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Three-dimensional model for surface states
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A detailed theoretical discussion of the surface bands in the Penn model is presented. It is found that
a surface band always exists; another surface band may exist, if the gap is not too small and well

below the vacuum level, but it plunges always in the valence band.

I. INTRODUCTION

It is well known that the surface-electron prop-
erties are better studied in semiconductors than
in metals or in ionic crystals. In the metal case,
in fact, the surface electrons cannot be distin-
guished from the bulk electrons, while in the ionic
crystals it is practically impossible to obtain clean
surfaces and crystals without impurities. The
main surface-electron properties of a semicon-
ductor compound are the number of the surface
bands in the gap, their dependence on the surface
momentum, and their connections with the optical
and transport properties. The most interesting
experimental and theoretical aspects of the prob-
lem have been recently reviewed by Davison and
Levine. ' Some experimental results~' and nu-
merical calculations4 on the Penn model indicate
the presence of two surface bands. The question
of the surface states in the Penn model is dis-
cussed in detail in this paper, as this model, al-
though nonperiodic, seems suitable for the de-
scriptions of the semiconductors properties, i.e. ,
the q-dependent static dielectric constant, ' which
depend on the existence of a gap between the va-
lence and conduction band. It is found that a sur-
face band always exists; a second surface band,
which always plunges in the valence band and gives
small contribution to the surface properties, can
exist only if the gap is not too small and well below

I

the vacuum level. All the aspects of the problem
are carefully and algebraically analyzed.

II. MODEL

The theory of the surface states has been re-
cently simplified by' the approach of Garcia-Moliner
and Rubio. s It will be useful to give here a brief
account of their method. We suppose that the
crystal extends in the region z& 0, that the period-
ic potential V(r), defined in the whole space, is
symmetric with respect to the plane z =0 and has
mean value equal to zero and that the vacuum level
is Eo. Our problem consists, then, in solving the
Schrodinger equation

—V P(r) + 8(z) V(r)g(r) + 8(- z)EOP(r) = Eg(r), (1)
where 8(z) is the step function and natural units
(Sz = 2m = 1) are used.

In the approach of Garcia-Moliner and Rubio' it
is essential to know the Green's functions of the
infinite crystal and of the vacuum, defined by

(- V —E)G(r, r )+ V(r)G(r, r ) =5(r —r ), (2)

[-V' —(E —Eo)]GO(r —r ) = 6 (r —r ) . (3)

We multiply Eq. (1) by G(r, r ) and Eq. (2) by P(r),
subtract the resulting equations, apply to this
difference the Green's lemma once in the volume
z&0 and once in the volume z &0. If the energy is
in a gap of the band structure of the crystal the
following equations result

ii(x, y, z) = —f dx' dy' [G(x, y, z; x', y', 0)g, .(x', y', 0) —G, .(x, y, z; x', y', 0)g(x', y', 0)], z & 0 (4a)

0 = f dx' dy' [G(x, y, z; x, y', 0)ii., (x', y', 0) —G, .(x, y, z; x', y', 0)0(x', y', 0)], z(0 . (4b)

The application of the same procedure to Eqs. (1) and (3) gives, if the energy is below the vacuum level,

0 = f dx dy [Go(x, y, z; x, y, 0)$,.(x, y, 0) —G~.(x, y, z; x, y', 0)ii(x, y', 0)], z&0 (4c)

ii(x, y, z)= f dx dy [Go(x, y, z;x', y', 0)g,.(x', y', 0)-Go;(x, y, z; x', y', 0)g(x', y', 0)], z(0 . (4d)

The continuity of ii(r) and of its derivative g, (r) on
the surface z =0 is automatically verified if Eqs.
(4) hold. Equations (4a) and (4d) define ii in the
whole space in terms of the expressions of g(r)

and of g, (r) on the surface These l.ast quantities
are determined by Eqs. (4b) and (4c), which give,
furthermore, the surface bands.

The symmetry of V(r) with respect to the plane
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z = 0 implies that

[f dx dy G, .(x, y, z; x, y, 0)g(x, y, 0)], &

= v —,
' g(», y, 0) . (6)

g(h, r) = A, (k) e'"'+ A (k) e*""""" (Ba}

Using (6) and the analogous relation for Go, we ob-
tain finally

f dx' dy' [G(x, y, 0; x', y', 0)

+ G,(», y, 0; x', y', 0)]y.,(x', y', o) = 0, (6)

which is the fundamental equation of Garcia-
Moliner and Rubio. 6

Vfhat has been told till now is completely general.
However, the use of Eq. (6) requires the knowledge
of the Green's function of the perfect crystal. As
this function is not known, we will calculate it in

the Penn model, which makes use of the three-
dimensional spherical forms of the Bloch functions
and of the band structure of the one-dimensional
nearly-free-electron model and which is slightly
different from the three-dimensional cubic nearly-
free-electron model. 7 This Penn model was very
successful in describing the q dependence of the
static dielectric constant in semiconductors. Its
essential advantage consists in its resembling a
band structure which has a gap and is quadratic
near the gap.

