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The two theories of subharmonic gap structures in superconducting junctions, multiparticle tunneling
and self-couphng due to an electromagnetic field set up by the ac Josephson current, are analyzed
when microwaves are apphed. Both theories give the same location in voltage for the
microwave-induced satellites and the same microwave-power dependence for the subharmonic gap
structure and the satellites. Therefore other properties than these are to be considered in order to
distinguish between the two theories. %e suggest that self-coupling is the main cause of &he

subharmonic gap structure.

I. INTRODUCTION

Subharmonic gap structux'e has been observed
by several workers in tunneling in thin-film super-
conducting junctions and in superconducting
point-contact junctions. 4' In both cases the struc-
ture appears as small bumps or peaks in the cur-
rent-voltage characteristic at, for identical super-
conductors, voltages V=26/'me, where 6 is the
gap parameter for the superconductors, —e the
electronic charge, and m is a positive integer.
Usually the structure appears with a steadily de-
creasing magnitude as m increases. m = 1 corxe-
sponds to the ordinary gap structure. Structure
has been reported up to as high a value as m = &2.3

Also changes in the subharmonic gap structure
due to applied microwaves have been observed. '5'

It tuxns out that the micro~aves induce satellites
ax'ound the subharmonic gap structures at volta, ges
V given by

e V= (2b+ng(u) jm,

where 2' is Pianck s constant, ~/2v is the fre
quency of the applied microwave fieM, and yg is
an integex'. m = j. corresponds to ordinary micx'o-
%ave- assisted tunnelUlge

The experiment of Longacre and Shapiros on
point contacts also suggested a rule for the power
dependence of the magnitude of the satellites,
namely, that the magnitude of the nth satellite
around the mth subharmonic is proportional to

where J„ is the oxdinary Bessel fonction of ox'der
pg Rnd

y" is the microwave voltage amplitude acxoss
the junction.

Recent measurements on both thin-film junc-
tions and point- contact junctions have confirmed
both the location of the satellite structure, Eq.
(l. 1), and the microwave power dependence, Eq.
(1.2), over a wide range of n values for various
m Rnd pg VRlues,

It is the purpose of this paper to analyze the
existing theories of subharmonic gap structures
in the presence of microwave fields in order to
find vrhich of them are in accordance with the ob-
served location Eq. (l. 1) and power dependence
Eq. (1.2) of the satellites.

In Sec. II multiparticle tunneling ' 0 as an ex-
planation of the subharmonic gap structure is in-
vestigated. It is found to yield both the observed
location Eg. (1.1) and the observed power depen-
dence Eg. (l.2). In Sec. III a self-coupling
mechanism ' is investigated, where the ac
Josephson current induces an rf voltage across the
junction and this rf voltage yieMs microwave-as-
sisted tunneling. With a proper fox'm for the self-
coupling this yields the structure of Eq. (1.1) with
the observed power dependence of Eq. (l.2) but
only fox 0dd m. The structure with e~en m, how-
ever, can be explained by invoking pair breaking
due to the self-induced rf voltage. This yields
structure at the observed locations Eq. (l. 1) and
also the observed power dependence of Eq. (1.2).
An Odd-m series can also be obtained by pg jy
breaking if the process results in one quasiparticle
at each side of the junction. This supplements the
odd-m hesneling series. In Sec. IV a discussion
of the bvo theories is given where pxopexties
other than those of Eqs. (l. 1) and (l.2) are con-
sidered in order to find which of the mechanisms
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are responsible for the subharmonic gap struc-
ture. The conclusion (Sec. V) is that self-coupling
is the main cause of the subharmonic gap struc-
ture.

II. MULTIPARTICLE TUNNELING

Multiparticle tunneling can give the structure
at the observed voltages Eq. (1.1), the argument
being as follows: The net result of a fundamental
m-particle tunneling process is the creation of
two quasiparticles and the transfer of m electrons
from one side of the junction to the other. ' At
the same time a proper number of ground-state
pairs are created and annihilated. In the m-elec-
tron transfer we gain an energy meV. The
threshold for such a process is that this energy

can create the two quasiparticles, i.e. , me V
=26,. If the m electrons in the process emit rg

"photons" to the microwave field in the barrier of
the junction, the threshold condition becomes
me V= 2s + ((r(~, which directly yields Eq. (1.1).
Since the condition corresponds to a threshold the
shape of the structure will be steplike, as ob-
served, e.g. , at the onset of quasiparticle tunnel-
ing in ordinary thin-film tunnel junctions.

