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Temperature dependence of the magnetic excitations in singlet-ground-state systems:
Paramagnetic and zero-temperature behavior of Pr3 Tl and (Pr, La)3 Tl
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Neutron scattering experinents have shown that the magnetic excitations in polycryst&»~e (Pr, La)3Tl

compounds are only weakly temperature dependent. This contrasts with the strong temperature

renorme»»tion predicted by the simple singlet-singlet and singlet-triplet models of induced moment

systems. Calculations have been made of the spin-wave dispersion relation at zero temperature using the

pseudoboson model and as a function of temperature in the paaunagnetic phase using a generalized

susceptibility theory including transitions between all levels of the ground multiplet. As the temperature

increases it is found that node-mode interaction between excitations out of the ground state and those

out of excited states plays an important role. The temperature dependence of the excitations is found to
be weak for most wave vectors and in agreement with experiment. Near the xone center where no

experiments were possible the excitations are more strongly temperature dependent.

I. INTRODUCTION

There has been a growing interest in the mag-
netic propex ties of systems which possess a sin-
glet ground state fox which the ordering transition
occurs by a magnetic polaxization of the ground
state. Reviews of this field have been given recent-
ly by Cooper and Birgeneau. Qf particular in-
terest and simplicity are the family of compounds
based on Pr3 Tl in which the ground multiplet of the
Pr ion (8=4) has a singlet I', state lowest, then a
triplet F4 followed by a doublet F3, and a triplet
Fs state in cubic symmetry. The exchange inter-
actions between the Pr ions in Pr3Tl are only just
sufficient to induce magnetic order at tempera-
tures below 11.6 'K with an ordered moment of
about one quarter of the maximum Pr moment.
Measurements of the spin-wave dispersion rela-
tion in polycrystalline material by neutron in-
elastic scattering have been made and the unusual

aspect of the experimental results was the insensi-
tivity of the excitation energy to temperature. The
experiments mere pex formed at small scattering
angles in order to obtain an average dispersion
relation for the polycrystal and thus no results
were obta1ned at wave vectors less than 0.3 A

By contrast, theories with an approximate model
Hamiltonian for Pr, that consists either of two sin-
glet levels or of the lowest singlet and the first
triplet of the ground multiplet, predict a marked
temperature dependence.

Qne obvious omission in the simple model theo-
ries is the neglect of the other levels belonging to
the ground multiplet and this can be included with-
in the many-level spin-wave model based on
Grover's pseudoboson theory which is satisfac-
tory in the limit of T =0. This theory has been ap-
plied to KCoF3, TbSb, and also to PrsT1. In the
nonordered state the exchange-enhanced suscepti-

bility of Peschel, IQenin, and Fulde, which is
analogous to the theory of paramagnons, is valid.
It may be applied if the exchange is not strong
enough to produce magnetic order in singlet-
ground-state systems or above the ordering tem-
perature of materials which do become ordered.
All levels of the lowest multiplet can be included
in the calculation and the spectrum of excitations
then includes excitations out of excited states
which can mix with the usual spin waves out of the
ground state.

From realistic calculations based on these theo-
xies we shall show that the marked contrast noted

by Birgeneau et al. between the experiment Rnd the
simple model theor1es comes from neglect in the
theories of the higher energy levels and the excita-
tions out of these excited states. The latter "ex-
cited state spin waves" are important for an un-
derstanding of the phase transition as we shall show
in a following paper. In addition, most of the in-
teresting temperature dependence is confined to
wave vectors not accessible in powder experiments.
In Sec. II.the theory is outlined briefly Rnd in Sec.
ID the numex'1cRl 1 esults Rl 8 compared criticRlly
with experiment. The significance of the results
is discussed in Sec. IV.

