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Computer analysis of the axial-to-planar channeling transition: Ls'stage with continuum

theory
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A systematic computer analysis of the transition between channeling along the (110) axis and along
the most important planes intersecting it ([lit }, (110},and (100})of 1-MeV protons in silicon is
carried out. It is shown that, as the tilt angle varies, the transition between the two channeling regimes
does not take place gradually, but occurs by passing through an angular region in which dechanneling
is maximum. An analysis of the ion trajectories in a four-dimensional reduced phase space shows that
in this transition region the occupied volume is maximum, which explains the experimental effects
observed by different authors. The transition is also clearly displayed when the incidence angle is tilted
from the axis within the most open plane, which shows that axial and planar channeling cannot simply
be reduced one to the other. An interpretation in terms of Lindhard s continuum theory is worked out,
giving results in satisfactory agreement with computer simulations.

I. INTRODUCTION

In a previous paper it was shown that the stop-
ping power does not vary steadily but gives rise
to a maximum as the incidence angle with a crys-
tallographic axis is increased while keeping the
incidence direction in a crystallographic plane.
We recall that this shoulder remains lower than
the random value; moreover corresponding to the
maximum in the stopping power there is also a
maximum in the dechanneled fraction of the beam.
The phenomenon was also reproduced by computer
simulations.

Similar effects have been observed experimental-
ly in (p, y) nuclear reactions, transmitted inten-
sity of protons (the so called star patterns), '
nuclear backscattering, ' and theoretically by
computer simulation of the nuclear-encounter
probability. However, specific attention to this
effect is found only in the papers by Dearnaley
and co-workers. '

In this paper we systematically analyze the
axial- to-planar channeling transition by computer
and try to interpret it in terms of the familiar
Lindhard's continuum theory. The practical use-
fulness of the latter theory compared to a Monte
Carlo simulation is beyond dispute as far as the
computer time is concerned. An investigation of
the correspondence among the results of the Monte
Carlo computer simulations, which are more de-
tailed but require a longer elaboration, and the
simpler analytical expressions of the continuum
theory can afford a more extensive application of
the latter.

The analysis is carried out for the most impor-
tant planes intersecting the same axis; as is well
known, sometimes axial channeling has been re-
garded simply as a superposition of planar chan-
neling through these planes. Particular attention

was paid to display the transition in the case of
the most open plane intersecting the axis; in fact
axial channeling actually corresponds to an erratic
motion through neighboring channels, which, at
first sight, would seem to support the previously
mentioned point of view.

II. COMPUTER MODEL

The computer model was already described in
detail in a series of other papers'; we recall
here only the main features for the reader's con-
venience: (a) The interaction between the incident
ion and the crystal atoms is evaluated according
to the classical momentum approximation; the po-
tential employed is the standard Lindhard's poten-
tial. (b) Proper allowance for impact-parameter
dependence of the stopping power is made by using
Etl. (3. 15) of Ref. 7, without assuming etluiparti-
tion between close and distant collisions and simply
taking o. as an experimental parameter which
varies with energy. (c) Thermal vibrations of the
atoms of the crystal lattice and angular dispersion
owing to electron scattering are accounted for in
the usual way. (d) The position of the ion when it
leaves the channel is "reduced" to the original
channel each time by means of a suitable transla-
tion.

We analyzed the axial-to-planar channeling
transition in detail, starting from the (110) axis
and moving along the (111), f110j, and f100) planes
intersecting it, to see how the transition depends
on interplanar distance.

The proton energy was 1.0 MeV. The starting
point was always chosen to be the same, i.e. ,
coincident with the center of the (110) axial channel
in the case of the (111)and {100)planes and
shifted along the horizontal line (see below, Fig.
4) in order to coincide also with midplane position
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channel) and in two-dimensional momentum space
(actually the figures show the scattering angles,
which are proportional to transverse-momentum
components, neglecting the energy loss, as is
legitimate for small thicknesses at these energies).
The coordinates x andy used in Figs. 3, 5, and
7 correspond to the momentum components along
the horizontal and vertical directions of Figs.
2, 4, and 6. The penetration depth of the ion is
taken to be the same for every transition and
equal to the value of the minimum penetration of
Fig. 1 (i. e. , 0. 6 y, m for the (110)-(100}transi-
tion, 1.1 p, m for the (110)-(110}transition, and
2. 9 pm for the (110)-(111}transition).

