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Kohn effect and the Fermi surface in copper studied by neutron spectroscopy

G. Ni1sson and S. Rolandson~
AB Atomenergi, Nykoping, Sweden

(Received 29 June 1973)

The Kohn effect in copper has been investigated at 80 K for selected regions of the phonon
dispersion curves, where the effect was believed to be relatively strong, and where good instrumental
resolution is obtainable for the neutron spectrometer used. Kohn anomalies are weak in copper, but
they can be observed if the measurements are made with due care. About twenty anomalies have been
studied and analyzed with the aid of an eighth-nearest-neighbor Born-von Kirmin model. The
anomalies are interpreted in terms of points on the Fermi surface in the (100) and (110) planes. The
representation picture of the Fermi surface thus obtained is in good agreement with those derived from
the Haas-van Alphen and magnetoacoustical measurements.

INTRODUCTION

It has been suggested that the Kohn effect may
provide a representation of the Fermi surface in
the phonon spectra of metals. ' Thus, the existence
of this property has made possible the derivation
of the shape of the Fermi surface in aluminium and
lead from neutron-spectroscopical measure-
ments. Kohn anomalies have also been observed
in many other metals (e. g. , niobium, molybdenum, 5

zinc, but, to our knowledge, observation of the
effect has hitherto been restricted to metals with
several conduction electrons per atom. Theoreti-
cal aspects of the origin, magnitude, and shape of
these anomalies have been treated by several au-
thors. " Even if a consistent theory, which per-
mits calculation from first principles, does not
yet exist, the concept whereby observed anomalies
are interpreted in terms of points on the Fermi
surface is simple enough. Thus, discontinuities
in the slope of dispersion curves are expected to
occur, at points where the condition
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the electron transition Q =K~ -K„while v is the
phonon frequency. E is a form factor the uncer-
tainty of whose magnitude has a predominant influ-
ence on the theoretical predictions of the value of
S. The electron density of states f depends on the
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is fulfilled. Ki and K~ define two points on the
Fermi surface with parallel tangent planes, 6 is
any reciprocal-lattice vector, and q is a reduced
phonon wave vector. Experimental aspects con-
cerning the observation of Kohn anomalies have
been discussed by Stedman et al. ' and by Weymouth
and Stedman. ' The relative size of an anomaly is
assumed to be
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S = CMPF(Q) f(v„v2)/v, (2)

where C is determined by the local curvature (con-
vex and concave surfaces generate anomalies with

opposite signs) and M is a multiplicity factor,
which may strengthen an anomaly on account of
crystal symmetry. P = (Q ~ e/Q} is a polarization
factor governed by the phonon polarization e and

FIG. 1. Some typical phonon peaks recorded in this
experiment; {a), (b), and (d) show transverse phonons;
(c) longitudinal phonons. These four phonons were mea-
sured at the positions of anomalies and are selected from
four different series. (In this figure, as well as Figs.
2(b), 3(b), 3(c), 4(a), 4(b), 5(b), and 5(c), the full lines
are drawn by inspection. and act merely as a guide for
the eye. )
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FIG. 2. !a) Four series of transverse phonons measured in the (110) plane parallel to the [110] direction. The mag-
nitude of the estimated errors is given by the size of the dots. In these instances anomalies may be observed in the di-
rect plot of phonon frequencies. Dispersion curves from the Born-von Kfrm6n model are shown for purposes of com-
parison. (b) Differences between mean slopes from measurements (4v/~), q and from the model (Av/2 q}&~K for the
curves in (a). Positions of anomalies are indicated by arrows. The outgoing wave vector k2 was 3.35 A ' and the point

of observation in reciprocal. space ~ was (q„, 2 —q„, 2 —q,)2z/a.

electron velocities v, and v~ at the Fermi surface.
There is a negative contribution to the phonon fre-
quencies for a convex surface (e. g. , a sphere)
when lq+Gl & IK~ —K, l. This term will disappear
when Iq+Gl & I K, -K, I. For a concave surface
the conditions are reversed while for a saddle sur-
face the situation is more complicated the sign of
the contribution depending upon the radii of curva-
ture. ' Weak anomalies are usually studied by
plotting the mean slope (b v/hq) of the measured
dispersion curves as a function of q. This ap-
proach renders the kinks more clearly visible for
steep curves than does a direct plot of measured
phonon frequencies.

