
PH YSICA L HE VIE% B VOLUME 9, NUMBE3, 2

Far-infrareti phonon absorption in InSb~

15 JANUARY, Y 1974

E. S. Koteles and %. R. Datars
Department of Physics, McMaster University, Hamilton, Ontario, Canada

G. Dolling
Chalk River Nuclear Laboratories, Atomic Energy of Canada Limited, Chalk River, Ontario, Canada

(Received 4 September 1973)

Far-infrared absorption due to single-phonon and two-phonon processes was investigated in undoped
InSb using a high-resolutiyn Fourier-transform spectrometer. Single-phonon absorption by both
transverse- and Iongitudinalwptical modes at the Briilouin-zone center was observed. Two-phonon
absorption spectra correhted well with two-phonon density-of-states curves calculated using parameters
derived from inelastic-neutron-scattering experiments. Brillouin-zone locations of critical points that gave
rise to prominent features on the two-phonon densitywf-states curve were identified by investigating
phonon frequency contours on symmetry planes. Critical points at (0.6, 0, 0), X, and L for phonon
combinations involving transverse modes and on the (111) boundary plane of the Brillouin zone for
combinations containing the longitudinal-acoustical phonon gave rise to almost all the prominent
features observed on the two-phonon absorption spectra. Derived frequencies for phonon modes at
(0.6, 0, 0), X, and I. agreed well with values determined directly from inelastic-neutron-scattering
experiments. Although strong features, arising from 2TA overtones at X and L, appear in the
calculated spectrum, no absorption corresponding to these features was observed.

I. INTRODUCTION

Far-infrared multiphonon-absorption spectros-
copy offers the possibility of determining very ac-
curately the energies of phonons at certain loca-
tions in the Brillouin zone. This necessitates the
unambiguous identification of spectral features
with critical points of phonon-combination branches
at points in the Brillouin zone. In recent years,
much work has been done to interpret such spectra
in a variety of semiconductors. ' Essentially, such
investigations assumed that the frequency depen-
dence of the photon-phonon coupling mechanism
was slow compared with the rapid changes due to
discontinuities in the multiphonon density-of-states
curves. In this way, all of the features observed
in the absorption spectra were attributed to van
Hove singularities in the density-of-states curves
at critical points on the phonon-dispersion curves.
Generally, it was further tacitly assumed that only
critical points at high-symmetry points in the
Brillouin zone resulted in prominent features on
the density-of-states curves.

The multiphonon spectra of InSb, a III-V com-
pound semiconductor with the zinc-blende struc-
ture, has been analyzed in this manner by John-
son, ' Fray et al. and Stierwalt. (The last in-
vestigation employed far-infrared emission, which
can be thought of, in simple terms, as the inverse
of an absorption experiment. ) The energies that
were determined for phonons at high-symmetry
points in these experiments were not entirely in
accord with each other and, in some cases, dis-
agreed with values measured in a recent inelastic-
neutron- scattering experiment. '

In this paper, a more thorough analysis of far-
infrared absorption in In', observed with a far-
infrared Michelson interferometer, was undertaken
in an attempt to resolve these difficulties. The
parameters derived by Price et a/. ' from a fit of
a shell model to their experimental data were uti-
lized in calculations of two-phonon density-of-
states curves. The general agreement between
these calculated curves and our experimental high-
resolution absorption curves made possible a de-
tailed critical-point analysis employing phonon-
energy contours. Calculated phonon energies were
used to determine constant-energy contours on the
major symmetry planes of the Brillouin zone. The
positions of critical points giving rise to prominent
features on the density-of-states curves were lo-
cated with accuracy by locating areas where the
phonon energy was stable or a weak function of
wave vector. The majority of the observed fea-
tures of the absorption spectra were correlated
with similar ones on the calculated two-phonon
density-of-states curves which, in turn, were
traced to critical points. These points were not
necessarily symmetry points. All of the remaining
prominent features could be assigned to critical
points of combinations of the transverse-optical
mode using experimental two- phonon dispersion
curves.

The far-infrared radiation field simultaneously
interacts with two phonons via second-order dipole
moments and/or third-order terms in the lattice
potential. The absolute magnitudes of these cou-
pling mechanisms have not been calculated explic-
itly for semiconductors but it has been suggested
that they are of equal importance in compound
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semiconductors. ' The interpretation of multi-
phonon spectra usually eommenees with the as-
sumption that the frequency dependence of the cou-
pling strength is smooth and slow. Thus features,
such as peaks and discontinuities, present in the
observed spectra are not considered to be conse-
quences of this term but rather are attributed to
features on the multiphonon density-of-states
curves. In the case of InSb this appears to be a
good preliminary assumption in the analysis of
such syectra. However, direct evidence of the im-
portance of the coupling mechanism is given by the
absence of certain peaks in the observed spectra
that are predicted by the calculated density of
states.