II. THEORY

A. Pseudoboson theory

The Hamiltonian describing the magnetic prop-
erties of the Pr ion is the sum of a single-ion part
&1 and an interion exchange part Xa. Thus

x, =Z&g(j),

hg B4(04+ 504) +B8(08———2106) +Bq 0q +H~ 8~

(I)
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FIG. l. Energy levels of the Pr ion in a molecular
field. The crysta1-field-on1y states are denoted by their
symmetry labels ~„. The broken vertical line gives the
molecular field on the Pr ' jon in Pr3T1 at &=0'K. For
this molecular field the nonzero matrix elements of the

. total angu1ar momentum 5 betvreen the ground state 0 and
each excited state n are given as S~ which is equal to the

8N„O defined in the text. Magnetic-dipo1e-inactive transi-
tions from the ground state are denoted by a zero.

part of the exchange already included in (1). X, is
solved self-consistently to find the eigenstates and
the molecular field. The exchange mixing between
the ground state and the excited states which gives
rise to the induced moment and plays an important
part in determining the energy gap at zero wave
vector is thus included exactly for each atom. For
the Pre Tl compounds the spin direction and hence
the field H, is directed along the edge of the cubic
unit cell.

Figure 1 summarizes the effect of the molecu-
lar field on the energy levels which make up the
ground multiplet with crystal-field parameters ap-
propriate to Pr3Tl. The exchange barely exceeds
the critical value to induce a moment in the ground
state. As a result the wave functions are little
changed by the molecular field. The transfer ma-
trix elements of 8 in zero molecular field and that
appropriate to Pr3Tl are compiled in Table I and
are similarly little changed by the molecular field.
The splitting between the ground state and the
average of the first three excited states is in-
creased by less tllRll 3%%uo 111 the n1018culRI' field.

The excitons at T =0 are described in terms of
pseudoboson operators a which take an ion from
the ground state to the mth excited state of the
multiplet. In terms of these operators the angular
momentum of an ion in the ground state at T = 0 is
given by

S,=Z (S.„oat+S+o a„)

3Co = 5 &(jj )SI ~ Sp —Q Ifgsgl .
+Q Sg„o(at+a ), (5)

Equation (1) includes the effect of a cubic crys-
tal field with crystal-field parameters 8&, Be
multiplying operator equivalents for 8, the total
spin plus orbital angular momentum. ' The effect
of a tetragonal distortion is described by the B2
term.

The single ion part of the exchange is written
in terms of a molecular field H, given by

Rnd (I Is lm) ls tile B1Rtl'1x elenlellt of S evRluRted
between the single-ion states )m), )n) in the self-
consistent molecular field. The single-ion Hamil-
tonian may be written in terms of the eigenvalues

of the states im ) as

EqllR'tloll (2) ls 'tile lsotl'oplc excllellge Intel'Rctloll
between ions at sites j and j' less the single ion

All the terms which are nondiagonal in m come
from the interion Hamiltonian 3C3 which, with Eqs.
(4) and (5), takes the form for a ferromagnet

Zo=p Z {Z(jj)(S oS o +S oS o)[a (j)a„(j')+a„(j)a'„(j')]
fft&ff

+ o ~(i~')(S..os ~+S .os.~)fa.'(j )a!(j') +a.b) a.(j ')]

+~(ii')S.~s~.[a'(j)a.(j')+a (j)a.'(j')+a'(j)a.'(j')+a (j)a.(j')]].
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TABLE I. Exciton energies and matrix elements of total angular momentum S in I'r3T1. The transitions important
in the mode-mode interaction are indicated at the right. 1 THz is equal to 48. 0'K.

Magnetic states

n (THz) (n I S~ I n) m (THz) &ml S. I n)

Nonmagnetic states

n (THz) (n I &~I n) m (THz) (m I S I n)

