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A comprehensive computer program has been developed for the simulation of atomic-displacement

cascades in a variety of crysta11ine solids, using the binary~llision approximation to contruct the

projectile trajectories. The atomic scattering is governed by the Moliere potential.

Impact-parameterMependent inelastic losses are included using Firsov s theory. Thermal vibrations of the

target atoms and crystal surfaces may be included. Permanent displacement of lattice atoms may be
based on either an energy-threshold criterion or a Frenkel-pair-separation criterion. An extensive series

of calculations has been made for cascades in the simple metals Cu, Fe, and Au, to test the efFects on

the results of many of the model parameters. %'hen a displacement-threshold energy is used, the

number of Frenkel pairs is found to be a linear function of that part of the primary recoil energy

which remains as the kinetic energy of atoms. This result is independent of target temperature, of the

presence or absence of inelastic energy losses, and of various details of the model. In contrast, when a
separation criterion is used, the number of defects increases less rapidly than linearly. This effect is

caused by increased recombination in the highly disturbed tracks of the energetic recoils. Agreement

between theoretical and experimental estimates of the radiation damage produced by neutron irradiation

of Cu is substantially improved in the latter model.

I. INTRODUCTION

The theoretical understanding of atomic-dis-
placement effects in solids requires a detailedanal-
ysis of the dependence of the number of point de-
fects produced and their spatial distribution on the
energy of the primary recoil atoms. These atoms,
originally set into motion by interactions with in-
cident electrons, neutrons, or ions, dissipate their
initial kinetic energies in a series of inelastic en-
counters with other atoms of the solid, displacing
some of these to slow down in their turn by a simi-
lar series of collisions. The resulting cascade of
displaced atoms and their accompanying vacancies
are eventually responsible for the changes which
occur in the irradiated solid. These may include
erosion of the target (sputtering) or alterations in
its physical properties (radiation damage) or chem-.
ical composition (hot-atom chemistry), The theory
of the displacement cascade is thus of interest in

several related fields, some of which are of tech-
nological importance. Analytical treatments of
this theory have been reviewed recently. '~ These
generally involve more-or-less severe approxima-
tion of the problem, such as ignoring the crystal
structure of the target and the loss of energy by
electron excitation or restricting the treatment to
hard-core scattering or other simplified atomic-
scattering laws. The object of the present work
was to develop a comprehensive computational mod-
el, including as many aspects of the physical situa-
tion as possible, which would allow a fairly realis-

tic computer simulation of displacement- cascade
production in crystalline solids. In this communi-
cation, the model is described in detail and an. ap-
plication is given to radiation damage in pure met-
als. A preliminary account of some of this work
has appeared previously. 3 Applications of the pro-
gram to sputtering4 and to a problem in hot-atom
chemistry' are presented elsewhere.

Computer-simulation techniques were first in-
troduced into studies of low-energy radiation-dam-
age events by Vineyard et al. They studied
small crystallites of a few hundred atoms, with
boundary restraints chosen to represent imbed-
ding in a larger matrix. Some kinetic energy was
given to one atom and the classical equations of
motion of the mutually interacting atoms of the
numerical crystallite were integrated until this
energy was dissipated. Such calculations are par-
ticularly useful in studying the geometry, stability,
and motion of point defects, the threshold energy
for producing stable defects, and radiation damage
events at primary recoil energies below about 1
keV. The method gives considerable insight into
the dynamics of radiation damage in the domain
where it is applicable. It has been applied to alka-
li halides, ' to bcc metals, ' ' and to fcc metals. ' "
Without the boundary restraints, the technique has
also been applied to studies of sputtering. " The
required crystallite sizes and computation times
probably preclude its extension to the high energies
characteristic of fast-neutron damage in reactor
materials. It is also generally restricted to stud-
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ies where statistical information is unnecessary.
An alternative procedure, followed in the present
work, is to construct the trajectory of a moving
particle as a series of isolated binary collisions,
an approximation which is especially useful at high
energies where collision times are very short.
This technique. has been used previously in radia-
tion-damage calculations by Beeler. ' It has
also been used in studies of the ranges of energetic
atoms in solids'7 "and in studies of channeling. "
It can be made sufficiently fast to allow studies of
ensembles of primaries to be performed and the
inclusion of many high-energy features such as en-
ergy loss by electron excitation is straightforward.
On the other hand, especially at low energies, iso-
lation of the collisions is difficult and various gd
hoc features must be added to the model to simulate
many-body effects. These points willbe considered
more fully as the details of the model are pre-
sented.

The model is based on a recognition that the vari-
ous steps in producing radiation effects in solids
proceed on rather disparate time scales and may,
therefore, be separated. The nuclear events in-
volved in producing the primary recoils are very
fast. Even the lifetimes of compound nuclei are
generally short enough to be ignored. Recent mea-
surements~3 have shown the lifetimes of excited
compound nuclei in the Ge(p, p ) reaction to lie in
the (3-6)&10 7-sec region. In such times, even
MeV recoils move less than about 1 A. Thus, the
primary recoils may usually be regarded as stable
and proceeding directly from the site of the incit-
ing nuclear encounter. At the other extreme, the
characteristic thermal-vibration periods of atoms
in solids lie in the region of 10 ' sec or longer.
This time is sufficient for the thermal displace-
ments of atoms in a crystal to be regarded as fro-
zen during the development of a single displace-
ment cascade. Eventually, as the particles slow
down, they will reach an energy at which they no
longer collide with individual atoms of the medium,
but instead interact with the crystal as a whole.
One estimate of the energy at which such many-
body effects might supervene can be made by equat-
ing the velocity of the moving atom to the velocity
of longitudinal (sound) waves in the solid. Below
this critical energy, strong many-body effects,
analogous perhaps to the Mossbauer effect, may be
anticipated. The critical energies for a number of
metals are listed in Table I. These provide a par-
tial statement of the lower limit of validity of the
binary-collision approximation. This will be am-
plified in a later section.

In brief outline, the computer program starts
with a primary recoil of specified energy, position,
and direction. This is followed through a series of
inelastic binary atomic collisions. If the energies

TABLE I. Critical energies for strong many-body
effects on displacement-cascade development.