In order to find the microwave-power dependence
of the subharmonic gap structure due to multi-parti-
cle tunneling we shall study the process in more
detail. From ordinary higher-order perturbation
theory we have for the transition probability for
m electrons in one process'

('
I

'
) ~ ~ ~ ('

I

'
) ' ' '(
, ~, ~( I F)

lf r ( ( ...( (E( —E( )(E(-E( ) ' '' (Ei E(- (2.1)

where I I) is the initial state with the energy E~,
I E) is the final state with the energy Ez, and
I i,) is an intermediate state with the energy E, .
(i„l i~() is the matrix element (i~l Hrl i„()of the
tunneling Hamiltonian' H~ between state i, and
state i~&. The applied voltage V enters through
the energy differences in the denominator of Eq.
(2. 1). The expression Eq. (2. 1) will yield struc-
ture at voltages given by e V= 2a/m, 2t(/(roc —2),
. . . , 26 or 2b, /2 and integer multiples of these.
We will here only be interested in the structure
at 2a/m.

The result of an applied microwave field will be
to change the matrix elements which enters Eq.
(2. 1). Before the time integration leading to Eq.
(2. 1) the matrix element was

(i,ii, )exp[(i/K)(E, —E, )t] . (2. 2)

The energy difference E, —E, must be changed
k k+1

to

E( —E( + e V'(cos((dt)
k+1

(2. 3)

—(E, —E, )t+ia sin(&dt) .
k k+1

(2. 4)

Therefore instead of the expression Eq. (2. 2) we
should insert

when microwaves are applied, since one electron
has been transferred. The phase difference in
Eq. (2. 2) which is i/If times the time integrated
energy difference then becomes [Eq. (1.3)]

(i, i i(„,) exp[(i/K)(E( —E, )t+ ia sin((dt)] = (i(, i i(„() Z J„(a)exp[(i/K)(E( —E, + n~, (h~)t]
nk 1

in Eq. (2. 1). The final result with applied microwaves is that Eq. (2. 1) should be replaced by

(2. 6)

2'
t4 =— &~((a)Zn(. (a) Jn~(a)(I I i() . (i (I E)

I g,.~ .g (,,,...( (Ef- E( +8(8(0)[E/- E(,+ (P(, +((g)0(d]

Enon

2

6(E(—Er+ nS'(o) (2. 6)

The main contribution to the sturcture at e V= 26/m from Eq. (2. 1) comes from terms where the smallest
energy factor in the denominator is close to 2h/m. We therefore can neglect the n, dependence of the
energy denominators in Eq. (2. 6) as long as

K&d ((2b, /m .
Then the summation over n(, in Eq. (2. 6) can be done immediately using

Z ~„(a)~„(a) ~(a) ="~„(ma),
nn ~ "n n2

1 2 m
Qnk~n

(2. 7)

(2. 8)
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5(Eg- Eg+nk(d) .g „,~ "
( ( ...( [EI E-( + (n/m)I(o][E~- E( +2(n/m)S(o] (2. 9)

The expression [Eq. (2. 9)] shows first that the
microwave-induced satellites occur at the ob-
served location Eq. (1.1) since the energy difference
EI-Ez in the 6 function contains me V caused by
transferred electrons. Further, it shows the ob-
served microwave power dependence of Eq. (1.2).
The relative magnitude of the different subharrnonic
gap structures has been calculated for m =1 and
m =2 "o within the KB approximation of Harrison'8
for a one-dimensional-geometry tunnel junction.
In Appendix A we have calculated the general step
magnitude within the same approximation by the
formalism of Ref. 17 and find that the current step
at e V=26/m is

2(d/K)(2m, (t) ) ~ +1/m
2(d/g)(2m. y, )"'+1

times the current step at e V= 2b, . Here d is the
width of the insulating barrier, fII) ~ is the work func-
tion of the barrier, and m, is the free-electron
mass. From Eq. (2. 10) it follows that multipar-
ticle tunneling will yield a steadily decreasing
sel les

From the fact that two quasiparticles are
created in a fundamental process it follows that
for two different superconductors with gap param-
eters 6, and Lz the results Eqs. (i. 1) and (1.2)
still apply with (Fig. 1)

1

superconductors. (()) follows from the general re-
lation"

(3.2)

Io~ = (Q + (dg sin(j) ) )2g
(3.4)

where ~~ is the Josephson plasma frequency de-
termined by

(o~ =2eIo/hC . (3. 5)