1 0 000 1 009 2 1 592
3 1.611
4 1.712
5 2.757
6 2.923
7 3.650
8 3.995
9 4.262

3.401
—2. 523

3.685
0

—0.186
0.115
0

—0.090

+ 1 0.000 0.000 2 1.601
3 1.601
4 1.601
5 2.745
6 2.745
7 3.882
8 3.882
9 3.882

3.651
—2. 582

3.651
0
0
0
0
0

r4-r,

2 }.592

3 1.611

0.650

0.754

3 0.018
4 0.119
5 1.164
6 1.331
7 2. 058
8 2.403
9 2.669

4 0.101
5 1.146
6 l.312
7 2. 039
8 2. 384
9 2.651

1.932
0
3.995

-1.911
0

-1.299
—l.130

0.464
0

—2.693
—2.520

0
l.151

2 l.601

3 1.601

0.500

0.000

3 0.000
4 0.000
5 1.144
6 l.144
7 2.280
8 2. 280
9 2. 280

4 0.000
5 1.144
6 1.144
7 2.280
8 2. 280
9 2.280

0.707
0
3.742

—2.160
0

—l.871
—l.323

—0.707
0

—3.055
-1.871

0
1.871

r4- ~4

r, -r4

r4-r4
r, r42

4 l.712 —0. 256 5 1.045
6 1.211
7 1.938
8 2. 283
9 2.550

3.450
-1.994

1.556
2.315
0

4 1.601 -0.500 5 1.144
6 1.144
7 2. 280
8 2. 280
9 2. 280

3.742
—2.160

1.323
1.871
0

r, -r4

5 2.757 0.795 6 0.167
7 0.893
8 1.238
9 1.505

0
1.818

-1.835
0.913

5 2.745 0.000 0.000
1.136
1.136
1.136

0
l.414

—2. 000
1.414

6 2.923 —l.763 7 0.727
8 1.072
9 1.338

1.966
0
2.778

6 2.745 0.000 7 1.136
8 1.136
9 1.136

2. 449
0
2. 449

7 3.650 2. 256 8 0.345
9 0.612

—3.382
0.0

7 3.882 2. 5 8 0.000
9 0.000

-3.536
0

8 3.995 —0.795

9 4. 262 —2. 650

9 0.267 3.676 8 3.882 0.000

9 3 882 -25
9 0.000 3.536

The solution in terms of plane waves follows the
method of Walker' and leads to a secular matrix
equation of dimension 2Sx 2S for a ferromagnet.

The theory includes the excitations out of the
ground state to all excited states. The single-ion
terms are treated exactly while the equations in-
volving interionic exchange are linearized. In
this theory excitations out of excited states are ex-.luded. An even more restrictive condition is that,
in order that the excitations a = C~ Co obey Bose
commutation relations, all the ions must be in the
ground state and the theory is thus valid only at
T =0.

B. Exchangewnhanced dynamical susceptibility

The derivation of the dynamical susceptibility
for a paramagnet is sketched here. Full details
will be given in a subsequent paper to be published
on this topic.

At high temperatures one must project the spin
operators into the full ground-state manifold:

s.= ps, „c'c„
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s.=Zs „ctc„, (10)
n, m

where Ct is the operator which creates the
single-ion state )n). The matrix elements S „„are
determined as in Sec. IIA. The corresponding
energies of the states ~„then appear as diagonal
terms in the Hamiltonian. In the paramagnetic
state the &„are the cxystal-field-only energies
and the Hamiltonian takes the form

3c„=Z(o„ct(j)c„(j)+—Z z~~,
J gs

"is.(&)s (j')+s (j)s.(j')+2s.(j)s.(i')t (11)

with the spin components given by (9) and (10).
It is convenient to introduce the dynamical sus-

ceptibility which, in the paramagnetic state of a
cubic system, is the same for the three Cartesian
spin components and in terms of the z component is

G (j,j ', ~) = - fe(f) ((s.(i, ~), s,(j ', 0)1) .
The Fourier transform of G(j, j', f) is

~+ CO

eAagG( ~ i f)df &le 1%0& 'R'tg~)1

(13)
The single-ion susceptibility obtained from the
Heisenberg equation of motion by ignoring the sec-
ond term in (11) will be denoted by g(z) and is
given by

have been conveniently tabulated by Birgeneau
for the paramagnetic phase. The neutron inelastic
scattering cross section is proportional to

(1 —e'-~')-' an )((q, (g).

The peaks in this cross section at a given wave vec-
tor occur at the energies of the excitons.

III. RESULTS

A. PraT1

The experimental energy-wave-vector-disper-
sion relation for polycrystalline Pr371 determined
by Birgeneau et a/. is shown in Fig. 2. Since the
material is polycrystalline each point represents

DISPERSION RELATION FOR Pr, TX

80—
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The population of each state is f„=e'-~~~/Z where

P =1/kT and Z is the partition function. The equa-
tion of motion for G(q, ~) involves higher-order
Green's functions which are decoupled in the ran-
dom-phase approximation
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c'(j )c.(j )c,'(j ') cp(i ')
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to give the final result
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This simple form occurs in systems such as Pr
Tb ', or Co ' in a, cubic field where the matrix
elements are such that if S, „is not equal to zero
then S,„and 8 are zero. A simple generaliza-
tion is possible to more complex systems like
CoFz where the Co ' ion is in a rhombohedral field.
An alternative derivation of the dynamical sus-
ceptibility using a diagram technique has been given

by Fulde and Peschel. The Green's function
6{q,&o) is related to the usual measured dynamical
susceptlblllty by

lt(q, ~) =g'VeG(q ~) .