Metal

Al
Cu
Pt
Au
Fe
W

Longitudinal wave
velocity (10~ A/sec)

6.26
4.70
3.96
3.24
5.85
5.46

Single atom
energy (eV)

5.48
7.27

15.9
10.7
9.90

28.4

'C. Kittel, Introduction to Solid State Physics (Wiley,
New York, 1953), p. 57.

II. TREATMENT OF BINARY COLLISIONS

It is assumed in the computational model that the
particles move only along straight-line segments,
these being the asymptotes of their paths in the
laboratory (L) system. The inelastic atomic col-
lisions are considered to be composed of a quasi-
elastic part and of an essentially separate electron
excitation part. This separation is permissible
partly because the low mass of electrons prevents
them from carrying significant momentum and part-
ly because the inelastic energy loss in individual
collisions is small. The quasielastic atomic scat-
tering is described with sufficient accuracy by clas-
sical mechanics. The conditions for the validity of

which they receive are sufficiently great, the tar-
get atoms in these collisions will be added to the
cascade. To simulate the development of the cas-
cade in time, the program always follows the cur-
rent fastest particle. When the energy of a particle
becomes sufficiently small, when it escapes from
the target, or when it meets certain other preas-
signed conditions, it is dropped from the cascade.
When no particles remain to be followed, various
analyses of the results of the calculation are per-
formed. The details of the calculation are pre-
sented in the following sections. These discuss
respectively the treatment of the individual binary
collisions, the selection of suitable interatomic
potential and inelastic- energy-loss functions, the
description of the crystal and the development of
a cascade, and the atomic displacement process.
This is followed by a discussion of some limita-
tions of the binary-collision approximation. The
use of the program is then. illustrated by some cal-
culations for pure metals, with particular emphasis
on understanding the response of the model to alter-
ations in its various parameters. Comparisons
are made with previous machine calculations'
and with analytical cascade theories. The program
has been named MARLowE . This name will be
used occasionally as a convenient shorthand.
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this assumption are discussed elsewhere. ' '

The trajectories of two particles interacting accord-
ing to a conservative central repulsive force are
shown in Fig. 1, which defines several terms of in-
terest. The equations of motion which describe
these trajectories can be manipulated in the usual
manner26'2~ to yield the barycentric scattering angle

B=v-2s j dr[r'g(r)] '

and time integral

S2 1/2

v=(R —s )
'~ — dr [g(r)]'- 1 ~,(2}

R r

tang =fsinB/(1- fcos8),

where

f= (1 —Q/E, )"'
and Q is the energy lost by electron excitation. The
energy transferred to the target atom in the col-
lision is

T= [f sin2 —,'8+ —,'(1-f)~]T

where the maximum transferred energy is

T =4E„/(1+A).

The energy of the projectile after scattering is
where E, =ED T- Q. (10)

s is the impact parameter, E„ is the relative kinet-
ic energy, x is the (variable) interatomic separa-
tion, V(r) is the potential of interatomic force,
and R is the apsis of the collision defined by g(R)
= 0. The relative kinetic energy is

E„=A Eo/(1+ A), (4)

tan3 = Af sinB/(1+Af cosB),

where Eo is the incident kinetic energy of the pro-
jectile and A is the ratio of the mass of the target
(scattering) atom to that of the projectile (scat-
tered) atom. The integrals in Eqs. (1) and (2) are
evaluated by four-point Gauss-Mehler quadrature. '~

The conversion of the barycentric quantities to
the L system follows standard procedures.
The L scattering angles of the projectile and the
target are

Location of the asymptotic L trajectories requires
the evaluation of the quantities x, and x2 in Fig. 1.
To do this, imagine that the collision begins with
the projectile at a distance x from the target suf-
ficiently great that its deviation from the incoming
asymptote can be neglected. The barycenter moves
at constant velocity along the line y = s/(1+A).
When the particles reach the apsis of the collision,
the barycenter has moved to the right from its orig-
inal position a distance

x, = [(r' —s'}"'—~]/(1+ A}.

It continues its rectilinear motion until the colli-
sion partners have again receded to a distance y
from one another, now on their outgoing asymptotes.
The barycenter has moved an additional amount
xo/f. Since the relative kinetic energy has been
reduced by the inelastic loss, the final relative
velocity of the two particles is reduced by afactor

IMP
PARAM

S
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CTILE
TER ING

E,

F&G. 1. L trajectories
of two particles interacting
according to a conservative
central repulsive force.
The positions of the parti-
cles and of the barycenter
are shown at the apsis of
the collision.

INITIAL LOCATION

OF TARGET ATOM

PATH
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The difficult general problem of selecting an in-
teratomic potential function for various applica-
tions is discussed elsewhere. " &

' In the present
application, the distances between the interacting
atoms may vary from very small values (& 0. 1 A)
at the apsides of high-energy head-on collisions to
something more than half the nearest-neighbor dis-
tance in the target crystal. Proper treatment of
the high-energy regiondictates the use of ascreened
Coulomb potential

V(r) = (Z,Z, e'/x) e(x/a„), (13)

f. Hence, the barycenter moves farther in the sec-
ond part of the collision than in the first. The an-
gle between the barycentric velocity and the radius
vector connecting the particles is now

8+ sin 's/y.

It is a simple matter to locate the two particles in
the laboratory and to evaluate the intersections of
the incoming and outgoing asymptotes. The results
are

x, = [(1+1)r+ (fA —1) s tan-*, e]/f (1+/1),
1x, =s tan-, e —x, .

In MARLowE, the particles move along straight-
line segments from one laboratory deflection point
to the next. Note that although the inelastic energy
loss does not enter the barycentric equations of
motion, it does affect the kinematics of the colli-
sion through Eil. (7). The program containsthree
options with respect to the inelastic losses. ,These
may be omitted altogether (Q —= 0 and f—= 1), they may
be included in the energy loss, but omitted from the
kinematics (Qx 0, but f=—1), or they may be includ-
ed as described. The nonzero value of x, simulates
the fact, easily seen in dynamic programs, e"' that
targets begin to move before the deflection of the
projectile. The program allows the option of ignor-
ing this, that is, of taking xa=-O. It also allows the
option of taking v=-Q. This group of options is in-
cluded to permit tests of the importance of various
details of the treatment of binary collisions on the
overall results of the calculation.