II. EXPERMENTAL METHOD
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The Consolidated Mining and Smelting Co. of
Canada provided the InSb samples studied in these
experiments. The n-type single-crystal material
was undoped and possessed a nominal electron mo-
bility of 6xl0 cm V' sec and a nominal carrier
concentration of 10' em at liquid-nitrogen tem-
peratures. Samples were cut into the required
shape with a spark cutter and then lapped with
various grades of sandpaper until the proper thick-
ness and wedging were a, chieved. The wedging
eliminated far-infrared interference fringes from
the sample. The surface was not treated in any
special way since only bulk absorption was investi-
gated.

Spectra were measured with a Research and
Industrial Instruments Co. model FS-720 far-in-
frared Michelson interferometer covering the fre-
quency range 0-625 crn '. A gallium-doped germa-
nium bolometer detector was designed and con-
structed for pumped-helium temperatures to bene-
fit from low-temperature operation. The noise-
equivalent power of the detector was about 6&&10
W/Hz'/3. The bolometer signal received an initial
power gain of about 108 in a preamplifier which was
a modified version of a design by Zwerdling et al.
It featured high-input impedance for proper match-
ing to the bolometer's resistance and an output
impedance of 1 A. The preamplifier output was
coupled to the input stage of a, lock-in amplifier
through a 100-to-1 step-up transformer. The out-
put of the lock-in amplifier was continuously mon-
itored with a strip-chart recorder and digitized by
a voltmeter capable of a resolution of 1 part in
10'. The parallel binary-coded decimal (I3CD) out-
put from the voltmeter was sequentially fed to an
incremental magnetic-tape recorder through a
serialize r.

The spectrum was obtained by performing a
Fourier transform of the interferograrn stored on
the magnetic tape. The computer program ago-
dized the interferograrn using a triangular function
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FIG, 1. Schematic cross-sectional view of sample
assembly.

and then corrected for zero-gath-difference errors
using a procedure due to Forman et al. 9 Typically,
6250 interferogram points were transformed using
the fast-Fourier-transform algorithm to produce
a spectrum with 0. 2-cm ' resolution.

A schematic cross-sectional view of the sample
assembly is shown in Fig. 1. It was designed to
permit transmission spectra of a sample to be
taken as a function of temperature. The assembly
was situated in a stainless-steel Dewar containing
a pumped-helium bath which kept the detector at
its operating temperature of 2 K. Provision was
made to increase the temperature of the sample
~ithout seriously affecting the operation of the
bolometer located 5. 5 cm below it.

Light reached the sample chamber after proceed-
ing through about 1 m of 1.3-cm-i. d. polished-
brass light pipe. A long condensing cone reduced
the aperture above the sample chamber. The sam-
ple holder was a copper cylinder with a 6-rnm-diam
hole in the center. The sample was seated on a
lip in this hole held in place with silver paste.
Two holes, 180' apart, were drilled in the sample
holder to accommodate a heater, which was a —',-%
carbon resistor, and a copper-constantan thermo-
couple. The copper sample holder was thermally
insulated from the walls by a nylon sgacer. Uti-
lizing a negative-feed-back system, the tempera-
ture of the thermoeouple was stabilized to within
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FIG. 2. Phonon-disper™
sion curves in InSb. The
circles are the values de-
termined by Price et al.
(1971) at 300'K by inelastic
neutron scattering. The
dispersion curves were
measured in the 6(f00$j),
Z(I/$0]) and A(ffff]) sym-
metry directions. The
solid lines are the calcu-
lated dispersion curves in
the 4, Z, A and Q [along
the {111)plane from L to
&] directions. The curves
are labeled according to
their vibrational nature
near X in the 4 direction;
TA {transverse acoustic),
I A {longitudinal acoustic),
LO (longitudinal optic), and
TO (transverse optic).

I K. After traversing the sample, the light passed
through another condensing cone and a filter cham-
ber before entering a 1.3-cm-diam integrating
sphere which contained the detector.

III. RESULTS

A. Single-phonon absorption

Single-phonon absorption was studied in a thin
wedge-shaped sample, with a thickness varying
between 0 and 75 p, m from side to side. The Rest-
strahl absorption involving the TO-phonon mode at
I' was centered at 186 cm '. A second absorption
peak observed at 198.6 cm ', which was sharp and
intense relative to absorption from two-phonon
processes, was considered to involve the LO pho-
non at I". For the observation of this mode, the
face of the sample was not normal to the incident
light and the sample was thin enough over most of
its area so that the criteria of Berreman' for lon-
gitudinal-optical-phonon absorption, which re-
quires oblique incidence of infrared radiation on

a sample with a thickness comparable to optical-
phonon wavelengths, were fulfilled. The tempera-
ture dependence of this absorption was typical of
single phonons: As the temperature increased it
broadened slightly but did not increase in intensity.
Strong two-phonon absorption was not expected at
this frequency according to the calculated density-
of-states curve.

