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Anharmonic free energy and specific heat at constant volume of sodium and potassium
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The lowest-order cubic (F,) and quartic (F,) anharmonic contributions to the Helmholtz free energy
have been calculated at several temperatures and lattice spacings for sodium and potassium using
interionic potentials developed by Taylor and co-workers. The effect of using either the Geldart-Taylor
or Vashishta-Singwi screening on these calculations has been examined. F, and F, are not sensitive to
the choice of screening. A method of calculating F; has been developed which is more suited to
long-range potentials. At all temperatures the anharmonic specific heat at constant volume (C#%) is
found to be positive for potassium. For sodium, C% is positive for T < 293 °K at which temperature
F, and F, appear to cancel each other; the sign of C4 becomes negative at T = 361 °K.

I. INTRODUCTION

In two recent puBlications Glyde and Taylor! and
Duesbery et al.? have calculated anharmonic-
phonon frequency shifts and widths as functions of
temperature in Na and K. In both cases self-
consistent phonon theory was used with the cubic
anharmonic term treated as a perturbation. How-
ever, it was also concluded! that straightforward
use of perturbation theory gives similar results,
Hence, we felt that it would be both useful and
interesting to use perturbation theory to calculate
the Helmholtz free energy for these metals,

In this paper we present the perturbation-theory
calculations of the two lowest-order terms in the
Helmholtz free energy F; and F, and the resulting
anharmonic contribution to the specific heat C%
for Na and K. In Sec. II we describe the model
used to calculate the interionic potentials which
are the same ones that were used by Glyde and
Taylor! and Duesbery et al.? Since this model de-
pends on the use of electron-gas screening, it
contains long-range oscillations arising from the
well-known logarithmic singularity in the slope
of the screening function. This means that calcu-
lations of F; and F,, the cubic and quartic contri-
butions to the free energy, must be extended to
many neighbors. This can be very time consum-
ing unless maximum use of symmetry is made.

In Sec. III we outline the method used to reduce

F3 and F; to a form which enables their calculation
in a reasonable amount of time even on a medium-
size computer, such as the 28K word Burroughs
5500, where our calculations were performed.

In Sec. IV we present the calculations of Fj
and F,. To calculate the potentials we used the
Geldart and Taylor® screeing function in both Na
and K. However, there are a number of other cal-
culations of electron-gas screening available*'®
and to test the significance of the choice of screen-
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ing we repeated the Na calculations at two tem-
peratures using the Vashishta and Singwi® version
of screening. Both of these screening functions
satisfy the compressibility theorem but differ
somewhat for g~ kz. Fortunately, though, the two
sets of F3 and F, were quite similar and therefore
the choice of screening does not appear to be very
critical. A more detailed discussion of this and
the significance of the data is given in Sec. V.

II. THE INTERIONIC POTENTIAL

Calculations of F; and F, necessarily rely heavily
on the use of models developed for the theory of
lattice dynamics in metals. Now the lattice dy-
namics of Na and K have attracted a great deal of
attention in recent years. Prompted by the publi-
cation of a number of accurate experimental mea-
surements of phonon dispersion curves, *~° elastic
constants, 1**? liquid structure factors, ** and
specific heats!* a vast number of calculations based
on a wide variety of models has appeared in the
literature. If we exclude those models which are
essentially parametrization schemes to fit exper-
imental data, we find that the rest of the calcula=
tions rely on the use of a two-body effective inter-
ionic potential which is constructed in the follow-
ing manner. First, the Coulomb repulsion between
the ions is introduced. This is then screened by
the conduction electrons interacting with the ions
via the electron-ion interaction. The bare elec-
tron-ion interaction is usually calculated using a
pseudopotential model, which is then screened by
some form of screening function based on electron-
gas theory. Finally some workers have introduced
a Born-Mayer-type of repulsive interaction to
take into account any possible overlap between
neighboring ion cores. Vosko'® has shown that the
core-core overlap interaction in Na is negligibly
small and a similar result is to be expected in
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9 ANHARMONIC FREE ENERGY

any material, such as K, which has a tightly
bound core. Hence, the Born-Mayer interaction
should not be used in these materials.