The matrix elements [S „[ used to calculate (17)

FIG. 2. Dispersion relation of magnetic excitons ln
Pr3TI. The neutron measurements of Birgeneau et al.
(Ref. 3) (solid circles) on polycrystalline material at
low temperature are to be compared with the average of
the three broken lines obtained from the present pseudo-
boson model. The full width of the observed neutron ~

groups shown by the error bar indicates that the resolu-
tion of the spectrometer was insufficient to resolve the
individual modes or branches near the crossover. Above
T~ at T= 21.3 'K, which is T/T~= 1.28 in terms of the
theoretical transition temperature, the solid linesof the
dynamical-susceptibility theory indicate that mode-mode
interaction is important between the original singlet-trip-
let modes 1 4-I'~, and the excited-state modes associated
with ~3- I'4. The line at the left shows the position of
the ~3- &4 transition in the high-temperature limit.
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the spin-wave energy averaged over all directions
in space corresponding to a given magnitude of
wave vector. Because of the finite instrumental
resolution each point is also an average over the
first three branches of the dispersion relation.

The parameters used in the calculations will now
be discussed. As pointed out by Hirgeneau a close
estimate of the average crystal-field splitting 4
between the ground state ~, and the first three ex-
cited levels ~3, ~3, ~~ can be obtained from the
measured energy at aQ/m = l.41 since at this point
contributions to the spin-wave energy from the
transverse components of exchange are minimized
and the effect on the spin-wave energy of the molec-
ular field is small. 6 was found to be V7 'K. Al-
though there is little physical justifj, cation for the
procedure the ratio of 8,' to 86 was fixed at the val-
ue predicted by the point-charge model (- 149.4).
The magnitudes of the crystal-field parameters
B4, B~ are then chosen to reproduce the value ob-
served for b, and are found to be —4. 97' 10"2 'K
and 3.33& 10 4 'K, respectively. The exchange
parameter~ Z(-2. 43x10 ' K) is chosen to give the
observed ferromagnetic moment in Pr3Tl at low
temperatures.

The dispersion relations for the first two trans-
verse branches and the first longitudinal branch
of spin waves propagating in the [f, i;, 0] direction
are shown by the dashed curves in Fig. 2. The
frequencies were calculated from the pseudoboson
model with the above exchange and er-'stal-field
parameters. Note that the choice of wave vector
along the [g, L, 0] direction arises because the
spin-wave energies averaged over all directions
turn out to be close to those for the [L, L, O] direc-
tion for the same magnitude of wave vector.

Cooper was the first to calculate the dispersion
relation of PrsTl in the pseudoboson model. %'e

have repeated these calculations with the above ex-
change and crystal-field parameters and the results
in Fig. 2 indicate an improved match between the-
ory and experiment. Birgeneau also compared the
pseudoboson model with experiment with the above
parameters and the curve in Fig. 6 of his paper is
the average of the dashed curves in Fig. 2.

In the paramagnetic regime the same exchange
and crystal-field parameters were used to cal-
cul.ate the dispersion relation using the exchange-
enhanced susceptibility model, Eels. (16) and (17).
The result for T = 21.3 K is shown as the solid
curve in Fig. 2. In the paramagnetic regime a
new mode appears corresponding to an excitation
from the F~ state to the F3 state and the strength
of the mode depends on the population of the I'4
state. %hen the energy of the spin wave out of the
ground state equals the energy of this new mode,
signified by a line in Fig. 2, resonant scatter-
ing and mode-mode repulsion occurs as shown in

Fig. 2. The effect is absent at T = 0 because the
population of the triplet state is zero. The effect
is necessarily excluded in the singlet-singlet and
singlet-triplet models since higher levels than the
1"& level are excluded.

