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Effect of volume on the isothermai baal& modulus of metallic solids
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Pseudopotential perturbation theory is used to calculate the variation of isothermal bulk modulus K of
metals (valence Z =1 to 4} up to volume changes of 40%. A straight line is obtained from the plot of
log, oK vs hV/Vo for all elemental solids. Results are compared with shock-wave and

static~mpression measurements.

I. INTRODUCTION

Recently, Grover et al. ' have observed that the
isothermal compression curves of metallic solids
can be represented by a simple two-parameter re-
lation of the form logK=logKO+ a nV/Vo for large
number of solids whose experimental data from
static-compression (alkali metals) and shock-wave
(other metals) measurements are available. They
have also shown that among the several two-param-
eter functions~ commonly used to represent high-
pressure compression data, the modified Taitequa-
tion and the Birch equation fit the experimental data
well. These equations are obtained from thermo-
dynamic considerations. In the present paper we
present a method based on pseudopotential theory
of metals3 to relate the bulk modulus of a metal
with its specific volume. The success of pseudo-
potential theory in calculating phonon spectra, elas-
tic constants, band structures, and various other
atomic and electronic properties of solids is well
known.

We have calculated the bulk modulus at different
specific volumes of solid using pseudopotential per-
turbation theory. The pseudopotential used here is
a two-parameter (valence Z and core radius r,) Ash-
croft' empty-core type. it must be emphasized at
the start that we should not expect too much quan-
titative agreement with the observed values in such
calculations as the two parameters chosen here
characterize the solid rather than being obtained
by fitting them to some experimental values. Cal-
culation of bulk modulus involves two derivatives of
energy with respect to volume and thus it is a se-
vere test to the theory. The variation of bulk mod-
ulus with volume becomes in a way the third deriva-
tive, and hence is a still more severe test for the
theory. We present the basic formalism of the
problem in Sec. II and apply it for finding out bulk
modulus of solids at different specific volumes in
Sec. III. Discussion follows in Sec. IV.

II. THEORY

We will not repeat here in detail all the deriva-
tions as they have been given elsewhere. ' Consider
a lattice consisting of N atoms and occupying a vol-

ume A. Atomic volume is defined in terms of the
charge-density parameter r, as 0/N = Z &mr,', where
Z is the valence of the atom. Following Singh and
Young (Ref. 5) the total energy of the lattice per
atom can be written (in a.u. )

E 1.105 Z 0.896 Z~+ +ZAN
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The first term in Eq. (1) is the free-electron ex-
change interaction

E„=—0.458 Z/r, .
The second term is the Pines-Nozieress form of the
the correlation energy

E„„=(- 0.0575+ 0.0155 ln r, )Z.

The third term is the average kinetic energy of elec-
trons and fourth and fifth terms have been obtained
by adding three zeroth components of the electron-
electron interaction, the ion- ion interaction and the
electron interaction with the bare-ion array. It de-
pends upon the form of pseudopotential chosen. In
the present case o =2m','. The final term is the
second-order term incorporating the usual self-
energy correction. The sum is over all the re-
ciprocal-lattice points G. Thus, it also depends
upon the form of pseudopotential as well as on the
structure of the crystal. e(G) is the Hartree di-
electric screening function evaluated at the recip-
rocal-lattice points. We have taken it to be of the
Lindhard' form

n(n, n )=I 0 In ~ I), (2)
F q 01

where i) =q/2k~ and kr is the Fermi wave vector.
u(G) in Eq. (1) is the value of pseudopotential evalu-
ated at the reciprocal-lattice point G. We have
taken it to be of Ashcroft empty-core type

u(q) = —(4vZ/q') cos(qr, )

Equation (1) corresponds to the identical equation
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Element

Li
Na

K
Rb
Cs
Be
Mg
Ca
Sr
Ba
Cd
Zn
Al
Tl
In
Pb
Sn

Valence

1.13
1.79
2. 51
2. 79
3. 19
0. 58
1.23
1.87
2. 13
2. 55
1.83
1.40
0. 94
1.79
1.53
1.58
1.34

Y$

2. 88
3 ~ 75
4. 70
5. 09
5. 63
1.91
2. 33
2. 80
3. 07
3. 53
2. 62
2. 37
1.75
2. 30
2. 07
1.88
1.70

TABLE I. Parameters (in a. u. ) used in Eq. (1). lated from Eqs. (1)-(4) for these values of r, .
Crystal structures used in these calculations are
those given by Brewer" for the corresponding sol-
id at the lowest temperature. The log,+ of each
metal is plotted against hV/V, as shown in Fig. 1.
A straight line is obtained in each case. This fact
is in agreement with the observation of Grover et
al. ' who arrived at the same conclusion after in-
terpreting large amounts of experj. mental dataf rom
static-compression and shock-wave measurements.
The intercepts of these curves with AV/Vo =0 axis
gives the isothermal bulk modulus (log„K,) at nor-
mal pressure. Where ever possible the observed
value of log, off; is given along with the curve in Fig.
1. The accuracy of these values is limited since
numbers were "read" from Fig. 1 of Ref. 1. It is
observed that there is a good agreement for these
with experimental values in the case of metals with
Z= 1 and 2 and then there is a gradual failure of
theory for higher valences.

obtained by Ashcroft and Langreth' for the energy
per atom of pure metals. The only difference is
that they obtained n independently of r, so as to fit
the observed lattice constant while we have obtained
it to be equal to 2zr, .

