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New sets of crystal-field parameters have been derived for Er'+ in YAs04, YPO„YVO„and ScVO,

crystals, which give a simultaneous good account for the ground-level g values, the hyperfine

intention constants, and susceptibility in addition to the observed Stark levels. Moreover, calculations

of the anisotropy and qn~napole splitting for these systems are included. The old as well as new sets

of crysta1-6eld piLriameters are discussed in the framework of electrostatic crystal field, angular overlap,

and superposition models. The ionic bonding is found to decrease in the order (YAsO&, YPGJ, YVO+

ScVO~. An attempt has also been made to estimate the spin-lattice relaxation time. Furthermore, based

on the analysis of the observed spectroscopic splitting factors and hyperfine intef3ction constants,

crystal-field parlmeters are reported for Br'+ in ZrSi04, HSiO„and ThSiO, .

L INTRODUCHON

The cathodoluminescent behavior of Eu"-doped
YVO4 and its subsequent use as a color-television
phosphor has aroused considerable interest in the
study of rare-earth compounds with zircon-struc-
ture (i.e. , ZrSi04 type) and the rare-earth iona

doped in isostructural host lattices. The investiga-
tion of such systems has been further stimulated

by their structural similarity to commonly used
laser host materials, the scheelites (with CaWO~

as representative), and by the fact that the concen-
trated compounds seem to constitute ideal cases
for studying Ising- as well as Heisenberg-type
three-dimensional magnetic systems. It is found

that DyAS04, Dyp04, DyV04, etc. , despite their
chemical and crystallographic similarities, exhibit
distinct differences in their physical properties
like magnetic susceptibility, specific heat, etc. ,
at low temperatures. 7 Consequently, it is in-
teresting to investigate the detailed behavior of
such host lattices and, for this purpose, the study
of dilute systems is more convenient, since their
theoretical analysis is comparatively straightfor-
ward. In the wake of Dieke's comment that the
Er" ion serves as a useful probe for a crystal
field, quite a large effort has been directed towards
the study of the Er +-doped zircon-structure sys-
tems.

When a rare-earth ion is embedded in a crystal,
it experiences static as well as dynamic interac-
tions due to a crystalline field having the same
symmetry as that of the lattice site. The former
splits each Z state into a number of Stark levels
and can be represented adequately by the crystal-
field (CF) parameters obtained through the inter-
pretation of spectroscopic or magnetic data. The
latter, on the other hand, manifests itself in spin-
lattice relaxation. and linewidths in optical spectra,
and by treating it as a fluctuation in the static part,
the parameters required to describe it have also

been expressed in terms of the static CF param-
eters. O' Consequently, the CF parameters
should serve as a good gauge of the effect of sur-
roundings on a rare-earth ion and for these to be
physically significant, maximum body of experi-
mental findings must be faithfully derivable through;

the same set. However, in the case of Ers'-doped
YAs04, YPO», YVO4, and ScVO», it has been
found' that the spectroscopic CF parameters fail
to explain the electron-paramagnetic-resonance re-
sults and this, in turn, restrains confidence in
the parameters. Therefore, it is imperative to
obtain the CF parameters which reconcile various
measurements; this paper is the outcome of such
an effort. It turns out that the agreement for
various micro- as well as macro-characteristics
is improved with the new sets of CF parameters,
though the root-mean-square (rms) deviation for
the energy-level fit is increased. The static crys-
talline field in these systems is discussed in light
of various theoretical models and also included are
the comments on the dynamic component of the
crystal field.

In view of the similarity of structure and expected
potential use of the silicates as solid-state laser
materials, the CF parameters have also been ob-
tained for ZrSi04, HfSi04, and ThSi04 host lattices
doped with Er'+, such that these account for the ob-
served g values. However, for want of other par-
ticularly spectroscopic data (for which these re-
sults will provide a useful starting point), these
parameters need be given only limited importance.

II. CRYSTAL STRUCTURE

The crystals YAsO», YPO», YVO», ScVO»,
ZrSi04, HfSi04, and ThSi04 (BX04)have tetragonal
structure' with zircon (ZrSi04) as a typical repre-
sentative. The trivalent rare-earth impurities
substitute for Y + or Zr ' ion and thus occupy mag--
netically equivalent sites having noncentrosym-
metric D2„point symmetry whose z axis coincides
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z axis(Q)
minimum in the compounds YXO4, and maximum in
the case of ScVO4 and ThSi04host lattices. Since the
mechanisms controlling the atomic rearrangements
are not established, the deformations are ignored
in the model-dependent calculations. Neverthe-
less, in order to have an idea of indeterminacy in-
troduced by this distortion, the calculations for
ErPO4 and ErVO4 have been carried out and the
relevant parameters for these two lattices" are
also projected in Table I. Evidently, the param-
eters for ErVO4 differ much from those for ScV04,
but are reasonably close to those for YVO, .

HI. THEORY

FIG. 1. The dodecahedral arrangement of 02 ions
around the central Y3' or Zr4' ion (O) in the zircon-
structure systems. The coordinate system is so chosen
that P& are multiples of Q. The circles 1—4 represent
the four oxygens at R& and making an angle e~ with the
fourfold axis, whereas the circles 5-8, the oxygens at

R2 and subtending an angle 82.

with the crystalline fourfold axis. This is so even

though charge compensation is necessary in the
case of silicates. Consequently, the central ion
is surrounded by a dodecahedral array of eight
neighboring oxygens —four of these are at one dis-
tance R, and the other four at a slightly different
distance B~ (see Fig. 1). Recently, Lohmuller
et al. ' refined the crystal structures of YVO4,

LuP04, and E uAs04, and Newman and Urban~ ex-
trapolated 5u. data to find the position coordinates
of oxygens in Yhs04, YP04, and ScVO4. These
values, arith refer'ence to the present symbols, are
given in Table I. The crystal structure of ZrSi04
has been refined bp Robinson et al. ,

"and the cor-
responding parameters are also included in Table
I. However, in the case of HfSi04 and ThSi04 these
quantities are not known so accurately and the
values used (Table I) have been derived from the
data tabulated by Reynolds et al. 4 The entries of
Table I show a fairly close correlation between e~

or e~ a6d the relative distance of the oxygens sub-
tending these angles. R, -Rz and 8& are minimum

for YPO4, whereas 8~ is maximum, ' ScVO4 and

ThSi04 show slight deviations from the linear de-
pendence of 8, and 82 on R, -Ra for these com-
pounds. It is found that 8, =28. 5' and 8&=104.8'
correspond to equal bond length for all the eight
lig ands.

When a host ion is replaced by Er +, some dis-
tortion will be produced in the dodecahedron be-
cause of difference in the ionic radii (see Table
I). ' It is expected that the deformation will be

TABLE I. Host central-ion radii and the oxygen-ion
coordinates (R&, 8&) for various zircon-structure crystals.

I,on
Compound j radius

YAs04
YPO b

YVO b

ScVO4

ZrSi04'
HfS&O a

ThSi04 4

ErPO
~ZrVO4 4

0. 893
0. 893
0. 893
0.732
0. 79
0. 78
1.02
0. 881
0.881

2.412
2.374
2.433
2.369
2.268
2.26
2. 50
2.364
2.435

31' 53'
30. 13'
32 50'
33' 50'
32 26'
32 20'
28 36'
30 31'
33' 04'

2. 300
2.313
2.291
2.116
2. 131
2. 12
2.46
2. 294
2.272

102' 12'
103' 40'
101' 54'
101 50'
101 20'
101' 22'
104 29'
103 29'
101' 58'

aFrom Ref. 25.
From Ref. 22.

~Obtained from the x-ray data of Ref. 23..
Obtained through the values tabulated in Ref. 24.

'Based on parameters given in Refs. 19 and 26.

