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The fluorine electron-nuclear4ouble-resonance (ENDOR) spectrum of Ho'+ in cubic sites in CaF, has
been measured at 24 6Hz. The analysis of the spectrum was complicated by the large magnitude of
the hyperfine interaction. This caused the effective spin projection in the 6eld direction, gS, &, tq
differ appreciably from +1/2. The value of this reduced spin gS, g was calculated from the
eigenfunctions for each hyperfine state, obtained by diagonalization of the Hamiltonian. By using

«S, ~, it became possible to predict the ENDOR spectrum for all eight hyperfine levels, and also to
specify uniquely to which m state each ENDOR transition belonged. This allowed absolute
determination of sign and magnitude of the superhyperfine interaction constants for the first to the
fourth nearest-neighbor F ions. For the first shell, T, = +3.54 MHz, T~ = —15.84 MHz. Anomalies
of the order of 1 MHz in the ENDOR frequencies were successfully accounted for by a superhyperfine
pseudonuclear Zeeman effect. These results are discussed in relation to results on other rare-earth ions,
and with respect to mechanisms for the superhyperfine interaction.

I. INTRODUCTION.

Substitution of a trivalent rare-earth ion for the
divalent calcium in CaFz usually involves some
form of local-charge compensation, with a resul-
tant loss of cubic symmetry. In some cases, how-
ever, it is possible to reduce the trivalent impuri-
ty ion to the divalent state, either electrolytically, '
chemically, 3 or by x or y radiation, and so to re-
store the cubic symmetry of the site. This makes
the spectrum and its interpretation much simpler.
Such is the situation with holmium, which always
enters CaF~ as Ho ' when grown by the Stockbar-
ger method. On irradiation of the crystals, or on
baking them in calcium vapor ox treating them
electrolytically, Hoa ions are formed by the cap-
ture of electrons by the Hos' ions, and the color-
less crystal changes to blue. The symmetry of the
Ho ' is cubic, and the site is comparatively stable
at room temperature.

The free Ho2' ion has an electronic ground state
l&slz (4f ), and in the presence of a cubic field
such as is found in CaF3 the 16-fold degeneracy is
split into two doublets, I'6 and I, , and three I',
quartets. It has been shown that the ground state
can be a I'6 or I"7 state, and in the case of CaF2
the g factor proves that the ground state is the I'6
doublet. The nature of such a state is that it does
not mix with any other I'7 or I'8 levels of different
excited states, and hence can be regarded in the
absence of a magnetic field as an isolated doublet.
The g factor of such an isolated I'6 doublet in small
magnetic field is negative, and shouM have the
value —6.0. In the presence of a larger magnetic
field, close-lying I'8 states mix in (in our case,
only one of the I 8 levels being close enough for
this) and the g factor could be expected to show
some small deviation from —6.0.

The electron-paramagnetic-resonance (EPR)
spectrum of cubic Ho ' in CaF3 has been indepen-
dently investigated by Lewis and Sabisky' and by

ayes~ Jones and Twidell e The spectrum ap
pears at 4 'K and is isotropic, consisting of eight
intense hyperfine lines, arising from the purely
electronic ~=0 transitions, and a weaker seven-
line structure arising from "forbidden" Mf =+1
transitions. The spectrum can be fitted to a spin
Hamiltonian of the form

X=gpsH ~ 5+AI ~ 5-g» p,„H ~ I

with S = —, and I= ~. (Natural holmium contains only
one isotope, Ho~6', which has q nuclear spin. ) For
such an isolated Kramers doublet in a cubic field,
g and A are scalars. g„' is a pseudonuclear g fac-
tor introduced by Lewis and Sabisky to account for
inconsistency in the fit of both the allowed and the
forbidden transitions into the above spin Hamil-
tonian. The pseudonuclear g factor arises from
the mixing of the ground I'6 doublet with the fairly-
close-lying quartet I'8 state because of the unusu-
ally large hyperfine interaction. The best experi-
mental fit was obtained by assigning the following
values to the spin Hamiltonian parameters:

g = —5. 912+ 0. 003,

A = —(1307+3)X10 cm = —3. 931 6Hz,

g '=+48.

Because of the extremely large magnitude of the
hyperfine splitting, the full eight-line allowed
spectrum is only observed if the exciting quantum
is greater than about 18 GHz, and consequently the
investigation to be reported here was made at K
band, 24 GHz. At 9 GHz, two strong resonance
lines are observed, only one of which is from an
"allowed" transition.
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Since the Ho" is surrounded by an octet of fluo-
rine ions, it would be expected that there would be
a superhyperfine interaction with these ligand ions.
Any structure arising from this interaction was not
apparent on the EPR spectrum, but the fact that
the linewidths could not be reduced below about
10 0 even at 1.6 'K suggested that inhomogeneous
broadening was present.

