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An expression is obtained for the relaxation time for scattering of phonons by platelets of precipitated
impurities of atomic masses and volume different from the host. For large-diameter platelets a closed
expression was used in a model describing plateletlike nitrogen precipitates in type-Ia diamonds. A fit
of the model to thermal-conductivity data reported by Slack indicates that the major fraction of
nitrogen impurities are present in nonparamagnetic point-defect associations rather than in large
precipitates, at least for that specimen. The minor fraction of nitrogen present as platelets governs the

thermal conductivity at very low temperatures.

I. INTRODUCTION

The major impurity in type-la diamond! is known
to be substitutional nitrogen, ? occurring in some
nonparamagnetic® clustered*® arrangement. Since
the thermal conductivity near the conductivity max-
imum is sensitive to the presence of impurities and
their arrangement, ® a calculation of the thermal
conductivity for various models of defect arrange-
ment should yield information about the concen-
tration and structure of the nitrogen centers in
specimens for which thermal-conductivity data are
available.

Nitrogen-platelet precipitates on the [100] planes
in type-Ia diamonds have been observed by trans-
mission electron microscopy.’ This supports an
earlier conjecture,® based on the first thermal-
conductivity measurements on diamond over a wide
temperature range by Berman et al., ° that impur-
ity clusters occur in diamond. There is, however,
also some evidence!® that nitrogen is located not
only in platelets but also in pointlike associations.

In Sec. II we shall obtain expressions for the
relaxation time of lattice waves due to scattering
by platelets. In Sec. III this relaxation rate will
be combined with boundary, Rayleigh, and umklapp
scattering into a relaxation time, and the thermal
conductivity will be calculated for a model where
nitrogen is present both in platelets and as point
defects. In Sec. IV these results are fitted to the
thermal conductivity of a type-Ia specimen, and
conclusions will be drawn about the state of aggre-
gation of nitrogen.

I1. PHONON SCATTERING BY A PLATELET OF IMPURITIES

The scattering of phonons from a mode q into
q’ is described in terms of a perturbation Hamil-
tonian of the form

H =225¢,§,4)d" @)a@, §+3’ 1)
e q

where a' and a are phonon creation and annihilation
operators and ¢, is a coefficient. One can ascribe
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H' to a local perturbation 6v of the wave velocity.!
The coefficient ¢, can be written to first order in
ov as
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Ca(q, q') = L
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where M is the mass of the host atom, v is the
wave velocity, G is the number of atoms in a
crystal of volume Ga®, § and 4’ are the wave vec-
tors of the incident and scattered wave, and 6v(X)
is a function of position X of the various lattice
sites. The summation is thus over all impurity
sites. The polarizations of the waves are de-
scribed by unit vectors € and €.

For a substitutional impurity atom of mass M
+AM, which also produces an inhomogeneous dila-
tion like a spherical inclusion, it can be shown'?
that

v/v=—(AM/2M +va) , (3)

where ¥ is the Griineisen constant and « is the frac-
tional volume difference between impurity and par-
ent atoms. The fractional volume change « is re-
lated to the change in lattice constant Aa due to im-
purities of concentration ¢ by 3Aa/a=ca.

For nitrogen in diamond, Kaiser and Bond? found
Aa/a~5x%10" for a 0.1-at.% impurity concentra-
tion, so that a=0.15. Taking y=2, the lattice-
distortion effect contributes 33 times as much
towards c, than does the mass difference.

From (2) and (3) we obtain

TE 2 > 2 [AM .
c.(d,d") =-C Mvqq'(€-E) (ZM +"ya>2 et
X

(4)
where @=4 -3’ is the momentum transfer, and the
sum is over the impurity sites.