When this equation for energy per atom is differ-
entiated twice with respect to volume we obtain an
expression for the isothermal bulk modulus as fol-
lows:

IV. DISCUSSION

As pointed out in Sec. I. we should not expect
too much agreement with the experimental values.
We have characterized each element by two param-
eters and are trying to calculate every observed
property of the solid on this basis. The present

1 d E 1 d
6gZr~ dr, N 12mZr$ dr, ~ ' (4)

At normal pressure the first derivative is zero and
hence

1 d E
12~Zr$ dr$ X (5)

is the expression for bulk modulus at normal pres-
sure.

III. RESULTS AND COMPARISON WITH EXPERIMENT

We identify each metal by its valence Z and core
radius r, . There is some choice possible in the
selection of r, values and we have chosen them to
be the Pauling radius of the corresponding metal
(see Ref. 5 and also Meyer et al. ' ). Equation (1)
expresses the energy per atom as a function of pa-
rameter r, . For a given Z and r, the equilibrium
value of r, is obtained by minimizing this expres-
sion in energy. The value of r, thus obtained gives
the atomic volume of the metal at normal pressure.
These values of r, along with other relevant data
used in calculations for each metal are collected in
Table I. Then r, is varied from this equilibrium
value such that the specific volume changes up to
40%. The isothermal bulk modulus is then calcu-
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FIG. 1. log&OK (kbar) vs volume change for metals
having valencies from 1 to 4 as calculated from Eqs.
(1)-(4). Numbers shown along with the curves are the
observed values of log&OKO as read from Fig. 1 of Ref. 1.
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calculations demonstrate two things very clearly,
First, up to about 40/p of volume change the plot of
log,+ vs 4V/V, is a straight line for each of the
solids studied as shown by Fig. 1. Second, it has
been observed in all cases that at higher compres-
sions (beyond 30%) the rate of increase of this curve
is slightly faster than a linear rate. This observa-
tion is also in agreement with that of Grover et al. '
A better quantitative agreement can be obtained if
we choose o. in Eq. (l) by fitting it to some experi-
mentally observed property such as the lattice con-
stant as has been done by Ashcroft and Langreth.

They found good agreement with experimental com-
pressibilities for some of the elements. But as
long as we restrict the number of independent pa-
rameters to be two, the choice of different pseudo-
potential will not alter the results too much.

ACKNOWLEDGMENTS

The author is thankful to Professor W. H. Young
for his interest in this work and for the valuable
correspondence in this regard. I am also thankful
to the University Grants Commission, New Delhi
for the financial support of the computation.

'R. Grover, I. C. Getting, and G. C. Kennedy, Phys.
Rev. B 7, 567 (1973).

D. L. Anderson. , Phys. Earth Planet. Inter. 1, 169
(1968).

W. A. Harrison, Pseudopotentials in the Theory of
Metals (Benjamin, New York, 1966); M. L. Cohen
and V. Heine, in Solid State Physics, edited by F.

.Seitz and D. Turnbull (Academic, New York, 1970),
Vol. 24.

4N. W. Ashcroft, Phys. Lett. 23, 48 (1966); J. Phys.
C 1, 232 (1968).

~S. P. Singh and W. H. Young, J. Phys. F 2, 672 (1972);
J. Phys. F 3, 1127 (1973).

6D. Pines and P. Nozieres, The Theory of Quantum Liq-
uids (Benjamin, New York, 1966), Vol. 1.
J. Lindhard, Kgl. Danske Videnskab. Selskab. Mat.
-Fys. Medd. 28, 8 (1954).

N. W. Ashcroft and D. C. Langreth, Phys. Rev. 155,
682 (1967).

See M. L. Cohen and V. Heine in Ref. 3.
'OA. Meyer, I. H. Umar, and W. H. Young, Phys. Rev.

B 4, 3287 (1971);A. Meyer, W. H. Young, and T. M.
Hayes, Philos. Mag. 23, 977 (1971)~

'~L. Brewer, in Phase Stability in Metals and Alloys,
edited by P. S. Rudman, J. Stringer, and R. I. Jaffee
(McGraw-Hill, New York, 1967), p. 45.