In the DM site the Hamiltonian, because of sym-
metry, parity considerations, and the nature of 4f
electrons, takes the form

I=Ps+(nzAs(r &Os+ P~A4(r &04+y~As(r )Os

+ Pz A 4~(r 4&0'4+ y ~ A4s(v' &0s4) . (1)

Here Ho is the free-ion Hamiltonian; the expression
in parentheses represents the static crystal-field
interaction H~F with the usual meaning for various
symbols, and includes the single-particle effects
of overlap, covalency, and configuration interac-
tion, in addition to the electrostatic contribution. 27

When such a system is subjected to a magnetic
field H, the Zeeman interaction, under the valid
assumption of 4 being a good quantum number, is
given by

H~ =g~ p.~H ~ J. (2)

The Zeeman splittings and hence the spectroscopic
splitting factors g„and g, are derived by treating
H~ as a perturbation on the Stark levels:

g„=2g.&~ IJ'I~&,

(3)
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Following Rubins, a' the eigenfunctions Pc.& and lP)
of a Kramers doublet are so assigned that (nt J'

i P)
=0, and this, in turn, defines the sign of g„ex-
plicitly, which is consistent with the Karayianis's
convention. ~ The first- and second-order Zeeman
perturbation coefficients derived from above are
used to extract the temperature dependence of the
principal gram-atomic magnetic susceptibilities
X„and X, through the Van Vleck' formula, and are,
in turn, employed to define anisotropy 4X, =X,( XJp
mean susceptibility X =3(Z„+2X,), and mean effec-
tive magnetic moment p„f =(3kT)(/N)'~ .

In addition to the crystal field and Zeeman per-
turbations, hyperfine (hf) interactions of internal
magnetic field and electric field gradient (EFG)
with the nuclear magnetic dipole moment and elec-
tric quadrupole moment, respectively, are also
present in such systems. For dilute systems, such
as those under investigation, the magnetic hf inter-
action arises mainly from the field produced by the
4f electrons, and for Dz~ symmetry may be writ-
ten31$32

H„=A„S,Ig+zA, (S,I +S I,).
Here

A =4geweueNz&r

and

2gN+NPBNZ&r '& i~&~ I&. I p&,

(4)

the sign of A„being different from that of g„ if g&
is negative. The Hamiltonian for quadrupole inter-
action, in usual notation, is given by

H, =P(I~ —g I ), (8)

where

ee'q ) &

ll (1 R-)&r '&-~n, &Z2 s—Z(v+1)&,

4(1-r„)A'&
3e'(r )~(1 e2-) &

the temperature dependence of the lattice contribu-
tion of EFG is assumed to be negligible. The pa-
rameters A„, A„and P are obtained through EPR
or Mossbauer-effect studies; the sign of A„being
significant only for the latter. In the case of
Mossbauer experiments, one gets the temperature
dependence of the quadrupole splitting, which for

6Er is given by

&EEo& r = 8 e Q l (1 -R)(r '&4& n ~&3J,—J(Z+ 1)&r

4(1-r )Aa&r'&1l
+e'&r'&u(1 -e,) &

At very low temperatures, the effect of hf struc-
ture also shows up in the specific heat and its con-
tribution can be estimated from the formula'3

C„,= (R/k T )[+q (A„+2A~)S(S + 1)I(I+ 1)

+ +qq P I(I+ 1)(21—1)(2I+3)],
where P refers to the effect of the lowest Stark
level only.

IV. CALCULATIONS AND RESULTS

In this section, various physical quantities de-
rived through the already available CF parameters
are compared with the corresponding measurements
and it is shown that these sets do not produce good
agreement for the g values, hf-structure param-
eters, etc. Therefore, new schemes of parame-
trization are proposed such that more measure-
ments can be explained simultaneously.

TABLE II. CF parameters and rms deviation (in cm ) for Er ' spectra in various zircon-struc-
ture systems (D& site symmetry). The data for which references are not given in the last column
are the result of the present work.

Host lattice

YAs04

YP04

YV04

ScV04

ZrSi04
HfSi04
ThSi04

—30.6
4

141.4
185

—102.8
—65
—65

—238.6
—150
—65
—65
—79

11.7
12
18.1
18
45. 5
48
47. 5
52. 9
53
48. 8
45. 5
42. 1

—36.9
—37
—40. 4
—40. 4
—43.0
—39
—43
—58. 9
—59
—39.7
—43
—43. 9

+866.4
+ 875
+837.2
+ 800
+968.2
+ 982
+976
+ 1049.2
+ 925
+ 962
+ 982
+ 943

+69.9
+70
+88. 5
+88
+22. 1
+20
—18
+19.9
+19
+20. 4
+21
+20.4

A2(y ) A4(r ) A6(r ) A4(r ) A6(r )

8.9
9.1
9.1

10.4
9.7

10.4
10.5
14.6
18.6

b
b
b

9.2
9.8

10.1
12.1
9.2

11.1
10.8
14.2
17.4

b
b
b

Reference

13

14

a
15

~The third set of CF parameters in the case of YV04 lattice is derived by assigning theoretically
determined signs to A4(r ) and Ac(r ). Such efforts were not made for other systems due to paucity
of funds.

"Spectroscopic data are not available for these systems.
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TABLE III. Calculated and experimental g values for
the ground level gf=+$, tf'6) of Ert' ion in zircon-type
crystals ~

Ig~( Ig ICrystal

YAs04 5.742
5, 664
5.763
5. 56
5.35
5.46
5.959
5.905
5.976
5.969
6, 95
5.81
5, 14
5.65
5.904
5.882
5.975

0.075
~ ~ ~

—7.291
6.639+0.002

-6.738
—6.47

6, 42+ 0.02
6. 55

-4.608
3.544+ 0. 005

—3. 585
-3.592

3.85+0.3
—7. 67

6, 35+0.5
-6.78

3.718 4 0. 002
3.703+0. 001

—3.765

4. 968
5.177+ 0.004
5.276
5. 10
4.81 +0.02
4.91
6.634
7.085+0.005
7.171
7.158
8.5+0. 5
4. 88
4. 53 %0. 02
5. 09
6.997+0.006
6.971 + 0.002
7.080

0.017
0.086YPO4

0.020
0.217YVO4

0.012
0.012

ScVO4 0.157
~ ~ ~

0. 099
~ ~ ~ZrSi04

f ~ ~ ~

c O. O12b

O. O16'
HfSi 4 b 4 316+0 00 5.893

c -4.348 5.956 0.010
ThSi04 b 4. 802+0. 003 5.807

c -4.891 5.926 0.020

Calculated with the CF parameters of Kahle and Klein
(Ref. 13) (YAs04), Kuse (Ref. 14) (YP04, YV04), and
Hintzmann (Ref. 15) (ScV04).,

Experimental data of Plamper (Ref. 16) (YAs04),
Dzionara et al. (Ref. 17) (YP04), Ranon (Ref. 18) (YVO4),

,
Hintzmann (Ref. 15) (ScV04), and Reynolds et al. (Ref.
24) (ZrSiO, HfSiO, ThSiO ).

Result of calculations through modified CF parameters
(with arbitrary but same signs for Aq (t") and A6 (r ))—
present work.

Calculated through new set of CF parameters with
the signs prescribed by theoretical models.

Spectroscopically derived values for ErV04 quoted
by Metcalfe and Rosenberg (Ref. 37).

EPR data of Ball (Ref. 48) on Er ' in natural single
crystal of zircon.

6.682 +0.006
6.760
6.309+0.008
6.443

The absorption spectra of YAs04, YPO4, YVO4,
and ScVO4 single crystals containing 1-10at. % of
Er3' have been investigated by Kahle and Klein, 13

Kuse, ' and Hintzmann"; and the CF parameters
so obtained, after transformation'4'4 to the present
notation, are listed in Table II. The spectroscopic
data can only define the relative signs of A44(r4) and

A4s(r ), so that both the signs are used with these
parameters. During parametrization they excluded
the I»& ground state, as all the eight Stark levels
are not determined, and employed the operator
equivalent parameters eJ, P&, and y& derived from
the intermediate coupling free-Er3'-ion wave func-
tions. These parameters have been employed to
obtain the positions and wave functions for Stark
levels of various J manifolds' and the values of
rms deviation (tr), as defined by these authors,
are included in Table II. Their difference from
the values reported in original papers should not be

. attached any meaning, as it is introduced by the
change in computational precision. The eigenfunc-

tions of the lowest Stark level are used to compute
the principal components of g tensor and g= (I gg I