The treatment of the individual collisions adopted
here differs from Heeler's'3 in two respects. First,
his program included no inelastic energy losses.
Second, his procedure for locating the particle tra-
jectories in space corresponds to approximating
the time integral by its hard-core value s tan~~.
This makes x2= 0 and results in targets moving
directly off their lattice sites. The effects of these
two differences between the models have been
studied extensively and mill be discussed below.

III. INTERATOMIC POTENTIAL AND INELASTIC
ENERGY LOSS

where Z,e and Z~e are the nuclear charges of the
projectile and target, respectively, 4(x) is a, suit-
able screening function, and a,z is a screening
length which depends on the properties of the col-
lision partners. While MAR. L0%'E is constructed to
allow fairly easy alteration of the potential function,
all calculations to date have used the Moliere ap-
proximation33 to the Thomas-Fermi screening func-
tion

i'(x) =0. 35y+0. 55y + 0. 10y

where

y
~-Oo 3iX

(14)

This function represents the Thomas-Fermi atomic
screening function quite accurately for x & 5; for
larger separations it decreases exponentially, rath-
er than as x 3. The use of Eq. (14) is partly amat-
ter of convenience, but recent experiments onpla-
nar channeling have been interpreted in ter~s of
closely similar functions. "

The choice of screening lengths in the calcula, -
tion may be made in either of two ways. Firsov,
on the basis of approximate numerical solutions of
the Thomas-Fermi diatomic molecule problem, has
suggested the formula

( 9 P)1/3 {z1/2+ zi/2) 3/3

where a~ is the Bohr radius. This screeningiength
is optionally available in the program. It is also
possible to use screening lengths deduced in other
ways. In most of the present work, the screening
lengths have been estimated by matching the Moliere
potential at the nearest-neighbor distance to a Born-
Mayer potential whose parameters were obtained
mainly from equilibrium crystal data. These esti-
mates are compared with the Firsov parameters in
Table II. Figure 2 compares some screening func-
tions for Cu-Cu interactions. The Born-Mayer
potentials used in the matching procedure were
those of Vineyard et af. , for Cu (Hef. 6) and Fe
(Hef. /) and that of Thompson for Au. " These
potentials were also used by Heeler in his machine
calculations. '~ '6

Inelastic energy losses are included in the pro-
gram using a modification of a model proposed by
Firsov. In this model, the origin of the inelastic
energy loss was found in the momentum possessed
by the electrons of the projectile because of its
motion in the I system. The collision time was
regarded as sufficiently long that. the electrons of
the two colliding systems were completely mixed
and the inelastic energy loss was calculated from
the momentum transfer in this mixing process.
The nuclear motion mas described by the im-
pulse approximation and an approximate Thomas-
Fermi description of the two atoms was used. This
theory has been modified here by using the apsis of
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TABLE II. Screening lengths based on matching the
Moliere and Born-Mayer potentials compared with the
values of Firsov.

pact parameters, and also alters the energy de-
pendence. This is easily seen in Fig. 3, which
compares the electronic stopping cross sections

Cu
Fe
Au

0.0960
0.0996
0.0688

0.0738
0. 0781
0.0752

Screening lengths (A.)
Firsov Matching

Nearest-neighbor
distance (A)

2. 556
2.482
2.884

S,(E) = 2v f s Q(s, E) ds (19)

for Cu recoils in Cu according to the present model,
the original Firsov model, and the widely used stop-
ping theory of Lindhard et al. P' One point (the only
one within the range of the figure) is also shown
from the semiempirical correlation of Northcliffe
and Schilling.

the collision instead of the impact parameter, this
change being regarded as a correction to the im-
pulse approximation. The inelastic loss in a single
collision is then

Q(s, Ep) = nypEp /[ 1+ Pgp R(s, Ep)],

where

a„=0. 61
i

— (~v')'"(Z, + Z,)'i',2S 1'2

(16)

(17)

P,z = (0. 285/2as) (128/9s )+ (Z, + Zp) i', (18}

and m, is the mass of the projectile. The leading
numerical factors in Eqs. (17) and (18}derive from
an approximate numerical integration performed
by Firsov. PP The upper limit of validity af Eq. (16)
does not exceedP7 (&m, ) vsZ+', where vs = e /I.
The model is thus not applicable to light projectiles
at high energies. Our modification to Eq. (16) re-
duces the inelastic losses below the predictions of
Firsov, especially at low energies and small im-

IV. CRYSTAL DESCRIPTION AND CASCADE
DEVELOPMENT

A principal advantage of the binary collision ap-
proximation is that it requires only a small amount
of information to describe the target crystal. The
scheme used in MARLowE is a slight modification
of an earlier one" which makes use of the transla-
tional symmetry of the crystal. A list is made of
the positions of several atoms in the crystal, using
one of the lattice sites as the origin of coordinates.
The necessary atomic positions anywhere in the
crystal may then be generated at will by using this
list in conjunction with the position of a lattice site
close to any moving cascade atom. The scheme
permits the sites to be of different chemical or
crystallographic type. As presently written,
MARLowE requires only that the crystal be describ-
able by Cartesian (orthorhombic) coordinates; vari-
ous copies of the program have allowed from two
to ten types of atom and site in order to deal with

Cu-Cu
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particular problems. Extension of the procedure
to crystals of lower symmetry is straightforward,
but substantial additional complexity would be in-
troduced into the program, resulting in large in-

FIG. 4. (a) Basis of the cxystal searching procedure.
(b) The criteria for simultaneous collisions.

creases in computing time. The number of atoms
in the neighbor list is a compromise between the
time required to search it and the probability of
success in finding a collision partner. For the sim-
ple fcc and bcc metals, for example, the usual lists
include both first and second neighbors, that is, 18
and 14 atoms, respectively. Lists containing only
first neighbors are quicker to search, but must be
searched more often because of the probability ot
finding no suitable collision pay tner. On the other
hand, the description of the crystal K2ReC16 re-
quired listing 124 atoms of 9 different types.