Geldart et al.'® were the first people to provide
a fundamental calculation in Na which gave good
agreement with the experimental phonon disper-
sion curves of Woods et al. ® without resorting to
the Born-Mayer interaction. To describe their
model let us note that in a material such as Na or
K, where nonlocal effects are small, " the inter-
ionic potential may be written in the form

Vir)= (Z'e)""/r—[2(Z'(3)2/7r]f0'° F(q) singr/qrdq ,
(1)
Flg)=1/Z2"m@¥ @)/ [¢*+ ]} . (2)

M(q) is the bare electron-ion matrix element, Z’
is the valence, and Q(q) is the static electron gas
screening function related to the dielectric func-

tions by the equation

el@)=1+Q(g)/q*. (3)

To calculate M(q) a single orthogonalized-plane-
wave (OPW) model was used to represent the con-
duction electron state and the nonlocal terms were
averaged over the Fermi sphere. In this approxi-
mation M(q) takes the form!®1!®

M(q) = Glgry) - £q° Uylq), (4)
where

G(x) = 3(sinx - x cosx)/x°, (5)

£=80/81Z "ay, (6)

, being the volume per ion, a, the Bohr radius,
and Uy(q) is basically a pseudopotential arising
from the non-plane-wave-like component of the
OPW. TU,lg) must be expressed in rydbergs.

To calculate Uy(q) the Prokofjew!? potential
was used to represent the Na* ion and a similar
type of potential constructed by Duesbery et al.?
was used to represent the K* ion. The calcula-
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tions were performed at five values of the lattice
parameter ¢ in Na and four values of g in K, For
sodium at 90 °K, lattice parameter (z=4.234 A)
values of Uylq) can be obtained from Geldart,
Taylor, and Varshni.!® Similarly for sodium and
potassium Uy(g) can be obtained at other lattice
parameters and is available upon request from the
authors.

For the screening function Q(g), the Geldart and
Taylor® calculation was used.

The choice of model for our calculations is pre-
cisely the same as was used by Glyde and Taylor?
and by Duesbery et al.? This model has already
been used very successfully to calculate phonon
frequencies, %1 elastic constant, %% and the Na
liquid structure factor.?® Hence, we feel that we
can use it confidently for the extensive calcula-
tions required to determine F; and F,.

II. EXPRESSIONS FOR F; AND F,

The formal expressions for the cubic (F;) and
quartic (F,) terms of the Helmholtz free energy,
valid for all temperatures, have been derived by
many authors?*~% after Ludwig’s original deriva-
tion and we shall only state the results.

A. Quartic term (F,)

The finite temperature expression for the quartic
term is given by

n? > > >
Fo=35% .E, 2 &(&yjy, Kajg, ~ Kyjy, = Kpja)
05, iy,
X (2ny+1)/wy(2mp +1)/ws , (7)

where w, = w(k,j,) is the eigenvalue associated
with the k,j, normal mode of vibration, N is the
number of unit cells in crystal, 8=1/k5T, n
=n,j,)=1/(e™ ~ 1), and &(K,jy, Kajo; Kajs; Keje)
(=¢) is the Fourier transform of the fourth-
order atomic force constant defined by

2B(r,)

> s s 1 > s e e
®(kyjyiKe o Kajsi Kaja) = 53 Zi;'(—-“r‘nl @-e))(n-e)n"ey)n-e,)+ — =t~

X [(E' 51)(1’7“ gz)(ga . 64) + (ﬁ ° gg)(ﬁ“ Ea)(gg . 31) + (K' 53)(5' 34)(51 . Ez)

A CHACAL AN R A RAIREAN R AT A A N2
n
- -> - - -> - - - - - - - 4 ngiiing
X [(ey-ez)(e5-e,) + (e €5)(e - €)) + (e, 5)(e, e,)]) IT (1 - griarsn) | (8)
i=1
- - I .

where 7,=1r,l =3 lanl, a is the lattice constant, we find
1 is a vector with integer components determined 2 . . .
by the lattice geometry, M is the atomic mass, F,= TeNiF 23" [S4a@) + Sy () + 5, )], (9)
and e’( EE(E‘ J .L) is the eigenvector corresponding n
to the mode k,j,. Substituting for ¢ in Eq. (7) where
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SM (ﬁ)= [C(’)’")/I al ‘] fz(‘.;) )

S0 @) = %’ligzg’- (4 P +zf(a)h(ﬁ)) ,

Sy ()= 3;‘]—(-:1-,) (z Za) 12(n)+4 ? JZm) + h"'(ﬁ))

f(ﬁ)=§ [n. ek Pelks,n),
ga(ﬁ)=§ [ - &(kj)]e, Ki)c s, 0) ,
h(ﬁ)=§ [6(&j) - e®j)]cEs,n) ,
1¢,<m=§ et (&j)cj,n) ,
J‘,,(ﬁ)=§ e &jlesks)e(kj, n) ,

c(Rj,n) =[1 - cos(2nak - n)][2n(Kj) + 1] /w(Kj) ,

and ac [x,y,2]and B=a+1 (i.e., if aisx, Bis
y, etc.). Alr,), Blr,), and C(r,) are defined by

Alr)=[6"0) - A/N¢’ )],y
Blr)=[6""0) - 6/r¢" )+ 3/r)9 )] uy
Clr,)=[¢"@) - (6/7)0"" (r)+ (15/7%)p" (r)

- A5/7)0" )] urn »

where ¢'(r), ¢''(r), ... etc. denote the various
derivatives of ¢ (r) with respect to » evaluated
at r=7, and q is the lattice constant.