In the experiment it was not possible to observe
the splitting due to mode-mode repulsion not only
because of the averaging arising from use of a
powder specimen but also because of the finite in-
strumental resolution. As shown by the error bar
in Fig. 2 the experimental full width at half-maxi-
mum is considerably more than the splitting.

At low q the intensity is largely in the lower
branch, whereas at. wave vectors much larger than
the wave vector, where the two branches would
have crossed over in the absence of mode-mode
repulsion, the intensity is largely in the upper
branch. This behavior of the intensity is similar
to that given in Fig. 4 for the dilute ferromagnet
and so is not repeated here. This behavior indi-
cates that in- an experiment performed at low reso-
lution such as that of Birgeneau et al. a single
branch of the dispersion relations (largely the three
branches out of the ground state) would be ob-
served with a rather smooth intensity variation.
Only if the resolution was high enough would the
second I"

3
—I'4 peak be observed in the vicinity of

the crossover.
At low resolution the experiment measures the

average of the two solid curves weighted according
to the intensity of each. Vfe have calculated this
average at one wave vector aQ/v =0.94, where a
series of measurements of the neutron group as a
function of temperature were reported. This wave
vector falls in the region where the mode-mode
repulsion is strong. In Fig. 3 the energy corre-
sponding to the mean energy of each neutron group
normalized to the energy at 4. 4 K is plotted
against the temperature in units of the transition
temperature. The solid curve in Fig. 3 is the the-
oretical temperature dependence of the average
energy of the two branches of the dispersion rela-
tion weighted by the intensity of each as calculated
from the dynamical-susceptibility model. The fre-
quencies given by the dynamical-susceptibility
model are normalized in Fig. 3 to the average fre-
quency of the three lowest branches of the dis-
persion relation at zero temperature which is al-
ready known from our pseudoboson cal culation.
The dashed curve shows the reduced temperature
dependence predicted within the singlet-singlet
model evaluated with the same parameters d and
J; Again the transition temperature predicted by
the model was used to define the reduced tempera-
ture scale. It is clear that the inclusion of the
higher levels in the present dynamical-susceptibil-
ity model substantially improves the agreement of
theory with experiment.
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The dispersion relation at 0 'K for propagation
in the [f, $, 0] direction with /reduced by 12% of
its value in Pr&Tl, calculated from the pseudoboson
model is shown as the solid line in Fig. 4, which
agrees fairly well with experiment. The disper-
sion relation calculated from the generalized-
susceptibility model gives an identical result as
expected at T = 0. The dashed curve and the dotted
curve in the upper part of Fig. 4 show the dis-
persion relation at 33 and 110 K calculated from
the dynamical susceptibility and these curves show
the same mode-mode repulsion features found
earlier. The arrow gives the energy separation
of the I'4 and I'3 levels. The calculated intensity

0.90-
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TEMPERATURE DEPENDENCE OF EXCITON
DISPERSION RELATION FOR (PrOBBLOO)2)pTg
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FIG. 3. Temperature dependence of the magnetic exci-
tons in Pr3T1 according to experiment (Ref. 3) (circles),
singlet-singlet model (broken line), and the present dy-
namical-susceptibility theory (solid line).

8. (Pfg.~ L8~ )3Tl compoun18

In order to pass from the situation where the ex-
change is just sufficient to induce magnetic order-
ing to that wher e no ordering occurs, Birgeneau
et al. ' also studied the (Pr, La)STl compounds
where nonmagnetic La, replaces Pr substitutionally.
Magnetization studies show that these compounds
do not order for La concentrations greater than
about t%. Detailed measurements of the dispersion
relation of (Pro 88 Lao &z)3Tl were made with results
shown in Fig. 4. Measurements of the neutron

group at aQ/v =0.94 were made over the tempera-
ture range 4. 5-110 K.