The band structure and the three-dimensional
spherical forms of the Bloch functions and of the
one-dimensional nearly-free-electron model, in
which the periodic potential is treated perturba-
tively, are

2u
Z(k) = -~,k'+ 1 — k'

p
- & a&3)

+16k'a'
&I, (7)

1-2 Q.

0.5 1$ K/RF

FIG. 3.. Energy hand structure in the Penn model.
The value of b is 0.2.

is lower than the mmimum of the lower band at
0=1 only if lLI&-,'. If th)«l, the fact that the
minimum is not at k =0 is irrelevant and the re-
sults obtained using the band structure (7) do not
differ from those which one would obtain using a
band structure similar to (7) but with the minimum
at k=0. On the other hand, only if I k ] «1 the
Penn model is compatible with its nearly free ori-
gin. In these conditions the energy gap is much
smaller than the lowex -band width, as is the case
for semiconductors. Moreover, as Ai(k} is im-
portant only when A~ differs from 1 for less than

L, Eq. (Ba) can be approximated by

ir(h, r) =A (k) e"'+A, (k) e "' . (B)

[z(k) —k']'
Ao(k) =(1

(Bb)

Using this expression, Eq. (6) becomes

o.(q)4 (q)+ P(q)4 (-q) = o, (10)

In the above equations kz is the radius of the
Brillouin zone and 4= )k). From now on, the mo-

mentum and energy will be measured in units k~
and k+2, respectively, and then from Eq. (7) the
energy gap will become equal to 4b, .

The signs + and —in (7) indicate the upper and

lower bands, respectively, which are shown in

Fig. 1. Note that the lower band does not have a
minimum at k=0, but at k=1 —(1 —h~)i'2; the value
of Z(k) at this minimum is equal to —4~ and is
very close, for I b, I & 1, to the value 2 [1- (1+b,~}"~],

which the energy band (7) has at k=0. This value

1 1
A(g) = dkg g 3 +

q —k, —z+zo z(q, k, ) —z)'
(11)

A, [(q'+ k.')"']A, [(q'+ k,')"']
z(q, k,)-z

and p(q) is the two-dimensional Fourier transform
of P, (x, y, 0). Equation (9) is the essential approxi-
mation we use in this treatment; its correctness is
confirmed by the fact that only the values of q and

k. such that Z(q, k, ) = Z (and Z is in the gap) are im-
portant. Equation (10) admits solutions only when

n(q) + P(e) =o,
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the signs + and —referring, respectively, to the
symmetric [P(q) = Q(-q)] and to the antisymmetric
states [(t)(q) = —Q( —q)]. Equation (12) gives the
surface bands, that is to say, the energy as a func-
tion of q, which is the counterpart of the surface
momentum. From Eqs. (7), (Bb), (9), (11), and

(12), the explicit form of the surface bands equa-
tions are, for q & 1,

dk f Adk
q) 2 ka E E +

J( (k2 2)1/2

1+&/f(k) " kdk
[I -f(k)]'- (E+~'), (k'- q')"'

I + n/f(k)
[1+f(k)]'—(E+n') (13)

where f(k) =- [(1 —k)'+n']l/2 .
It follows from Eqs. (13) and from the fact that,

for any Q,

[1-f(k)]' & E+b ' & [I +f(k)] ', 0 &
~

O
~ /f(k) & 1

(14)
that, for q «1, (a) if the energy is in the gap
(1 —2 I b,

~
& E & 1+2 1 d I) and ~

6
~

& —,', the second
term on the right-hand side (r.h. s. ) of Eq. (13) is
negative, while the other terms are positive; more-
over, this second term goes to zero when q-1;
(b) if 6 &0, then F'(E, q) & E (E, q); (c) all the
terms on the r.h. s. of Eq. (13), and so
E'(E, q), are increasing functions of the energy,
for fixed q and n; (d) when h- -6 the symmetric
and the antisymmetrie solutions interchange, as
do the symmetries of the Bloch states at the edges
of the band. As the sign of 6 is the same as the
sign of the periodic potential at the surface, we
can say that the symmetry of the surface state de-
pends on whether the periodic potential is cut (at
the surface) in a point of maximum or minimum,
but the surface bands are independent of this cut.