Without any applied current (microwaves) Eq.
(3.4) becomes a simple pendulum equation which
can be solved. " The solution with a'dc voltage
Vo across the junction can be written '

Q
= (opt++ 2o(( sinl(dpi )

l~l
(3.6)

where V is the voltage across the junction.
The self-induced rf voltage contains the same

frequencies as the Josephson ac current. In
order to determine this voltage we note that the
driving current through the junction is equal to
the Josephson current I~ plus the displacement
current I~, given by

dV SC d@ (3.3)

where Eq. (3.2)hasbeenused. Cisthecapacitance
between the two superconductors. This means
that the driving current I~ becomes '

2E Ag+ 63 fol odd tlat

and (Fig. 2)

24 2b, g and/or 26p fox' even m ~

(2. iS)

(2. i2)

where (dp is the Josephson frequency [Eq. (3.2)]

p)o=2e Vo/h (3. 'f)

The relative magnitude of the 2b, ,/m structure
and the 2bo/m structure for even m becomes
rather complicated, but for m =2 it is simply ' o

b, tanh( —', P(P, ,)/&o ta»(-', P&p) (2. ia)

where p is 1/heT, ke is Boltzmann's constant,
and T the temperature.

III. SELF COUPLING

In the Sec. II we have ignored the rf-voltage
induced by the ac Josephson current I~. For a
Josephson junction this current is given byte

4t

eV

4) ji

eV

I~ =Iosinp, (3. i)

whexe Io is the maximum dc Josephson current
and p is the phase difference between the two

FIG. 1. Diagrams showing processes contributing to
the odd-m structure at (4&+ A2)/m for m = 1 and 3. The
open circles are ground-state pairs and the dots are
quas iparticles.
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and u, are expansion coefficients determined by a
coupling constant I' given by'2

r=(~ /&) =hI/2eCV (s. 6)

The coefficients u, are related to the correspond-
ing voltage V&" through Eq. (1.3), i.e. , a,
= e V,

' /K I (go.
For small coupling I' « I (large dc voltage)

a, = (2/t)(-,'r)',
giving the solution, retaining only l = 1 in Eq.
(3.6),

(s. 9)

ft) = (dot+ 2u& sin~ot . (3. 10)

For large coupling I'» 1 (small dc voltage) the

u, 's saturate at the values

a, = I/I . (s. ii)
In both cases the solution has the leading terms
of Eq. (3. 10) but for large coupling there is a
not quite negligible content of higher harmonics
of the Josephson frequency coo.

With applied microwaves we will have a driving
current in Eq. (3.4) with the microwave frequency

In Appendix B we have determined the magni-
tude of this current due to the microwave voltage
—V" cosset and get

determined is therefore

p+ &~ sin(|) = 2u~ sin~t . (s. is}
In Appendix B an expression for the phase dif-
ference is derived when microwaves are applied
with small self-coupling parameter F and small
rf-microwave voltage amplitude V". In the same
way as in the case with zero rf-microwave voltage
we suggest that the derived expression [Eq. (B9)]
may be the fundamental self-coupling term even
for large 1"

A. Odd m

The current through a tunnel junction may be
found from Eq. (11)of Werthamer, "where the
tunnel current is derived from second-order per-
turbation theory. Introducing the Fourier trans-
form of the quasiparticle current amplitude j,(&)
and the pair current amplitude j2(sr) of Werthamer"

p = &got —2a sinu&t+2a& sin(grot —2a stuart) .
(s. 14)

We now try to find the effect of the phase Eq.
(3.14) on the current through a junction.

~dr C V cd sinmt =
2

2u~ sinwt,
I-C

(s. i2)
(3.16)

where a is determined by Eq. (1.3). The equa-
tion from which the self-coupled voltage is to be

Equation (11)of Ref. 11 for the tunnel current
may be written

J(t) —lm[e-&'t &/ (1 dt e&et& ~&'&/&J (t )+f dt -Ee&t 0'&/2 &-&&J (tt))]
~ 40 m g)

(3. 16)

where p is a phase factor (a of Ref. 11). Equation (3. 16) should replace Eq. (3. 1), at least for tunnel

junctions, but as long as the dc voltage is less than and not too close to the gap voltage 2s/e, Eq. (3. 1)
is a good approximation to Eq. (3. 16) with Io = Re jq(0).