Figures 2 and 3 show the behavior in the phase
space for the (110)-(100}transition. The typical
points chosen give the following sequence. At 0'
the channeling is purely axial and the particle re-
mains confined in a very limited zone of the four-
dimensional reduced phase space. At 0.4 the
"memory" of planar channeling is very limited;
the particle tends to fill rapidly, in a relatively
isotropic way, both coordinate and momentum
space, keeping, however, at larger distances
than a from the strings and inside the critical
angle g, . At 0. 6 the planar-channeled path be-
comes much more easily recognizable in both
spaces, but the particle acquires a component

perpendicular to the plane, which leads it to hit
the atomic rows and increases the angle beyond
the critical one. At 0.8' the planar-dechanneling
event occurs only at the end of the path and is
immediately followed by axial dechanneling. Final-
ly at 1.4' we are in a purely planar regime.

Figures 4 and 5 show the same thing for the
(110)-(110}transition. We notice that when
planar channeling occurs in coordinate space two
strips appear, which are obviously due to the co-
ordinate traiislation undergone by the particle any
time it crosses the axial-channel boundary. The
general trend is very similar to the one shown in
Figs. 2 and 3. The only visible differences are
that at 0.4' the point distribution in phase space
is less isotropic than in the previous case and that
at 0. 8 the final dechanneling event has not yet
occurred. But it must be noticed that these fluc-
tuations in behavior among different points cor-
responding to the same incidence angle appear in
each of the analyzed transitions and therefore do
not seem to depend upon the particular nature of
the crystal plane.

Finally, Figs. 6 and 7 refer to (110)-(111}
transition, i.e. , to the most open intersecting
plane. The first point to emphasize is that a
transition also occurs distinctly in this rather un-
expected case. Figure 6(a) shows clearly that
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FIG. 4. Same as Fig. 2, except that the crystal thick-
ness is 1.1 pm and the tilting is along the {110jplane.
The starting point is clearly shown in Fig. 4(a) at the
center of the (110}plane, displaced to the left of the cen-
ter of the axial channel along a horizontal line: (a) P = 0',
(b) /=0. 4'; (c) /=0. 6' (d) /=0. 8' (e) /=1. 4'.

at zero incidence the particle goes through the
saddle points in a direction almost parallel to the
(111)plane, along which the potential gradient is
minimum. However, Figs. 6(b)-6(e) show clear-
ly that this random motion through the saddle
points is not equivalent to a simple superposition
of planar pathsl Also, in this case the general
trend is similar to the ones previously shown.
At 0.4' and 0. 6' a higher isotropy is observed,
which is almost certainly due to the larger thick-
ness traveled by the ion. We notice that Fig. 6(d)
is much more similar to Fig. 2(d) than to Fig.
4(d) and that the purely planar case corresponds
to anincidence angle with the(110) axis equal to l. 2
instead of 1.4' as in the previous figures.

In conclusion, the figures show clearly that in
the transition region the extension of the trajectory
is maximum both in direct and momentum space.
This accounts for the previously mentioned exper-
imental results (maximum value of nuclear reac-
tion and Rutherford backscattering ' yields and
of stopping power'). For smaller and larger

angles a progressive shrinking of the region occupied
in phase space occurs, finally giving rise to the
phase-space distribution expected for axial and
planar channeling, respectively. If we start from
purely-planar-channeling conditions we see that as
the incidence angle with the atomic row decreases,
a transverse-energy component normal to the
plane appears, which increases rapidly and pro-
duces the penetration of the particle in the plane
and its consequent dechanneling. However, when
the angle with the atomic string becomes small
enough, the effect of the single string prevails,
i.e. , in the language of the continuum theory "the
string stands out distinctly within a plane. " In
other words, the acquired transverse energy is
sufficient to penetrate into the plane, imagined as
a string of strings, but not into the single string.
At still lower angles the ion interacts therefore
with a single string for once, without "seeing"
the crystallographic planes any more.

IV. DISCUSSION

According to the latter statements, we tried to
interpret quantitatively our results in terms of
continuum theory. A few words must be said
about the limitations of this attempt. In fact, it is
obvious that we cannot obtain a quantitative agree-
ment for at least two fundamental reasons: The
first one is that we ought to have a very large
number of computer-simulated trajectories in
order to pass to the limit of continuum theory.
The second reason is more fundamental; in fact,
it is difficult to employ the concepts of continuum
theory just at their limits of validity, i.e. , when
the plane ceases to appear continuous to the in-
cident ion. However, what seemed of particular
interest was that the continuum theory also con-
tains the possibility of treating this case, at least
in first approximation.