For q& 1, Eq. (12) takes a form quite similar
to Eq. (13), except for the second term on the
r.h. s. of Eq. (13), which is missing, and the
third integral of Eq. (13), which goes from q to ~.
In %is case, then, (x(q) of Eq. (12) is always posi-
tive and no band exists. Because of (d), we can
limit ourselves to consider, from now on, only
the case 4&0.

In the symmetric case [upper signs in Eq. (13)],
we have that, as f(I) =6, (e) when E goes to its
upper limit I+24, as [I+f(k)]~—(E+h~) goes to
[f(k) —n] [f(k)+2+4], the third term on the r.h. s.
of Eq. (13) becomes positively divergent, because
the integrand has a pole at k= 1, for any q; (f) when
E goes to its lower li.mit 1 —2b, E'(E, q) goes to
F'(I —2b, , q), which is an increasing function of q
(later on an explicit evaluation of this quantity is

given). Moreover, F'(1-2n, q) goes to a positive
number, for any b,, when q goes to 1, while, when

q goes to zero, ii becomes negative only if 6 is
larger than the value Z such that F '(1 —2', 0) = 0
(Z depends on Eo). For 6 & rY, there is a value q
(depending on h) such that F'(I —2b, q) =0. Also
these last properties will be explicitly seen later.

The consequence of (e) and (f) is that, if n & h,
there is no symmetric surface band; if instead
4 & Z, there is a symmetric surface band, but it
disappears and goes into the lower crystal band
for q& q.

In the antisymmetric case [lower signs in Eq.
(13)], (e ) when E goes to its lower limit, the
second term on the r.h. s. of Eq. (13), and then
F (E, q), becomes negatively divergent, as, for
E=1 —24; the integrand has a pole at 4=1, for
any q; (f ) at the opposite limit, F (1+2', q) is a
positive number for any n and q (see below).

The consequence of (e') and (f') is that there is
an antisymmetrie surface band for any b; this
surface band remains in the gap for any q & 1, be-
cause of (a) and (e ), going to the lower crystal
band when q goes to 1.

From the previous conclusions, the antisym-
metric surface band is greatly preferred to the
symmetric one and, from (b), it is above the sym-
metric one. Before entering into the physical dis-
cussion of these facts, let us recall that the words
symmetric and antisymmetric refer to the be-
havior of the states in the xy plane and that the
Penn model, because of its spherical structure, is
not a periodic model. Keeping this in mind, when
6 & 0, the periodic potential is repulsive at the
origin; the symmetric states are then not pre-
ferred, as they imply a large probability for the
presence of the electron at the origin; the anti-
symmetric states are instead preferred, because
they require a lower presence of the electron in
the region near the origin. Qf course, the reverse
happens when 6 & 0.

The previous results are fully accounted by the
evaluation of E'(E, q), which can be done by using
the following approximations, which are very good
if g is regular and q&1:

J kg(k) 1 q(2+ q)(l —q)
(k8 2)l/2 (1 R)l/8 2(l + )

2 1 1
+ 2 dk 1-kgk + dkgkq2

kg(k)
k —q)J =(( —(( —e) )z(e)+J &&r(&).2 1/2

1

Using Eqs. (15) we have, for b &0,
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,
(

q( +q) Il -q 1 — /f 1 $)$/$1+/$, /f
2(q +E$ —E) ' 2(1+q) il+q (f-I) —(E+& ) (f+I) —(E+/$, )

+ (E+~$)1/$ I)2(I $)$/$ P 1 [ ~ ( + (E+g$)1/$
) g ( + (E+g$)1/$1 j

1 P 1 P'+P 1 2(1 —q+f) —(P'+P )
P' (I $)&/$ P~ P (I q$)& 2(1 q+/) (P+ —P )

1 —q+f 1 6' 6 1 (6' 6»,2 arctan ——arctan, + ————, —arctan ——arctan ————,(1-q')"' 5'5 2

(16}

where

P+ [1~ (E+g2)1/2~ ~]1/$6+ (g y [(E+/$ $)1/2 1]]1/$

F (E, q) is obtained from the right-hand side of
Eq. (16) with the simple substitutions b, ——/$, ,
p' —p, 5' —5 . As, when E-1+24, 5 -0, and,
when E 1 —2-b, , 6'-0, the properties (e) and (e )

follow, simply looking at the last terms containing
the arctan's. From Eq. (13) and from these ex-
pressions for F'(E, q) or F (E, q}, it is possible
to deduce the surface bands. In Fig. 2, the upper
surface bands (antisymmetric case) are given for
two values of Eo.