+ s t'g, l'), and are compared with the experimental
data" 's (see Table III). In order to give equal con-
sideration to the parallel as well as perpendicular
components, the rms deviation for the spectro-
scopic splitting factors is defined as

g4 )2 gc g4y' )2 2/2

(10)

and included in Table III. Evidently, the derived g
values differ significantly from the experimental
data. For the YAs04 host lattice, the deviations of
g„and g, are 9.8% and 4. (Plo, respectively; in YVO~
and ScVO4 crystals g„differs by 30.0% and 20. 8%,
whereas the difference of g, is 6. 4'%%uo and 7. 7%%up, re-
spectively. In the case of YPO4 the situation is
comparatively better. It means that though the CF
parameters are determined by best fit to the ab-
sorption spectra, the eigenfunctions for the Stark
levels of the ground J manifold are not correct as
the g values, which are extremely susceptible to
these, are not reproduced faithfully. This may be
due to the fact that Stark levels of the ground state
are not considered during parametrization. But,
if these are included to calculate the rms deviation
(o'), the latter is affected little (see Table II); in-
dicating that the ground-state components are also
generated by the CF parameters almost as reliably
as those of the excited states. With the limitation
of an incomplete set of ground-state Stark levels,
it is advisable to seek a parametrization which ex-
pounds the maximum body of physical properties
without spoiling much the over-all agreement of the
positions of Stark levels for ground as well as ex-
cited states. The new CF parameters resulting
from such an effort are catalogued in Table II along
with the corresponding o values. Also included is
the set of CF parameters with theoretically pre-
dicted unambiguous signs of A4(r ) and A4s(r ) for
YVO4. Er '. To distinguish this set from the one
with ambiguous signs, it is called new theoretical

, set, while the latter is termed as new empirical
set. Since the free-ion parameters are taken to
be the same for all the host lattices in spite of the
difference in positions of baricenters of various J
states, and small changes in the CF parameters do
not affect the agreement much, extra accuracy is
not warranted in the determination of A„(r"). The
g values derived from these parameters are also
projected in Table III, wherefrom it is clear that
the agreement for both the components is equally
good (within 2%) for YAs04, YPO4, and YVO4 crys-
tals and it is much improved for ScVO4 where the
deviations of g„and g, are 6. 8% and 12.4%, re-
spectively.

In view of the large separation of the first excited
state ( I„&,} from the ground I„fs state, the physi-
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FIG. 2. Comparison of inverse susceptibility for
YPO4. Er ' {solid line) calculated with the new empirical
set of CF parameters, with the experimental data on

Erp04 {& from Ref. 38 and. O from Ref. 39).

cal properties at room temperature or lower will
be determined by the ground manifold and as such
calculations are performed within that state. Both
the old as well as new sets of CF parameters are
employed to calculate the temperature dependence
of paramIRgnetic susceptibi]ity over the x ange 10-
400'K (see Table IV and Figs. 2 and 3). The y
values generated by the old as well aa ae,w sets of
CF parameters are extremely close to each other
for YAs04 and YPO4 host lattices, and for YVO4
and ScVO4 cryitals their difference is less than 1%
above 50 'K and is about 4. 5% at low temperatures.

In the case of YVO4, the calculations through the
new empirical and theoretical schemes of param-
etrization differ by less than 1.6%. On the other
hand, the anisotropies show marked departures;
therefoxe, She latter have been catalogued in Table
IV, and the comparison of available experimental
data"' on X is given only with the results derived
from the present schemes of parametrization (see
Figs. 2 and 3).

The constants required for the calculations of hfs
parameters are g'„('6~Er) =+0.312'~'4'; g~(' ~Er)
= —0.161;N~5~=0. V82'; (t),'f~ 10—.6ao, R

Q 13 48 ~ (1 ft)qs(186Er) I 6Q b 44. Qt(187Er)
=+2.827 b; (r 3)~-—12.08a03; y„= —N. Q, ob-
tained by linear interpolation from the theoretical
values of y„(Pr")= —84. 78 and y„(Tms') = —72. 86
reported by Gupta et ul. ; 0~ = 0.604, obtained by
assuming the variation to be similar to that found

by Blok and Shirley, "and taking o,(Pr") = 0. N5
and o2(Tms') = 0.601 as derived by Gupta e& sl. 6

by including the contributions of all the inner
shells; and (r')+, -0.65 a0. 45 These values are em-
ployed to compute A„, A,„J', and C„, through the
old as well as the new sets of CF parameters and-
compared with the available experimental data in
Table V. The calculations for (bEo)r exhibit a
marked difference for thy old and new schemes of
parametrization for all the host lattices and the
results for VPO4: Er'+ and YVO4: Er ' are shown
in Fig. 4 as typical examples.

Recently, Ball ' studied the EPR of Er" in natu, —

ral zircon crystals and found that various param-
eters occurring in the spin Hamiltonian have nearly
the same values as in the case of the YVO4 host
lattice. These observations were substantially
corroborated by the investigations on ZrSj04. Ers'
carried out by Reynolds et a/. ,

' who also reported
the EPR parameters fox isostructural host lattices
HfSi04 and ThSi04. Since the results for these
three compounds are reasonably close to those for

TABLE IV. Calculated temperature variation of magnetic anisotropy ~ in. 10+ emu/g'at. wt. )

for Er ' ion in the zircon-stxucture systems.

T{'K)

10
20
30
50

100
150
200
300
400

YAs04

92. 0
—30.9
-45.9
—27. 9

4
—0.6

0.3
0. 5
0.4

—22. 8
—93.6
—87.2
—50.1
—12.4
—4. 3
—1.8
—0. 5
—0.2

YPO4

-124.7
—172.5
—152.6
—100.9
—39.1
—19.3
—11.3
—5.1
—2. 9

—119.8
—180,6
—161.1
—108.6
—44. 5
—22. 8
—13.6
—6.4

3 Q 7

-270. 6
—156.0
—105.2
—48.6
—7.1

0.3
1.7
1.6
1.2

YVO4
b

-430.0
—241.6
—163.9
—83.1
—19.7
—5, 8
—1.8

0.1
0.3

-450.2
-261.4
—179.6
—91.9
—23.4
—7.9
—3.1
—0.6

0.0

317.4
151.1
103.2
64. 3
29.8
17.7
11.8
6.2
3.8

97.4
44. 0
32.7
18.0
11.4
8.8
6.6
3.7
2.4

~For CF parameters of Kahle and Klein, of Kuse, and of Hintzmann.
For the new empirical schemes of parametrization.

cFor the new theoretical set of CF parameters.
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FIG. 3. Inverse mean
gram atomic susceptibility
as a function of temperature
for YVO4 ~ Er ' (solid line)
calculated with new empir-
ical scheme of parametri-
zation and (dot-dash line)
with the new theoretical
scheme) and ErVO4 (& rep-
resent the experimental
data from Ref. 38 and 0
from Ref. 39). The insert
compares the plot for 1/g
calculated through the em-
pirical CF parameters
given in this paper (solid
line) and those of Euse
(dashed line) with the mea-
surements of Will et ul.
(Ref. 38). The calculations
through new theoretical
and empirical sets do not
differ much at low temper-
atures.
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YVO4. Er ' and the bonding parameters of these
lattices are not much different, CF parameters
giving best fit for the g values have been obtained
for these three systems as well (see Table II). The
results of calculations for the components of g and
A tensors are presented in Tables IIIand V, respec-
tively. For want of spectroscopic check on the CF
parameters, other properties have not been derived.

V. DISCUSSION OF RESULTS

A. CF parameters and g tensor

The rms deviation of the Stark levels is suscepti-
ble to changes in all the CF parameters, though the
effect of variations in A~~(ra) and A44(r ') is com-
paratively less. The components of the g tensor
are found to be most sensitive to changes in A20(r2)

and A06(r 6). Furthermore, the shift produced in g„
by an arbitrary alteration in a,n A„(r") value is
more than that in g, . However, when both of these
are used in the fitting process by considering their
fractional difference from the experimental value,
as has been done in the present work, the agree-
ment is improved. In the light of above observa-
tions, the parametrization has been done by varying
Az(r ) and A4(r4) mainly and minor adjustments
achieved by changes in other CF parameters.