The procedure for searching the crystal is illus-
trated in Fig. 4(a). The projectile P, near which
is the associated lattice site B, moves in the direc-
tion Xo. Using the list of atoms neighboring R, the
position of the site T is generated and the following
quantities are evaluated:

o ~x (20)

(2i)
If f + g f x0 the site T is in the correct dire et ion
to be the partner of P in a collision. The previous
collision of P provided the value of g „sothat
multiple collisions at the same site are avoided.
If the impact parameter 8&s „, then T is regarded
as too far from the path of P to produce a signifi-
cant deflection. The value of s „i.s chosen large
enough so that in no part of the crystal will a pro-
jectile be free of the influence of surrounding
atoms, but small enough to avoid too many colli-
sions involving very small energy transfers. After
a collision has been completed, followi. ng the pro-
cedures of Sec. II, the new direction of motion of
Pis
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34 eV

s)/u)~= &3

teria described above, the first of these along the
path of the projectile is selected, say g, in the
figure. Then, for each of the other potential tar-
gets, the program evaluates

229 eV

/o)~= f I

(a) SEVEN Tlat
COl LISlONS

5 eV

34 eV

s)/o)~= )3

328 eV 260 eV

(b) SlMULTANEOuS
COLL IS lONS

FIG. 5. Comparison of the sequential and the simulta-
neous treatments of a three-particle encounter. The
scatterings are based on the Moliere potential (Ref. 29).
The example corresponds rougMy to the motion of a Cu
atom along a Cu QOO) channel axis.

X, = [cos8+ (f/s) sins] Xo —[(1/s) etna]ax .
If the target is displaced, its direction of motion is

A2 = [cosP —(g/s) sing] Xo+ [(1/s) sing]rh, x . (23)

The projectile and target are moved to their new

positions and the search procedure is repeated.
The lattice site Twill now replace g as the center
for generating the crystal.

It is characteristic of recoil trajectories in
crystals that they often pass near the centers of ar-
rays of two or more symmetrically disposed target
atoms. Occurences of this kind are especially im-
portant i.n connection with channeling arid replace-
ment sequences. The interaction of recoils with
symmetric rings of atoms has been studied by
Weijsenfelds and by Anderson and Sigmund. + Un-
fortunately, their treatments are not valid when the
encounter is asymmetrical. The procedure for
sensing such events is illustrated in Fig. 4(b). When
more than one potential target atom meets the cri-

4 = sg + (+4u ) ~ dn —s
g

+ (+ L 1» )

If 4g„&g, d„&8 ~, and d«& g ~, thesecond col-
lision is regarded as simultaneous with the first.
Each of the set of simultaneous collisions is car-
ried out as if it were occurring alone. The several
deflections of the projectile are then added vector-
ially. This procedure is compared with sequential
treatment of the collisions for a simple example in

Fig. 5. The sequential procedure will actually in-
troduce an instability into the motion of a well-chan-
neled particle, as well as increasing its energy loss
rate. The simultaneous collision procedure used
here avoids the instability, but underestimates the

. energy loss, since the free recoil of the projectile,
assumed in treating the single collisions, cannot in
fact occur. The occurrence of simultaneous colli-
sions in the program can be controlled by adjusting
the values of g and 8,„. Because of the way in
which simultaneous collisions are treated, it can
happen that the energy of a projectile after a colli-
sion is calculated as negative. When this occurs,
all quasielastic energy transfers and inelastic ener-
gy losses are scaled proportionately so that the pro-
jectile energy just vanishes. The procedure out-
lined for nearly simultaneous collisions has given
unrealistic results in rare instances. These events
have been detected only at low energies and are ex-
amples of failure of the binary collision approxima-
tion. No completely satisfactory strategy for deal-
ing with this problem has been devised. Beeler's
program' dealt with all collision sets in a strictly
sequential manner.

A simple model of thermal vibrations is included
in the program as an option. Since the vibrations
are executed very slowly compared to the time of
a single collision, it is sufficient to regard them as
producing randomly displaced but static lattice at-
oms. The displacement parallel to each of the
three Cartesian axes is distributed according to a
Gaussian. The mean square displacement is based
on the Debye model, ' the only parameters required
being the temperature and a value of e~ for each
type of lattice site. For. speed, the Gaussian de-
viates are generated by a table-look-up procedure.
Note that no correlations occur between neighbor-
ing atomic displacements. The inclusion of ther-
mal vibrations complicates the search procedure,
especially when the amplitudes are large, by mak-
ing it more difficult to avoid multiple collisions at
a single site. These problems are minimized by
using a value of f based on the lattice-site position,
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instead of the thermally displaced atom position,
for the search procedure alone. For all other ap-
plications, the actual atom position defines the val-
ue of f. In our preliminary calculations, s this
modified procedure was not used and led to some
erxoneous conclusions about temperature effects on
cascade production. It may be noted here that Hee-
ler's program did not include thermal vibrations.

The target crystal is allowed to have two parallel
surfaces of any desired orientation, a specifieddis-
tance apart. One surface, which may be irradiated
by a beam of ions, is defined by the direction of its
normal and of one lattice point contained in it. The
location of any particlewithrespect toeither surface
is easily found by vector operations similar to Eg. (20).
This feature of the program is not needed in the pres-
ent calculations, but has been used in related work.

The search for potential target atoms includes a
check of the possibility that a site has alreadybeen
vacated. This can be a vacancy introduced into the
crystal before the displacement of the primary re-
coil or it can be a vacancy produced by a displace-
ment event. Interstitial atoms may also be intro-
duced into the crystal at the beginning of the calcu-
lation and, if present, are included in the search
procedure. Cascade atoms may also be included
in the list of potential target atoms, after they have
come to rest. However, events in which such atoms
are redisplaced occur only at very low energies and
have not been allowed in most of the work reported
here. In Beeler's calculation, ' stopped cascade atoms
were always immediately available as target atoms.

The development of the cascade in time was sim-
ulated by alw'ays computing the next collision of the
fastest paxticle currently in the cascade. This px o-
cedure was altered only when a sequence of replace-
ment collisions was detected. Here, since the tar-
get receives nearly all of the projectile energy, it
is followed immediately. Our procedure differs
from that used by Heeler. In his program, "every
atom currently in the cascade was followed thxough
one collision befoxe any atom made another colli-
sion. The faster of two particles coming from a
particular collision was followed first. This proce-
dure probably does not represent the temporal devel-
opment of the cascade very well and may be partly re-
sponsible for differences between his results and ours.