The thermal-conductivity relaxation rate, de-
scribing the solution of the linearized Boltzmann
equation, can be written in the following form®*:

T%a)z (;/1%2 M12w2 Zﬁ( ds’ @)™
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where the integration is over the energy contour

"w'=win q’ space, the sum is over the three polar-
izations of q’, v,=dw’/dq" and V; is the volume of
the crystal (i.e., the reciprocal of the defect con-
centration if we choose |c,!% to correspond to an
isolated imperfection array). Also, n,n’ are the
deviations from equilibrium of the phonon occupa-
tion of modes (d,4), @’,j'). For elastic scatter-
ing, assuming an isotropic relaxation time,

n’/n=cos,/cosb, , (6)

where 6, and 6, are the angles between the direction
of the temperature gradient and d, q’ respectively.
We shall now assume that the nitrogen platelets
are oriented normal to the temperature gradient.
This may appear to be too restrictive. However,
since diamond is cubic, we can orient the tempera-
ture gradient in any direction which is convenient
for purposes of calculating the conductivity. If we
orient the temperature gradient along a principal
cubic direction, one third of the platelets will be
normal to the temperature gradient. The other
platelets will make only a small contribution to the

thermal resistance, and will be neglected.
A platelet of nitrogen atoms will be represented

by a thin disk of radius R in the x-y plane. As
shown in Fig. 1, the position of X in that plane is
specified by coordinates 7,6. The vector Q is
specified by spherical coordinates Q, £, and ¢.
We must perform the sum over all atomic sites x
in the platelet [see Eq.(4)]. One can write

Q- -X=Qrsintcos(d - ¢) . (N

The lattice sum (4) may be written as an integral
over the platelet configuration, i.e.,
I 1 h R 2r
2 et —gj dzf rdr| de
i a Jo 0 0

iQ7 sin¢ cos(6- @)
X g 197 siné co s (8)

where a® is the atomic volume of the host, % and R
are the thickness and the radius of the platelet.

It is convenient to identify the angular integral in
(8) with the cylindrically symmetric Bessel func-
tion J, by means of

25
Jo(Q'V sin&) - __21; J(; deeiQralna cos (6=0) . (9)

Integrating (8) over 6, and then integrating by parts
over 7, and using the recursion relation

d
XJO(X)=J1(X)+X—d;J1(X) ’ (10)
one finally obtains

T etdi _j.; RRJ,(QR sin)/Q sinf . 11
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FIG. 1. Geometry relating the wave vector 5 to the
position of a defect atom at X in the plane of the platelet.

We must now substitute (11) into (4), and the lat-
ter into (5). The element of surface w’=w can be
written

ds’ = (q')? siné, d6,d® , 12)

where & is the angle between the projections of §
and d on the x-y plane. Also, we approximate
2 (E-&=1. 13)
j'
Combining these results, the inverse relaxation

time of a phonon-mode § for scattering by a plate-
let becomes

1 4h R%h ( AM 2
T (B ) wetiena), a9
¢

2M
where V,=a®G, is the volume which contains one
platelet, and where I is of the dimensions of area
and is given by

10,,9) = f f d6,d® sinb,

y (1 _ cosez)[Jl(QR sing)] 2 ’

coséy @ sing

15)

where the square of the factor contained in large
brackets in the integrand of (15) gives rise to the
diffraction nature of the scattering cross section.
The variables @, £, 8, and ® occurring in (15), as
well as ¢ defined above, are functionally related
by the three components of the defining equation

Q=ﬁ—§', (16)

so that there are only two independent variables,
which we have chosen in (16) to be the variables
6, and ® defining the direction of 4’. The next
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step in the evaluation of (15) is to express @ in
terms of ¢ and the two independent angles 6, and @,
and to express sin{ likewise in terms of 6, and ®.
Naturally these relations will depend upon the di-
rection 8, of the incident wave { relative to the z
axis.

but a considerable simplification results in the case
of 6, =0, i.e., the case of perpendicular incidence.
Also one can make some general statements for the
two limits when gR is small and when it is large.
Note also that scattering varies as h2.

When ¢R is small, i.e., when the platelet radius
is small compared to the wavelength, I varies as
R"’, since QR is also small over the range of inte-
gration. The scattering is thus Rayleigh scatter-
ing, varying as the fourth power of frequency and
the square of the platelet volume.