B. Two-phonon absorption

The absorption strength of the two-phonon spec-
trum is a product of three terms: the thermal-
phonon population, the magnitude of the photon-
phonon coupling mechanism, and the density of two-

phonon states. The first term is readily calculable
employing Bose- Einstein distribution functions.
Its main consequences are that two-phonon dif-
ference modes are absent at low temperature but
increase rapidly in strength with increasing tem-
perature. Two-phonon sum modes are present
even at zero temperature but are less dependent
upon temperature.

Van Hove has shown that critical points on
phonon-dispersion curves lead to particular types
of discontinuities on the density-of-states curves.
The dispersion curves of RSb as measured by
Price et al. ' are presented in Fig. 2. A critical
point is a location in the Brillouin zone at which
the phonon energy is constant or a weak function
of wave vector. The exact shape of the resultant
discontinuity is dependent upon whether the phonon-
dispersion curve &u(k) at some critical point, de-
fined by V &u(k) = 0, is a minimum in three, two,
one, or no principal directions. These situations
correspond to a three-dimensional minimum, two
kinds of saddle points, and a three-dimensional
maximum and produce the discontinuities in the
density of states, labeled Po, J'„P„and I'3,
respectively, illustrated in Fig. 3. Using group
theory, Phillips" has extended van Hove's work
to show that the minimum set of such critical
points must include the high-symmetry points in
the Brillouin zone. The locations of these points
on the Brillouin zone of InSb [I'(0, 0, 0), X(1, 0, 0),
L(Q 2 2) and W(1, —,', 0)] are pictured in Fig. 3.
Other critical points at off-symmetry-axes posi-
tions are also possible but their exact locations
must be found in a more empirical fashion. With
a knowledge of the phonon energies throughout the
whole Brillouin zone, for all branches, the posi-
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tures on the calculated two-phonon density of
states were identified.

The phonon energies employed in the energy-
contour analysis and used to derive the two-phonon

density-of-states curves were calculated using
parameters derived from inelastic-neutron-scat-
tering experiments. ' This calculation, based on

a shell model with second-neighbor short-range
forces, is similar to one used previously on GaAs

by Dolling and Cowley. ' The secular lattice equa-

tion was solved at 874 uniformly distributed points
in the irreducible part of the first Brillouin zone.
An interpolation scheme was then employed to

Po p,

(b)

FIG. 3. (a) Brillouin zone of InSb. (b) Discontinuities
in the phonon density of states produced by four types of
critical points on dispersion curves: P3, a point of max-
imum phonon energy; Po, a point of minimum phonon

energy; P2, a saddle point with energy increasing in one

principal direction; P&, a saddle point with energy increas-
ing in two principal directions.

( I I 0)

tion of important critical points can be discovered
using phonon-energy- contour analysis. Thus cal-
culated phonon energies for a given combination of

branches were plotted as a function of wave-vector
components on certain symmetry planes. Con-

tours of constant two-phonon energy were drawn

as illustrated in Fig. 4. The positions and types
of critical points present were derived by locating
areas in which the energy was a maximum, a min-

imum, or exhibited saddle-point behavior. In this

manner information concerning the critical points

of 21 two-phonon sum modes on the (100), (ill),
and (110) symmetry planes was obtained. Then,

those critical points giving rise to prominent fea-

FIG. 4. Contours of constant energy (in cm ) for the
LA+TA2 phonon combination on the {111)and (110) planes.
The (110) plane is pictured in the extended zone scheme.
Areas of maximum energy are located at X, J, and 8'.



KOTE LES, DATABS, AND DOLLING

derive extra values for phonon energies between
the points. A total of about 1.4~10 frequencies
for all the phonon branches throughout the whole
zone were obtained. The single-phonon density
of states was determined in a straightforward
manner by counting the total number of frequen-
cies present in each frequency interval of G. 33
cm '. The second-harmonic density-of-states
spectrum was identical to the first with the fre-
quency scale doubled. The other two-phonon den-
sity-of-states curves were derived using the same
procedure for combinations formed by adding or
subtracting the frequencies of phonons from dif-
ferent branches but possessing the same wave
vector. This latter requirement is a consequence
of momentum conservation. No selection rules
were applied in these calculations.