This paper reports an ENDQR investigation on
the complete allowed spectrum of the CaFz. Ho '
cubic system. This is of particular interest be-
cause the very large hyperfine structure some-
what complicates the analysis of the ENDOR spec-
trum, but on the other hand permits unambiguous
evaluation of the signs of the interaction constants.
The constants so deduced are discussed in relation
to the interaction mechanism, by comparison with
results of other rare-earth ions.

II. THEORY-ENDOR SPECTRA

The main formulas used to interpret the ENDOR
spectra have been vigorously derived for the gen-
eral case by Zevin, v and for our specific case of
a site of cubic symmetry by Ranon and Hyde. The
method of derivation will thus be only briefly in-
dicated here.

Since the electronic Zeeman interaction is the
largest term in the spin Hamiltonian, it is most
convenient to work in a representation for which
this term is diagonal. Thus, choosing the exter-
nal field H to be along the [100]direction (the z
axis), the spin Hamiltonian of the system, includ-
ing the superhyperfine interaction with the nearest-
neighbor fluorines, is

X=gp, ,HS. +AI. S-g~q„H ~ I
8

I j g»p»H'I ')
i=i

XQ +Xghf (2)

The superhyperfine tensor 7.'& must be expressed
in explicit form before the Hamiltonian can be
diagonalized. It is most convenient for the inter-
pretation of the ENDOR spectra to work with the
axis of quantization of the superhyperfine Hamil-
tonian along the direction joining the fluorine ion
with the Ho2'ion, i. e. , the body diagonal, z'. T&
mill then be diagonal in this coordinate system and
mill have axial symmetry mith components T»
along s' and T~ in a p1ane perpendicular to z . The
superhyperfine part of X,„,then becomes

T,P~. + T~(S&I,+S„,I„.} .
X~~ ean then be transformed to the unprimed coor-
dinate system x, y, z in which 3CO is expressed by
means of a simple rotation. Since X„, is so much
smaller than Xo, it can be regarded as a small
perturbation of the hyperfine levels, and can be

diagonalized separately.
However, because the magnitude of the hyper-

fine interactionAI S is, in our ease, large eom-
pared to the electronic Zeeman term gpsHS„S
mill not be along H, but mill be along the resultant
of H and the internal hyperfine field. Therefore,
a reduced value (S,) is introduced, which is the
projection of S onto the H direction. The method
of calculating (S,) from Ro is given in Sec. III.

We thus have to diagonalize the nuclear spin
Hamiltonian

K~, =&S,&T I g„p»—HI, ,

mhence me obtain the eigenvalues for Iz= +2:
Ev=+k [(&S.)T -g»&»H}'cos'8

+((S,)T~-g„p»H} sin 8]'

8 is here the angle subtended at the Ho ion be-
tmeen H and the body diagonal.

The ENDOR transitions observed are between
adjacent superhyperfine levels in the same (S,)
state. Thus, for a particular fluorine nucleus, me
can write

(hv») =(&Sg&Tii g»&»H) cos 8

+((S,) T~-g» p»H)~sin 8,
mhere p~ is the ENDQR frequency. Using the
notation of Ranon and Hyde, ' and expressing all
shf constants in MHz, this can be written as

py =P eos 8+@ sin 8,

I =&S. &T„-v„q=&S,&T, —v,

and vo is the free F" NMR frequency in field H.
Rearranging the expression, me have

v„=P + (Q P) sin28 . -
Thus a plot of p„against sinae for any particular
F ion should yield a pair of straight lines, one for
S,=+ —,

' and one for S,= ——,
' (high-field notation).

From these lines, values of tP a and )Q j eanbe
determined, but itis notpossible to separate (S,) Tg
and (S,) T, from vo by means of an ENDOR mea-
surement at a single setting of the external field.
Furthermore, for an S =

~ doublet, it is generally
impossible to determine mhether the positive or
negative m state is being observed, so that ex-
traction of absolute values of T» and T, is impos-
sible. In this experiment, homever, ENDOR fre-
quencies are measured for all eight hyperfine lines
of the allowed EPR spectrum. This enables us to
define uniquely whether the positive or negative m
state is being observed, since a consistent fit of
all eight lines is only possible in one of these two
states. This technique also allows an absolute
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value of (S,)T2 to be determined from the two pos-
sibilities for ~P ~, and similarly for (S,) T, from
NQ ). Consequently, an absolute determination of
T„and T, is possible.