Provision is made for the truncation of certain
events strongly influenced by lattice correlations.
Recoils that make a laxge number of successive
small angle scatterings are assumed to be chan-
neled and their trajectories are abbreviated. In
the present calculations, channeling plays a com-
paratively minor role and. no trajectox ies required
truncation. It is much more significant in calcula-
tions simulating ion bombardment of monocrystal
surfaces. 4 Long sequences of replacement colli-
sions are also detected and abbreviated. In con-

trast to channeling, these sequences occur at low

energies, with a probability which is a strong func-
tion of the displacement threshold value chosen.
The trajectories of particles are also terminated
when they escape from either surface of the crystal.

The primary recoil atoms which generate a dis-
placement cascade may have initial properties
which are definitely assigned or they may be select-
ed by stochastic techniques. In the latter case, the
primaries may be started at a particular site with
their initial velocities chosen from an isotropic
distribution. Alternatively, if an ion beam is to be
simulated, the primaries may have a specified ini-
tial direction, but make impacts at random on the
target surface. The former choice was made in
all of the present calculations.

V. DISPLACEMENT MODEL

Since the binary collision procedure used in
MARLQ+Ecannot deal directly with questions of
defect stability and interactions, it is necessary
to include a model describing the conditions under
which atoms may become permanently displaced
from lattice sites. The progxam allows consider-
able flexibility in defining this model, with a view
to studying its influence on the results of the cal-
culations. Consider a collision from which the
original projectile emerges with kinetic energy E„
after transferring kinetic energy T to the target at-
om [cf. Eqs. (8) and (10)]. The target is displaced
if its energy exceeds a sharp threshold energy E~.43

It may be required at the same time to overcome a
binding energy E~~E„. Thus, if T&E~, the target
is added to the cascade with kinetic energy

The atoms in the cascade are followed as long as
their energies exceed a preassigned value E,. No
limitation is placed on the relation betweenE, and

E~. The projectile is deemed to replace the target
on its lattice site when T &E~ and E, is less than
the lesser of E, and E~. This definition is a slight
modification of that of Kinchin and Pease. 43 If the
arriving projectile is of the correct chemical type
to occupy the vacated lattice site, the replacement
is termed props~; otherwise, it is Amproge~. No
attempt is made to force stopped projectiles to oc-
cupy particular locations. Both interstitials and
replacing atoms are left at the turning points of the
collisions in which their energies pass below E,.
This procedure is argued from the fact that these
abandoned particles still have kinetic energy which
they must dissipate before they adopt well-defined
positions. 'The time required for this energy dis-
sipation exceeds the time needed to generate the
cascade. A corollary of this argument is that in-
teractions between cascade particles should be
omitted. Beelex's procedure 6 again differed
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from ours. His stopped cascade atoms were placed
on a vacant lattice if one was available (see below)
or else in a specified interstitial location. For the
latter, the octahedral site was chosen in the sim-
ple fcc and bcc metals.

After all cascade atoms have come to rest, that
is, when no particle remains with energy greater
than E„adistribution function is constructed of
the separations between the cascade atoms and the
vacancies. Each vacancy is paired uniquely with a
displaced atom in such a manner that the smallest
separation is found first, then the next smallest,
and so on, until the list of defects is exhausted.
This pairing may be restricted to vacancies and to
cascade atoms which have come to rest interstitial-
ly. Alternatively, the sites and atoms involved in

use in parring.replacement collisions may also be used in
The resulting distribution function N(r„) gives the num-
ber of pairs of separation exceeding r„. Identifying r„
with the capture radius of a vacancy, 'N(r„) may be
used to discuss the recombination of point defects
on the principle that the pairs of smallest separa-
tion recombine first.

The displacement model corresponds to the fa-
miliar one of Kinchin and Pease" if r„=E = 0
E =E

+v b

~, and E~ is chosen to represent the threshold
energy for producing permanent displacements,
traditionally about 25 eV. If rv=0 and E =E =E
th e model corresponds to that of Snyder and Neu-

~ v b c dt

45e d. Beeler has pointed out that these models16

assume that the defects produced are isolatedfrom
each other. When this is not so, a simple displace-

/ ment energy threshold is probably not appropriate.
Heeler chose EI, =E,=E~, with E~ twice the heat of
sublimation of the metal (7 eV for Cu), combined
with a recombination region based on the machine
calculations of Vineyard et al. ' Although this re-
gion was nonspherical, it corresponded approxi-
mately to r„=1.36ao in Cu and 1.53ao in Fe, where

ao is the cubic cell edge. In the calculations pre-
sented here, Eb = 0 always. Comparisons will be
made between calculations in which there is no re-
combination and E~ -25 eV and calculations inwhich
E~-5 eV and close defect pairs are recombined
after generating the cascade. In the latter case
E~ no longer represents a threshold for permanent

~ 7

displacements, but is primarily a convenience in

computing, to avoid consuming large amounts of
time and storage in dealing with inconsequential
low-energy recoils.

VI. LIMITATIONS OF THE BINARY-COLLISION
APPROXIMATION

Before turning to a discussion of some results of
calculations using MARLOwE, it is appropriate to
make a few remarks about limitations of the binary
collision approximation on which the model is based.
One question is the effect of replacing the real par-

When the energy is sufficiently low, the factor in pa-
rentheses approaches unity, in which limit Eq. (25)
agrees with the corresponding result for the hard
core approximation. Figure 7 displays the depen-
dence of x, and x~ on the collision energy for head-
on collisions. The binary collisions can be fairly
well isolated as long as x1 is less than, say, half
the nearest-neighbor distance in the crystal. As

~~ 1.0 HARD CORE

c 09 MOL!ERE (E/CTF=iO-'i

~ v& 0.8 MOLIERE (E,/cTF=gxlo-')
gp Cf)
cn CL ~ ~~
~ o-O..—INVERSE SQUARE

0I—
~ 06
u) COULOMB ~ MOLIERE (E/CqF-II

ij 0.5 I

0 0.2 04 0.6 0.8
Ct s/R, RATIO OF IMPACT PARAMETER TO APSIS

FIG. 6. Comparison of the asymptotic L trajectory
with the exact trajectory for several interatomic poten-
tials. CT -—Z Zt I . & p= 1 ~ /a12. The three energies correspond
roughly to 3.3 eV, 1.6 keV, and 328 keV for Cu-Cu
collisions.