The identification of the structure on the absorp-
tion spectra was accomplished by comparing them
with the calculated two-phonon density-of-states
curves. A one-to-one correspondence between
the two curves could be found for most of the fea-
tures. These features were then correlated with
specific two-phonon combinations at particular
critical points using the results of the phonon-
energy-contour analysis. However, there were
some discrepancies and so, as an added check,
experiInental two-phonon dispersion curves were
formed by combining measured phonon branches
in symmetry directions. Critical points along dis-
persion curves appear as maxima or minima but
their exact three-dimensional nature cannot be
discerned without information about off-axis pho-
non energies. All of the remaining prominent
peaks in the absorption curves were identified uti-
lizing these empirical two- phonon-dispersion
curves. They were found to involve phonons com-

bining with the transverse optic mode which the
shell-model calculation has a tendency to flatten.
This effect leads to a narrowing of optic overtone
peaks and peaks involving optic modes in the den-
sity of states and thus to a loss of structure.

There are several features that are reported
which were difficult to assign unambiguously due
to their small amplitudes. Their positions are
included for completeness. Also taken into ac-
count in the assignments was the fact that the ex-
perimental dispersion curves were measured at
room temperature where the phonon frequencies
are slightly lower (about l-Qo) than at the low
temperatures employed in this experiment.

Sum combinations

In Fig. 5 the observed absorption of two-phonon
sum modes from 60 to 380 cm ' at 20 K is corn-
pared with the density-of-states calculation for
two-phonon sum modes. Thick samples were nec-
essary in order to observe adequate two-phonon
absorption. The strong Reststrahl band dominates
the two-phonon absorption in the region around
186 cm '. The experimental spectra studied were
the average of two or more runs with the instru-
mental background removed by ratioing with
spectra obtained with no sample in the beam. The
assignment of spectral features to critical points
of two-phonon sum modes is summarized in Table
I. For convenience, the phonons are labeled TG„
TO3, LO, LA, TA&, and TA& in the order of
decreasing frequency near X even though it is
strictly correct to speak of pure transverse or lon-
gitudinal modes of vibration only in certain sym-
metry directions. The shapes of the spectral dis-
continuities, as set down in Table I, were derived
from phonon-energy-contour analysis and, in all
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FIG. 5. Comparison of
the calculated two-phonon
density of states for sum-
mation processes with the
observed absorption in the
frequency range 60-380 cm
with a sample temperature
of 20 K. The sample thick-
ness was i800 pm in the
regions 60-200 cm ' and
250-380 cm ' and was 250
pm from 200 to 250 cm
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TABLE I. Two-phonon sum modes.

82. 6
84-87
115
117
124
127
161
208. 1

medium
weak

mediuIIl
mediuIn
medium
medium
medium
mediuTIl

Experimental Feature

Position (cm ') Combination

2TA

TAg + TA2
TAg+ TAv

2TA)
2TA(

LA+TA2
LO+ TA)

Assignment
Critical Points

Location

{o.6, o, o)

Shape

Pg+P2

K
S'

hexagonal face
(o. 6, o.6, o)
hexagonal face
(0.25, 0.25, 0.25) and
hexagonal face

Pg

P3
P2
P3

Pg+P2
P)+Pp

Energy Contour Analysis Experimental
Dispersion Curves

Location

(o6, o, o)

(0.6, 0.6, 0)

(O. 25, O. 25, O. 25)

211.2
213.5
214.4

218.6
220. 0
225
240
246. 2
273.2

273.2
277. 6
298. 8
305
320
322
326
344. 8

349
355.5
358.9
362. 7
367
370

very weak
strong
strong

strong
strong
weak

very weak
weak

very strong

strong
n1ediun1
strong
strong
weak
weak

medium
medium

weak
strong

medium
strong

n1edium
weak

TO+ TA
LO+ TA

Optic+ TA
TO+ TA

TO), LO+ TA(
TO) 2+TA(

2 LA
LO+ LA

LO+ LA
LO+ LA

TO2+ LA
TO)+ LA

TO( P+LO
TO+ LO

2TO
Optic overtone

2TO
2TO

TGg + TO), IA3

2TO

near K and
(0.25, O. 25, 0.25)
{0.6, 0, 0)

I

near K and 5'
hexagonal face
hexagonal face

near W'

near K
hexagonal face
hexagonal face

X
hexagonal face and I.
5'
V and hexagonal face

Pi +P2
P~+P2

PI +P2
Pg+P2

P2
P2

P( +P2
P)+P~

Pl+ PP+P3
P)+Pp
P(+Pp

I
(0.2, 0.2, 0.2)