& = —~A —gN I~H(m+M)

+m[16A +(ggs+g)2 p„) H

+2(m+M)A(g p22+g'„u„)H]'~' . (8)

The energy levels are shown in Fig. 1 (taken
from Lewis and Sabisky ). Insertion of these val-
ues of E into the Schr'odinger equation for the eigen-
state 4 ~ and use of the normalization condition
enables us to extract explicit expressions for a
and b:

—(G +g) -A(M+m)+X'~~
2X1/3

III. HYPERFINE CALCULATION

In order to calculate the effective spin (S,) for
each hyperfine level, it is necessary to perform
a full diagonalization of the spin Hamiltonian Xo
[E~. (1)l

Because of the off-diagonal elements in A, all
but two (the [-,', j)and ~

—~2, —P) states) of the 16
hyperfine states are mixed spin states. The gener-
al form of the eigenfunction is

212„„=a~m, M)+I)
~

-m, M+2m) .

The secular determinant reduces to a series of
2x2 determinants for the mixed states, giving the
energy levels directly from a series of quadratic
equations, the general solution of which is

(G +g) +A(M+m) +X~/a
2X"' t

where we have abbreviated

g&W=g g~u~H=G,

and X =16A~+2(m +M)A (g+G)+(g+G)3 .
The expectation value of (S,)for the state 212~

is given by

(,2) m=(a)mM)+ )~t
—m, M+2m)

x , 2m)a, )M) )+-2m, M+2m)) .
Expanding, and applying the orthogonality condition
for the set of states, we obtain

(S,)„„=m(s'- &~) .
Substituting values of a and 5 we obtain

—m[(g+G)+A(M +m)]
[16A +2(M+m)A (G+g) +(g+G)~]'~~ .

(~)
As is observed, (S,)~ is a function of both m and
M, as well as H, and so is different for each of the
14 mixed hyperfine states.

In our calculation, admixtures with the 1 6 state
were neglected. In principle, they can be taken
care of in a similar way by using the correct 1 6

+F~ admixture for the wave function 4 „in calcu-
lating (S,)~. In our case, this turns out to be
negligibly small.

IV. EXPERIMENTAL METHOD

The experiments frere performed on crystals
containing nominally 0.05 mole% of Ho. These
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TABLE I. Allowed EPR transitions at 23.70 GHz.

4957

EPR transition
Im, M)- l-~, M)

K)
i 5

I- ——)-i

ly, 2)-
ly, y)-
I2, 2)-5

l2 2)
i 7

Observed field
(G)

4390

3648

2972

2403

1933

1559

1277

1043

Free fluorine
NMR frequency

vo (MHz)

17.60

14.61

11.91

9.62

7.75

6. 24

5.11

4. 18

t', 100) ENDOR line
( MHz)

22. 00

18.53

15.56

13.28

11.50 (?)

10.85

10.69

10.99

were mounted in a TEpyg cylindrical cavity, in
such a way as to permit rotation for alignment pur-
poses during the experiment. The EPR system
was a two-klystron superheterodyne system, op-
erating at E band (24 GHE). A high degree of
stability was achieved by electronically locking the
signal-oscillator frequency to the cavity, and the
local-oscillator frequency to the signal-oscillator
frequency. The rf for the ENDOR was supplied by
a Hewlett Packard HP8690 sweep oscillator, driv-
ing an Instruments for Industries wideband power
amplifier delivering 10 W into 50 Q. About —, G of
rf field in the rotating frame was available at the
crystal. The sensitivity of the whole spectrometer
was such as to be able to display an ENDOR spec-
trum on the oscilloscope with a signal-to-noise
ratio of the order of 10 in a sweep time of about
2 sec. This performance greatly facilitated align-

ment of the crystal.
No ENDOR spectra could be obtained at 4.2 K,

despite a strong EPR signal at this temperature,
and it was necessary to work with pumped liquid
helium. Even at this temperature, it was neces-
sary to work with a high incident microwave power
(of the order of 15 mW) to saturate the EPR lines
and obtain good ENDOR spectra. This is in ac-
cordance with the spin-lattice relaxation-time
measurements of Huang who obtained a time as
long as 1 msec only by going down to 2. 8 'K. With
the pumping system available, the temperature
could be reduced to about 1.6 K, and all spectra
were plotted at this temperature.

