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Energy bands and Fermi surface of AuSn

Francis J. Arlinghaus
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(Received 1 June 1973)

The electronic energy bands and Fermi surface of the ordered intermetallic compound AuSn were

calculated using a partially relativistic formulation of the augmented-plane-wave method. A detailed

comparison shows the present results to be superior to a nearly-free-electron model. The calculated

Fermi surface agrees with experiment, except for one neck orbit.

I. INTRODUCTION

There has been considerable interest in recent
years in the Fermi surfaces of metals, particular-
ly as revealed by such low-temperature experi-
ments as the de Haas-van Alphen effect and high-
field magnetoresistance. Such studies have been
extended to ordered intermetallic compounds since
crystals of sufficient purity and stoichiometry have
been prepared.

Intermetallic compounds are of considerable in-
terest for the possible light they can shed on the
profound problem of alloy phase stability. Exten-
sive experimental data exist on the Fermi surfaces
of several P-phase alloys (CuZn, AgZn, Pdln), the
fluorite compounds AuAl „Auoa „and AuIn „and
more recently, the hexagonal compounds AuSn and
PtSn. For all of these but the last, there are the-
oretical models of the Fermi surface based on ex-
haustive first-principles energy-band calculations.

The present work extends this theoretical work
to AuSn, and presents the author's results on its
Fermi surface using the augmented-plane-wave
(APW) method for calculating its energy-band
structure in a partially relativistic form (but ne-
glecting spin-orbit effects).

AuSn crystallizes in the hexagonal nickel arsen-
side (NiAs) structure, and is the only known com-
pound of this structure that does not contain any
transition-metal atom. The gold atoms reside on

a simple hexagonal lattice and the tin on a hexago-
nal-close-packed lattic e. This crystal structure
has the space group P6,/mme(D', „)with four atoms
per unit cell, the gold at (0, 0, 0) and (0, 0, —,'), and

the tin at +(, ';, —,'). The unit cell is pictured in

Fig. 1 and the hexagonaliBrillouin zone in Fig. 2.
The cell dimensions' are a = 4.3218 A, c = 5.5230 A,
c/a = 1.278.

Various properties of this compound have been
studied by Jan et al. , ' one of the most interesting
being the striking anisotropy of the thermoelectric
power. Jan and Pearson' have speculated on the
sort of Fermi surface which might explain their
results. Seglmyer' has studied the high-field mag-

netoresistance, and finds interesting effects in-
cluding open orbits. The most revealing study of
the AuSn Fermi surface comes from the extensive
de Haas-van Alphen measurements of Edwards,
Springford, and Saito.4

All these workers have attempted to explain
their results in terms of a nearly-free-electron
model of the band structure. These attempts have
met with some success, but fall short of a com-
plete explanation. Furthermore, certain questions
do arise. The Fermi-surface topology can be rad-
ically affected by splittings of the free-electron
bands which arise from the presence of a real
crystal potential. The problem arises whether the
single-zone or double-zone scheme is more appro-
priate, because of the degeneracies of the hexago-
nal top faces of the Brillouin zone. And finally,
Jan et al. ' question whether one should postulate
the full five electrons per AuSn formula unit avail-
able in the normal valencies of the elements, or
whether some smaller number would serve better.
They cite the fact that AuCs is a semiconductor to
show that the question is not trivial.

Because of the large atomic number (79) of gold,
it appears that the usual nonrelativistic APW cal-
culation will not be adequate, and that relativistic
effects must be included. A fully relativistic
treatment in the manner of Loucks' is of course
possible, but is a very large undertaking, espe-
cially in the present case of an alloy with four
atoms per unit cell. Fortunately there is a partial-
ly relativistic approach available in the manner of
Mattheiss, ' which incorporates the more important
effects into a formalism that presents no more
computational difficulties than the standard non-
relativistic APW method.

Mattheiss shows that Loucks's expressions for
the relativistic APW matrix elements can be re-
written in a form in which two kinds of relativistic
effects are clearly separated. The mass-velocity
and Darwin corrections, which do not split the
nonrelativistic energy levels, are automatically
included simply by replacing the usual logarith-
metic derivatives of the APW radial functions with
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FIG. 1. AuSn unit cell.

a relativistic generalization. Spin-orbit correc-
tions, which split energy levels, appear in another
term.

If one chooses to neglect spin-orbit splittings
(quite a reasonable first approximation in any
case), then an approximate or partially relativis-
tic band structure can be obtained by performing
what is in all computational aspects an ordinary
APW calculation, except that the usual set of log-
arithmic derivatives are replaced by an "effective"
set. These latter are computed in a small auxilia-
ry program, and are done once and for all at the
outset (as indeed are the usual nonrelativistic set).

FIG. 2. Hexagonal Brillouin zone.

If spin-orbit splittings are desired later on, they
can be obtained by perturbation theory.

This approach is just what we need here, so we
present without further apology the results of a
partially relativistic (in the foregoing sense) APW
calculation of the energy bands and Fermi surface
of AuSn, in which it will be seen that neglect of
spin-orbit effects is of little consequence, with
one exception that is discussed at length later on.