(o.6, o, 0)
X

(o.4, 0, 0), (o. 5, o. 5, o)
K

(0.4, 0, 0)
(0.6, 0, 0)

weak
weak

cases, are confirmed by the observed structure.
At frequencies less than the Reststrahl band, the

two-phonon sum bands are primarily due to com-
binations of acoustical modes; 2TA&, 2TA3, TA,
+ TA, , 2LA, LA+ TA„and LA+ TA2. The agree-
ment between the density-of-states calculation and
the experimental spectrum is less satisfactory in
this region than in any other part Of the spectrum
although the over-all shapes of the two curves are
similar. This is surprising in view of the fact that
the fit of the calculated dispersion curves to the
experimental curves for the acoustic modes in the
symmetry direction is good as shown in Fig. 2.
The frequencies of the observed features, with the
exception of the sudden decrease in absorption at

127 cm ' which is attributed to a maximum in the
2TA, branch at (0. 6, 0. 6, 0), are higher than simi-
lar features on the calculated curve. However,
using the two-phonon density-of-states curve and
the results of energy-contour analysis, the peak
at 124 cm ' can be attributed to a 2TA1 overtone
mode at a critical point halfway between I. and 8'
on the hexagonal face (ill) plane of the Brillouin
zone. Similarly, the shoulder that occurs at 115
crn ' is due to a critical point on the TA, + TA~ com-
bination branch near K(0. V5, 0. V5, 0) and the cut-
off that takes place at 117 cm ' is ascribed to a
critical point in the same branch at W.

Absorption due to critical points on the 2TA
branch at X and I. which is expected at 68-78 cm '
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from the density-of-states calculation is not ob-
served. Just outside this frequency region, a
small but extremely sharp peak at 82. 6 cm ' is
present with a broad weak shoulder on the high-
energy side of this peak and a weaker peak on the
low-energy side. From the experimental disper-
sion curves it is evident that the sharp peak must
be related to the maximum at (0. 6, 0, 0), on the
degenerate transverse-acoustic branches. The
energy-contour analysis confirms this assignment
and elucidates the formation of this feature. Qne

of the two degenerate TA modes at this point con-
tributes a type-Pq discontinuity to the density-of-
states curve while the other results in a discon-
tinuity of type-P~. The sum of these produces a
weak cusp in the density-of-states at 79 cm '. The
absence of strong absorption attributable to criti-
cal points at X and/or L on the 2TA branch is un-

expected in that, the TA dispersion curves are
relatively flat at and near these points, the den-
sity-of-states calculation possesses a large peak,
and the selection rules do not forbid it. A similar
situation has been reported in GaAs, and con-
firmed by us in preliminary studies. Again there
is a strong broad peak predicted by the density-of-
states calculation due to critical points at X and
L on the 2TA branches but only a weak relatively
sharp absorption is observed in the spectrum.
These results emphasize the importance of accu-
rate calculations of the appropriate matrix element
for obtaining the strength of the infrared absorp-
tion.

Most of the features due to critical points on the
LA+ TA branches were expected at frequencies
such that they would be hidden by the strong Rest-
strahl absorption. However, a relatively strong,
narrow line due to critical points on the LA+ TA&

branch was observed at 161 cm ' on the edge of
the strong absorption band. This sharp cusp-
shaped peak results from P; and Pz-type critical
points on the hexagonal face of the Brillouin zone.
The constant energy contours for the LA+ TA&

branch on the (ill) and (110) symmetry planes
are illustrated in Fig. 4. The most interesting
feature on the hexagonal face (ill) is an approxi-
mately circular valley centered on the L point
which results from points with approximately the
same energy but with differing wave vectors.
From a consideration of Fig. 4 it is evident that
moving away from this valley towards L, K, or
W in the (111)plane results in an increase in pho-

non energy while moving at right angles to this
plane towards the center of the Brillouin zone at
I" produces a decrease in energy. Thus, the val-
ley appears to be composed of critical points of
the saddle-point type. As one proceeds along this
valley a move upward in energy indicates a saddle
point of type P, while a decrease in energy identi-

fies a P~-type critical point. These have approxi-
mately the same energy and so a cusplike peak is
formed at 161 cm

On the immediate-high-energy side of the Rest-
strahl band are features produced by critical points
on the transverse acoustical plus optical sum
branches. The prominent structure results from
critical points which cccur at high-symmetry
points or along symmetry axes where the trans-
verse modes are degenerate. Thus, it is possible
to speak principally of TO+ TA modes. Generally,
the assignments as given by the energy-contour
analysis agree with those deduced from a study of
the experimental two-phonon dispersion curves.
However, when there are discrepancies, as in the
position of features ascribed to the X and L points,
greater reliance is placed on the analysis based on

the experimental dispersion curves for reasons
mentioned previously. The strongest peaks, visi-
ble even in thin samples, occur at 213. 5 and 218. 6
cm ' and are due to critical points on the TQ+ TA
branch at the L point and (0. 6, 0, 0), respectively.
There are shoulders present on both of these peaks
due to critical points on optic+ TA branches. The
critical points that produce the features at 214. 4
and 220. 0 cm ' occur at (0. 2, 0. 2, 0. 2) and X,
respectively. Other weaker features occur at 225
and 240 cm '. Also contributing is a weak peak at
246. 2 cm ' due to P, and P~ critical points on the
(111)plane of the LA overtone branch. The situ-
ation resulting in the narrow peak is similar to the
one described above for the LA+ TA~ branch.