Introducing the phase of Eq. (3.14}into Eq. (3.16}and taking the dc part we obtain for the dc tunnel cur-
rent (neglecting the Josephson steps)

I~, = Q 2 J„((2M+1)a){[J„(a~)—J„„(a~)]Imj,((M+-,')&uo-n&u)
Nn0

+J&/(af)J &/ f(af)sinP 2 Re j2((M+ —,')vo- n&&&)) . (3. 17)

The first term in Eq. (3. 17) is the quasiparticle
current and the second is the pair current. Char-
acteristic structures occur when the argument of
j&(a) and j2(~) becomes 2a/lf. The structures
from j, are steps reflecting the quasiparticle step
and the structures from jz are peaks reflecting
the Riedel singularity. This means that we find
structures at voltages given by Eq. (1.1) for
m = 2&+1, i.e. , odd m. We also find the micro-
wave power dependence of-Eq. (1.2).

The relative magnitudes of the different sub-

harmonic gap structure are given by the Bessel
functions of the argument u~. Since u~ depends
on the dc voltage in a complicated way it is diffi-
cult to say anything definite about this. From
the case without microwaves it follows that u~ in-
creases with decreasing dc voltage and saturates
at the value 1. This indicates a steadily decreas-
ing series. The alternating sign of the last term
in Eq. (3. 17) need not be observed in an experi-
ment since P could adjust in such a way that the
sign remains unchanged.
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FIG. 2. Diagrams showing processes contributing to
the even-m structure at 24~/m and 2Q/m for m =2.

x sin[(N+ 1)&dot-n&of] . (3.18)

The different frequency parts of the self-coupled
voltage are proportional to the corresponding fre-
quency parts of the cux'rent divided by that fre-
quency as may be seen from Eq. (3.13). One

could just as well take the (N+ l)th term of the
full solution to Eq. (3.13) which is not shown in

Eq. (3.14). Therefore the energy of the electro-
magnetic field with the frequency (%+1)&oo n&u-
is proportional to

Pair breaking can take place when I times this
frequency is equal to the energy gap 2d. This
yields structures at voltages given by Eq. (1.1)
for tlt = 2(N+ 1), The Illlcl'owave-power depelldeIlce
of Eq,. (l.2) follows directly from Eq. (3.19) if
we assume that the influence on the tunnel current
is proportional to the energy. The onset of the
pair breaking would influence both the quasiparticle
part and the pair part of the current and one could
expect both steps and peaks in the structure as
for the odd-m structure. From Eq. (3.19) one
also expects the structures to form a steadily de-
creasing series, but from the description given
here one might not expect the even and odd struc-

B. Even yg

The even-m structures cannot be found from the
tunneling treatment. One can get these structures
by invoking pair breaking in one or the other of
the two superconductors due to the electromag-
netic field in the junction. This pair breaking is
caused by the rf magnetic field penetrating the
superconductor s.

The energies of the electromagnetic field at djLf-

ferent frequencies may be found in the following
way: By inserting Eq. (3.14) into Eq. (3.1) we
get for the Josephson current through the jufIction

eV
eV

FIG. 3. Diagrams showing the pair breaking due to the
Josephson rf voltage yielding the even-m structure. The
heavy arrows symbolize Josephson "photons. "

tures taken together to give a steadily decreasing
series.

For different superconductors with gap param-
eters b,, and 62 it is obvious that 2a should be re-
placed in accordance with Eqs. (2. 11)and (2. 12).
The relative magnitude of the 2SI/2 structure and

the 2hz/2 structure for the self-coupling case
is not in accordance with Eq. (2.13) for multipar-
ticle tunneling. One would expect in the self-cou-
pling case the structure belonging to the largest
penetration depth, i.e. , the smallest gap parame-
ter, to be the largest. Another fact pointing in the

same direction is that the onset of the different
dissipative processes would hurt the structux'es at
higher voltages worst

C. Other processes

The arguments leading to the even-m series
(Fig. 3) are in a way more general than the argu-
ments leading to the odd-m series (Fig. 4). For
the odd-m series, the structures reflect structure
in the dc characteristic at 26/e. For the even-m
series the structures are the result of the onset of
energy absorption from the ac-Josephson- curx'ent-
induced electromagnetic field in the junction.
Therefore in order to get the even-m series one
need not have a dc characteristic with pronounced
structure. A similax' general Odd-m structure
can be obtained if, as absorption processes, we
look at pair bx caking, where one quasiparticle is
created at each side of the junction (Fig. 5). Such

processes would yield structures at the locations
of Eq. (1.1) and with approximately the power de-
pendence of Eq. (1.2). But in order to give a
considerable contribution the transmission prob-
ability for the junction (barrier) should be of the
order one meaning that there should be very close
coupling between the two supex conductors. In
that case also processes where the two quasiparti-
cles are created at the side of the junction opposite
to the side of the pair annihilation (Fig. 6) could

contribute leading to an even-m series. The two

last-mentioned processes supplement the two first
in the self-coupling description.
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ii2eV