In the opposite extreme, when gR is large, we
expect the component of the wave vector in the x-y
plane to be almost conserved, i.e., @ sin to be
small compared to g. In the case of an infinite
sheet, treated previously, !* the tangential wave-
vector component is fully conserved, so that there
are only two allowed directions of q": parallel to
d, which is no scattering, and with the z component
reversed, but the x-y component unchanged, which
is specular reflection. In the case of a finite but
large radius, the important directions of 4’ are
still grouped around the direction of q and the di-
rection of specular reflection. This is seen from
(15) since the major contribution to the integral
must come from the range of values of @ and sin§
such that QR sinf ranges from 0 to a value of order
unity. This corresponds to a solid angle about the
two directions of @ sin& =0 of order 1/(qR)?. For
directions of 4’ near , the factor 1 - cos6,/cos6,
almost vanishes, and we shall disregard the effects
of processes of small-angle scattering about the
initial direction. For the other case, correspond-
ing to processes of almost specular reflection, the
factor 1 - cosf,/cosb, can be approximated by 2.
These are the effective processes. One readily
sees from (15) that I is then or order R%(gR)™?:
Substituting this into (14) we find a relaxation rate
which varies as #?R%w?2, i.e., we can define a prob-
ability of specular reflection normalized to unit
platelet area. This agrees with the results for an
infinite sheet.®

In general, one is interested in cases when gR is
of intermediate value. Because of the complex re-
lationships between @, sin§, 6,, and ¢ we have not
been able to obtain a general expression for I(6,, q).
However, a considerable simplification results
when the direction of incidence is normal to the
platelet, i.e., when 6,=0. In that case @ sin¢
=g sinf,, and the integrand of (15) is independent
of . Replacing 1-cos6,/cosf, by 1, and replacing

The resulting expressions are quite complicated,
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the variable in the integration by /=2 sin6, where
z =qR, one obtains from (15)

¢*I1(0, q) =4n fo fdt[J,) B/t - #/2AM2 . (17)

For the range of temperatures and platelet di-
ameters of interest, z ranges from 10 to 100. Ex-
panding the denominator of (17) as a power series
in (¢/z)? and keeping only the first two terms we
find that

P I(z) ~4n fo‘dtt"Jf(t)
+(2n/2%) ["artg i)
=271~ [J3(z) +J2(2)] - (27/2) Jy(2) J4(2) . (18)

Disregarding the oscillatory terms, I(z)=~27/q?
so that we finally find, for gR > 1, that

1/t ~8nh(R%h/V )(AM/2M + ya)*w?/v , (19)

in agreement with the results®!® for an infinite
sheet. Other cases can be obtained from (17) by
numerical integration.

Although the requirement of normal incidence is
restrictive, it may not lead to serious errors in
the thermal-conductivity calculations for two rea-
sons. In the limit when R becomes infinite it is
known!® that the backscattering probability is in-
dependent of the angle of incidence 6;, second, the
most important modes both for thermal conduction
and for net phonon momentum loss are the modes
in the direction close to that of the temperature
gradient.

III. CALCULATION OF THE CONDUCTIVITY

At temperatures well below the Debye tempera-
ture ©, which for diamond is about 1845 °K, the
following processes are of importance, and the
following relaxation times will be assumed:

(i) Boundary scattering.!* For a specimen of
square cross section of width d

Tp=1.12(d/v) . (20)
(ii) Point defects and small aggregates. 12

1/7p = (@®/Gm®)(AM/2M + ya)?(k 5/ H)*T x4, (21)

where some of the symbols occur in Eq. (4), 2,
and 7 are the Boltzmann and rationalized Planck
constants, and x is the reduced frequency x =% w/

kgT.
(iii) Nitrogen platelets as Eq. (14) above.
8k wR’n (AM 2
l/Tplat ='T __I}c— (2M +7’a> (ks/ﬁ)z szal(z) ’

(22)
where 2 and R are the thickness and radius, re-
spectively, I(z) has been redefined as

I2) =1 = 3[J3(z) +J3(2)] = (1/2) Jo(2) J4(2) , (23)

and where
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z=RkyT/tw . (24)

(iv) Umklapp processes.® At the low tempera-
tures of interest

1/1,=Uxe®/*'T (25)

where @’ is some parameter, of order unity, which
depends on the details of the zone structure and
the dispersion of the high-frequency waves. The
constant U depends on these parameters as well as
on the anharmonicity of the crystal. The param-
eters U and a’ can be obtained by fitting (25) to the
thermal conductivity of an impurity-free crystal.