The features due to critical points on the
LO+ LA, TO&+ LA, and TQ2+ LA branches occur
in the region from 250 to 320 cm '. The I.A-pho-
non mode, whose energy is a strong function of
wave vector, imposes its behavior near the zone
boundary on the weakly varying optic modes to
produce the sharp peak visible at 273. 2 cm ' and
the narrow twin peaks centered on 300 cm '. A

study of the energy contours on the (111)plane of
the TO, + LA and TO~+ LA branches reveals a sit-
uation analogous to that for the LA+ TA, mode.
The transverse-optic modes are not degenerate on

the (ill) plane and so two peaks, equally sharp,
are produced. In the case of the LQ+ LA branch,
a large volume of k space near the zone boundary
is found to be relatively stable in energy. But it
again appears that the dominant critical points
occur at or near the hexagonal face although the
over-all shape of the peak is the result of an aver-
aging process over a large volume in this region of
4 space.

Combinations of TQ and LQ modes produce in-
frared-absorption bands at frequencies ranging
from 320 to 400 cm '. The discrepancy between
experiment and the density-of-states curve ex-
pected in this region because of the flattening of
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face for the TO overtone modes. However, the
over-all picture is complicated and some doubts
exist as to its validity because of the problem re-
lated to the flattening of the optical modes by the
calculation. Thus more reliance is placed on the
identifications based on the analys:s of the experi-
mental dispersion curves. In this case the main
peak at 362. 7 cm is attributed to critical points
at X, the low-energy shoulder, which is notice-
able as an asymmetry of the main peak, to critical
points at I, and the subsidiary peak at 355. 5 cm '
to critical points at (0. 6, 0, 0). All of these occur
on the 2TO branch. A number of other weaker
features are present at higher frequencies but are
difficult to assign unambiguously.

2. Difference combinations

60 80 IOO l20
(em ')

I40

FIG. 6. Calculated density of states for two-phonon
difference processes compared with the observed ab-
sorption in an 1800-pm-thick sample at 78'K in the fre-
quency range 50-160 cm

the optical modes in the calculation is less serious
than feared. The principal difference appears to
be the absence, in the calculated density of states,
of a strong subsidiary peak, at 355, 5 cm ', of the
main peak at 362. 7 cm '. The broad mesa-shaped
absorption extending from about 330 to 345 cm '
is the result of combinations of LO and TO modes
at various locations throughout the zone. The cut-
off in absorption at 344. 8 cm ' is due to a I'2 criti-
cal point at I. according to energy-contour analysis.
Overtones of TO branches produce the absorption
that begins at 350 cm '. According to energy-con-
tour analysis many of the features in this region
can be attributed to critical points on the hexagonal

The experimental details relating to the two-
phonon difference spectrum are similar to those
outlined for the two-phonon sum spectrum. The
only variation was the utilization of the rapid in-
crease of absorption with temperature, character-
istic of two-phonon difference bands, to distinguish
them from sum bands which are present in the
same region of the spectrum. A spectrum taken
with a sample temperature of V8 'K in which the
difference bands were quite strong was ratioed with
one at 20'K in which they were essentially absent.
This procedure accentuated the difference bands
although the sum bands were not completely can-
celled because they do possess some temperature
dependence.

The experimental absorption spectrum and the
calculated density of states for two-phonon differ-
ence modes are presented in Fig. 6. The assign-
ment of the modes is given in Table II. The prin-
cipal feature, a strong relatively sharp peak at
136 cm ', results from critical points at (0. 6, 0, 0)
on the TO- TA branch. Although such a feature is

TABLE II. Two-phonon difference modes.