Though A20(r ) is not veryimportant indetermining
the energy levels of the states with high J values,
it is the only factor accounting for the splitting of
S3/2 and 'F» states. Any variation in this param-

eter produces diverse effects on the agreement of
the positions of Stark levels of these two states.
The changes which ameliorate the concord of g
values also give better accord for the S» state,
but during parametrization, the agreement of the
Stark levels of F~/2 is also keptin view. It maybe

, pointed out that the CF parameters are not only
sensitive to the changes in the free-ion parameters,
but also differ from one J state to another. Further-
more, as the experimental g values for higher
Stark levels are not available, accuracy of A„(r")
has not been made an issue; the effort has been to
narrow the range of the parameters such that these
are compatible with the available experiments. A
perusal of Tables II and III reveals that the increase
in 0' for the new sets is tolerable in the case of
YAs04, YP04, and YV04 host lattices, when the
accompanying decrease in the o~ values is also con-
sidered. The agreement obtained through the new
theoretical set of CF parameters for YVO4 ..Er '
is equally gratifying. However, the agreement of
g values for ScV04 could not be improved much
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even though the increase in e is maximum.
The relative positions of the Stark levels obtained

through the old as well as new CF parameters dif-
fer from the experimentally observed positions in
one or two cases, for all the host lattices; Hintz-
mann ' has not pointed out such a difference in the
third and fourth levels of I»& state for ScVO4,
though it occurs there also. The deviations between
the measured and calculated Stark energies are
large for I»&, II„&, and II9&, and in the case of
ScVO4 crystal, it is appreciable for G,~& also.
The deviation for new sets gets enhanced mainly be-
cause of these states. The deviation for I»& may
be due to the fact that out of eight levels only five
or six are known. The occurrence of large errors
for II»&, 'H9&, and '6»& states is quite common
in the Ers' systems and should, therefore, be due
to the properties of the ion or to approximations
made in the free-ion Hamiltonian, rather than to a
particular host lattice. It is worth noting'that o.~,
P&, and y~ for these states in the intermediate cou-
pling scheme differ appreciably from those for LS
coupling scheme. The above mentioned deviations
may be due to the fact that the effects of nonlinear
shielding of 4f electrons as well as the covalency

and overlap are considered insofar as these enter
into the CF parameters as a whole. Also the cor-
relation crystal-field effects, which give rise to
term-dependent deviations of the conventional one-
particle crystal field, are neglected. Further-
more, the splitting in the state I~,&, which (being
a relatively pure ~I term) is expected to be least
affected by the correlation crystal field, has not
been studied in these systems.

In all the seven systems studied, p = a2( I'8) is
the lowest Stark level and the g tensor is negative
(EPR experiments do not usually determine the
signs of g„), implying its correspondence to the
extremum tgl = 3 g&J, which is the g value for the
I'6 level in a cubic field. The departure of g,~

values from the theoretical value 5. 976 may be
taken as a measure of the extent of distortion su-
perimposed on the cubic field. Table III shows
that such a deviation is maximum for the ScVO4
host lattice and minimum for YVO4 and ZrSi04.
Also the g values for concentrated ErVO4 are
C1OSer tO thOSe far YVO4. Ers+ rather than fOr
ScVO4. Er ', which is anticipated as the ionic radi-
us of Er ' is not much different from that for Y3'.

In these calculations the J-J mixing due to crys-



4680 VISHWAMITTAR AND S. P . PURI

tal field has been ignored and only the static crys-
tal field is used to obtain the g factors, whereas
Inoue' has shown that the dynamic part of the
crystalline field also contributes to the g values.

B. Magnetic susceptibility

Susceptibility measurements on ErAs04, ErPO4,
and ErVO4 show that these remain paramagnetic
down to 0. 5 or 0.6 'K. Consequently, it can safely
be assumed that ion-ion interactions will be absent
in the dilute systems down to about 5 or 10'K. It
is noted that the temperature dependence of X and

hence p.,« is not very sensitive to the crystalline
environments nor to the scheme of parametrization
and thus cannot be employed to test the parameters.
However, these do show a difference at low tem-
peratures where only the lower levels are con-
tributing. From Fig. 3 it is seen that low-tem-
perature data for ErVO4 are better explained with
the present empirical as well as theoretical schemes
of parametrization; at high temperatures the cal-
culations through the theoretical set are slightly
closer to experiments than those through the empir-
ical set. The agreement for high temperatures is
good for YPO, with the new set (Fig. 2). The
room-temperature magnitudes of p,«(9.50ps for
YXO4 hosts and 9.46ps for ScVO, ) are also in nice
correspondence with the experimental values

9.80@,~, 9. 5p,~" for ErPO4 and 9. 76@,~, 9.5p,~"
for ErVO4, and the free-ion value 9.55'.~; the new
theoretical set for YVO" Er" gives p,,«(300'K) as
9.54', ~. As pointed out in Sec. IV, the magnetic
anisotropies not only differ from one crystal lattice
to the other, but are also governed by the CF pa-
rameters. Consequently, measurements on 4p
can provide a good check on various schemes of
parametrization and efforts in this direction are
recommended. The low -temperature limit of p.,«
gives a measure of the magnetic moment of the
lowest Stark level and, hence, is determined by
the nature of the host lattice as well as the set of
CF parameters used. For example, the extrapola-
tion of p.,«-vs-& plots for YPO4 and YVO4 gives

ff(0 K) as 4. 65ps and 5. 10ps, respectively,
with Kuse's scheme of parametrization, whereas
the present empirical sets of CF parameters yield
the values 4. 72',~ and 5. 35',~; in the case of the
theoretical set for YVO4, this magnitude comes
out to be 5.28'.~. A comparison of these with
5. Op, ~ and 5. 3p.~ for ErPO4 and ErVO4' reveals
that the agreement is better with the new schemes
of parametriz ation.

C. Hyperfine interactions

A comparison of the calculated A„and A~ with
the corresponding experimental data (Table V)

TABLE V. Hyperfine structure parameters (in 10~ cm ) of the ground Stark doublet for Er '
and ~Er ', and nuclear specific heat due to 67Er ' in various zircon-structure compounds.

Host
Compound

i66Er +

A„ IAil A)) IAi I

i67Er +

C~T
(J K/gat. wt. )

YAs04

YP04

YV04

ScV04

Z rSi04

HfSi04

ThSi04

c

b
c
a
b

—464
~ ~ ~

—502
—451

—446
—247. 0

-317.0
—247. 5
—467
—528
—259 ~ 4

a -299.5
b OS ~

a —336~ 9
b 40 '

363

342
338

351
494. 0

457. 0
493. 1
351
336
487. 7

465. 7
~ ~ ~

443. 9
~ ~ ~

239
223+ 1
259
233
214+4
230
127.4
122.6+0.4
163.8
127.7
241
273
133.8
130.4+0.6
130.0+ 0. 5
154.6
151~ 3+0.9
173.9
167.0 + 0.6

187
182 +1
177
174
163+4
181
254. 9
249. 1 + 0. 8
235. 8
254. 5
181
173
251.7
243. 8+1.1
246. 7+1.0
240. 3
232. 6 +1.3
229. 0
219.4+2. 6

—2 ~ 4

—2. 6
3.1

1.6
—7.4
13.9+0.8

—8.2
—8.2
—9. 5

—10~ 1
7y3

15.7+ 1.2
14+ 1

7+2
15.8+ 1.3

—7 ~ 5
4.9+10

0. 029
~ ~ ~

0. 029
0 ~ 026

0. 027
0. 033

0.031
0 ~ 033
0. 028
0 ~ 031
0.033

0.032
~ ~ ~

0. 030
~ ~ ~

Calculations with the new empirical CF parameters.
Experimental data of Plamper (Bef. 16) (YAs04), Dzionara et al. (Ref. 17) (YP04), Ranon (Bef.

18) (YV04) and Reynolds et al. (Ref. 24) (ZrSi04, HfSi04, and ThSi04).
Obtained from the spectroscopic CF parameters.
Calculated through the new theoretical scheme of parametrization.
EPB data of Ball (Ref. 48) on Er '-doped natural single crystal of zircon.
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shows that the new CF parameters produce a far
better accord than the eh' sets. The correspon-
dence in the case of three silicates is also gratify-
ing. The small magnitude of I' in YAsQ~ and YPQ4
lattices explains their not having been determined
in the EPR experiments. Allowing for 22. 9%
abundance of Er, the contribution of hfs to spe-
cific heat is estimated to be {6-6)&10 ' J/g at. wt.
deg at 1'K. Furthermore, the calculations for
(dEgr depict an explicit effect of the scheme of
parametrization {Fig. 4). In the case of YAsOe
crystal, the magnitude of (LED r is found to be
small as the lattice contribution, though having the
same sign as that of the 4f-valence part, is not
large. For YVO4 and ScVO& crystals the electronic
contribution is enhanced by the lattice part and
hence the magnitude is quite large at low tempera-
tures. However, since YPG4 has reasonably large
Ae(r ) two components differ in sign with the con-
sequence that the magnitude of (n.Eq)r shows an
increase with temperature. Mossbauer experi-
ments pertaining to electrostatic and magnetic hy-
perfine studies on ~Er will offer a confirmatory
check on the schemes of parametrization.