The effect of introducing nonmagnetic defects
into an induced moment system is likely to be com-
plicated. The static disturbance is probab1. y long-
ranged since the absence of a moment on the non-
magnetic La site will depress the induced moment
at the surrounding sites. The defect modes will be
resonant in character and their calculation will in-
volve a complex self-consistency problem. The

simplest approach in analyzing polycrystalline
data is to reduce the exchange parameter by the
percentage of La in the alloy, a procedure which

gives the correct average behavior for dilute in-
sulating magnets. Since the lattice parameter
only changes by 0. 1% on going to the La-doped al-
loy the same crystal-field parameters were re-
tained for the Pr ion.
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FIG. 4. In the upper part the dispersion relations for
(Prp, gsLap, f2)3T1 ca1culated from the dynamical-suscepti-
bility theory are given for three temperature. The 0 K
results (solid line) are to be compared with the neutron
measurements of Birgeneau et eE. (Ref. 3) (solid circles).
The long error bar shows that the full widths at half-
height (FWHH) of the observed neutron groups were such
that, in the region of the crossover, the spectrometer
averaged over both the branches of the dispersion rela-
tion that are present at high temperatures. The lower
part of the figure shows how the intensity of the neutron
scattering is mainly from the lower branch of the disper-
sion relations at small wave vectors and mainly from the
upper branch at large wave vectors. The arrow at the
left indicates the energy of the I'3 - I'4 transition in the
high-temperature limit.
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of the modes for 33 'K is shown in the lower part
of Fig. 4. The lower branch has high intensity at
small wave vectors while the upper branch has low
intensity, but beyond the mode-splitting region the
upper branch is more intense than the lower. As
the temperature is raised the mode-mode repulsion
increases; in addition, the wave-vector depen-
dence of the two branches decreases.

As for Pr3Tl the detailed temperature-depen-
dence study was conducted in the region of the
mode repulsion. Figure 5 shows the temperature
dependence of the mode at aQ/v = 0. 94 normalized
to the energy at 4. 5 K. The dashed curves show
the temperature dependence of the upper and lower
modes at this wave vector. Since the experimental
full, width at half-maximum is greater than the
maximum splitting, one would expect to observ e the
weighted average of the upper and lower modes
and this is given by the solid curve in Fig. 5. The
predictions of the singlet-singlet and singlet-
triplet models are also shown in Fig. 5. The
present theory based on the dynamical susceptibil-
ity is seen to be in better agreement with experi-
ment than either of the other two models. The
dynamical susceptibility also predicts a tempera-
ture dependence of the exciton intensity that is in
qualitative agreement with the intensity decrease
found experimentally.

C. Face-centered cubic Pr

state of the triplet and the next two excited states
is found to be large and would have been experi-
mentally observable. No attempt has therefore
been made to develop a model for pure praseody-
mium.

IV. DISCUSSION AND CONCLUSIONS

TEMPERATUR E DEP ENDENCE OF
EXCITON MODES IN (P&o.ss Los.~s )s'TL

I 'I
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-"""
Ii~ ~3 a "~

W ~-
I I I 1
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The results show that the dynamic susceptibility
gives a good description of the observed tempera-
ture dependence of the neutron-inelastic scatter-
ing. The weak temperature dependence observed
for the spin-wave mode at 0. 94(v/a) is thus seen to
be parti'. ally a result of the averaging performed
by the spectrometer over the modes in the neigh-
borhood of the mode-mode repulsion. At larger
wave-vector transfers, say 2v/a, the neutron scat-
tering will be from the upper of the two modes in
Fig. 4. This mode only falls by 3% between 0 and

Face-centered cubic Pr does not follow the pat-
tern of the Pr3Tl compounds. The spin-wave en-
ergys at aQ/v = l. 41 is very nearly the same as
for the compounds; from the measured energy at
this wave vector one concludes that the average
splitting between the ground state and the first
three excited states is within 2% of the value for
the compounds. However, the wave-vector depen-
dence of the spin-wave energies is less than for the
compounds and corresponds to an exchange param-
eter which is roughly 0. 6 of that for Pr3Tl. With
this magnitude of exchange parameter it is found
that, within molecular field theory, there should
be no magnetic order in'the system. Experimen-
tally, however, fcc Pr does appear to order in the
polycrystalline state with a moment of about 0.Vp~
at a temperature of about 20 'K. However, the
magnetization determined by neutron diffraction
has an unusual shape and shows no evidence for
the 8. 7 'K transition found in bulk magnetization
studies. Thus it is not possible to understand
the magnetism of fcc Pr with cubic-crystal-field
parameters and a single-exchange constant, and
a level scheme as in Fig. 1. The effect of a Bz
term to simulate tetragonal-lattice distortion
was examined, but it was found that if Bz was
chosen large enough to give the observed magnetic
moment, the splitting between the first excited