We assume that normal processes are ineffective
so that the combined relaxation time is

LT N et B T (26)

This assumption is valid if the combined relaxation
time for processes which do not conserve quasimo-
mentum is frequency independent. The assumption
is thus inappropriate for strong point-defect scat-
tering. The result of invoking this assumption is to
initially overestimate the conductivity at the max-
ima and thereby, in obtaining a fit, to overestimate
the “point” impurity concentration. The degree of
overestimate depends somewhat on the strength of
normal (N) processes!® and since we have no way
of obtaining this additional parameter reliably, it
is judged best to use the simpler treatment of dis-
regarding N processes. With these assumptions
the conductivity is given by

k= (1/21%) (e T/7%)
9 foo/rx4e,,(e,_ 1)2r(x)dx . (27)

Let py be the number of nitrogen atoms per unit
volume. This amount of nitrogen is distributed
between platelets and point defects. Point defects
may range in size from nonparamagnetic pairs to
small clusters, up to about 35 A in diameter; all
of these will scatter phonons according to (21)
except for a scale factor equal to the square of the
number of atoms in the cluster. For a given
amount of nitrogen as point defects, the total scat-
tering will thus vary with the average cluster size.
Let the fraction of nitrogen atoms contained in
point defects and in platelets by f,; and fp1,5:, SO
that

fpt +fplat=1 . (28)

The factor 1/G in (21), being a measure of the
concentration of impurity atoms per atom, is de-
fined as the ratio of the number of nitrogen atoms
in pointlike arrangements per unit volume to the
number of normal atom sites per unit volume. With
this definition, if there are N nitrogen atoms per
cluster in the average, expression (21) must be
multiplied by N. With 1. 76 x10% atom sites per

cm?®,
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1/G=fypr/(1.76 x10%) | (29)

As an example, using the total nitrogen content
of 5%10'® atoms/cm?® given by Berman® for the
type-I diamond used in his early conductivity mea-
surement, *® 1/G=3.5%10"%. Writing 1/7,, of (21)
in the form Aw®, and fitting this to the data of Ber-
man et al.,'® Agrawal and Verma!” obtained A=2.1
x10™% sec®, Using (21) with a=3.56 A, v=1.18
x10® cm/sec, AM=2, M=12.01, y=2, and @=0.15,
this would correspond to a nitrogen content of 2.9
x10%° atoms/cm®, and thus overestimates the
nitrogen content over Berman’s estimate by a fac-
tor of about 6. This indicates that the model of
single nitrogen impurities is inadequate, as one
would also have expected from the absence of
paramagnetic centers. If nitrogen atoms were to
occur in pairs, so that the scattering per nitrogen
would be doubled, the discrepancy is only a factor
of 3. The present numerical considerations, if
they can be trusted to that extent, would indicate
an average of 6 nitrogen atoms per cluster; such
a small cluster would still scatter as a point de-
fects in the wavelength range of concern, but the
scattering would be increased by a factor of 6.

Furthermore, the point defects alone do not give
sufficient thermal resistivity at the lowest temper-

THERMAL CONDUCTIVITY K(W/cm°®K)

0.2 1 1 n
4 10 50 100 400
TEMPERATURE T(K)

FIG. 2. Calculated thermal conductivity of diamond,
with all nitrogen in the form of point defects, each defect
being a cluster of eight atoms and a nitrogen content of
2.4x 10% atom/cm®, shown in curve 1, is compared with
Slack’s (Ref. 18) specimen R208 (full curve, 2). Curve
3 is the best fit to that data obtained from the present
theory, adjusting the point-defect concentration and the
platelet density.
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atures. This indicates the presence of more ex-
tended defects, such as platelets.

The concentration of platelets is related to the
amount of nitrogen in platelet form and the platelet
size. Let o be the number of lattice sites per
platelet, and let 7;;,; be the number of platelets per
unit volume. Now 7,,, must be identified with
1/V, of (22), hence

Nprat=Fp1aePr/0=1/V, . _ (30)

Also we have to make an assumption about the
platelet radius R and the thickness k. The quantity
o in (30) is the number of atom sites occupied by
each platelet, i.e.,

o=n1R%*/a® (31)

and the quantity k7R%h/V, which occurs in (22) can
be rewritten
2

h %} =fpla.tpTha3 . (32)
For a given amount of nitrogen per unit volume in
the form of platelets, i.e., a given value of p;;,;
or a given fractional concentration py;,; a® of ni-
trogen atoms in platelet form, the scattering de-
pends linearly on the platelet thickness % assumed,
provided & is small compared to a wavelength.
We shall assume % to correspond to a thickness
of two atomic planes. On the other hand, the scat-

TABLE I. Calculated values for the conductivity of
R208 in W/cm °K.