A complete investigation of the ENDOR spectra
with the external field along the three main crys-
tal axes was performed on the highest-field hyper-
fine line. Additionally, one first-shell ENDOR

ENDOR SPECTRUM WITH EXTERNAL FIELD IN ~) DIRECTION

First sheB, m=- g First shell, m = + 4
FIG. 2. ENDOR

spectrum of highest hy-
perfine line with field in
(111) direction.

26 25 24 23 22 21 20 19 18 17 16 15 14 13 12

ENDOR FREQUENCY ( MHz)
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TABLE II. First-shell ENDOR lines for main axis
directions.

Mag. field orientation sin28

(100)

&110)

(111)

1 ory
0 ory8

v„(MHz)

19.34, 22. 00

26. 09, 26. 76, 15.825

13.00, 25. 25

VI. ANALYSIS OF RESULTS

line of the (100) spectrum was measured for all
eight hyperfine lines, in order to determine the
absolute values of the superhyperfine components.

V. EXPERIMENTAL RESULTS

The EPR spectrum at 23.70 GHz is given in
Table I, along with the infinite-field-notation label-
ing of each transition. The single ENDOR line
plotted for all the hyperfine lines in also given.
Because the EPR spectrum is isotropic, align-
ment of the crystal to one of the main axes re-
quired for each spectrum had to be performed by
observing the ENDOR spectrum itself on the oscil-
loscope.

The spectra in the three main axis directions,
(100), (110), and (111), were all typical of ENDOR
spectra in CaF~ systems, having a profusion of
less intense lines grouped within about 2 MHz of
the free fluorine NMR frequency in that particular
field, and several intense individual lines farther
away. The former are due to shf interactions with

the second and farther shells of neighboring fluo-
rine ions, while the latter are due to interaction
with the first-shell (nearest-neighbor) fluorines.
A recording of the spectra for the highest hyper-
fine line, with the field in the (111)direction, is
shown in Fig. 2. The first-shell lines observed
in the three principal axes, together with their
angular origin, are given in Table II.

The 22.00-MHz line from the (100) spectrum
was also measured for all eight hyperfine lines,
and the results are shown in the last column of
Table I.

side the frequency range of our measurements. It
was still not possible, however, to specify which
m state to assign to each straight line.

From the graphs, the following mean values of
I P I and [ Q ) were obtained:

IPI. =441 MHz, LPI-=» 44 MHz;

I@1.=26 ~~ MHz, I@1-=6.16 MHz;

where I

Pl�

„ I Ql, are obtained from the straight
line with positive slope, and )Pl, } Ql from that
with negative slope.

From the sign ambiguity of ) P )., there are two
possible values of T„ for each m-state assignment,
and similarly for T, from I g I, . Consequently,
there are eight possible combinations of T, and T, ,
four from each m-state assignment. In order to
determine which of these is the correct combina-
tion, we must use the ENDOR measurements made
on all eight hyperfine EPR transitions.

First of all, the value of (S, ) is calculated for
all of the 16 eigenstates, using Eq. (9). The val-
ues of A, g, and G are taken from Lewis and Sa-
bisky. ' The results are given in Table III.

Using Eqs. (5) and (6) and Table III, we now

calculate the frequency of the (100) ENDOR line
for the other hyperfine lines using each of the
eight possibilities for T„and T, . We then com-
pare these predicted fr4.quencies with the observed
frequencies of this line, as given in the last column

400
X
E

300

It was not possible at the outset to determine
which of the lines in Table II came from which of
the two possible values of sin~e (for (110) and

(111)), nor which of the lines were from the m
=+ —,

' and which from the m = ——,
' electronic state.

However, on plotting v„as a function of sin 8, as
suggested by Eq. (6), it soon became apparent
which of the v„'s belonged to which straight line,
and which value of sin~8 to assign to each. This
is shown in Fig. 3. It also became evident from
the graph that the two missing (111)ENDOR lines,
an'd the one missing (110) line of Table II, fell out-

200'

100

(40 4
0

0.1 0.2 03 0.4 0.5 0.6 0.7 08 09 1.0
. 2

sin 8

FIG. 3. First-shell ENDOR frequencies as a func-
tion of 8, the angle between the external field direc-
tion and the bo+ diagonal.
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TABLE III. Values of (Sg for eigenstates at 23. 70
GHz.

