r)/8mks T'i+ 1] ' (49)

gives the thermal-equilibrium probability that an
electron state of energy aks T = 8 q /8m be occu-
pied. In the case of complete degeneracy, the
cutoff function reduces to the step function

/

1 for q& 2k„
0 for q &2k~ ' (50}

corresponding to an infinitely sharp cutoff of the
electron-phonon coupling when the acoustic wave
number exceeds twice the radius of the electron
Fermi sphere.

In the presence of electron collisions, an elec-
tron wave can propagate in phase with the sound
wave over finite periods of time only. Consequent-
ly, energy need no longer be strictly conserved in
individual electron-phonon interactions, and a
broadening of the high-frequency cutoff of the
acoustoelectric coupling can be expected when the
collision time becomes comparable with the acous-
tic period. In this section we discuss the collision
broadening effect for a fully degenerate electron
gas.

With complete degeneracy, our expressions for
I.(q, ~), f.z(q, 0), and Rz(q, (o) can be integrated to
give

I (q', u)) = wc[A(zq+kz —ko —ikg)

+A(zq —kz+ kz+ ikg)],

Io(q, 0) =2vCA(zq),

I I I i t I

)012

ANGULAR ACOUSTIC FREQUFNCY

e3sec &
ik, mC

fto(q, ~) = . [A(zq —k, —ik, )0+a

FIG. l. Acoustic gain factor as a function of angular
frequency for fast transverse waves propagating along
the [110]direction of GaAs with a free-carrier density
of 1.35X10 ' cm-' at 20 K. The electron gas is almost
completely degenerate, and the rapid high-frequency cut-
off of the gain factor reflects the sharpness of the Fermi
surface. Electron collisions were neglected in these cal-
culations.

with

k, =me, /k, k& = m/hqr,

C = 2m/(2v}zk-z q,

+A(z q + k, + ik, ) —2A(-q)], (63)

(64)

(66)
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In the limit of zero drift field, these results re-
duce to those stated by Carlson and Segmuller. 'o

Again, it is worthwhile deriving a simple approxi-
mate expression for the acoustic gain factor by
expanding to first order in the parameter
(k~ —k,)/k~. In this way we obtain

(a)

osj-
E

T HE R M A L BRO ADENIN 6 I

(57) q/2kF

with the cutoff function ~2 13

RED(':"..ED A( OUST;:WAVE NUgEIER

k~ (2k+ + q)
q (2k„-q) +4k) (55)

10

ION BROAOE NING

O 06 ~(

oc,

C)
I

ql 2kF
00 i~ J.

06 07 08 og ~2 I3 lf

REQ~J(."ED A(.;Oj)ST~(. y'v&'~'E NUMBER

FIG. 2. Collision broadening of the high-frequency
cutoff of the electron-phonon coupling. The cutoff func-
tion p(q, k~) is plotted as a function of reduced phonon
wave number q/2k+ for a fully degenerate electron gas.
For a Gahs sample with a free-electron density of 1.35
&&10 cm at 0 K, the curves correspond to u7'=0. 4S (1),
0.24 (2), and 0.12 (3), respectively, at the cutoff fre-
quency u = 2k~v, . q is the acoustic wave number, kz is
the radius of the electron Fermi sphere, cu is the angular
acoustic frequency, and & is the electron collision time.
v~ is the velocity of sound.

Here, the dependence of the collision broadening
upon the applied drift field has been suppressed.
Furthermore, we have treated k, as a small quan-
tity to be neglected in comparison with the sum
k~+ ~q, though k, may be significant relative to the
difference k~ —2q. As before 8=e2m~ksT/2we08 q

In Fig. 2, we have plotted y(q, k~) as a function
of the reduced phonon wave number q/2k+ with s
=m/2kk2zw as a parameter. The three curves
correspond to s = 2. 5 & 10 ' (1), 5 x 10 ' (2), and
0. 1 (2), respectively. For a GaAs sample with a
free-electron density of 1.35X10"cm ', these
values for s correspond to ~=4. 4&10 '3, &. 2&&10 ",
and 1.1x10 ' sec, respectively. These values
for & again correspond to ~~ = 0.48, 0. 24, and

FIG. 3. Thermal broadening of the high-frequency
cutoff of the electron-phonon coupling. The cutoff func-
tion fo(a) is plotted as a function of reduced phonon wave
number q//2k~. For a GaAs sample with a free-electron
density of 1.35&10 cm, these curves correspond to
T=6, 15, and 25 K, respectively. a is the energy (mea-
sured relative to thermal energy) that an electron must
have to emit a phonon of wave number q. k~ is the radius
of the electron Fermi sphere.

0. 12, respectively, at the cutoff frequency co

=2k„v, . For comparison with the collision-broad-
ening effect, we have plotted in Fig. 2, fo(a) as a
function of reduced' phonon wave number. fo(a)
describes the thermal broadening of the high-fre-
quency cutoff. In this figure, the parameter is
kr/kr = (2mksT)'~ /kkz, and the values kr/kz
= 0. 2, 0. 3, and 0. 4 were used to calculate curves
1, 2, and 3, respectively. For the above-men-
tioned GaAs sample, these values for kr/kz ap-
proximately correspond to 7= 6, 15, and 25 K.
If the slopes of the cutoff functions at q/2k~= 1 are
taken as measure of the broadening effect, for our
representative GaAs sample it is found that a
collision time of 7 = 2 X 10 ' sec ' is approximately
equivalent to a temperature of 15 K.

For a partly degenerate electron gas, the sig-
nificance of electron collisions in broadening the
cutoff of the electron-phonon coupling is some-
what reduced. %e shall not attempt a detailed
discussion of this case, however.