VI. APPRAISAL OF THE CRYSTAL-FIELD PARAMETERS

It has been noted in Sec. V that various experi-
mental results are explained to a far better extent
by the revised empirical sets of CF parameters
though the agreement for the positions of Stark
levels is rendered slightly poorer. The success
of the present effort in expounding the hfs param-
eters also gives an indirect confidence in the mag-
nitudes of various quantities used. In order to
have a better insight into the nature of the crystal
field, the CF parameters are discussed in the
framework of prevalent models.

From Table II, it is observed that Aee(re) is nega-
tive for all the host lattices except YPO4. For a
YAsOe crystal, Ae(r ) is quite close to zero. In
fact, if it is taken to be zero the g„and g, are gen-
erated to within 0. 66% and 2. 43%, respectively,
yielding e = 0. Oj.s and the deviation of Staxk levels
is increased slightly. However, positive values
of Aee(e' ), even as small as 5 cm ', give large er-
rors in g„with the same or somewhat different
values of other parameters. The magnitude of this
parameter is nearly the same for YVG4 and the
three silicates, and quite large in the case of
ScVO4. The reason for the latter may lie in the
fact that Sc ' ion is much smaller than Ers+ and as

such the distortion produced will be large. It
should be noted that Aee(r ) is most directly relatOd
to the twofold symmetry axis perpendicular to the
fourfold axis and hence gives a measure of the
tetragona1 distortion from the cubic coordination.
The bonding angles show that the dodecahedron is
most oblate in the case of YPO4 and that there is
maximum elongation in ScVOe {ThS10e being an ex-
ception}, which, respectively, have maximum and
minimum Aee(e'e), Of course, the difference in
ionic radii also affects the arrangements. The CF
parameters, other than Ae(r ), are close for
YAsO4 and YPO4 on the one hand, YVO4, ZrSiQ4,
and HfSiO4 on the other, with ThSiO4 in between;
Aee(re) and Aee(e ) for ScVOe have larger magnitudes
than in the other crystals. The proximity of the
values of Aee(e' ) and Aee(e'e) in various lattices, per-
haps, reflects the similarity of the arrangement
of oxygens around the fourfold axis. Thus, the
crystal fields of YAsQ4 and YPQ4; YVQ4 and the
silicates are closer in properties and different
from those in ScVO4. It may be pointed out that
the crystallographic bonding angles for YAsO4,
YPG4, and ErPO4 are closer to each other and
so are those in the case of YVG4, ZrSi04, HfSi04,
and ErVQ4; ScVO4 has a larger H„while ThSiG4 a
smaller value. Furthermore, though the bond
lengths in YAsOe and YVOe are not much different,
the CF in the former is relatively closer to that in
YPO4, and diverse from that of the YVG~ lattice.
Consequently, it appears that the bonding angles
and chemical bonding character of the XO4 tetra-
hedra are more deterministic of the crystal field
than mere bond lengths or lattice parameters.
This observation is further supported by the fact
that even though the same ion Ys' is being replaced
by Er' in YAsG4, YPO~, and YVO4 host lattices,
the CF parameters are appreciably different.

A. Electrostatic crystawield model

Following Lempicki et al. and assuming that
only the nearest-neighbor oxygens [at a common
distance Re= QeR~+Re}] contribute to the lattice
sums for the CF parameters, one gets

A,e(r')+Ae(e') {I-o,)(e')
Aee(r') {I—oe}(r')eI B~~

„5{cose8,+ cose8e) —6
6{cos'8,+ cos'8e} —4

3Ae(e„e)+Ae(e.e) {I-oe){e')e 1 63{cos 8, +cose8e} —63{cose8,+cose8,)+12
Aee(e') {1—oe}(& )g Re 24{cose8,+ cos'8e} —16

{12}
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TABLE VI. One-electron orbital energies for the five levels off orbitals [in units of 0* No
=2.343 A}] computed from the angular overlap model.

YAs04 YP04 ErP04 YV04 ErV04 ScV04 ZrSi04 HfSi04 ThSi04

f6s
f(~, y),

fa
fisc

f(w, P)t

—7.8
-4.3
—3.6

1.9
9. 1

—8. 0
-4.1

2 ~ 3
2. 3
8. 1

—8.4
—4.4
—2. 6

2.4
8. 7

—7.8
—4. 5
-4. 0

2. 0
9.4

—8. 0
—4. 7
—4. 1

2. 1
9.8

—11.8
7 ~ 7

—6.3
2. 9

15.3

—12.8
—7.4
—6.7

2.3
16.1

—12.7
7 Q 2

—6.3
—0.7
17.1

—5.4
—2. 6
—0.6

1.4
5.0

To take into account the shielding of the electro-
static crystal field, the CF shielding factors o„
have been included in these expressions and that
constitutes the difference from the relationships
given by Brecher et al. ' For Er': 04=0. 09, a~
= —0. 04, 5~(r ) =1.02a4e, and(r ) =3.31ao. Using
these values, it is found that 8, and 8, cannot be ob-
tained simultaneously if A,'(r4) is taken to be posi-
tive; as pointed out earlier, the optical fitting does
not give definite signs for A44(r4) and A4a(ra). This
is true whether the old scheme of parametrization
is employed in the calculations or the present one.
Taking A44(r4) negative and Aa(r ) generally posi-
tive defines both the angles for all the systems
under investigation. The values of 8, are found to
range from about 35 in YPQ4 to 48' in ThSiQ4 and

8~ from 99' to 117', respectively. These values
are, in general, larger than the corresponding
crystallographic magnitudes. The situation about
the values of angles is not changed appreciably by
using the bond lengths for ErPO4 and ErVO4 rather
than YPQ4 and YVQ4. Following Burns, if the ef-
fect of induced point dipoles of polarizability n~ at
the ligand sites is also included by taking @~=2 A

for O ion, ' the angles obtained with negative
A44(r4) still do not satisfy Eqs. (11) and (12) simul-
taneously. Furthermore, to give due consideration
to radial expansion of 4f wave functions in the crys-
tals, the calculations have also been performed
with (r ) = 0. 82ae, (r 4) = 2. 36a4e, and (ra) = 12. 7aaa;

obtained from the values of (r") for Tb" and Tms'

required to explicate the data on neutron diffrac-
tion" and assuming their variation in accordance
with the trend of calculations of Mann. ' Once
again, positiveA4(r') fail to define the 8's while
Eqs. (11) and (12) are satisfied together if Aa4(ra)
is taken negative in addition to its general positive-
sign condition obtained earlier. These calculations
yield 8's which are about 3-6% less than those ob-
tained with theoretical values of (r"). Consequent-
ly, the bond angles obtained by considering the ef-
fect of induced point dipoles and the radial expan-
sion in solids are in reasonably good agreement
'with the x-ray data. These calculations, at the
risk of extra emphasis (as clear from the following
'discussion), indicate that A4(r4) is negative,
whereas the sign of A~a(r) is yet uncertain.

B. Angular overlap model

f6s&f(s, y), &fo&f6c&f(v, P), (13)

for all the host lattices. The present values for
ErPO4 and ErVO4 differ from those of Kuse and
JII/rgensen, first because the scaling factor o*
refers to Ro= 2. 343 A rather than 2. 294 A used by
them, and second because they assumed the radial
dependence of orbital splitting to follow a purely
covalent R law for cubic-field splitting.