The Fermi surface in copper is relatively well
known from other kinds of measurements and from
theoretical calculations. The main reason for ini-
tiating the measurements reported here was to in-
vestigate whether the Kohn effect was strong
enough to be observed in copper where there is
only one conduction electron per atom. Theoreti-
cians have put forward arguments both for and

against this possibility. In Taylor's theory the va-

lence, entering as the third power, is the dominant
factor which determines the magnitude of the anom-
alies, and he concludes that the effect in copper is
too small to be observable. ' On the other hand

Vosko eI' al. ' made extensive calculations of pho-
non dispersion curves in sodium, aluminium, and

lead with one, three, and four conduction electrons
per atom, respectively. According to their stud-
ies, the relative smallness of Kohn anomalies in
sodium depends mainly on the structure (bcc in so-
dium and fcc in lead, aluminum, and copper) and

to a lesser degree on the valence.
In the first search for Kohn anomalies in copper,

Svensson et al. ' reported that no such effect could
be detected in measurements performed with an

accuracy of about 17&. Following a preliminary in-
vestigation one of the present authors subsequently
reported that the Kohn effect in copper had been
observed in measurements with somewhat improved
resolution. ' The measurements which formed the
basis for this conclusion have since been extended
and we present here an analysis of the complete
data.
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FIG. 3. (a) Mean slopes from measurements (b, v/bq)z
(dots) and from the model (b,v/Dq)z, ~K (full lines) for
longitudinal phonons in the [100] direction. (b) The dif-
ferences Q v/Dq)z —{Av/Eq)z„K. For filled dots ~q = 0. 1;
for open dots Aq=0. 05 (2x/a). The limits of error for
unfilled dots (not shown) is about twice the limits for
those which are filled. (c) The difference between mea-
sured frequencies vz and frequencies from the model

These measurements were performed in the (110)
plane. k2 ——3.25 A, &= (2+q„, 0, 0) 27t/a.

MEASUREMENTS

Regions in reciprocal space where the Kohn ef-
fect was expected to produce kinks in the phonon
dispersion curves (for diametric electron transi-
tions) were found by constructing diagrams of the
Fermi surface at double scale centered at the re-
ciprocal-lattice points. The theoretical results by
Segall were used for this purpose. Since in cop-
per the Fermi radius is rather small relative to
the dimensions of the Brillouin zone and by com-
parison with elements possessing several valence
electrons, few anomalies were expected to occur
in the symmetry directions. It was therefore con-
sidered necessary to perform measurements in
the off-symmetry directions as well in order to ob-
tain data for a sufficient number of points on the
Fermi surface. Series of phonons were measured

at 80 K with small, equally spaced increments in

q perpendicular to the expected Kohn-anomaly sur-
face using the constant-w method. Figure 1 shows
four typical examples of recorded phonon peaks.
The experiment was performed on the same instru-
ment" and with techniques similar to those pre-
viously used for studies on aluminum and lead.
Adequate resolution of energy and momentum was
achieved in the instrument by the consistent use of
focusing and narrow collimation. Thus the calcu-
lated energy resolution was 0.05-0. 15 THz, de-
pending on the specific phonon, and the estimated
momentum resolution was (0.02-0. 04)(2v/a) [full-
width at half-maximum (FWHM)]. In neutron spec-
trometry there are many factors, which may dis-
turb the results of single-crystal measurements'
and they were considered carefully in this investi-
gation.

In order to reveal possible spurious anomalies
many series of phonons were recorded two or three
times for different analyzer angles or at different
positions in reciprocal space. The positions of the
phonon peaks and the corresponding errors were
then determined by a method described by Stedman
and Weymouth. " The results of these measure-
ments generally exhibited a high degree of consis-
tency. The angle of the analyzer was fixed during
peak scanning. Where possible the monochromator
swept through the same angular range for every
phonon in a series. Measurements were performed
in the (100) and (110) planes in order to study the
possibility of determining the points at which the
Fermi surface intersect these planes. More than
twenty different series with observed anomalies
have been measured and about 300 phonon peaks
were recorded in this investigation. The measure-
ments were performed in connection with a study
of the lattice dynamics in copper, which has been
presented elsewhere. '

For the examples shown in Figs. 2-5 the hori-
zontal collimation before the sample was 0. 0065
rad and after 0.013 rad. Vertical collimation was
twice the horizontal. Cu(220) was used as mono-
chromator and analyzer. The mosaic width was
0. 004 rad for both these crystals. For the sample
it was less than 0. 002 rad (FWHM). All phonons
were recorded with fixed outgoing wave vector and
neutron energy loss. The magnitude of the out-
going wave vectors (k2) and the points in reciprocal
space (2) are given in the figure captions.