1.0

ticle trajectory by its asymptotes in the L system.
According to Eqs. (11) and (12) and Fig. 1, the
minimum distance between the L asymptotes is
ssec-,'e. Thus, a measure of thedeviation between
the exact and the asymptotic trajectories is the
ratio of this quantity to the actual apsis: a sub-
stantial deviation from unity indicates failure of
the model approximation. This ratio is plotted in

Fig. 6 for the Moliere potential and for three poten-
tials that can be treated analytically. The curves
show the gradual transition of the Moliere scatter-
ing from hard-core-like at low energies to Coulomb-
like at high energies. The apsidal ratio differs
from unity most seriously in head-on collisions
and at high energies, but then the apsides them-
selves are small so that the particles reach their
asymptotic trajectories again before encountering
their next collision partners.

The successive binary collisions can be regarded
as isolated as long as x, and xs (compare Fig. 1)
are small compared to typical lattice distances.
Wh en this is no longer so, part of each encounter
is strongly influenced by additional atoms in the
crystal. Restricting the discussion to elastic colli-
sions between particles of equal mass, the condi-
tion is that 7 and(s tangos —r) each be small com-
pared to lattice distances. The time integral is
tabulated. For central collisions, the matchingRS

potential method of Leibfried and Oen may be used
to show that
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The calculations presented first were intended to
study the effects of altering some of the parameters
of the computer model, to compare the results with

Au

Cu
25

INITIAL PROJECTILE KINETIC ENERGY (eV}
IO' 2 5 ~O~ 2 5 ~04 2

I I I!i.'i I I I I I III I I I I I I III I

I I II I I I I ! I I I I I I I I I II I

10 2 5 )02 2 5 to~ 2

20
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IO

I I I I I Ill I I I I I I I II I ! I I I I I I

105 2 5 I04 2 5 10~ 2 5 IO~
E„/CTF, RELATIVE KINETIC ENERGY

PIG. 7. Dependence of x~ and x2 on the collision ener-
gJJ, for head-on collisions using the Moliere potential.

the figure shows, this limit is encountered atabout
9 eV for Cu collisions and about 33 eV for Au colli-
sions. Below these energies isolation of the colli-
sions becomes much less satisfactory. Note that
no limitation is encountered with respect to xa. The
situation is reminiscent of that which occurs in a
system of hard spheres when their diameters be-
come comparable to the distances between their
centers. In the present model, occasional events
are encountered in which x, is larger than the orig-
inal separation between the collision partners. If
no alteration were made in the program, the pro-
jectile would actually back up to the deflection
point. This reverse motion is (optionally) pre-
vented in the program. The result is that low en-
ergy projectiles tend to stop rather suddenly in a
manner that is perhaps not too unreasonable.

It should be clear from Fig. 7 and from Table I
as well that the binary collision approximationfails
in a serious manner at low recoil energies. In spite
of certain ad ho@ features of the present model de-
signed to cope with this failure, results of the cal-
culations which depend sensitively on the motions
of low energy particles are probably only of quali-
tative significance. Features of this kind must in
future be investigated with programs of the molec-
ular dynamics type ' to determine the importance
of cooperative effects. On the other hand, the pres-
ent program is capable of outlining those low-ener-
gy motion problems which are likely to be signifi-
cant experimentally, as long as the necessary cau-
tion is exercised in interpreting their quantitative
aspects.

VII. CALCULATIONS WITH A THRESHOLD ENERGY

TABLE III. Model parameters used in calculations
vrith an energy threshold.

Cu Au Fe
0

Iattice constant, ao, A

Maximum impact parameter, s I jao
Simultaneous collision control, 0'~jao
Displacement threshold, E&, eU
Debye temperature, 9L), K

3.615 4. 079 2. 866
0. 51 0, 51 0.71
0. 25 0. 25 0. 25

25 35 25
315

the analytical theories, and to compare the present
calculations with those of Bee].er. ' ' Al]. of the
calculations presented in this section used a dis-
placement threshold energy of the Seitz4~ type to
define permanent displacement of the lattice atoms.
The screening lengths in the potential were those
of the second column in Table II. Except as noted
below, the other model parameters were those
listed in Table III. In each case, the primary re-
coil directions were distributed uniformly over ~48

of the unit sphere.
Figure 8 shows distribution functions of the num-

ber of Frenkel pairs produced in Cu for three dif-
ferent primary recoil energies. At the two higher
energies a pronounced tail is seen on the low-de-
fect-number side of the histograms. In most of
these events, the primary recoil was channeled;
more rarely, another cascade particle was chan-
neled. The channeled atoms are associated with
a reduced number of displacements, an increased
particle range, and a large loss of energy by in-
elastic processes. The channeling probabil. ity is
about 1/o at each energy, a result comparable to
that obtained in range calculations using other po-
tentials. ' Ignoring these tails, the distributions
are closely Gaussian, as shown by analysis of their
third and fourth moments. The dispersion shown
in Fig. 8 has two distinct sources. First, differ-
ent cascades experience different amounts of in-
elastic energy loss; that is, there is straggling of
the damage energy'

E=Eo —Q, (26)

where Q is the total energy lost from a cascade by
inelastic processes. Second, there are fluctuations
in the number of defects produced for a particular
value of E. Leibfried" has discussed this problem
using hard core scattering and the Kinchin-Pease
sharp displacement threshold model. He finds the
scaled variance

((p ) —(p)2) /( p) = 4 1n33. —1 = 0. 150 73

for Eo &4E&. Here (P) and (P ) are, resPectively,
the mean and mean-square numbers of Frenkel
pairs produced, The scaled variance is shown in
Fig. 9 for the calculations of Fig. 8 and similar
ones at higher energy. Assuming that the two con-
tributions to the straggling of v are independent,
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the scaled variance can be corrected for the effect
of inelastic losses. As Fig. 9 shows, the correct-
ed values are only slightly higher than Leibfried's
hard-core calculation. Lehmann4' has shown by an
example that increasing the relative importance of
forward scattering over that in the hard-core ap-
proximation leads to an increase in the scaled vari-
ance, Eq. (27). This makes it clear that the use
of realistic scattering from the Moliere potential is
responsible for the calculated result. That the re-
sult is no larger and changes no more than it does
with primary recoil energy reflects the overriding
importance of the low-energy scattering law in
problems of this type. '

Since the machine computation is fairly time con-
suming (for example, the 60-keV results in Fig. 9
required about 23 sec per cascade on an IBM Sys-
tem/360, Model 91 machine), a thorough ex-
ploration of the effects of the various model param-

eters must be limited to small samples. It is clear
from the distributions in Fig. 8 that such small
samples can give reliable estimates of some quan-
tities. Thus, at 10keV, a sample of 20 cascades
should yield only about a 1% uncertainty in the val-
ue of (v). Care must be exercised in using small
samples in some applications, however. Calcula-
tions of sputtering yields, for example, require
quite large samples to achieve good precision,
counting statistics being roughly applicable.