Position
(cm ')

61.5

Strength

weak

Experimental feature

Combination

LA- TA)

Location

hexagonal
face

Shape

Pg +P2

Assignment
critical points

Energy-contour analysis
Experimental

dispel sion
curves

86
122
127

136
142.5
146

weak
weak

weak
medium
medium

strong
weak
weak

LA —TA2

LO —TAI
TO( g

—TAI
TO —TA

Optic —TA
TO- TA
TO- TA

hexagonal
face

K
E

hexagonal
face
(o6, o, o}

X
L

Pl +P2

Po+
Po

Pg+Pp

Po+ Pp
P)+P2
P)+ P2

K
{o.6, o. 6, o)

(o.6, 0, 0)
X
I
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predicted by energy-contour analysis the observed
strength is not. The weak subsidiary peaks on the
high-energy side of the 136-cm ' absorption are
due to critical points on the TQ- TA branch at
X(142. 5 cm ') and L(146 cm '), respectively.
These are predicted although in the calculated den-
sity of states they are merged into one broad peak
centered on 141.5 cm '. According to energy-con-
tour analysis, a number of critical points on the
TO- TA branch on or near the hexagonal face pro-
duce the peak present at 127 cm ' in the density-
of-states curve. This is observed as a lom-en-
ergy shoulder on the 136-cm ' peak.

At much lomer energies a sharp peak is present
at 61. 5 cm"' in the absorption spectrum. This
can be correlated mith critical points on the hex-
agonal face for the TO&- LA and LA- TA, branches.
Due to the influence of the LA mode there is a lorn

circular mound consisting of +1- and Pg-type cl iti-
cal points degenerate in energy present on the
(111)plane for these difference branches. A simi-
lar mound for the TO&- LA branch produces a
sharp peak in the difference density of states at
66. 8 cm '. This is not observed experimentally.
However, if the assignment of the 2LA mode on
the (111)plane is correct, then, using the known
values of critical points of TO, + LA and TO2+ LA
on the hexagonal face, the values of TO, —LA and
TO&- LA become 59 and 53 cm ', respectively, in
this area. The situation could be clarified by in-
elastic-neutron-scattering exyeriments performed
in the Q direction.

Finally the energy-contour analysis predicts rel-
atively sharp but weak peaks near 81 and 86 cm '
resulting from critical points on the LA- TA2
branch and the LO- TA, branch respectively. This
is in the region in which the sharp yeak due to crit-
ical points at (0.6, 0, 0) on the 2TA branch occurs
and so these difference bands are difficult to ob-
serve clearly. However, judging from the tem-
perature dependence of the absorption in this re-
gion, it is likely that difference bands do underlie
the prominent summation absorption.

IV. DISCUSSION

The over-all shapes, positions, and intensities
of features of the tmo-phonon absorption spectra
of Insb correlate well with calculated tmo-phonon
density-of-states curves. The analyses of phonon-
energy contours on symmetry planes and experi-
mental tmo-phonon dispersion curves indicate that
most prominent features of the spectrum can be
attributed to critical points in the Brillouin zone
at (0. 6, 0, 0), X, and I. for phonon combinations
involving transverse modes and on the hexagonal
face, the (111)plane, for combinations containing
the longitudinal acoustical phonon. This latter ob-
servation confirms Borik's comment' in a theoret-

ical paper on the significance of the hexagonal face
for the distribution of combined phonon frequencies
in GaAs. This is a III-V compound semiconductor
with dispersion curves and a two-phonon absorp-
tion spectrum similar to that of In8b.

At X and L, phonon combinations possessing
critical points which lead to prominent features in
the calculated spectrum include 2TA, TO+ TA,
2TO, and TO- TA. Critical points of transverse-
phonon-mode combinations at (0. 6, 0, 0) also figure
prominently in the observed spectrum. This is an
interesting location in the Brillouin zone as it is
the point in the [100] direction at which the trans-
verse- and longitudinal-optic modes are degenerate
and the degenerate transverse-acoustic branches
exhibit a maximum. Thus it is not entirely sur-
prising that this position in the Brillouin zone pro-
duces so many prominent features in the tmo-pho-
non spectrum [at 82. 6 cm ' (2TA), 218. 6 cm '
(optic+ TA), 855. 5 cm ' (optic overtone), and 1M
cm ' (optic —TA)]. The absence of the features
containing the optic mode in the two-phonon den-
sity-of-states calculations apparently arises be-
cause of the inadequate treatment of the optical-
phonon modes by the shell-model theory. For this
reason, in the analysis of critical points of phonon
combinations involving optical modes more reliance
mas placed on the identification provided by study-
ing the experimental dispersion curves than on the
energy-contour analysis.

Ironically, early work on the interpretation of
the multiphonon spectra of In8b appears to be more
nearly correct than later, more detailed, analyses.
Fray et al. first correlated spectral features with
combination bands involving four-phonon frequen-
cies which were described as averages over the
Brillouin-zone boundary where phonon energies
were expected to be relatively stable. This rel-
atively crude picture agreed rather well with the
detailed a~lysis presented here. Later, attempts '
mere made to identify the fine structure of the
spectrum with critical points of phonon-mode com-
binations at the high-symmetry points X and J
without the benefit of experimental dispersion
curves. These mere much less successful, as is
evident in Table III.