Best fit for

nitrogen in 97% nitrogen in
pointlike pointlike arrange-
arrangements ments the remainder

pr=4.1x 102° in 100 & platelets Extrapolated

T(K) atoms/cm® pp=2.4x 10" atoms/cm? experimental
5 0.4 0.4 0.3
10 2.3 1.8 1.8
15 5.0 . 3.9 3.8
20 7.5 6.0 6.0
25 9.6 8.0 8.0
30 11.4 9.7 9.8
35 13.0 11.3 11.8
40 14.2 12.6 13.5
45 15.3 13.8 15.0
50 16.2 14.9 16.3
55 17.0 15.8 17.3
60 17.7 16.6 18.0
65 18.3 17.4 18.5
70 18.8 18.1 18.7
75 19.4 18.7 18.8
80 19.7 19.2 18.9
85 20.0 19.6 19.0
20 20.2 20.0 18.9
95 20.3 20.2 18.8
125 16.7 18,2 17.0
150 12.3 14.4 14.7
175 9.3 11.3 12.6
200 7.7 9.6 10.9
225 6.8 8.3 9.5
250 6.1 7.6 8.4
275 5.7 7.2 7.5
300 5.4 6.8 6,8
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FIG. 3. Sensitivity of the conductivity to variation in
the distribution of nitrogen into platelets and point de-
fects. The total nitrogen content is fixed at 2.4x 1020
atoms/cm?® and the cluster size is eight, Curve 1 cor-
responds to 5% of the nitrogen in platelets; curve 2, 10%
in platelets.

tering depends on the platelet radius R only through
its dependence on I(z), and I(z) is only weakly de-
pendent on R provided z is small.

IV. NUMERICAL RESULTS

Slack’s'® specimen R208 was chosen for the fit
since his measurements were over a wide tem-
perature range and the most recent available. The
procedure used to obtain a fit was as follows:

(1) The umklapp parameters U, a’ were first
determined by fitting the high-temperature
(>150 °K) conductivity to data for a nitrogen-free,
type-Ila diamond. We obtained U=9x10" sec™
and a’=2.0. It is conceivable one could fit the
high-temperature data with other choices for these
two parameters.

(2) As a starting point we tried to fit the data by
assuming all the nitrogen was located in nonpara-
magnetic pointlike associations and then varied the
total nitrogen content.

(3) Next the total impurity nitrogen content was
divided into pointlike arrangements and platelets
so that the fraction in each configuration could be
varied through the parameters f,, and f;;,;.

(4) The parameters associated with the plate-
lets which could be varied were the platelet thick-
ness h, and radius R.

The best fit of the theory to the data is given in
Fig. 2 and Table I. The fitted value of the total
nitrogen concentration was 2.4Xx 10%° N-atoms/
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FIG. 4. Sensitivity of the conductivity to variation in
platelet diameter. Total nitrogen content 2,4x 1020 atoms/
cm?®, of which 90% are in clusters of eight. Curve 1 is
for 100 A platelet diameter, curve 2 for 800-A diameter.

cm®. Curve 2 represents the interpolated experi-

mental values of the conductivity for R208, curve
1 was obtained by having all the nitrogen in point-
like clusters, each cluster containing eight atoms,
and curve 3 our best fit to the data. This was ob-
tained by having 97% of the impurity nitrogen in
pointlike clusters of eight and the remainder in
platelets one atomic layer in thickness and 100 A
in diameter. The calculated platelet densities for
this arrangement is 1. 8x10' platelets/cm®, each
platelet containing 4.9X10? nitrogen atoms.
Optical-absorption measurements!® put the ni-
trogen content for R208 at 3.5%10%?° atoms/cm?
while our fit required 2.4x10?° atoms/cm®. The
effect of varying the concentration of nitrogen in
pointlike arrangements and platelets while keeping
the total nitrogen content at 2.4x10% atoms/cm?
is shown in Fig. 3. Curve 1 is for 95% of the ni-
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trogen in small clusters and the remainder in 100-
A-diam platelets. Curve 2 for 90% in small clus-
ters and the remainder in platelets having diameters
of 100 A. The cluster size was again taken to be
eight.