The mean total inelastic energy loss (q), as cal-
culated for cascades in Cu at various energies, is
shown in Fig. 10. The machine calculations are
compared with the energy-partition theory of Lind-
hard et al. The predictions of this theory are
shown using Lindhard s original estimate (cf. Ref.
2) of his parameter

k= 0. 876 Zve

3.0

2.5

I I I I
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FIG. 9. Scaled variance for Frenkel pair production
in Cu. The error bars reflect the reduced sample
sizes for Ep&20 keV.

FIG. l0. Inelastic energy losses calculated for cas-
cades in Cu, compared with the theory of Linhard et al.
(Ref. 50).
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and the Firsov screening length. It is also shown
using the value of a» employed in the machine cal-
culation and the estimate' k = 0. 137, corresponding
to the Firsov inelastic-loss theory. 36 The discrep-
ancy between the latter and the MARLowE results is
accounted for by the differences in the treatment of
inelastic losses at low energies. As indicated in
Fig. 3, the low-energy inelastic losses in the ma-
chine calculation are much smaller than those in
the Lindhard theory. In the latter, a Cu atom re-
coiling at the displacement threshold (E~ = 25 eV)
will lose -2 eV in electron excitation. This small
amount, summed over the large number of parti-
cles in a high-energy cascade which are eventually
set into motion, accounts for the difference in Fig.
10 between the Lindhard theory and MARLowE. Even
though the inelastic losses in the machine program
at low energies are small, they are not negligible.
Thus, (g) depends not only on the primary recoil
energy Eo, but also on the projectile cutoff energy
E,. This dependence is fairly weak, but must be
borne in mind. The value of (Q) is scarcely af-
fected by whether or not the individual contribu-
tions are included in the collision kinematics. As
an example, at 10 keV, (Q) was 1429 + 8 eV in the
former case and 1407+ 7 eV in the latter. There
was greater straggling of Q when the inelastic
losses were included in the kinematics.

It is convenient to discuss the production of
Frenkel pairs in a cascade in terms of the dis-
placement efficiency K, defined by

(t ) = x «)/2&~. (28)

The dependence of K on the primary recoil energy,
the target temperature, and several parameters
of the computational model has been investigated
for several different targets. The results are
summarized in Figs. 11 and 12. The former shows
the effects of changing the values of E~ and E, .
When E, is lowered from 2E„to E„, there is no change
the number of defects produced, but the damage ener-
gy decreases because of the slightly increased in-
elastic losses. This produces a small increase in
K, As E~ is decreased, a small decrease in K oc-
curs. This appears to reflect the increasing im-
portance of replacement collision sequences, and
hence of subthreshold energy transfers, at low pro-
jectile energies. Further work is in progress to
study this point in more detail, Figure 12 displays
the primary-recoil-energy dependence of K for sev-
eral materials and for alterations of several model
parameters. The calculations for Cu show the ef-
fects of changing E„of the method of treating in-
elastic losses, and of target temperature. The cal-
culations for Fe show the effects of omitting inelas-
tic losses altogether, of omitting "simultaneous"
collisions, and of ignoring the time integral. It is
clear from the figure that none of these alterations
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FIG. 11. Effects of E~ and Ez on displacement ef»
ficiencies calculated for 10-keV cascades in Cu.

is of any significance and that a constant value, K

-0.86, represents all of these calculations rather
well. This conclusion is in agreement with the
predictions of analytical cascade production theor-
ies. '~ Figure 12 also shows values of K calculated
for Au, for cascades produced by Cl recoils in
KZReC1~ (cf. Ref. 5), and for cascades produced
by an Ar atom incident on the (100) surface of a
thin Cu crystal. ' The decrease of K with increas-
ing Ar energy in the latter case stems from an in-
crease in the energy carried out of the target by
sputtered atoms. Our earlier claim3 that the in-
clusion of thermal vibrations leads to a decrease
in the displacement efficiency is not supported by
the present calculations. The effect was a con-
sequence of occasional instances of multiple colli-
sions at a single site, improperly included when a
previous target vibrated forward along the trajec-
tory of a projectile and was hit again. Such events
were eliminated by using the lattice site in the
search procedure (cf. Sec. IV).

Whereas the present calculations always show K

& 1 in agreement with analytical theories, " Beeler's
calculation' shows K &1; that is, he obtained more
displacements than the analytical models predict.
If K is defined in terms of the Kinchin-Pease 3

model as in Eq. (28), his results correspond to
z = 1.04 in Cu and 1.06 in Fe (cf. Table VI of Ref.
16). Even higher values would be deduced for a
Snyder-Neufeld ' model. Of the several differences
between our program and Beeler's, only the dif-
ferent sequencing of collisions and the possibility
of cascade atoms being redisplaced after coming to
rest can be responsible for the differing results.
In particular, in Beeler's program, stopped inter-
stitial atoms can be produced from the beginning
of cascade development. This can lead to debris,
produced by slow recoils interfering with the prog-
ress of fast ones. In our program, on the other
hand, stopped interstitial cascade atoms can ap-
pear only near the end of cascade development.
The fast particles tend to run away from the slow
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ones into undamaged crystal. Thus, Beeler's
cascades might be rather more dense than ours,
other things being equal, and show considerably more
in the way of interference effects. The greater den-
sity of Beeler's cascades has been noted by Doran. "