Utilizing the frequencies of combination modes
from critical points at X, L, and(0. 6, 0, 0), explic-
it phonon frequencies for some modes at these
points were derived. These are presented in
Table IV along with the results of Price et al. ' (in-
elastic neutron scattering), Johnson' (infrared
absorption), and Stierwalt (infrared emission).
The agreement between the values derived from
this work and those measured directly by inelastic
neutron scattering is good, especially when allom-
ance is made for the temperature shift of the yho-
non frequencies.
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TABLE III. Comparison of two-phonon assignments by various workers.

Position of
feature
(cm+)

Assignment

Johnson Stierwalt

Previous work

Position of
feature
(cm")

This work

Assignments

83
98

111
124

159
205

273
297
302
337

353

361
400
412

2TAN)
TO{r) —2TA{x)
2TA(L) + TA{X)
3TA{X)

TO{L)—TA{L) TO{L)—TA(L}

LA($') + TA(lV)
2 LA{L)
TO(L) + TA(L)

2LA{L)
LO{L) + LA(L)
LO{X)+ LA{X)
TON) + LO{X)

2TO{X}

2LO{L)
Lo(r) +To(r)
2 LO(r)

82.6
115
117
124
127
136

161

20S. 1

213.5
214.4

218.6

246, 2
273.2
298.8
305
344.8

355.5

358.9
362.7

2TA(0. 6, 0, 0)
TA, (N + TA, {K}
TA, (W) + TA, {Q
2TA& (hexagonal face)
2TA( (0.6, 0.6, 0}
Optic {0.6, 0, 0}
-TA(o. 6, o, o)
LA+ TA2 (hexagonal face)

~ ~ 0

LO {0.25, 0.25, 0.25)
+TA, (0.25, O. 25, O. 25}
TO(L) + TA(L)
LO (O. 2, 0.2, O. 2)
+TA (o. 2, 0.2, 0.2)
Optic (0.6, 0, 0)
+TA (0.6, 0, 0)
TON) + TA{X)

2LA (hexagonal face)
LO+ LA {hexagonal face)
TO2+ LA {hexagonal face)
TO~+ LA {hexagonal face)
TO{L)+ LOL)
TO(X) + LO@)
Optic (O. 6, O, O)

overtone
2TO{L)
2TO {X}

Finally, it should be mentioned that the over-all
shapes of bvo-phonon absorption spectra of other
III-V compound semiconductors (such as GaAs and

InAs) bear a striking resemblance to that of InSb.
It should be possible, using the analyzed Ingb

spectrum as a guide, to identify major features in

TABLE IV. Comparison of frequencies of phonon modes at X, L, and (0.6, 0, 0} deter-
mined by various workers (cm ).

Location

r
(o, o, o)

X
(1, o, o)

L
(o. 5, o. 5, o, 5)

{o6, o, o)

Pho non
Qlode

TO
LO

TO
LG
LA
TA

TO
LO
LA
TA

TO
TA

Price et al.
(300 'K}

185+2
197 +8

179.5 +5.7
158.4 +6.7
143.4 ~3.3
37.4+1.7

177.1 +2. 0
160.8+3.3
127.1 +2. 0
32.7 +1.7

176.1 +2, 7
40.0+1.3

This
work
{20'K)

186
198.6 +0.1

181.4 +0.2
163.4 + O. 2

38.6 +0.2

179.8 +0.2
165.0 +0.2

33.8 + 0.2

177.7 +0.5
41.3+0, 1

Johnston
[(4.2-90)'Kj

189.5
205.7

176.6
159.7
142.S

179.9
160.5
136.3
43.6

Stierwalt
((4.2-77)'K]

182
195

176
129
121
41.5

171
160
102
34



KOTE LES, DATARS, AND DOLLING

the spectra of these materials with some confi-
dence, even in the absence of experimental dis-
persion curves.

V. CONCLUSIONS

Most of the prominent features present on high-
resolution two-phonon absorption spectra of Insb
correlated with structure on two-phonon density-
of-states curves calculated in an independent man-
ner using parameters derived from inelastic-neu-
tron-scattering experiments. The agreement
makes possible a detailed energy-contour analysis
of all two-phonon branches on certain symmetry
planes in order to locate the critical points respon-
sible for the observed features. Critical points
at off-symmetry axes locations on or near the
Brillouin-zone boundary produce much of the prom-
inent structure. Thus in the critical-point analysis

of multiphonon spectra such "accidental critical
points" cannot be ignored as has been generally
done. The derived phonon energies at certain
points in the Brillouin zone are given in Table IV.
The 2TA overtones at X and I. are not observed.
This shows that the density~of-states curves does
not completely explain the infrared absorption and
that the matrix elements for the strength of the
infrared absorption should be calculated.
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