Let us consider the analysis of the limits of
validity of continuum theory for a string of atoms
(see Appendix A of Ref. 7) and apply it to a plane
treated as a string of strings. In the following
we shall denote with g the angle with the atomic
string (we recall that in our case the incidence
direction lies in the lattice plane) and with y, the
angle with the lattice plane projected in the trans-
verse plane normal to the atomic row. As a con-
sequence the angle of the ion path with the lattice
plane is given by P, = y,g (see p. 19 of Ref. 7).
Unless otherwise specified, the symbols have the
same meaning as in Ref. 7. In this notation Eq.
(A. 12) of Ref. 7 becomes

(5E~)~ = 5(EqP~g ) = cP, Y (r „)/48EP

where (5E,), is evaluated over all impact param-
eters. This dechanneling mechanism must be
added to the other ones usually taken into account,
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i.e. , thermal vibrations and electron scattering.
As is well known, the latter is the pxevailing de-
channeling mechanism in the planar case. '

In the following the various contributions are
evaluated separately. If we use the planar
Lindhard's potential, we obtain

F&( )
3'WZtEae

the term between brackets becomes equal to about
0. 5. For 1-MeV protons along (110) axis in
silicon (d=3. 84 A) and /=0. 6' =1.05X10 rad
(transition region) we obtain (5E,)~ =- 5 eV. This
transverse-energy component decreases rapidly
with increasing incidence angle P and becomes
neligible compared to the normal dechanneling
due to electron scattering.

The latter may be estimated as follows:

(3)

It is difficult to say what is the appxopriate value
of r „to be put in Eq. (1) because the effective
path is oscillatory with increasing amplitude up to
the final dechanneling. The choice made in the
following is not unreasonable and gives results in
good agreement, as oxder of magnitude, with the
Monte Carlo results. The main drawback of Eg.
(1) is that it does not give an explicit dependence
of the transverse-energy variation on depth, which
does not seem realistic. Of course, at very low

. values of EP, (5E,)„b eecornea shigh that dechan-
neling occurs for very low thicknesses and the
use of Eg. (1), which implies that E, is approxi-
mately conserved, becomes problematic. If we
put r „=a (Thomas-Fermi screening radius), (5E~), =2.65x (in eV, 5g in p, m). (3')

where 5g is the crystal thickness and one of the
—,
' factors stems from the fact that only the angular
component of electron scattering perpendicular to
the plane is effective for dechanneling~o and the
other one stems from taking into account only
close collisions with valence electrons. ~' 3 Since
we do not assume any equipartition rule in calcu-
lating the stopping power under channeling condi-
tions (see footnote 17 of Ref. 1), our model does
not give zero electron scattering at the center of
the channel. By using the same values of our
computer model, i.e. , (- dE/dx)c= —,

' ( —dE/dx)„, '

and ( —dE/dx)„= 3.8 eV/A (evaluated according to
Lindhard and Scharff's model ), one obtains
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Finally we must analyze the part of the curve
of Fig. 1 on the left of the transition region. Here
the term due to the discrete structure of the plane
is very large and the ion is rapidly dechanneled
from the plane. As expected, the lower the planar
barrier the lower the penetration depth becomes.
It may be expected that the transverse energy
relative to the string at the end of the planar path
will be of the order of EP~+EP . However, the
results of Figs. 3, 5, and 7 show that the pex.pen-
dicular and parallel components of the transverse
energy do not simply add vectorially but fluctuate
around a value of the order of Ep . For /=0. 4',
a transverse energy of - 50 eV is obtained. The
contribution of thermal vibrations and electron
scattering to dechanneling is now estimated in
the axial case, using the expressions given by
Lindhard';

X

X

~k'~,

X X '.'«P Q.")-'t ".. X
-;c.' ~

FIG. 6. Same as Figs. 2 and 4, except that the crys-
tal thickness is 2.9 pm snd the tilting is along the {111}
plane. The starting point is at midchannel axis, as in
Fig. 2: (a) /=0'; (b) (=0.4; (c) )=0.6'; (d) /=0. 8;
(e) /=1. 2 .