Eigenstate 4'~
I -2, -y)1 7

1 5
I -y, -y)

3
I -Y

1
)

I--, , —,)
1

I --, , —,)
1 3

1 5

I
1 7)

-0.500

—0.435

—0. 387

—0. 3G3

—0.356

—0.371

—0. 402

—0.445

Eigenstate +~&

I y --)1 7

I p, -y)1 5

I
— --)1 3

I
— --51
2& 2

I
— -)1 1

I 2, 2)
1

I2, y)

0.460

0.427

0.402

0. 392

0.397

0.418

0.453

0. 500

of Table I.
In Table IV this comparison procedure is shown

in fuH for the second hyperfine line (M= ——,') for
all eight possibilities. It is apparent just from this
line that option (h) is the correct combination, and
that the positive sloped line in Fig. 3 is due to the
negative m-state ENDOR transitions. In Table V,
the frequencies of the negative m-state (100)
ENDOR line for all eight hyperfine lines, calcu-
lated using option (h), are compared with the ex-
perimental values. The agreement, as observed,
is excellent and within the experimental error at-
tributed to each line. (The M= a line seems to
have been incorrectly mea. sured. ) None of the
other possible combinations of T, and T, showed
any semblance of fit to all the measured hyperfine
lines.

The superhyperfine coupling constants have
thus been uniquely determined in this experiment,
having apparent values T„=—26.38 MHz, T, =18.30
MHz.

VII. ENDOR TRANSITION INTENSITIES

A further check on the identification of the m
state involved in each transition, and on the sign
of T„and T, , is given by an inspection of the rela-
tive intensity of the ENDOR lines for positive and

negative m-state transitions. It had already been
noted that the ENDOR transitions on the positive-
sloped line of Fig. 3 (negative m) were consistent-
ly more intense than the corresponding transitions
on the negative-sloped line. Davies and Reddy
have deduced formulas for the relative intensities
of the two m-state ENDOR transitions. For the
(111)spectra, in which direction T is diagonal,
and for isotropic g, the intensity I is proportional
to (1 —mTi/va) . Substituting Ti= 18.3 MHz, va
=17.6 MHz, and m=+0.46 or —0.50, we obtain
I /I, = 8.5. Assuming that the rf field output is
uniform over the frequency range used, a compari-
son of the intensities of the two (111)spectra first-
shell lines in Fig. 2 showed that I„as a/sI„, »a

= 8.0, thereby confirming that the 25.25-MHz line
is from the negative m-state transition, and the
13.00-MHz line from the positive transition.

VIII. SUPERHYPERFINE PSEUDONUCLEAR ZEEMAN
INTERACTION

The values of T„and T, derived above, and all
the subsequent fitting to the lower hyperfine lines,
were obtained from P, and Q„ i.e. , from the
negative m state, (S,) = —0.5. Upon attempting to
fit the positive m-state ENDOR lines to the values
of T„and T, obtained, using (S, ) =+0.46, it was
found that the fit was far outside the probable ex-
perimental error, having apparent values T,
= -30.10 MHz, T, =20.50 MHz. However, the fact
that two good straight lines were obtained in Fig.
3 indicates that the origin of this deviation has the
same symmetry as the superhyperfine interaction
itself, and can thus be included as a simple correc-
tion to Eq. (5).

The deviation is best described experimentally
by the mutual shift in ENDOR frequencies for the
orientations sin~e = 1 and 0, since at these two
alignments the magnetic field is perpendicular and
paralldl, respectively, to the ligand direction, and
so the frequencies are defined in terms of T, and
T„alone, respectively. From Eq. (5) it is seen
that at these two points the "center of gravity" of the
two ENDOR frequencies from each m state should

TABLE IV. Comparison of predicted ENDOR line with measured line for
second hyperfine line (I g, -y) to I -~&, -$)).

Ti& (MHz) Tg (MHz)
vz calculated

(MHz) vz measured

Positive (a)
m state (b)

(S,)= 0.427 (c)
(d)

Negative (e)
m state (f)
(S,) = —0.435 (g)

(h)

47. 92
47. 92
28. 65
28. 65

-44. 02
—44. 02
—26. 38
-26.38

96. 50
—19.92

96.50
—19.92
—88. 70

18.30
—88. 70

18.30

21.9
19.15
21.7
18.9
19.8
18.62
19.7
18.52

18.53 MHz
+20 kHz
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TABLE V. Comparison of measured negative m-state
(100) ENDOR frequency with calculated value for all
eight hyperfine lines.