It follows from Eg. (16) that

2[q$+ E$ —(1+26)]i/$ (1+q)f (f —2+6) f(f+ 2 —b )

1 ( 1 l 1+(1—6)" 2(1 —&)q I
2-& -f

+
2(1 g)1/$ ~i (1 $)1/$]l 1 {1 g)1/2 (1 g)$/$2 2g

[I+ (I -~)"$]$ - I+q -/
(1 —q )

' 1 —q+f —[1-(1—&)" ]
(17)

F (1+26, q) is obtained from Eq. (17) with the sub-
stitution 4- —4. From these expressions for I"
and F at the extrema, the properties (f) and (f')
may be checked. Moreover, from Eq. (17), one

E/E F

1,2

can derive for what values of b, and Eo the lower
surface band is allowed and what is the region it
occupies in the q space. For any value of 6, there
is a minimum value of Eo for Which the lower band
exists. This value can be evaluated by noting that
F'(1 —2S, 0), which can be easily obtained from
Eq. (17), is well approximated, for small values
of4, by

Eo 1 w b,

2 [E, -(z —2a)]"' (z-a)~') '

Eo

0.8
0 0.5 1 qIKp

FIG. 2. Surface bands for the antisymmetric state
with 6= 0.1 and two different values of the vacuum level.
Ez is the quantity (I' /2m)k~.

If we recall the property (f), it is easily seen that
the value Z, for which the lower band begins to ap-
pear is approximatively equal to (1+(E$)"$/z) '.
The extension of the lower band for any value of 6
and Eo is shown in Fig. 3; if, e.g. , b, is equal to
0.2, only the region in the Eo, q plane at the left of
the curve 6 =0.2 is allowed. It is seen that, for
any 4, only if the vacuum level is high enough the
lower surface band exists; moreover, the width
of this band, which is given, for a fixed Eo, by the
value of q for which the curve corresponding to the
given b, reaches the value Ep increases with Eo,
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FIG. 4. Energy value at q =0 of the antisymmetric
band as a function of the vacuum level with 4 = 0.1.

0.2 0.4 0.6 08 q/KF

FIG. 3. Diagram of the minimum values of Eo for
which the lower band exists, for several values of 6 and
for any q.

where E(0) and a depend on 6 and Eo. For ex-
ample, for 6=0.1 and ED=2, E(0) and a are given
by 0.985 and —0.1, respectively. Equation (19) is
quite useful to compute the density of surface
states

but for any b, there is an asymptotic value of the
width of the band. These asymptotic values are
expressed, in the figure, by the arrows and cor-
respond to the values for which E'(I —2A, q) is
equal to —,'m(qa+ Eo —1+26) ' [see Eq. (1'7)].

Finally, the expansion of E'(E, 0) near E = 1 —2b, ,
allows one to derive the value of the symmetric
band at q =0. This value is approximately equal
to

z=&-a~+~~~(i-r )"'- '' „,) .
(E, —1+2~)"'

~(E) = —qdq8(E(q) -E)1
2'

(20)= —Z1 q

dE(q)/dq ~,, & s
From Eqs. (19) and (20) it follows that, when

E= 1 —24, dE(q)/dq is infinite, so that n(E) =0;
for increasing energy, there is only a value of q
such that E(q, ) = E until the energy reaches the

(18)
If we take into account that this solution can be
accepted only when the expression in large paren-
theses in Eq. (18) is positive, it follows that the
symmetric band remains very close to the valence
band. In fact from Eq. (18) we have E —(1 —2&)
(Q2

The behavior of the gap between the surface
bands is then essentially determined by the value
of the antisymmetric band at q=0. This value
E(0) is plotted in Fig. 4 as a function of the vacu-
um level. This plot is interesting because the
oxidation of the surface should correspond to an
increase in the vacuum level.

It is interesting to note that the antisymmetric
surface bands of Fig. 2 are well fitted, in the
whole range (0, 1), by a curve of the form

n(E)

0.8 0.9 l.l E/E F

E(q) = E(0)(l —q ) (1+aql) + (1 —24)q, (19)
FIG. 5. Energy density of states for the antisymmet-

ric band characterized by 4=0.1 and ED=2 of Fig. 2.
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value E(0). When E ~ E(0), there is a new finite
contribution to n(E). The density of states then
increases until the energy reaches the maximum
E of the surface band (see Fig. 2); near this
value, n(E) behaves like (E —E) ~'~. Figure 5

shows the behavior of the density of states of the
upper band. The density of states of the lower
band, when it is eventually present, is constant
for E smaller than the value given by Eq. (18) and
is zero otherwise.
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