The effect of varying the platelet diameter while
maintaining the total nitrogen content at 2.4x102°
atoms/cm?®, for which 10% is in clusters of eight
and the rest in platelets, is given in Fig. 4. Curve
1 is for a platelet diameter of 100‘7\, curve 2 for
800 A.

The best fit obtained assuming all the impurity
nitrogen to be in pointlike arrangements is given in
Table I. The required nitrogen content was found
to be 4.5x10% atoms/cm?®.

V. CONCLUSIONS

We have obtained an expression for the inverse
relaxation time 7}1,,, for the scattering of lattice
waves from a platelet precipitate of impurity atoms
having different masses and atomic volumes from
the host atoms. A compact analytical expression
for T;}at was obtained for the case of large-diameter
platelets, and was used in a model for describing
nitrogen platelet precipitates that are present in
type-Ila diamonds.

The results of a calculation for the conductivity
of a single type-la specimen are given in Fig. 2 and
Table I. It can be seen that the best over-all fit
for the conductivity and impurity nitrogen concen-
tration has been obtained by assuming 3% of the
impurity nitrogen to be located in large platelets
and the remainder in small pointlike scattering
centers.

These results give support to Sobolev’s'® optical-
absorption measurements that the predominant form
of impurity nitrogen for at least the type-Ia speci-
men considered is in nonparamagnetic pointlike as-
sociations.

ACKNOWLEDGMENTS

The authors wish to thank Professor R. H. Bart-
ram, of the University of Connecticut, and Dr. R.
Berman, of Oxford University, for pointing out
errors and other helpful discussions.

*Research supported by the Air Force Office of Scien-
tific Research under Grant No, AFOSR-73-2418. Com-
puter facilities were provided by the University of Con-
necticut under NSF Grant No. GJ-9.

fPresent address: Dept. of Physics, Rensselaer Poly-
technic Institute, Troy, N. Y. 12181,

!physical Properties of Diamond, edited by R. Berman
(Oxford U. P., London, 1965),

2W. Kaiser and W. L. Bond, Phys. Rev. 115, 857 (1959).

SH. B. Dyer, P. A. Raal, L. DuPreez, and J. H. N.

Loubser, Philos. Mag. 11, 763 (1965).

‘B. Szigeti, J. Phys. Chem. Solids 24, 225 (1963).
M. Takagi and A. R. Lang, Proc. R. Soc. A 281, 310
(1964).

®p. G. Klemens, in Solid State Physics
York, 1958), Vol. 7, p. 1.

'T. Evans and C. Phaal, Proc. R. Soc. A 270, 538 -
(1962). _

8P. G. Klemens, Phys. Rev. 86, 1055 (1952).

°R. Berman, F. E. Simon, and J. Wilks, Nature 168,

(Academic, New



4428 L. A. TURK AND P. G. KLEMENS

277 (1951),

g, v, Sobolev, V. I. Lisoivan, and S. V. Lenskaya,
Dokl. Acad. Nauk SSSR 175, 582 (1967) [Sov. Phys. -
Doklady, 12, 665 (1968)]

Up g, Klemens, in Thermal Conductivity, edited by
R. P. Tye (Academic, London, 1969), Vol. 1, Chap. 1

2M, W. Ackerman and P, G. Klemens, J. Appl Phys.
42, 968 (1971).

|©

3p, G. Klemens, Can. J. Phys, 35, 441 (1957).

“H. B. G. Casimir, Physica (Utr.) 5, 495 (1938).

'%J. Callaway, Phys. Rev. 113, 1046 (1959).

%R, Berman, F. E. Simon, and J. M. Ziman, Proc. R.
Soc. A 220, 171 (1953).

. K. Agrawal and G. S. Verma, Phys. Rev, 126, 24
(1962).

%G. A. slack, J. Phys. Chem. Solids 34, 321 (1973).