Hyperf inc line
(I value)

5
Y
3
2

i
2

i
2

3
2

5

2

?
2

v calculated
(MHz)

22. 00

18.52

15.56

13.29

11.75

10.88

10.67

10.98

v measured
OtrHz)

22. 00

18.53

15.56

13.28

11.50 (V)

10.85

10.69

10.99

fall at vo, the free fluorine NMR frequency in our
field H. In fact, there is a shift in this center of
gravity which is of opposite sign for the parallel
and perpendicular orientations. In place of Eq.
(5) we can write

(v, ),= ~(S, ), T, —vo —hv,
~

for (110),

(v„), =
~
(S,), T„—vo-&v„~ for (111),

where v, are the two ENDOR frequencies at each
alignment. Substituting values for v and eliminat-
ing T„and T„we obtain for the experimental
shifts that 4v, = —520 kHz and 4v„= 875 kHz.

The fact that the ratio 4vg &Pi I 2 suggests
that the origin of the shift is magnetic dipolar in
form. Al.so, the fact that the deviation could be
fully described by shifts in the value of v 0

= g~N p„H
pointed to an explanation based on some sort of
pseudonuclear g factor. ~~

As mentioned above, ' a pseudonuclear g factor
is present for the holmium nucleus because cross
terms between the Ho hyperfine interaction and the
electron Zeeman interaction mix the excited I',
state into the 1 6 ground state. In an exactly analo-
gous manner, the superhyperfine interaction can
give rise to a pseudonuclear g factor for the fluo-
rine ion. Since the superhyperfine interaction is so
much smaller than the central-ion hyperfine inter-
action, the energy shift will be much smaller, and

will generally only be detected on the ENDOR spec-
trum.

The perturbation to the Hamiltonian for the
ground manifold of the free ion can be written as

+ (r, it Iir„)(r„ll, (L+2S) Hlr, )+c.c.
E(r„)—E(r,)

++ (r, i f, I r„)(r„i l, (L+ 2s), I r, )+c.c.
E(r„) E(r,)—

= -Z ag~, p„I H, by definition .
Pa

(10)

The superhyperfine pseudonuclear g factor is defined

by(g„+kg~, ), where Pq are components of the cubic

x, y, z, coordinate system. The correction 4g~,
has the same symmetry as the superhyperfine in-
teraction, and so is anisotropic (in contrast to the
central-ion pseudonuclear effect for a cubic site).
In Eq. (10)j labels the various I', excited states
and t is the free-ion superhyperfine interaction
constant.

The calculation consists of three stages. First,
an operator equivalent of the superhyperfine inter-
action must be constructed in order to calculate
the matrix elements (reit~i r, ~). Then, the elec-
tronic Zeeman matrix elements (ra& I Ps(L+2S) Irz)
are calculated using the eigenfunctions given by
Lea, Leask, and Wolf. 4 Finally, a geometrical
transformation is performed to convert the Pq
coordinates of Eq. (10) to the axial system in
which T„and T, are measured. Details of the cal-
culation are given elsewhere by Zevin et al.~' The

result is obtained for cubic symmetry that

bg =0,

2g„g g g I(I', IJ, lr, )I'
gEx H S E(r ) E(r )

t

where

+ggg 3(+All + 2 g1) s

&g..= 3(&g -&g.) .

g~ is here the Lande g factor for the holmium ion
and R is the distance between the central-ion nu-
cleus and the ligand nucleus.

The energy-level diagram for Ho~ in GaF~ has
been obtained from optical measurements by Weak-
liem and Kiss. '3 Their results show that the low-
est of the three 1 8 quartets predicted by the cubic
crystal field splitting lies only 33.8 cm ' above the
I'6 ground state. The other 1"8 states are about
an order of magnitude higher in energy, and so
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their admixture may be neglected in the summa-
tion in Egs. (11). From the tables of eigenfunctions
given by Lea, Leask, and Wolf4 for J= P in cubic
crystal field, one can obtain the value of the ma-
trix element &I'~ I J, I

I'8"') = 3.V2. Inserting this into
Eqs. (11) and (12), and using the values g~ = $,
8=2.36 A, and E(F,'")—E(1',)=33.8 cm ~, we ob-

' tain Lv, = —675 kHz and hv„=1350 kHz. These
values thus agree fairly well with the experimental-
ly determined frequency shifts. The major ap-
proximation made in the derivation is that the
point-charge model of the crystal field holds
and that the wave functions of Lea, Leask, and
%olf4 are thus an adequate description. Infact, it
is known that there is a considerable covalent con-
tribution to the superhyperf inc interaction-about
20% of the total, as shown below. However, the
~superhyperfine interaction itself involves only ma-
trix elements within the Fs ground state, while the
suyerhyperfine yseudonuclear Z eeman interaction
involves matrix elements between the F~ and the
excited Fe state. Extrapolation of the effect of eo-
valency to such a mixed-state situation is difficult
to predict, and must await further calculations,
but it seems not unreasonable to be able to account
for most of our discrepancy in the shf pseudonu-
clear effect in this way. Further minor approxi-
mations made in the derivation of the shf pseudo-
nuclear effect are discussed by Zevin et al."