Once again, since the signs of A4(r4) and A4a(re)

are unknown, the experimental one-electron ener-
gies have been obtained by taking these positive
as well as negative in both the old and new schemes
of parametrization. ~en A44(r4) is taken to be
negative, the semiempirical calculations yield f6c

In view of the difficulties in understanding the
origin of CF parameters from electrostatic con-
siderations, JII(rgensen et al. "developed a phe-
nomenological model in which CF splittings are
taken as a weak o-antibonding effect. No doubt,
this is an oversimplification, as the contributions
of P, bonds to the crystalline field have been shown
to be large, ' but it is found that the basic as-
sumption of this so called angular overlap model
(AOM) is essentially correct. Kuse and J2(rgen-
sen used this model to analyze the CF data" for
Er ' in YPO4 and YVO4, and their results were
quite consistent.

In this model, the radial part o~ of the antibond-
ing energy effect is treated as a parameter and the
angular part " is calculated from the crystallo-
graphic data. ' 4 With a view to see the effect of
the nature of XO4' tetrahedra on o*, the latter is
evaluated corresponding to the same distance in
all the host lattices and Ra= 2. 343 A, the mean bond
length for YPQ4 has been chosen for this purpose.
In view of the results of strain experiments on
cubic compounds that the orbital splitting varies
as R 7, the contribution of a ligand at R is weighted
by (Ro/R) . The theoretical one-electron orbital
energies are calculated through the data compiled
in Table I, agd the results in usual notation are
catalogued in Table Vl. The f&s orbital is not o
antibonding and?ice lo~dst in all the cases, and the
predicted order of orbital energies is
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TABLE VII. Estimated values of antibonding energy parameter o* (RO=2. 343 A) in cm ' for
various host lattices with zircon-structure. ~

YAs04 YP04 ErP04 YV04 ErV04 ScV04 ZrSi04 HfSi04 ThSi04

(1a)
(2a)
(1b)
(2b)

27. 6
29. 0
27. 9
29. 2

32. 7
33.2
32.3
33.3

30.7
31.3
31.1
31.4

32. 3
32. 7
31.8
31.5
(32. 5)~

31.0
31.4
30. 5
30.9

23. 9
24. 1
20. 8
21.0

18.5
18.8

18.1
18.4

55. 4
55. 9

~The experimental data correspond to positive A4 (r ) and (1) positive or (2) negative A6(r );
and (a) old or (b) new schemes of parametrization.

This value pertains to the new theoretical set of CF parameters.

as the lowest orbital, which is not at all an accept-
able proposition. Thus A4(r4) should be positive
and this result of AOM is contrary to the conclu-
sion drawn in Sec. VIA. The relative orders of
the experimentally derived orbital energies, in
general, turn out to be

f5s&fo&f(v, y), &f5c&f(v, y), . (l4)

However, the results of the revised set of param-
eters with A4(r ) positive and As4(rs) negative in
the case of YAs04 crystal, and for YPO4 with either
sign of As(r ) and both the schemes of parametriza-
tion, are exceptions as these yield f(w, P), &fo, in
accord with the theoretical findings. The relative
trends of variations in the positions of various
orbital levels as derived experimentally from one
host to the other are generally in accord with those
for theoretical predictions.

By correlating theoretical values of orbital en-
ergies (Table VI) with those derived through the
CF parameters, o*(Re = 2. 343 A) has been esti-
mated for different host lattices and the values
corresponding to positive A4(r'), positive as well
as negative As(r ) for both sets of parameters are
given in Table VII. The total splitting (Z) obtained
by considering the same signs of the parameters
for both schemes differ by only about 4 cm ', ex-
cept in ScV04 where the difference is about 70 cm ~.

The difference in signs of A4s(rs) for a particular
scheme results in a total splitting differing at most
by 35 cm ' in YPO4. In all the cases, the corre-
spondence between theoretical and experimental
positions is far better when As(r ) is taken nega-
tive. Furthermore, the deviation is less for the
results of the new schemes of parametrization than
for the old ones, except in the case of YPO4 (and
ErPO4) where the CF parameters of Kuse produce
better correspondence between theory and experi-
ment than the present parameters do. Compara~
tively large deviations are obtained for ScVO4 and
silicate lattices, perhaps because R, and R2 for
these differ appreciably from Ro. Also the values
of o* are quite close for YAsO4, YPO4, YVO4, and
the concentrated compounds, whereas these differ

from those for ScVO4 and the silicate host lattices.
Th| variations in v* could be due to difference in
covalency, overlap, and the effect of chemical
bonding in the XO4 tetrahedra. Since the x-ray
data for HfSi04 and ThSi04 are approximate, it is
possible that the situation is changed when a more
accurate structure analysis is available. However,
it appears credible to conclude that AOM favors
positive A4(r ) and negative A4s(re) and that the
CF parameters obtained in the present work are in
better harmony with the model than the old
schemes. Consequently, Z obtained only through
these parameters are listed in Table VIII. Further-
more, nearly the same values of o* (=30 cm ') may
be taken as supporting the validity of the AOM on
one hand, and indicating the consistency of the CF
parameters on the other. The o* as estimated
from first principles comes out to be 450 cm ' and
such an order of magnitude difference has already
been discussed by Jgrgensen et al. '9

C. Nephelauxetic effect and ionicity

The experimental baricenters ' of various J
states of Kr" in different host lattices are projected
in Fig. 5, which shows a, shift to the red (the neph-
elauxetic effect) in the order LaF„(YAs04, YPO, ),
YVO4, ScVO4, and Y~O, . Accordingly, the Slater
parameters for Er ' in these host lattices should
decrease in this order and it should be taken care
of in more accurate analysis of the spectra. In
view of the same immediate neighbors in all the
lattices except LaF„ the difference in the red
shift must be due to dependence of overlap on the
radial separations, angular dispositions, and also
due to different bondings in the XO4 tetrahedra.

Sanderson has shown that the ionicities of poly-
atomic systems can be compared reliably through
the calculations based on equalization of electro-
negativity defined in terms of electron density.
The results of such calculations for the systems
under investigation are included in Table VIII.
Evidently, the substitution of Er ' in place of Y '
does not lead to much change in the bond polarities
and hence bonding; while the effect is more pro-
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nounced in the case of ScVO4, whose ionicity is ap-
preciably different from that of ErVO4. Also the
ionicity is maximum for YAs04 and YPO4, and
least for ScVO4; YVO4 and the silicates having
values between these two extremes. Furthermore,
taking Z/(H„Hx) -as a measure of delocalization, 87

it is noted (Table VIII) that the percent delocaliza-
tion (d, ) is minimum for YAs04 and YPO~, and

maximum for ScVO4, while YVO4 and the silicates
have intermediate values. Thus, the spectroscopic
data, the principle of equalization of electronega-
tivity, and the AOM calculations, all exhibit a simi-
lar trend of variation of red shift, 1 —ionicity, and
delocalization. Since it is known that covalent
bonding in Y20~ (ionicity = 0. 26) is much more than
that in LaF, (ionicity = 0.46); following Jgfrgensen, "
it may be said that the nephelauxetic effect follows
the same trend as covalency and in that case,
ionicity may be taken as its measure. However,
in the spirit of Newman's ' recent interpretation of
the nephelauxetic effect, it is determined by the
dielectric constant of the crystal, which itself is a

A„"(r")=Z K„,(Ro/R, )™A„(RO), (l6)

where the coordination factors K„are determined

function of bond lengths and bond polarities (ioni-
city). For want of any sound theoretical model,
these qualitative observations seem to be quite
encouraging.

D. Superposition model

The superposition model, recently evolved by
Newman and co-workers, is based on the as-
sumption that the total crystal field can be regarded
as a superposition of the fields due to each of the
ligating ions and various contributions are taken
care of by parametrization. Thus, it provides a
generalization of the AOM in which the assumptions
based on a particular interaction mechanism have
been dropped. The positive parameters so obtained
are the effective single ligand parameters A„(RO),
called the intrinsic parameters, and are related to
the experimental parameters A„(r") by

St~te L&F27000— yp, sO Y P0& Y VO& ScVOg Y203

368.5 249.7 250.5 177.5 125.9 074D

25000—
2H 526.8 433.6 395.9 353.8 304.1

23000—
~F/
4p ~

21000—
4F

494,4
161.9

i92.1

388.4
042.8

386.2

392.0
041.2

386'

347.9

996.4
307.7

948.9
207.5

—894.2

267.5

FIG. 5. Positions of the
baricenters of various J
manifolds (with respect to

'

I~&12) for Er ' in different
host lattices.

