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A procedure is given for calculating the temperature dependence of the nuclear-spin free-induction
decay in a metal. It is shown that interplay between the dipole-dipole interaction and the spin-lattice
interaction must be taken into account. A numerical calculation is made for Al

INTRODUCTION

In this note we will discuss the coupling between
the magnetic dipole-dipole interaction and the spin-
lattice interaction as evidenced in the temperature
dependence of the nuclear-resonance free-induction
decay! in a metal. To do this, the density-matrix
equation which the nuclear-spin system in a metal
obeys will first be exhibited; next we will discuss
the linewidth as seen in a cw experiment for a two-
spin system obeying the aforementioned density-
matrix equation; and lastly we will calculate the
temperature-dependent free-induction decay for
nuclear spins in a metal. Comparison of our re-
sults will be made with the temperature dependence
of the free-induction decay which has been calcu-
lated ignoring the coupling between the dipole-di-
pole terms and the spin-lattice relaxation.

CALCULATIONS

Applying the Wangness-Bloch? and Redfield® pro-
cedure for obtaining the density-matrix equation of
nuclear spins in a metal, one obtains the result
that in operator form

1
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where p° is the equilibrium distribution function,
T, is the nuclear relaxation time for a single spin,
¥; is a sum over all lattice sites,

VIR = Il Y, IS0 = 18, V2 I =15 -1,
and

H=Hyqgomon +Hyq +Hyy - )

The dipole-dipole term Hgy 4 includes any additional
interaction such as the Ruderman-Kittel* terms.
The temperature dependence of T, for simple met-
als is known to be of the form®

Ty =a(T)™ , (3)
where Tg is temperature in degrees Kelvin.

The usual Bloch-type relaxation form® is ob-
tained from Eq. (1) when one evaluates
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One often sees that if two relaxation processes
are uncorrelated the width arising from both of
them can be expressed as
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The spin-lattice relaxation and the dipole-dipole
coupling are not of this nature. The spin-lattice
relaxation effectively motionally narrows the di-
pole-dipole interaction and thus at one and the same
time the spin-lattice relaxation reduces the dipole-
dipole broadening and creates its own uncertainty
broadening. To see this more quantitatively con-
sider the Hamiltonian for the two-spin system:

H=wy(I,Z +L,%) +ALZ L? +w,(I,* + ,*) coswt . (6)

The resonance condition using Eq. (1) can be calcu-
lated as

ilw —wp) = 3T, :tz[z 2(2T1)/A] (7)

assuming A/2>1/2T,. The quantity in square
brackets in Eq. (7) exhibits the reduction of the
pure (+iA/2) dipole broadening as previously dis-
cussed.

The most accurately calculable property of NMR
is the free-induction decay. Several procedures
have been advanced to make this calculation, ” and
we have chosen the one® which is most easily gen-
eralized to include effects arising from the spin-
lattice relaxation time.

We start by rewriting Eq. (1) as

5:"i(L0+Ll+L2)p_Lr(p-p0) ’ (8)
where

Lipz[H‘l) p] ) (9)

Hy=wo 2417 | (10)

3670



9
Hl-:EAuliszz 5 (11)
>
= i.T 2
H, ‘Z”;Bijli L, (12)
Lr(D—Po)=‘2a[14a; (17, p=p0]] . (13)

Solving Eq. (8) with the initial condition (after 90°
pulse) that

pl0) =p7(90°) =TTt (14)

one obtains
p=(1 = et E1+TgmiLy/2T)t) 0
_h—‘l-’.n_____ ~i(L,+Lo=iL_/2T)t
“@reyEre T
X (I* coswgt +1? sinwet) . (15)
One next substitutes Eq. (15) into
My=TrpI* (16)
to obtain

= Fiwg COSwol
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The temperature-independent free-induction decay
is obtained by setting T, =« in Eq. (17), and the
temperature-dependent free-induction decay using
the relaxation operator in the form

-1/Ty(p-p°% (18)

is obtained by setting L,=2 in Eq. (17). This lat-
ter form of the free-induction decay (FID) will be
called uncorrelated FID as opposed to the corre-

lated FID given in Eq. (17) with L, given in Eq. (13).
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FIG. 1. Plots of the Ty contributions to the free-in-
duction decay divided by —¢/T; for (i) the correlated case
(continuous curve), and (ii) the uncorrelated case (dashed
curve). As seen from Eq. (27), the uncorrelated plot is
just the Bloch decay curve itself for infinite T; evaluated
in the approximation By(t) +B(f). The plots are against
the dimensionless time variable ty%/a® @®/y*i=1287
usec approximately in aluminum).

Equation (17) is evaluated by expanding
exp[-i(L, +L,-iL, /2T,)t] as a power series in L,
and L, using the relation that

e~i C1*La=iLp /2T — pmilyt | o=ilyt ft etit’
»

X[=i(Ly=iL, /2T ]e 1t at’ 4... .

(19)
Substituting Eq. (19) into Eq. (17), defining
My M—Q—G(t) (20)

@I+1)"eT

and using Egs. (9) and (13), one obtains
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where

A(t) =e'¥1t AemiH1t

(22)

The first two terms in the right-hand side have been previously evaluated for spin-3 and generalized to

arbitrary spin I by Demco, °
formulas of both these authors).
general spin case is

sin|AHt([+ 2)|
’

Bot)=, (aen (21+1)sinz Ayt

tFy;(f)

Fornes, Parker, and Memory'® (N.B., there are minor errors in the published
The result for the first two terms which we will call By(¢) and B,(#) for the

(23)
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where

SinIAut _
2sin’(3A41)

Icos[Ayt(I+3)]
sin®(z A1)

Fu(t) =
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(25)

In the above formulas the interaction between the nuclear spins is taken to be solely dipolar in character.
With these definitions one evaluates Eq. (17) and obtains for the correlated FID

sin(Ayy?) Fy(8)

G,(t) = By(t) + By(t) - thg( 1t)[2

The uncorrelated FID is
Guo(®) = [By() + By (A = t/T) +eee . 27

The T, contribution divided by (- ¢/T;) to G, and

G, is plotted in Fig. 1 for the case of an aluminum

polycrystal which is a fcc lattice of spin-% nuclei.

For a polycrystal one has to average the above ex-

pressions over all angles. In our work, because

" yGh sin[A,#((I+3)]

_tan %Aut)] _ 26)

3A,t

r

of cubic symmetry, the angle average coincides
with
12 /4 1
@==["ap [
m A

d(cos6) B(¢, 6)
‘cos @ / (1400820 )1/2 ¢

(28)
which is the average over the spherical triangle
joining the direction points (100), (110), and (111),
i.e., one sixth of an octant.
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