When the superhyperfine yseudonuclear connec-
tion is taken into account, the values of T„and T,
from both m states are calculated consistently as
T„=—28.13 MHz and T~ = 19.38 MHz.

IX. PHYSICAL INTERPRETATION OF Tj, AND Ti

The representation of T, in terms of T„and T,
is simply an outcome of the axial symmetry of the
superhyperfine interaction along the bond axis, and
in this respect no physical meaning has been at-
tached to T„and T, . If we define two new shf co-
efficients

r, = ,'(T„+2T,), T, =-,'(T„—T,), -
and substitute into Eq. (2), the superhyperfine
yart of X,„, can be written as

T,S ~ I + T (3S,I, -S.I ) .
This form has been obtained simply by defining
new interaction constants, T, and T~, and as such
is as generally applicable for all problems of axial
symmetry as are T„and T, . It is noted, however,
that the Hamiltonian is now expressed as the sum
of two parts-an isotropic term involving T, and an
anisotropic term, with T~ traceless, having the
same form as the classical dipole-dipole interac-
tion between the Ho~ electrons and the F ligand

nucleus. Now, in an 5-state ion, the diagonal ten-
sor T, arises only from unpairing of the 1s and 2s
electrons on the ligand as a result of direct bond-
ing and polarizing effects, ~4 while T~ is the sum of
the contributions of the dipole interaction and of the
unpairing of the 2pa and 2pm electrons on the ligand.
For a non-5-state ion, however, the P electrons
contribute to both T, and T~ in a manner which de-
pends in a complicated way on the covalency ad-
mixture parameters and the overlay integrals for
the various orbitals involved. ~e It is instructive,
and accepted practice, to continue to use T, and

7~ in their simpler roles, as a first-order approxi-
mation in the absence of a full molecular-orbital
treatment of the covalency. This representation
also enables us to subtract out the dipolar inter-
action, giving us the covalent contribution directly.
Substituting, we obtain T, =~3.54 MHz and T~
= —15.84 MHz. The experimental uncertainty in

T, and T~ is +30 kHz.
The dipolar contribution is given by

Ta-e =e'&» 8» &» /ft r

where B is the Ho~ —F internuclear distance.
Assuming an undistorted lattice, the diyolar con-
tribution to T~ comes out to be —16.80 MHz. Con-
sequently, the covalent contributions to the shf
interaction are T, = 3.54 MHz and T~ = O.S6 MHz.

X. SECOND AND FURTHER FLUORINE SHELLS

By substituting T~ and Tp into Egs. (5) and (6)
and rearranging, the ENDOR frequencies ean be
written as

v „' =(v, -&S, ) [T,+ r, (3 cos'e - I)]}'
+9&S,) T~ cos e sinme .

For the second and more distant fluorine shells,
vo is expected to be the dominant term, and so
expression (13) can be expanded binomially, giving

v =vo-&S, ) [r,+ T,(3cos'e —1)]+&s, )'

& ([T,+ T~(3 cosle —1)]3+9T~~ cosle sinae] .
(14)

It is observed that since (S,) is different in mag-
nitude for the positive and negative m-state transi-
tions, the second and farther shell lines are not
expected to fall symmetrically on either side of vo,
even in the first-order approximation. This is the
case if 8, = + —,

' exactly. This feature of the theory
enables us to define which of the two ENDOR lines
arising from each set of equivalent fluorines is
associated with which m state. In this way, the
absolute signs of the interaction constants are de-
termined, instead of having to be assigned by
comparison with the sign of the dipolar interaction,
as is usually done.
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TABLE VI. Superhyperfine interaction coefficients
for first four shells (all components in MHz).

Shell Ts (obs)

+3.54+0. 02
+ 0. 02 + 0. 01

0. 00+0. 01
0. 00 + 0. 01

T& (obs)

—15.84+0. 02
—2. 360 + 0. 01
—1.043+0. 01
—0.620+ 0. 01

T&~ (calc)

—16.80
-2.390
—1.052
-0.621

In order to comment on the results obtained for-

the covalent contribution to the superhyperfine in-
teraction for the first-shell fluorines, it is first
necessary to consider some of the mechanisms
proposed for the origin-of this interaction.