ANALYSIS AND RESULTS

Only in a few cases were the phonon curves flat
enough to reveal eventual anomalies in a direct
plot of phonon frequencies. Figure 2(a) shows ex-
amples of the results for measurements obtained
for transverse phonons parallel to the [110]direc-
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Flo 4. {a) Differences in. slope between the measurements and the model for four series of transverse phonons mea-

sured in the (110) plane on lines parallel to the [100] direction. (b) The difference between measurements and the model

v& -pz K for the same series of phonons as in. (a). &2=3.5 ~, &=(3+~„, 1-e„, 1-e.) 2'll'/~.

tion in the (110) plane. Here kinks may be ob-
served at the positions indicated by arrows. It is
customary, however, to plot the mean slopes
d v/hq in order to render such anomalies observ-
able. In this event it becomes necessary to make
a careful choice of 4q since small values increase
the limits of error while large values tend to
smooth out the anomalies. In the present investi-
gation 4q has been chosen in the range 0. 025-
0. 100, measured in units of 2w/a.

Even when the results are plotted as slopes
(&v/&q)„of the measured dispersion curves, doubt

may sometimes arise concerning the assignment of
the position and type (positive or negative) of the
observed anomalies. Knowledge of the approximate
slope of each curve with the kinks removed is
desirable if an accurate analysis is to be per-
formed. Many different possibilities exist for com-
paring the experimental results with the calculated
(theoretical) curves. In this investigation consis-
tent use has been made for this purpose of an
eighth-nearest-neighbor Born-von Karman model

with general forces. The model was derived by a
least-squares fit to phonon frequencies determined
at 145 wave vectors evenly distributed in an irre-
ducible part of the Brillouin zone in reciprocal
space. The average deviation from the experi-
mental frequencies for this model was about 0.6'.
It is a well known fact that Kohn anomalies in the
dispersion curves are of necessity interpreted in a
Born-von Karman model as originating from inter-
actions between very remote neighbors. Similarly,
a short-range model is incapable of providing a
good fit with the dispersion curves in the vicinity
of an anomaly, generating instead smooth curves
without a sudden change of slope at the actual point.
This effect has been used by Sharp for analyzing
Kohn anomalies in niobium. ~ For copper, how-
ever, the model was expected to give the mean
slopes very accurately on account of its high pre-
cision. In Fig. 2(a) the Born-von Karman frequen-
cies are included for comparison, and in Fig. 2(b)
the differences in slope as between experiment and
model are presented.
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FIG. 5. (a) Slope of a transverse branch of phonons
measured in the {100)plane perpendicular to the [110]
direction (dots). The slope obtained from the Born-von
Kirm5, n model is also shown (full line). {b) The differ-
ences between slopes obtained from measurements and

from the model. (c) The differences between measured
frequencies v~ and calculated values v~,K. k2=3. 8 A ',
p= (2+q„, 2 —q„, 0) 2z/a.

TABLE I. Points on the Fermi surface in copper (in
units of 27t/a) as obtained from Kohn anomalies.

Nr 10kF „ 10k~ g

diagram the measured phonon frequencies are pre-
sented individually and the scatter of the points
indicates whether the assigned errors are realistic
or not. The position of the anomaly should be at a
point of inflection for a nearly spherical Fermi sur-
face, and applying this condition to the results dis-
played in Fig. 3 the anomaly is found to be posi-
tioned at q = (0. 35 +0. 02)2v/a. The Fermi radius
in the [100]direction is then obtained from this
value. Plots of the type shown in Fig. 3(a.) can be
used to check whether the applied model correctly
predicts the slope on either side of the kink. In
Table I all the points on the Fermi surface obtained
in this experiment are represented by their coor-
dinates in the Brillouin zone.

Some results for measurements performed on
transverse phonons in the (110) plane on a line par-
allel to the [100]direction are shown in Figs. 4(a)
and 4(b). In the (100) plane measurements were
performed in the [110]direction and in a series
orthogonal to this direction. These last-named
results are shown in Fig. 5. The positions of the
anomalies are indicated in the figures by arrows.
Measurements were also performed in the (2$, $, $)
direction on longitudinal phonons in order to de-
termine the radius of the neck. Because the anom-
alies involved in this instance are smaller and the
peaks observed broader than average, these mea-
surements may be subject to a systematic error
arising out of proximity to a reciprocal lattice

Analysis of the results was performed by regu-
larly calculating the following quantities for the
recorded dispersion curves: (i} the mean slope
from measurements (4v/dq)„ for constant hq, (ii)
the mean slope (b, v/&q)s, „from the Born-von
Karman model for the same values of dq, (iii) the
difference (6v/hq)„— (b, v/dq)s, a as a function of q,
(iv) the difference between measured frequencies
and the corresponding frequencies predicted by the
Born-von Karman model, v„—v~,K.