FIG. 4. Diagram show-
ing the process leading to
odd-m structure. The dia-
gram shows a tunneling
process assisted kpj7 two
Josephson "photons. "

[—,', exp( —(2m, g~)'~'2d/@] (4. 1)

the remaining factor lying between 0.4 and 4 as
long as m~6. Looking at, for instance, m=3 the
maximum value for the factor is ~~=-0. 004. The
corresponding (maximum) factor for the self-cou-
pling (m=3) case [J, (1)—J3 (1)]from Eq. (3. 17)
becomes 0. 18. Experimentally this factor can
exceed 0.004 by a factor of one order of magni-
tude. This again means that multiparticle tunnel-
ing alone cannot explain all the subharmonie gap
structure. The conclusion in this case is more
uncertain because the expression Eg. (2. 10) is
derived under the assumption that the tunneling
matrix elements are small.

IV. DISCUSSION

Both multiparticle tunneling and self-coupling
are in accordance with the observed voltage loca-
tion E|I. (l. 1) of the microwave-induced satellites
of the subharmonic gap structure and the micro-
wave-power dependence Eg. (1.2). They also both
are in accordance with the distinction between odd-
and even-m structures for different superconductors
Eq. (2.11) and (2.12).

In oxder to distinguish the two explanations we
have to consider other, unfortunately less specific,
properties of the theories.

A. Line shapes

Multiparticle tunneling yields steplike struc-
tures for the subharmonic gap structures, where-
as the self-coupling yields both steplike and peak
structures. When the coupling I' and therefore
o., increases the step structure of Eg. (3.17) will

appear first, since J„initially increases faster
than J„J„,&. Experiments show structures which
sometimes are steplike, sometimes peak struc-
tures, and sometimes a mixture of steplike and

peak structures. ' This means that multipar-
ticle tunneling alone could not explain all the ob-
served structures.

8. Relative magnitude of the different m structures

The magnitude of the mth subharmonic gap step
relative to the gap-structure (m = 1) step from
multiparticle tunneling follows from Eg. (2. 10).
The leading factor here is

For two different superconductors with gap
parameter Aj and 62 the relative magnitude of the
structures at aq/e and a3/e due to multiparticle
tunneling should be 6,/a, at zero temperature
[Eg. (2. 13)]. For self-coupling the relative mag-
nitude of the same structures would be reversed.
All experiments on different superconductors' '
seem to support the self-coupling explanation in
this respect, namely, the structure at the smaller
of the two voltages 6,/e and 62/e is the largest.

V. CONCLUSION

The explanations of the subharmonic gap struc-
tures in superconducting junctions considered here,
multiparticle tunneling, and self- coupling, yield
the same results for the most pronounced proper-
ties of E|ls. (1.1), (1.2), (2. 11), and (2. 12). The
less distinct properties where the two theories
disagree seem to support self-coupling as the
main cause of the observed subharmonic gap

eV eV

FIG. 5. Diagrams showing processes contributing to
the odd-ng structure due to pair breaking.

C. Matrixwlement dependence

The dependence of the mth subharmonic gap
structure due to multiparticle tunneling would be
proportional to I M t, where M is some avexage
matrix element for the tunneling process.

For the self-coupling odd-m case Eq. (3.17),
and j2 are proportional to l M l . If we go to the

limit of saturation for n, (u, =1)'2 the odd series
will go as IM I . The experiment of Giaever and

Zeller on tunnel junctions with light-sensitive
barriers shows that all the subharmonic gap struc-
tures are proportional to the squaxe of the matrix
element IM )'. It also shows that initially the higher
subharmonie gap structures grow more rapidly than

lM) . This supports the self-coupling case for
odd m with an eventual saturation of the self-in-
duced Josephson rf voltage.

The self-coupling for even m is also supported
by their expeximent. Here the explanation is dif-
ferent. If the rf-voltage saturates, the electro-
magnetic energy in the junction also saturates.
This means that the even-m structure would be
proportional to the tunnel current, i.e. , also
proportional to IM ) .

D. Different superconductors
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APPENDIX A
FIG. 6. Diagrams showing processes contribution to

the even-ng structure due to pair breaking, where the
quasiparticles are created at a side opposite to the side
of the pair annihilation.

structures, but not excluding multiparticle tunnel-
ing as being in part responsible for some of the
observed structures.