VIII. CALCULATIONS INCLUDING RECOMBINATION
EFFECTS

The calculations presented in Sec. VII were based
on a threshold energy criterion for permanent dis-
placement of lattice atoms. These results must
now be contrasted with calculations based on a dis-
tance criterion for permanent displacement. Fig-
ure 13 shows the mean number of Frenkel pairs
produced in low-energy cascades according to each
of three different models for Cu. The first of these
is the threshold model described in Sec. VII. The
parameters of the other two models have been ad-
justed to produce approximately the same number
of stable defects as model 1 near 50-eV primary
recoil energy. In model 2, the same threshold
energy controls the addition of new particles to the
cascade as in model 1, but the projectiles are al-
lowed to slow down to a much lower energy before
being regarded as stopped. This charge brings
the interstitials to more realistic distances from

, the vacancies, but also decreases the number of
replacement collisions. A small vacancy-capture
radius is used to compensate for this reduction.
In model 3, a low value of E„ is used, greatly in-
creasing the number of nascent defects, but this

o 5
UJ
O
o~ Ed (ev)0 4,

o 25

y 4 25

IJJ

QJ 2
K

O

UJ
fO

~ ~
z 0

0

Cu
Ec(eV) ry/op

25 0
5 075
5 2.50

50 &00 150
PRIMARY RECOIL ENERGY (eV)

FIG. 13. Comparison of low-energy cascades in Cu
for three different displacement models.

is offset by a suitable choice of r„. The closely
similar dependence of (v) on Eo in the three models
will be evident. It is clea,r that for low energy re-
coils, the three models are equivalent.

The behavior of the three models is shown at
higher energies in Fig. 14. Here the mean damage
energy per Frenkel pair, that is (E/v), is plotted
as a function of (E). The straight lines were fit to
the calculated points by the method of least squares,
using the points shown for models 2 and 3, and
points extending to 50 keV for model 1. The linear-
ity of the plots is made plausible by a simple ana-
logical argument based on defect annihilation kinet-
ics. Since there are equal numbers of nascent
vacancies and interstitials, the differential equa-
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S„(E,Ea) = 2s f s T(s, E) ds, (32)

where T(sa, E) =Ea. As Ea is lowered, a great in-
crease occurs in the density of low energy recoils
along a track and it is the interference among these
recoils which produces the recombination effect.
Saturation of the effect comes about when r„ is

large enough that the instability region around a,

vacancy contains more than one interstitial.
It must be admitted that the justification of Eq.

(29) is not especially compelling, so that it cannot
be said with certainty to be more appropriate than
Eq. (31). They differ quite sharply in their pre-
dictions for very high-energy cascades, however.
For example, for 100-keV Cu recoils, Fig. 10
gives (E) = 72 keV. Using Eq. (29) and the model-3
parameters of Fig. 14, the predicted number of
Frenkel pairs is about 490; using Eq. (31) and the

parameters of Table IV, the predicted number is
about 990. The superiority of the one function or
the other could be determined by calculations for
high-energy recoils and low values of E„and E„
but these would be very costly in machine time
and memory requirements with the present pro-
gram. On the other hand, the whole question of
the appropriateness of the calculations presented
in this section must be considered. Since the re-
combination effects reported are connected with
the behavior of low-energy recoils, the limited
validity of the binary-collision approximation must
be remembered. It would be very helpful to have
molecular dynamics calculations available in which
short sections of high-speed recoil track were
simulated, so that the foundations of the present
calculation could be more firmly based.

IX. DISCUSSION

A long-standing problem in radiation damage is
the serious divergence between experimental and
theoretical estimates of the number of Frenkel
pairs produced in pure metals by irradiation, es-
pecially with fast neutrons and other energetic

TABLE V. Comparison of experimental and theoretical resistivity changes induced
in Cu at 4. 2 K. ~

Electrons
(1.4 MeV)

Neutrons
Thermal Fission

Deuterons
(9 Mev)

(A) Ionization threshold and
Mean primary energy
Mean damage energy

displacement threshold (E& = 22 eV) (Ref. 52)
45 eV 388 eV 64 keV
45 eV 388 eV 27. 4 keV
1.2 2. 0 4.3

270 eV
270 eV
3.6

(B) Lindhard ionization losses and displacement threshold (Ez ——22 eV)
Mean primary energy 45 eV 374 eV
Mean damage energy 45 eV 314 eV 22. 9 keV
APce O'APa 1.2 1.6 3.6

»c~c/&&~
2.3
1.8
1.5

(C) Lindhard ionization losses and unstable Frenkel pair collapse
[energies as in (B)]

r„/ao APc~ JAPa
2. 0 1.6

2. 5 1.2
3.0 1.0

Frenkel pair resistivity p~= 2. 0 p && cm/at. %.
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heavy particles. The calculations presented in
the previous section provide a possible solution
to the difficulty. Holmes' has compared the elec-
trical resistivity changes induced in Cu at 4. 2 K
by various irradiations with the theoretical values
based on a Kinchin-Pease sharp displacement
threshold. The fast-neutron result was corrected
for electronic energy losses by assuming all re-
coil energy above about 63 keV to be lost in this
way. ' ' ' Holmes's comparison is shown in the
first part of Table V. In the second part of the
table, the electronic loss correction is made by
the Lindhard theory. ' '

The mean recoil energy
for the thermal-neutron case is a revised value. "
The damage energy for the fission-neutron case
uses values calculated recently for monoenergetic
neutrons, "averaged over the "U fission spec-
trum. ' The agreement between theory and experi-
ment is somewhat improved, but not dramatically.
The third part of Table V shows the result of using
the recombination model of Sec. VIII, that is, Eq.
(29) with the parameters of the smooth curves in
Fig. 16. The approximation

(~) = (&/(n+ ~E)) = (&)/(c'+&«)) (33)

has been used, where the averaging is over the
distribution of E. This approximation causes an

overestimate of (v), especially for the fission neu-
tron case. In spite of this, the recombination
model shows a striking improvement over the ener-
gy threshold model. Further improvement might
be achieved by avoiding the approximation (33) as
well as by altering various parameters of our cal-
cvlational model, for instance, the potential
parameters. The time would also seem to be ripe
for a careful critical examination of the experi-
mental data, with the objective of extending com-
parisons like those in Table V to other materials
on as reliable a base as possible.
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