B. Cubic term (F,)
The full expression for F; is given by

2
Fooo M

6N kz > alk, +k;+k;)

thaks Jiials
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X | ®(kyjy, kajes kajs)| 3£ (1,2, 3), (10)
where
£1,2,3)= 1 [n1n2+n2n3+n3n1+n1+n2+1
W1 Waw3 Wy + Wa + wg)

Nahg +tngny —nyng +n3
+3
(w, + Wy = wa)

and A(K, +K; +K;) is unity if k, +Kk, +K&; is zero or
277, where T is a vector of the reciprocal lattice,
and zero otherwise. &(k,j,,k2js, k3js) is the
Fourier transform of the third-order atomic force
constant and other symbols appearing in Eq. (10)
have been defined before in connection with F,.
Using the restriction of A function on the three
wave vectors K,, K,, and Ky, ®(2,j, kzja, ksjs) can
be written as

& (Ryj1, k2jz, ksjs)

i
T MYE Z

n

2 e, (&, j))es®zjz)e, [Ksjs)
aBy

X &g gy(M)s1+ 52+ 53] (11)
where s, = sin(rak, *n) and @, B, 7 each take the
value xyz in summation. The summation over n
implies the sum over neighbors considered in the
anharmonic interaction. When the summation is
carried out over @, B, ¥, in Eq. (11) the resulting
27 terms can be grouped into 10 terms by using
the symmetry properties of ¢,4 (the third-order
tensor derivative) and we find

i
Q(ly 2’ 3) = W ? [¢xx:(n )elxeaxe!!x + ¢yw(n)e1y92y63y + ¢,,,(ﬂ)61,eg,ea,

+ ¢xyx(” )(elerye3x + elyeZ:e3x + elxezxe3y) + ¢xu(n)(elxehe3x + €1,€2¢€34 + elerxeh)

+ By (n)(€1,€2,83,+ €14€2,€3, + €1,02,03,) + Dyey () e1y€2,03, + €1,€2003, + €15€25€3,)

+ ¢ut(n)(elnehe3x t€14€2,€3,F elleZJeSx) + ¢‘xyt(”)(elle2y631 +€1y€2,€3¢F el;eheay)

+ ¢xw(”)(elxeheh + ereSyeh + e3xely32c + elteheSy + elceZyeSx + 91y32x63.)]

> .
Now for a given wave vector k the summation over

neighbors would involve sums of the type

DyyoB) =2 0y (@ sin(nak - ) . (13)

‘This sum can be easily carried out for a nth lat-
tice point in the sth shell having »* lattice points
with coordinates 3 a[ns, x5, n3], where n}, n}, 7}

are three non-negative integers with »; > n$ > nj.

X[s,0n) + s2(n) +s3n)]} - (12)

f
The final result is

Doy ®)= = 1 /6 6,4, 0°)

X [S“(s,ys,, + syzsu) + s,,(s,,s,,, + s,,,s,,,)
(14)

where s, z=sin(rak,n$). Due to the invariant na-
ture of the summand, the right-hand side is to be
evaluated for one representative point only in a

+ Sy (S Syt SyySe)]
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given shell. The sum over s implies the summa-
tion over shells. Similarly other sums of the type

D,,. (k) =Z_; G ex (1) sin(mak < 1),

etc., can be evaluated.

1V. NUMERICAL RESULTS

When evaluating F, and F, one has to decide (a)
how many neighbors over which to perform the
sums and (b) what mesh size to use for the sums
over the k vectors. Let us discuss (a) first. We
have carried out the calculation of both F; and F,
for as many as 23 neighbor shells in both materials
and at all temperatures. In each case, F3 con-
verged very nicely and it was almost certainly not
necessary to sum over so many neighbors. On
the other hand, as each neighbor contribution was
added in to F, it tended to oscillate, sometimes
quite wildly, and by the time the 23rd neighbor
was redached, it still had not converged. However,
it was possible to estimate what the final number
would be within certain confidence limits and
these estimates are the numbers that are listed in
this paper.