The interaction itself arises from the excess
spin density set up at the nucleus of the Aormally
diamagnetic F ion, by polarization of the normally
closed 1s, 2s, and 2p orbitals. As mentioned
above, there are two opposing mechanisms operat-
ing to cause this polarization.

(i) Direct overlap of the f electrons onto the
ligand orbitals, which would produce a parallel
polarization, i.e. , unpaired electron spin density
at the F nucleus in the same direction as the net
spin of the paramagnetic metal ion.

(ii) Several proposed mechanisms that would

In order to determine rough initial values of T,
and T~, the first-order approximation [Eq. (14)]
is sufficient. The spacing between the two lines
v, and v arising from each set of equivalent fluo-
rines is thus given by

v, -v =[(S,), -(S,) ][T,+T, (3cos 8 —1)].
For the highest-field hyperfine line (on which all
the second- and farther-shell measurements were
performed), we have

&s.).=+0.4s, &s, ) =-o.5o.
Substituting in (15), values for T, and T~ were
calculated for the second, third, and fourth shells
from the relatively simple &100) spectrum. Using
these values, all the lines of the &100) and &ill)
spectra could also be identified, and the final values
of T, and T~ for each shell were obtained by per-
forming a least-squares fit of the calculated lines
with those measured. These values, together wi. th

those for the first shell, are given in Table VI,
where the dipolar contribution assuming an undis-
torted lattice is also given. As expected from the
results of measurements on other rare-earth ions
in cubic sites, the small difference between T~ and

T~ ~for the third and fourth shells indicates that
there is negligible bonding at this distance. More-
over, the assumed distance for calculation of T„~
is shown to be good.

XI. DISCUSSION

give an antiparallel polarization of the ligand
electrons, i.e., a negative spin density. The
simplest of these is the core-polarization mech-
anism of Watson and Freeman, ~4 in which the
nominally closed shells of the paramagnetic ion
are exchange polarized by the unpaired f electrons
to yield a net antiparallel spin density at the outer
reaches of the ion. This then overlaps with the
ligand orbitals, thus causing an antiparallel polar-
ization in them. Another such mechanism has
been proposed by Lewis et al."involving transfer
of an electron from the ligand into an unoccupied
6s shell of the metal ion-an extension of the con-
figuration-interaction mechanism of Shulman and
Jaccarino. '~

The interpretation of the results depends on the
correct assessment of these two opposing sources
of the F orbitals' polarization. In the $-state ions
of the rare-earth series, the calculations of Free-
man and Watson suggested that the dominant mech-
anism is indeed the core-polarization effect, which
is about ten times greater in magnitude than the
direct contribution from the 4f electrons. Subse-
quent ENDOR measurements on Eu~' and Gd~'
have confirmed these predictions both in sign and

approximate magnitude. Extrapolation of these
results to other rare-earth ions is rather difficult.

The problem has been discussed by Baker" in
connection with the result on Tm2' and Yb~ (4f'3).
For Tm~, which is more directly comparable, the
results are~'

T, =+2.58 MHz, T, =+2.47 MHz;

i; e. , the signs and magnitudes are similar to those
of Ho~. The important feature is that the sign of
the interaction is positive, indicating a parallel
polarization. Thus, the situation has changed in

going from the 4f ~ configuration to the 4f" and
4f'3 configurations. Since the effect of direct 4f
polarization is not expected to alter much, the
change must be sought in a drastic reduction of
the core polarization at the ligand. Failing any
exact calculations, this can only be surmised at
by means of reasoned arguments. Calculations by
Watson et al.~~ indicate that the s-electron core
polarization at the nucleus of the rare earth de-
creases steadily through the group from Ce~ to
Yb+, reaching zero effectively at Yb~. However,
this is the net effect at the nucleus of all of the s-
shells, while the superhyperfine interaction de-
pends primarily on the polarization of the 5P sub-
shell. In the absence of any more definitive in-
formation, it may be reasonable to assume that
the core polarization varies with the real spin of
the ion (as for the 3d group). Thus, in going from
4f ~ to 4f~' (and 4f~3) not only is the net spin pro-
ducing the polarization in the 5p shell smaller,
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but the overlap itself between the 4f and the 5p is
smaller, so that we would expect a greatly dimin-
ished core-polarization effect. This, combined
with the approximate constancy of the 4f positive
polarization at the ligand, may well explain the
sign change in going from Gds' to Ho~. However,
this would require the parallel 4f polarization to
be significant in both cases, much larger than had
been previously assumed. This explanation is
therefore not entirely satisfactory. A full under-
standing of the magnitude of the superhyperfine
interaction must await detailed covalency calcula-
tions.
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