2M.
19000—' ~"/2

4
Sy&

117.5

353.3

020.4

249.2

020.4

249.9

97$.9

207.7

939.0

158.7

931.3

072.0

17000—

4F
15000— /2

235.7 156.2 155.1 124.5 094.6 071.1
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TABLE VIII. Calculated total one-electron splitting (Z), percent delocalization
Q) corresponding to new schemes of parametrization, and ionicity in various Er3'-
doped systems.

YAs04 YPO4 YV04 ScV04 ZrSiG4 HfSi04 ThSi04

0.83

Ionicity 0.43
(0.45)'

Z (cm-') 496

0.84

0.42
(0.44)b

635
(642)'
1.06

(1.07)'
0. 35

(0 37)~

686

1.14

0.30

630

1.05

0.38

640

1.07

0.39

621

1.03

0. 39

~The values obtained through the new CF parameters, where A4 (r ) and A6 (r )
have been assigned opposite signs as given by the theoretical models.

Ionicity for concentrated compounds ErAs04, ErPO4, and ErV04.

by the angular positions of all the ligsnds at R, and

the power-law coefficients t„are so chosen that
not only the relative magnitudes and signs of A„(r")
in a given series of host lattices are explained but
also the derived A„(RO) show the least deviation.
Since the zircon-structure systems have two groups
of four ligands each at different dispositions (Fig.
1), the CF parameters can be written as the sum
of the contributions from the sets (1) 1-4 and (2)
5-8 of 0 ligands:

A„(r")= [K„(1)(RO/R,) '+ K„"(2)(RO/R2)™]A„(RO)

,
= k„A„(RO). ' (16)

Here k„ is the effective coordination factor which
includes the effect of the power-law dependence.

The old sets of CF parameters for Er" in YAs04,
YP04, YV04, and ScV04 have been analyzed in
terms of intrinsic parameters by Newman and
Stedman and by Newma, n a,nd Urban. The results
of Ref. 72 are based on the assumption that the
ligands in all the host lattices are at 2. 24 A and

also the then-available bond angles were not very
accurate. The more recent work presents re-
sults for the second-order CF parameters Aa(r )
using accurate crystallographic data; but the values
refer to radial positions which are different for
different host lattices. As pointed out earlier, in
this case also, to obtain information about the ef-
fect of XO4 bonding on intrinsic parameters, the
mean distance 2. 343 A is taken as the reference
distance. The data compiled in Table I are em-
ployed to calculate K„"(1)and K„"(2) for all the host
lattices except HfSi04 and ThSi04 as the crystallo-
graphic data for these are not so accurate. These
are, in turn, used to obtain k„corresponding to
various values of t„ for each n. It is found that
f, & 6 fails to predict the correct sign for Az(r ) in
YAs04, whereas higher powers give the sign in
identity with the experimental one. The signs of
A4(r') and A06(r ) are reproduced to be the same
as those obtained through parametrization. These
calculations indicate that A44(r4) should be positive,

t2= 7, t4 -—12, t6=11. (17)

In the case of A~4(r4) and A46(w~) the diversity is
less with a power exponent of 5 or smaller. The
k„corresponding to these power law coefficients
are listed in Table IX. Th intrinsic parameters
appropriate to the nominal separation 2. 343 A of
Er' and 0 in various systems as obtained through
these k„ form the contents of Table X. As antici-
pated, the single-ligand CF parameters derived
from A&0(r2) and A~4(r8) show large variations and

whereas A48(re) is negative for all the host lattices
except phosphate, for which A64(r6) comes out to be
positive. These observations corroborate the con-
clusions of AOM calculations; YP04 being an ex-
ception. Thus, the model calculations show that
A44(r ) and A46(r8) differ in sign for YAs04, YVO4,
and ScV04. In order to verify this conjecture, a
new (theoretical) scheme of parametrization with

opposite signs for A4(r4) and A46(r ), has been ob-
tained for YV04. Er". From the discussion in the
preceding sections, it is clear that this scheme is
as reliable as the one (empirical) in which both the
parameters are taken to be in phase. In view of the
fact that these two parameters are invariably cou-
pled in the matrix elements of Hc~, similar param-
etrization for the other systems seems tractable.
However, such an effort has not been made because
of financial handicaps.

It may be pointed out that k~2 and ke are most
sensitive to t„and hence will be most susceptible
to the distortions at the Er' site. Consequently,
the information obtained through these is expected
to be least reliable. The factor k6 shows minimum
variation with the change in the value of ts and,
hence, the results obtained through these must be
most dependable. k4 and k4 are also not very sensi-
tive to the value of t4.

It is found that A„(Ra= 2. 343 A) derived from
A„(r") for old as well as new schemes of parame-
trization for YAs04, YP04, YV04, and ScV04 are
most consistent for
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TABLE IX. Effective coordination factors @fat

ligands in the systems having zircon structure.

k2 (t2 = 7) k4 (t4 = 12) ks(tg = 11) k4(t4 = 5)

for 0

k4, (t', =5)

YAs04
YPO4
ErPO4
Y VO4

ErVO4
ScVO4
ZrS104

-0.073
0.440
0.363

—0.324
-0.470
-1.586
—0. 579

0.927
0.886
0.955
0.937
1.030
2.604
2.504

—1.456
—1 ~ 333
-1.521
—l.436
—1.450
—20 332
-3.335

18.700
17.690
18.506
19.201
19.973
28. 321
27. 689

—0. 674
1.045
0. 880

—0.971
—l. 126
-3.489
-2.970

are most sensitive to the distortions, which is also
supported by the fact that these show noticeable
difference when coordination factors for YXO4 or
corresponding ErXO4 are employed. The param-
eter As(Rn) can be taken as 27 s3 cm ' for all the
host lattices where charge compensation is not

necessary. Furthermore, since the CF param-
eters for ZrSi04 are yet to be confirmed from
spectroscopic data, it is omitted from further dis-
cussion. The present value of As(R, =3.343 A) is
higher than 21 +1 cm ' for the garnets with R0
=2. 38 A, as expected; this finding is contrary to
that of Newman and Stedman based on the calcula-
tions with old crystallographic data. The values
of A4(Rn} derived from A4(r ) differ appreciably
from those obtained from A44(r') and show remark-
able variation from one host to the other. Also the
ratio A4(Rn)/As(Rn) depends on the host lattices in
contrast with the observation made by Newman, "
and is quite different from that for the garnets. ~
The difficulty in the evaluation of A4(Rn} is well
known and the reason generally ascribed~ is that
the electrostatic contributions from the next-near-
est neighbors are not as small as for As(Rc), which

poses a question about the soundness of local-field
approximation in these systems, (particularly, for
fourth-order crystal field}. This is also supported
by large variations in Aa(Rc) from one system to
another as well as the fact that the experimental
ratios A4(r4)/+4c(r4) and A4s(r )/Ass(r ) are not re-
produced by these calculations. Since the power-
law exponents are large, the effect of other than
ligand ions should be supplemented by the effects
of stronger chemical bonding in the XO4' tetrahedra
than between Er-O. However, for strong bonding
in XO4 complexes, it is probably not good to as-
sume that the ligands make axially symmetric con-
tributions. But quantitative estimates of such ef-
fects are not yet available, though some efforts are
in progress. It may be added that the ligand-
ligand overlap in these systems is expected to be
small. 75

Although the Y ' ion is replaced by Er ' in three
host lattices, the extent of distortions produced
appears to be different as indicated by the variation
in As(Rn} values. This is expected because the
Er-0 bond lengths will tend to adjust to a relatively

TABLE X. Derived intrinsic parameters A„(in cm )
corresponding to Ro = 2. 343 A for various zircon-struc-
Iture compounds containing Er3' ion.