The reason for the slow oscillatory convergence
is easy to understand. Both the Na and K poten-
tials show an asymptotic behavior of the form?2°
r-5cos(2kr +6). Therefore, the nth derivative
of these potentials will also contain a term of the
same form. Now for a given neighbor distance
from the origin 7,, the number of neighbors situated
at the distance is roughly proportional to rﬁ for
large 7,. Thus we can expect that contributions
to F, from individual neighbor shells will show
roughly an 7;3 dependence, which of course gives
rise to rather slow convergence. Exactly the
same problem has been encountered in the calcula-
tion of elastic constants.? The more rapid con-
vergence of F; is attributable to the fact that this
term contains essentially the square of the poten-
tial and its derivatives, and thus the individual
neighbor contributions show an 7;5 dependence,
which rapidly became negligibly small as 7, in-
creases.

An important consequence of the slow conver-
gence of F, is the fact that it can be extremely
hazardous to terminate the sums at a small num-
ber of neighbors when using an oscillatory poten-
tial. For example, if we had terminated our sums
at the second-neighbor shell we would have ob-
tained values of F, which differed from the final
numbers in Na by about 15% or so. However, in
K, the same procedure would have yielded values
of F, which were typically 100% too large.

Turning our attention to the mesh size for the
sums over k vectors, we have used a simple cubic
mesh of wave vectors (E=E/L) and boundaries of
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the first Brillouin zone defined by p, +p,< L,
Py+pt$ L! pl+pst7 a‘nd szxzpyzpl; 0’
where p,, p, p,, and L are integers. This yields
2L° points in the whole zone. We find that for
L=6, F; converges to two significant figures.
For L="1, the computing time involved becomes
prodigious and does not seem to justify the slight
improvement in accuracy. For F;, L~ 20 seems
to be necessary to get good convergence but the
computer time is no problem in this case since
F, is a much simpler quantity to calculate. Hence,
the numbers for F, quoted in this paper are for

L =20.

V. DISCUSSION

The experimental specific-heat data for all the
alkali metals in the solid phase have been analyzed
by Martin!* from the viewpoint of extracting the
anharmonic contribution to the specific heat at
constant volume (C%). In each case he has pre-
sented the results in the form

C4=3NA(V)kgT , (15)

where the coefficient A refers to the 0 °K volume.
Thus, we can make a meaningful comparison of
our results of A(V) with experiment only at low-
temperature volumes,

For potassium we find that A is positive over
the entire temperature range. At 7=9 °K our
value of A is within 75% of the value given in Table
VII of Martin’s paper, which can certainly be re-
garded as reasonable agreement for this type of
calculation,

For sodium the situation is not so simple, Our
values of 4, although positive over most of the
temperature range, becomes ~0 at 293 °K and ac-

TABLE I. F;, F,, and the coefficient 4 in C§ for so-
dium and potassium. Fj3 and Fy are in units of 102N (K T)?
erg! and 4 in units of 10™,

Lattice A
parameter Fy F, F=F;+F, (C$=3NAKT)
Sodium
4.2247 & —-2.56 2.10£0.20 —-0.46+0.20 0.42+0.2
(T=5°K)
4,234 4 -2.47  1.4230,10 —1.05%0.10 0.9740.1
(T =90°K)
4.251 & —2.58 1.95+0.05 —-0.63%0.05 0.58+0.05
(T =160°K)
4.2883& -3.01 2.900.2 -0.11£0.2 0.10+0.2
(T =293 °K)
4.309 & -3.08 3.10x0.15 +0.02+0.15 0.02+0.14
(T =361°K)
Potassium
5.233‘& —1.66 0.70£0.15 -0.96+0.15 0.88%0.14
(T=9°K)
5.261A -1.91 1.30£0.10 —-0.61+£0.10 0.56+0.1
(T =99 °K)
5.305,& -2.01 1.10+0.05 -0.91+0,05 0.84x0,05
(T =215°K)
5.343& -2.28 1.70+£0.10 -0.58+0.10 0,.53+0.1
(T =299 °K)
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tually turn out to be negative at 7=361 °K. This
situation arises because of the strong cancellation
between F; and F,. Our low-temperature value
differs from Martin’s result by a factor of 4 which
is still not unreasonable, although it is not as
satisfactory as for K.

As mentioned in the Introduction we felt that it
was of interest to check the influence of the choice
of electron gas screening on the final results.
Hence, we recalculated the Na potential at two
values of the lattice parameter using Vashishta
and Singwi® (VS) screening instead of Geldart and

- Taylor® (GT) screening. These two screening
functions both satisfy the compressibility theorem,
but differ somewhat for g~%;. The values of F;

and F, resulting from VS screening differ slightly
from the GT values but the difference does not
seem to be significant, For example, at
a=4.234 A, VS screening gives F;=- 2,525, F,
=1,55+0, 10 in units of 10" N(k;T)?erg™ as com-
pared to the GT results of F3=-2.468 and F,
=1.42+ 0. 10 in the same units. Quite clearly
then the choice of screening for the type of cal-
culations in this paper is not critical.
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