With increasing transverse energy this term in-
creases (see, e.g. , Ref. 10}. However, we will
limit ourselves to this simple expression because
it is sufficient for our estimates.

First of all we may calculate the asymptotic
values to which the curves of Fig. 1 tend with in-
creasing incidence angles. If one puts (SE,),
=Eg~, where '

P~
= 1.S(Z~Zse Nd~a/E) (4)

EP~= (SE~),+ (SE~)~ . (5)

the results shown in the fourth column of Table
I are obtained, in satisfactory agreement with the
curves of Fig. 1.

The same procedure may be applied to the tran-
sition region [g = 0.6', (SE,), = 5 eV] by equating

2 2 4 22vZ&Zse
N p

Lff E C2a2 e

x(1 —e ~i' a)'Sz,2
(5)

where for p we use —,
' of the mean quadratic am-

plitude of vibration.
Taking into account that we use our Eq. (3) in-

stead of Eq. (4. 3) of Ref. 7, we obtain for elec-
tron scattering the following modification of
Lindhard's expression:

(SE) = — (1- ue "")Sz (7}
m dE

dx

which does not go to zero at midchannel axis
(E~=0) but gives a factor 1 —a = 0. 5.

For P, we used the expression corrected for
temperature given by Barrett (see Ref. 17 for the
meaning of symbols}

$g
= KR(mp, /a)pt = 0. 54' = 9.6x 10 rad,

where p„ is —,
' of the mean quadratic amplitude of

vibration. With these values one obtains

(SE~}„=9. 75z eV, (5')

TABLE I. Penetration depth along the plane expected
for 1-MeV protons in silicon in the purely planar regime,
(6z)&, evaluated according to Eq. (3'), and at the transi-
tion, (6z)&, evaluated according to Eq. (5).

(SE~}N = 8. 75z eV .
I

Taking into account that dechanneling occurs when

EP,'= E,+ (SE,}„+(SE,), ,

The results are shown in the last column of Table
I and again agree with the data of Fig. 1. It is
possible to see that, without including many ad-
justable parameters, the main differences among
the various crystal planes are properly shown.

Plane

{100)
{110)
{»1&

gp (rad)

2.35 x10 3

2. 8x10 3

3.6x10 3

5.5 2. 1
7. 8 3.0

13.0 5. 0

0.2
1.1
3.0

Ey,' (eV) (Sz), (p,~ (ez), (p
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one obtains 5g = 2. 2 p.m, in satisfactory agreement
with the data of Fig. 1, i. e. , 2. 8 pm for (111)
plane and 1.8 p, m for f110) and (100j planes. At
a still lower incidence angle the transverse energy
relative to the string at the end of the planar-
channeled path becomes much smaller (say of the
order of Eg~~), and therefore we are in a purely
axial regime.

V. CONCLUSIONS

This work shows, in a systematic and conclu-
sive fashion, that the transition between axial
and planar channeling does not occur in a gradual
way but takes place through an angular region in
which the channeled path is minimum. In the
simple case we examined (protons starting from
the center of the channel), the transition region
does not depend very much on the nature of the
plane and is placed around a value of the order of
g~, the Lindhard critical angle. The phenomenon
may be explained by taking into account the dis-
crete structure of the lattice plane, regarded as
a string of strings. The nonconservation of
transverse energy owing to this discrete structure
can be evaluated according to Lindhard s theory
and turns out to be of the right order of magni-
tude. This energy component is significant only
at low transverse energies relative to the string:

Therefore with a decreasing incidence angle it
becomes sufficient to penetrate the barrier for
planar channeling. The conditions for a minimum
"hanneled path are such that once the ion leaves
the planar channel, the transverse energy rela-
tive to the strings is so high that it also immediate-
ly produces axial dechanneling. As Eg still de-
creases, planar dechanneling occurs at once, but
the transverse energy relative to the string is low

and therefore purely axial channeling takes place.
We may therefore conclude that axial and planar

channeling are qualitatively different. In other
words, the angular region in which the motion of
the ion is governed by single strings is clearly
separated from the one in which the motion is
governed by a string of strings. Perhaps this is
not, after all, so surprising, if attention is paid
to the fact that the former is fundamentally a
two-dimensional problem and the latter one-
dimensional, which makes a continuous transition
between the two hard to imagine.
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