THE CALCULATION

The usual APW "muffin-tin" potential was gener-
ated in a standard manner. Relativistic atomic
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FIG. 3. Energy bands for
AuSn.
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FIG. 4. Density-of-states histogram for AuSn.

charge densities for neutral gold and tin, as deter-
mined in a Dirac-Slater atomic calculation, '
formed the starting point. These assumed a
5d ' 6s' configuration for gold and a 5s 5P config-
uration for tin. The spherically averaged contri-
butions of neighboring atoms to this charge density
were calculated, the potential was found by inte-

grating Poisson's equation, and this potential was
corrected for exchange using the p"' approxima-
tion' with a coefficient of 3.

The foregoing gives the potential within the APW
spheres. Sphere radii were chosen on simple geo-
metrical grounds. The gold radius of 2.60925 a.u.
is just half the gold-gold nearest-neighbor dis-
tance, while the tin radius of 2.77985 a.u. is the
difference between the gold radius and the gold-tin
nearest-neighbor distance. This straightforwardly
gives a well-packed set of nonoverlapping spheres
which fills 54% of the space in the crystal.

In the region outside all spheres, the constant
average potential is determined from an Ewald
problem in thestyle of Slater and DeCicco. ' The
author has discussed this method previously. "

The relativistic equivalents of logarithmic de-
rivatives were generated by solving the Dirac cen-
tral-field equations using the spherical potentials
outlined above. Computer programs for this step
were formulated by Koelling" and were supplied
by him. Energy bands were computed on a regular
144-point mesh in the hexagonal Brillouin zone,
using standard APW techniques. The Fermi ener-
gy was determined simply by counting states.

Zone 3 Zone 4

C
FIG. 5. Free-electron

Fermi surface (after Ref. 4).

Zone 5 Zone 6

Zone 7 Zone 8
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TABLE I. Theoxetical and experimental de Haas-
van Alphen frequencies in AuSn.

Frequency (108 G)

1-OPW ~ AP%
model model Experiment

z, (ooo1)
x4 (ooo1)
r4 (ooo1)-
r, (ooo1)

(1100)
a, (0001)
M, {1120)
Xe (0001)
Me (ooo1)
M7 (1120)

13.0
20.0
13.0
32.8
3.4

73.6
40

b
18.3
16.7

b
b
14
40

65
45
b
15

5

b
b

1.65
15.4
1.86

69.6
59.4
0.71

14.9
4.25

One- orthogonalized-plane-wave model.
Not found.

The computed energy bands of AuSn are shown
in Fig. 3 along principal symmetry lines in the
hexagonal Brillouin zone. The first point to note
is that the gold 5d bands do not appear in this fig-
ure. They occur at approximately -0.5 By on this
energy scale —just below the figure —and about
0.75 By below the Fermi energy. %bile the exact
position may be somewhat uncertain, the d-bands
are obviously fully occupied and well below the
Fermi energy. This is hardly surprising; indeed
it is expected in a nearly-free-electron picture,
the electrons from the tin filling a common con-

duction band to a point mell above such d bands.
The second point concerns the broad set of con-

duction bands. Though it may not be obvious at
first glance, these bands are, in fact, strikingly
similar to free-electron bands for this structure.
Essentially all qualitative features of the free-
electron bands are reproduced in the calculated
AP%' bands. At the same time, the quantitative
results are by no means identical. There are
large splitting effects at the zone boundaries, and
some slight shifts in the relative positions of
states. Such things can have profound effects on
properties, of course, especially when the states
in question are close to the Fermi energy. This
will be discussed in more detail in connection mith
Fermi-surface results.

%e show in Fig. 4 a density-of-states histogram
for AuSn. %hile it is quite noisy, there are def-
initely two large peaks, one about 0.45 By below
the Fermi energy and the other right at the Fermi
energy. The linear temperature coefficient y in
the specific heat is about 4.8 mJK 'mole ', or an
effective mass of about 1.0 (with perhaps +20% un-
certainty).

The agreement of the predicted Fermi surface
with de Haas-van Alphen and magnetoresistance
measurements is quite good, but there are consid-
erable differences between the APW and free-elec-
tron Fermi surfaces. Figure 5 shoms the free.-
electron Fermi surface, an extremely complicated
thing consisting of six sheets. The AP% results
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ZONE 5

FIG. 6. Fifth-zone sheet of AuSn Fermi surface (after
Ref. 4).

ZONE 6

FIG. 7. Sixth-zone sheet of AuSn Fermi surface (after
Ref. 4).
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have not been found at the high density of points in
the Brillouin zone necessary to make really quan-
titative Fermi-surface models, but they are quite
sufficient to indicate the topological features.
Some of these are very sensitive to the ordering
of certain bands.