Compound

YAs04

ErPO4

YVO4

ErVO4

ScVO4

ZrSi04

n m(tP
2 0(7) 4 0(12) 6 0(11) 4 4(5)

417
55

321
420
390
510
317
201
201
219
138
138
151
95

112

12.6
12.9
20. 4
20. 3
19.0
18.9
48. 6
51.2
50. 7
44. 2
46. 6
46. 1
20. 3
20. 3
19, 5

25. 3
25. 4
30.3
30.3
26. 6
26. 6
29. 9
27. 2
29. 9
29. 7
26. 9
29. 7
25. 3
25. 3
11.9

46
47
47
45
45
43
50
51
51
48
49
49
37
33
22

6 4(5)

104
104
85
84

101
100
23
21
19
20
18
16

6
5
7

~Pertaining to the old CF parameters.
~Derived through the new empirical schemes of

rametrization.
'Obtained through the new theoretical set of CF

eters.
param-

constant value in all the host lattices, which will
lead to different angular distortions. This is also
supported by the fact that k„vary more from one
system to another (of course, variation is less than

that observed by Newman and Stedman~) than do the

CF parameters, implying that the bonding of Er 'does
not change as much as that of Y '. However, it
may be remarked that the variation of A„"(r") (old
as well as new schemes} from one crystalto another
is, in general, compatible with the results of the
superposition model. The parameters obtained by
Kuse" show that IAs(r'}(YPO4) I& IAsn(r')(YVO, ) I',

which is opposite to the result of the present empir-
ical schemes of parametrization. The calculations
show that lks(YPO4) I& I k', (YVO, )l, whereas
I ks(ErPO4} I

&
I ks(ErVO4) I, so that the difference is

not unexpected.
The large values of the power-law coefficients

are compatible with the results for garnets~ and

chlorides, 0 which have been discussed by Curtis
and Newman. Of course, t4 &t6 is a little unusual.
Nonetheless, the local-field-superposition approxi-
mation seems reliably accurate for the sixth-order
parameters.

Recently, Schopper et al. 7 measured the tem-
perature dependence of lattice parameters of some
compounds with zircon structure and showed that
the linear coefficients are most anisotropic in the
case of ScVO4. It is found that the decrease in the
values of R, and R2, when temperature is lowered
from that of x-ray data work to that corresponding
to the spectroscopic investigations, is less than
0. 3% and the change in angles is also of the same
order. The combined effect of all these changes is
small for the fourth- and sixth-order components
of the crystal field, and are within other uncertain-
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ties involved. However, the angular and radial
distortions in the neighborhood of a substituted site
may be different at low temperatures.

Vn. DYNAMIC CRYSTAL FIELD

Following Orbach, Scott and Jeffries proposed
a scheme for obtaining average dynamic crystal-
field parameters a„(r") from the static ones
A„(r"), a,nd Huang~s pointed out that the dynamic
parameters so obtained should be multiplied by the
respective electrostatic power-law exponents for
static CF parameters. Recently, Newman and co-

t

T-„'=~84m

with

(18)

workers7~79 showed that when it is necessary to use
an extrapolation method, the Huang model with the
following modifications is the best rule-of-thumb
procedure: (1) power-law exponents derived from
experiments or ab initio calculations are used, and
(2) factor 1/9 ' (q = 1 for direct processes and q =2
for Raman process) is included.

For Kramers ions, when an external magnetic
field is applied parallel to the z axis, the relaxation
rate for the direct process is given by' '"

12g'„g~ pe k p g g (-p/2 I' Jglq/2)(q/2 tv„ I'p/2) (-p/2 Pv„ lq/2)(q/2IJ'alp/2)
tv'54 (19}

where

v„=a„(r")8„0„. (20)

=(0.0022/T)+(0. 001/T ) (21)

obtained by Schowalter. 3 In view of the crudity in-
volved in the determination of a„(r") and the ap-
proximate value of v, the agreement is not bad,
particularly when the factor of 9 is not included.
As data on other crystals are not available, such
calculations have not been carried out for these.

Here V, the velocity of sound, is obtained through
the averaging process defined by Shiren. The
a„(r")for YAs04: Er" obtained through the Scott-
Jeffries-Huang scheme and using the exponent
values of superposition model calculations are
given in Table XI, both for the old and new CF pa-
rameters, ' oaly Chose parameters which are re-
quired for calculations of T,„are tabulated.

For YAs04. p=4. 84 gcm ' and 6=2.2x10
cm sec ' (derived from the fact that C68= 1.4&&10"

dyn cm for DyV04 and TbV04, ' which corresponds
to v~~, = 1.5&& 10' cm sec, and in scheelites, which,
are isostructural with zircons v„„=2v„~,sa).

Substituting these values, A. comes out to be 11.6
&10 sec ' Oe "K whenthe old scheme of pa-
rametrization is employed and 9. 8&&10

sec Oe 'K for the new scheme. Schowalter
studied the paramagnetic relaxation of YAs04: Er '
over the temperature range 1.5-4. 2 'K in a mag-
netic field of 1.03 kOe parallel to the c axis. The
expected relaxation time for this field is T,„
=0. 0076/T sec or T,~=0. 0091/T sec, depending on
whether the old or new set of static CF parameters
is used. However, if the factor of +9, as suggested
by Stedman and Newman, is included in Eq. (18)
the relaxation times are given by 0. 068/T sec or
0. 082/T sec. These values are to be compared
with the experimental temperature dependence

TABLE XI. Dynamic CF parameters (cm ) for
YAs04 .Ers' estimated through Scott-Jeffries-Huang
scheme using power-law exponents from the superposi-
tion model calculations.

n t„
2 7
4 12

6 ll

1
1
3
1
3

From
old static
parameters

1049
1256
3322
5261
8318

21371

From
new static
parameters

137
1288
3408
5275
8341

21428

VIII. CONCLUDING REMARKS

The CF parameters for Er"-doped YAs04, YP04,
YV04, and ScV04 crystals have been modified so
that simultaneous nice agreement is obtained for
the ground-level g values and the Stark levels of
various J states. Such an effort is remarkably
successful for the yttrium compounds and appreci-
ably so for ScV04. The agreement for hyperfine
interaction parameters and the magnetic parameters
at low temperature is also far better. The experi-
mental data on magnetic anisotropy and on quadru-
pole splitting shall be welcome to check the pa-
rametrization, as these are quite sensitive to the
schemes. Furthermore, the g factors for excited
levels will also offer a confirmatory test for the
proposed parameters. Keeping in view the impor-
tance of understanding the nature of zircon-struc-
ture silicates, CF parameters have also been ob-
tained for Er"-doped ZrSi04, HfSi04, and ThSi04
crystals so that the g values are reproduced well.
These parameters need confirmation from spectro-
scopic and other experiments and, in turn, are ex-
pected to provide good starting raw data for these
studies.
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The variation of semiempirical CF parameters
with host lattices has been discussed and correlated
with the crystallographic structure. It is shown
that bonding angles and character of XO4 tetrahe-
dra play a 'more important role in the dete.. mina-
tion of the crystal field than do the ligand cistances
or lattice parameters. It is shown that Er-0 ionic
bonding decreases in the order (YAs04, YPO4),
YV04, and ScV04. Also the silicates are found to
be closer to YV04 in their behavior. The analysis
in the frameworks of angular overlap and superpo-
sition models reveals that A~4(r') is positive where-
as A', (r') is negative in YAsO„YVO4, and ScVO4.
A set of CF parameters having these signs is de-
rived for YV04 and found to be as good as an empir-
ical one, in which these parameters have the same,
but ambiguous, signs. For a YPO4 lattice A44 (r')
comes out to be positive, but the two models differ
in the sign for Ae(x ); the superposition model
favoring positive A48(r6). These observations are
contrary to the conclusions made on the basis of
the electrostatic CF model. Because of doubts
about the validity of local field approximation in
these systems (discussed in Sec. VI D), the use of
Eqs. (11) and (13) to find the bonding angles ap-
pears to be unjustified. The superposition model
calculations show that the intrinsic parameter
Ae(&0) is 27 +3 cm ' for Er-0 bond separation of
2. 343 A and the result is in concord with that for
the garnets. The large deviations in the case of
ScV04 are also discussed.

The spin-lattice relaxation rate for YAs04. Er'
,has been calculated using the Scott-Jeffries-Huang
scheme and incorporating the observations made by
Newman and co-workers. These too are compared

with the experimental data. However, because of
the approximations involved, these cannot be used
to verify the schemes of parametrization.

To conclude, it can be said that the present sets
of CF parameters give a better agreement for the
available data, except that rms deviation is slig/tly
increased. These calculations give a useful guide
to the nature of crystal fields in zircon-structure
systems. However, far more detailed calculations
[ncluding J-J crystal-field coupling and correlation
effects, etc. , as well as the study of the splitting
[n 'I,», state, need to be carried out if the agree-
ment is to be improved further.
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