I-
M

LdI-

I I I I

20 40 60 80 l00
TEMPERATURE ('K )

FIG. 5. Upper figure shows temperature dependence
of the energy of the neutron group E(T'} observed at aQ/
&= 0.94 in (Pro.88Lao.g2)3T1 relative to its energy E(0) at
T= 0'K. Experimental results (solid circles} are com-
pared with predictions of three theories. Upper (lower)
unlabeled broken curve shows prediction of present dynam-
ical-susceptibi1ity theory for the temperature dependence
of the mode from the upper (lower} branch of the disper-
sion re1ations. %'eighted average of these two curves
gives the solid 1ine for comparison with experiment. The
presence of other branches of the dispersion relation and
consequent mode-mode interaction are ignored in the
singlet-singlet and sing1et-triplet theories. Lower figure
shows how the observed neutron intensity (arbitrary units)
is predicted on the present theory to fa11 with tempera-
ture. Solid circles were obtained by measuring the
areas under the neutron groups and are of unknown accur-
acy since parts of the published neutron groups were an
extrapolation of the data (see Fig. 8 of Ref. 2).
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33 K. We conclude that the temperature depen-
dence of the larger wave-vector modes is also
relatively weak.

Most of the rapid temperature dependence occurs
for modes at small wave vectors that are inacces-
sible in the powder experiment; for example, the

Q = 0 mode rises by about 50%%u~ between 0 and 33 K.
The reason that the long wavelength modes are
more sensitive to temperature than the zone-bound-
ary modes may be understood from the dynamical-
susceptibility theory. Assume that, of the excited
states, only the I'4 state has appreciable popula-
tion. If the I'& state has population fq and each I'4

state has population f„ then the single-ion re-
sponse is

The renormalized response (16) then gives the
exciton frequencies as

The small frequency at the zone center occurs be-
cause Z(0) is negative and, when multiplied by the
population factor and the matrix element, almost
cancels the b, in the square bracket. A small in-
crease in the population factor fq of the I'4 states
thus produces a much larger effect on v(q). At the
zone boundary J(q) is positive and the second term
adds to the h. Thus a small change in fa produces
only a small change in the square bracket and con-
sequently on &o(q). The long wavelength modes are
therefore especially sensitive to temperature in an
induced-moment system if they have low frequen-
cies. The effect for the induced ferromagnet is
quite different to the effect for a normal ferromag-
net below T, with a large anisotropy gap 6', where
one has schematically for S=-,', b, =n, '- 2SJ(0)l, so
that

~(q)=~'-3&S&[~(0)-~(q)I .

In this case any effective renormalization of the
spin is absent at the zone center and a maximum at
the zone boundary.

It is of interest to consider why the random-
phase approximation appears to work successfully
in the present case. The reason is likely that the
fluctuating-exchange fields in the disordered state
do not markedly affect the energies or wave func-
tions of the crystal-field states. The effect of the
full molecular field on the wave functions, al-
though crucial, can be seen from Table I to be
small and similarly the induced splitting in Fig. 1
is small. It follows that there will probably not
be much scattering of the mean-field magnetic ex-
citons. The theory may be less useful for systems
where the exchange field exceeds by a large fac-
tor the critical field required to produce long-range
order as it does by a factor of more than 3 in the
case of TbSb. In that case the energies and wave
functions are greatly altered by the exchange field.

An alternative explanation of the temperature de-
pendence of the spin-wave energies in Pr3T1 has
recently been proposed by Hoenerlage' which in-
volves a magnon-phonon interaction at the point
at which the I'4 —I', branch of the dispersion rela-
tion and a transverse phonon would intersect. As
the phonon-dispersion relation is unknown for
Pr3T1 it is not possible to examine this suggestion
quantitatively at present. However, it is probably
true that a complete understanding of the properties
of materials such as Pr3Tl containing rare-earth
ions will require taking static and dynamic dis-
tortions of the crystal lattice into account.

Further work is underway to generalize the dy-
namical-susceptibility approach to treat the case
of elevated temperatures within the ordered phase.
Experimental work is required to check the de-
tails of the theory. Experiments on single-crystal
samples at high resolution are especially desirable
to observe the mode-mode repulsion and q = 0
behavior directly.
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