A number of de Haas-van Alphen orbit cross
sections are listed in Table I, where the present
APW predictions are compared with the predic-
tions of a free-electron band model and with the
measured values of Edwards et al. The APW re-
sults agree very well with experiment. We pro-
ceed to discuss the various pieces of Fermi sur-
face one by one.

The APW results show that zone 3 is completely
filled, unlike the free-electron model, which pre-
dicts a sizable hole. This agrees with the results
of Edwards et al. , who were not able to associate
any measured oscillation unambiguously with zone
3. They invoked a double-zone scheme to explain
this, but this would appear to be unnecessary. The
APW model also finds zone 8 to be empty, again
in contrast with the free-electron model, but un-
like the zone-3 results, this is not too surprising.
It is usual to expect so small a pocket of electrons
to disappear in the presence of a potential.

Zone 4 is predicted to have a cylindrical hole,
similar to the free-electron result except that the
wings are absent and the surface just fails to touch
the end faces of the zone. The zone-5 topology is
exactly the same as in the free-electron case, but
all the sharp corners have disappeared, as in Fig.
6. Zone 7 has pockets of electrons around the M
point, but without the complex free-electron "pro-
peller s."

All the preceding results are entirely in agree-
ment with the de Haas-van Alphen data of Edwards,
Springford, and Saito 'Furth. ermore, the fifth-
zone sheet predicts just the kind of open orbits
needed to explain Sellmyer's magnetoresistance
data. 3

Zone 6 presents more of a problem. The round-
ing off of sharp corners typical of real versus
free-electron results would tend to produce a sur-
face like that of Fig. 7, which is, in fact, the sur-
face adduced by Edwards et al. to explain part of
the de Haas-van Alphen data, as well as the aniso-
tropic thermoelectric power measurements of Jan
and Pearson. ' Figure 7 is, in fact, a good picture
of the APW-calculated zone-6 surface except for
one thing: The pockets at M are found, but the
APW band is empty at K, so that the necks com-
pletely disappear.

Here we may look back and remember that spin-
orbit effects have been left out. The spin-orbit
effects are smaller in magnitude than the other
relativistic effects (which is part of the justifica-

tion for neglecting them), but they remove degen-
eracies and split previously degenerate bands.
For nondegenerate states the effect is small be-
cause the states cannot be split; but results can
be qualitatively different when degeneracies are
removed. Since our interest centers on Fermi-
surface topology, we will only be concerned with

degenerate states at or near the Fermi energy,
since splitting such states may change the Fermi
surface dramatically.

This can be seen, for example, in the results of
Mattheiss on the band structure of rhenium. He
shows that there are large energy shifts in going
from a nonrelativistic calculation to a partially
relativistic calculation of the present type (we, in
fact, follow his procedure) Bu. t the energy bands
with and without spin-orbit coupling are very sim-
ilar in general location. Those states whose de-
generacy is not lifted by spin-orbit coupling (eith-
er because there is none to lift or otherwise) ap-
pear at almost exactly the same energy with or
without spin-orbit coupling.

The dramatic effect of spin-orbit coupling is
that it lifts degeneracies. The splitting is usually
modest, but the symmetry labels of the states are
different and the connectivity of the energy bands
can be entirely different. When this occurs to
states near the Fermi energy, even slight effects
may radically modify the Fermi-surface topology.
This is the case with rhenium, because the Fermi
energy occurs among the d bands.

In the present case, spin-orbit effects will be
few, since little degeneracy exists near the Fermi
energy. At M, the states are all nondegenerate,
while at A the state A, just below the Fermi ener-
gy is doubly degenerate, but this degeneracy is not
lifted by spin-orbit coupling. The one exception is
at K, where there are four states within 0.04 Ry
of the Fermi energy, and two of these states, K,
and K„are doubly degenerate. This degeneracy
will be lifted by spin-orbit coupling and the states
possibly reordered. The magnitude of this effect
is difficult to estimate, because the gold and tin
contributions will be very different and the per-
centage character of each in the wave functions
for these states is not known. The splitting should,
however, be on the order of 0.04 Ry, between the
values for gold and tin. " It is, however, precisely
at this K point that the present results disagree
with experiment (and only there). In the absence
of a calculation of the spin-orbit splitting at K, the
question of the K necks in the Fermi surface must
remain in doubt. While it seems possible that this
discrepancy between theory and experiment might
be explained by the inclusion of the spin-orbit ef-
fects, it is not obvious; it depends on the exact
numbers involved. At present the expense of a
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proper calculation of this effect seems too high a
price to pay to explain this one point. It does ap-
pear that only this one result will be affected. No
other degeneracies appear to lie at sensitive loca-
tions.

In conclusion, we note that a partially relativis-
tic APW energy-band calculation for AuSn has suc-
cessfully produced a model Fermi surface in es-

sential agreement with experiment. One discrep-
ancy remains, which may be due to the neglect of
spin-orbit effects, though this is only conjecture.
The partially relativistic technique is very conve-
nient for compounds of heavy elements, being no
more difficult than a nonrelativistic calculation,
but may run into difficulty where the computed
property is sensitive to spin-orbit effects.
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