There is one drawback concerning the self-cou-
pling, namely the two conceptually different ex-
planations for the odd and the even series. This
difference, however, may only be apparent, as
indicated by the possibility also of an odd series
from pair breaking, in which one quasiparticle
is created at each side of the junction. This ques-
tion can only be settled by including the pair break-
ing in the tunneling treatment.
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Hg = ~ TRc~~cf~ + T~tf, cg~c
jf.qe

(Al)

where the tunneling matrix elements are approxi-
mated by

k and q are the wave vectors of the electrons in
the left (f) and right (r) superconductor, respec-
tively, and k„means the component of k parallel
to the barrier. &t&~ is a constant barrier potential
and d is the barrier thickness. n is a spin index
and q~ is a creation operator for electrons.

By the aid of the formalism outlined in Ref.
17, it is possible to derive the following expres-
sion for the total tunneling current density:

%e suppose that the multiparticle tunneling can
be properly described by a tunneling Hamiltonian"

x Z Tr(MO(t)M, 'Ma "~Nl,'„,)e" a~-&-'0'"'"&
za +0 +j;' ~ ~ ~ +am-S

where

s= —"(2m, y )"',
P= l/k»T (T is the temperature),

„(a'„(t)n"(E,) a'„(t)P'(E,))
M,"(t)= Z Z„'

t, h„(t)P'(E,) a-„(t) "(E,)j

g
& -&Pr &&& (E )

—C& &n"&»(E) &I

The integer m tells us that it is a m-particle process and E~ takes the discrete imaginary values (&&/- tP)
x (odd number). Finally the functions t&, n, p, and && are defined by

h„'(t) = exp(+ t[(n&d —e V/tt)t —.
'

&t&]}, -
n'&'&(E) = E/(E'- n„'&,&)"'

(A4)
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p""'(E)=~&»/(E'-W }"'

&0/2x
p, g & Ã& &-&p3 [+(8Vm&40)) y

(A6)

(A7)

where P is the dc phase difference between the superconductors.
When the M matrices are multiplied together and the trace is taken of the final 2x2 matrix, products

of the density of state functions n and p will appear. The dc-current step at 2b, /m (identical supercon-

ductors} from the mth-order term is independent of y and arises always from terms with two n factors
and 2m -2 p factors because of the Kronecker 5 functions 5~ „. The approximation ~«4 is used and

we get

2wW ., 16 ms& . "!, Ro &.-tt!

xZ n(ED+ ng&u)p(Eq)p(E2) ~ ~ p(E~ ~)n(E )p(E,&) ~ ~ p(Es~ &), (Aa)

where

2~-1
E~ = E+ 2i [e Vsgn(j —m —0. 5) + i x (pos. infinitesimal)]

p and j are integers and eV and K&u are of the form (s/ —it!)x(even number). Finally, the analytic continu-
ation from discrete imaginary to continuous real-valued energies are performed in the same way as in

Ref 17. .Then we can calculate the mth-order current steps at the voltages e V= (2A+nN&u)/m:

1

esa llew e'
~

~ ml„, meV")
4sW 2 16 & ms m! 2 &~

"
jhow

(A9)

APPENDIX B x f' dt" sin(&u, t"-2a sin~t")+ Cp, (as)

We first consider the case in Sec. IH when

&o~ = 0. From Eq. (3.4) we get

t. t—j,(t)= — I (t')dt'+C, .
2e Ca

(al)

When the microwaves are applied, the entities
I~(t) and Cq have to take the values

where the indefinite integral becomes

( )
stn((uo- n&o)t

((uo —n(o)

and the integration constant is determined so
P(0)=0, i.e. ,

C2=0 .

(a6)

(a7)

and

Iz, (t) = C V' &u sin&at

yacc

1

(a2}

(a3}

If J„(2a) «1 when !n&a! - ~0 then the denominator
of Eq. (a6) can be approximated by +0 and the
following inequality is fulfilled

in order to get the effective voltage

V(t) = —p(t)= V '- V"cos~t
2g

(a4)

p(t)= &got-2asincut- cuz J' dt

across the junction.
Next, we let u~ be nonzero but much less than

&so= 2e V~'/K. Then the first-order solution in

co& becomes

yrf && ydc

The final expression for p(t) becomes

P(t) = &sot —2n sin~t+ I' sin(&sot —2a sin&et)

where

I' = ((o~/(u, }'« I

is the coupling constant.

(aa)

(a9)

(al 0)
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