V. DISCUSSION

To analyze acoustoelectric effects at very-high
frequencies where the phonon momentum become
comparable with characteristic electron momenta,
we have developed a quantum theory of electron
response in the presence of a drift field and a scat-
tering mechanism. The response theory may also
find applications in the study of such phenomena.
as plasma-wave propagation and acoustic attenua-
tion in nonpiezoelectric semiconductors.

From the dielectric response function we have
evaluated the acoustic gain factor for a piezoelec-
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trically active sound wave, and a number of useful
approximations have been obtained by inserting for
the electron distribution a displaced thermal-equi-
librium distribution and expanding to first order in
the drift field. The assumption of a displaced
thermal -equilibrium distribution is consistent with
the assumption of an energy-independent collision
time. Considering the expression (2'I) for the di-
electric response function of a collision-free elec-
tron gas to be generally applicable independent of
the form that the electron distribution may take
under the influence of the drift field, it is possible
to discuss effects arising from the deviation of the
distribution function from a displaced thermal-
equilibrium distribution. %e expect a uniform
heating of the electron gas in the field to give rise
to a reduction of the acoustic frequency of rnaxi-
mum gain, a reduction of the gain maximum itself,
and a broadening of the high-frequency cutoff in

the electron-phonon coupling. These effects are
analogous to those obtained by increasing the sam-
ple temperature. Streaming of the electron dis-
tribution along the field direction will cause a re-
duction of the electron-phonon coupling at lower
frequencies and an upshift of the quantum cutoff.

For applications to highly doped semiconductors,
the assumption of a simple parabolic band for the
free electrons may be inappropriate. It is well
known that the overlap of bound-electron wave
functions associated with shallow impurity states
for heavily doped semiconductors leads to the for-
mation of impurity bands which may distort the
principal bands of the material. The effect of im-
purity banding on acoustoelectric coupling was
studied in Ref. 13 in terms of an extremely simple
two-band model. Impurity banding was found to
give rise to an enhancement of the electron-phonon
coupling (associated with the reduced degeneracy
of the free-electron gas) and to an upshift of the
high-frequency cutoff (associated with the presence
of impurity-band electrons with relatively high ef-
fective mass).

ACKNOWLEDGMENTS

It is a pleasure to thank Professor P. N. Butcher
for a number of valuable suggestions. Professor
N. I. Meyer and Dr. D. Price are acknowledged
for their interest in the work and for critical read-
ing of the manuscript.

'For references, see N. I. Meyer and M. H. Joergensen, Adv. Solid
State Phys. 10, 21 (1970).

'D. L. White, J. Appl. Phys. 33, 2547 (1962).
'H. N. Spector, Phys. Rev. 165, 562 {1968).
'E. Voges, Solid State Commun. 8, 1733 (1970).
'K. W. Nill and A. L. McWhorter, J. Phys, Soc. Jap. Suppl.

21, 755 (1966).
'A. B. Pippard, Philos. Mag. 8, 161 (1963).
'D. L. Spears, Phys. Rev. B 2, 1931 {1970).
"D. 6. Carlson, E. Mosekilde, and J. M. %'oodall, J. Appl. Phys.

42, 925 (1971).
'D. 6. Carlson, A. Segmuller, E. Mosekilde, H. Cole, and J. A.

Armstrong, Appl. Phys. Lett. 18, 330 (1971).
' D. G. Carlson and A. Segmuller, Phys. Rev. Lett. 27, 195

(1971).
"The well-known Kohn effect PV. Kohn, Phys. Rev. Lett. 2, 393

(1959)] first observed by B. N. Brockhouse, K. R. Rao, and A.
D. B. %'oods IPhys. Rev. Lett. 7, 93 (1961)j as a kink in the
acoustic dispersion curve for lead is another manifestation of the
cutoff in the (:lectron-phonon coupling.

"K. Nakamura, Prog. Theor. Phys. 30, 919 (1963).
"E.Mosekilde, J. Appl. Phys. 43, 4957 (1972).

"N. Takimoto, Frog. Theor. Phys. 25, 327 (1961).
"H. N. Spector, Phys. Rev. 137, A311 (1965).
' V. L. Gurevich and V. D. Kagan, Fiz. Tverd. Tela 4, 2441 (1962)

ISov. Phys. -Solid State 4, 1788 {1963)].
"H, N. Spector, Phys. Rev. 132, 522 (1963).
"S.Sharma and D. Thornton, Phys. Rev. B 6, 4643 (1972).
"H. N. Spector, in Proceedings of the Symposium on

Acoustoelectronics, Sendai, Japan, 1968 {unpublished), p. 47.
' H. Ehrenreich and M. H. Cohen, Phys. Rev. 115, 786 (1959).
"M. P. Greene, H. J. Lee, J. J. Quinn, and S. Rodriguez, Phys.

Rev. 177, 1019 (1969).
"C. Jacoboni and E. %'. Prohofsky, Phys. Rev. B 1, 697 (1970).
-"W. Kohn and J. M. Luttinger, Phys. Rev. 108, 590 (1957).
"%'ith no drift fields, the results apply for any value of ql.
"See„e.g. , J. M. Ziman, Principles of the Theory of Solids

(Cambridge U. P. , Cambridge, England, 1964), Chap. 5.' Handbook of Mathematical Functions, edited by M. Abramovitz
and I. A. Stegun, Natl. Bur. Std. Appl. Math. Ser. No. 55 (U.S.
GPO, %'aahington, D. C. , 1964), p. 297.

"See, e.g. , J. Blakemore, Semiconductor Statistics (Pergamon,
New York, 1962), Appendix C.

"N. F. Mott and W. D. Twose, Adv. Phys. 10, 107 (1961).