In Fig. 3(a), (hv/b. q)„and (4v/4q)a, „are shown

for longitudinal phonons in the [100]direction. The
differences (d, v/4q)„—(b, v/b, q)s,„and v„—vs„„can
be seen in Figs. 3(b) and 3(c), respectively. It
would seem that the position of an anomaly is most
accurately obtained from a plot of the differences
in slope, corresponding to Fig. 3(b), while the
magnitude of the anomaly is better seen in a plot of
v„—va,„, corresponding to Fig. 3(c}. In this last
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FIG. 6. Anomalies observed in this work interpreted
as points on the Fermi surface in the (110) and (100)
planes. Comparison with other measurements is made.

point. '7 Several series of phonons were measured
on two different samples and the mean value of the
anomaly is found to lie at $ = (0.20+0. 03)2v/a.
This position is in accordance with the results from
neighboring anomalies measured on transverse
branches (see Fig. 6}. Perrin et af. ' have pointed
out that the radius of the neck should vary consid-
erably in different directions, the minimum (0. 16
free-electron radii) coinciding with the line from
L (0. 5, 0. 5, 0. 5} to K (0.75, 0. 75, 0) and the maxi-
mum (0. 21 free-electron radii) with the line from
L to 8'(1.0, 0. 5, 0). Such a variation, although
not so marked, seems plausible, in view of the ex-
perimental results obtained, both with regard to
the position and to the sign of these "anomalies ";
the limits of error are such, however, as to pre-
vent any definite conclusion being drawn in this re-
spect, and these results are not included in the
table or figures. Twenty-three observed anomalies
in Fig. 6 are interpreted in terms of points on the
Fermi surface and their coordinates are tabulated
in Table I. The full line in Fig. 6 represents the
Fermi surface in copper obtained in an analysis of
de Haas-van Alphen measurements by Zornberg
and Mueller.

Anomalies with origins other than those discussed
above have been susepcted in phonon spectra. Thus
Maris suggested that anomalies arise from pho-

non-phonon interactions while Harrison predicted
anomalies that reflect the electron energy-wave-
vector dependence. Even if these other effects
have not been studied as extensively as the Kohn
effect, kinks have been observed which can scarce-
ly be interpreted in terms of Kohn anomalies. Such
kinks were reported in studies on lead' and alumi-
num. 4 Even in the present investigation kinks
have been observed which defy explanation on the
basis of the Kohn effect. Such anomalies were ob-
served on the branch with the lowest frequency in
the range q=(0. 1-0.3, 0.05, 0.05)2v/a.

The Fermi surface in copper deviates little from
the sphere obtained for free electrons, apart from
the necks which project in the [111]directions.
Nevertheless, the sign of the anomalies shown in
Fig. 4 is opposite to that expected for a spherical
surface. This is, however, reasonable if the local
radius of curvature is taken into consideration; in
the (110) plane this is opposite to that of a sphere
over an extended region between the [111]and [100]
directions. If the assumptions made by Perrin
et al. , discussed above, are correct the local sur-
face of the neck is concave (in any direction} in the
region of its intersection with the (110) plane.

In the present investigation anomalies have been
observed in 23 series of measurements, and al-
though they are of small magnitude their direction
(positive or negative} is as expected at all points. '
This fact, taken in conjunction with their reasonable
position (with the exceptions mentioned above),
provides a strong indication that the observed
anomalies are of the Kohn type.

Use of the Born-von Karman model offers an ob-
jective method of finding the position, magnitude
and sign of these anomalies. The shape or widths
of recorded phonon peaks are not noticeably influ-
enced at the kinks. The peaks shown in Fig. 1
were recorded precisely at the position of anoma-
lies, and in the context of this investigation they
may be considered as typical phonons.

The Fermi surface in copper has been extensive-
ly studied using other methods. Within the limits
of error the present results are in agreement with
the high-precision analysis of de Haas-van Alphen
measurements conducted by Zornberg and Mueller
and with the magnetoacoustical measurements per-
formed by Kamm. Mijnarends used positron
annihilation in order to study the Fermi surface in
copper. In the [110]direction he obtained a radius
which exceeds K, , (the radius for free electrons),
and which is greater than that obtained employing
the other methods considered here. On the other
hand Perrin et al. used radio-frequency size effects
for their study, ' and obtained a value of 0.92K. . .
which is the smallest to be reported. These re-
sults are included for comparison in Fig. 6. Both
of these extreme values lie outside the limits of



3284 G. NILSSQN AND S. ROLANDSON

error for the measurements presented here. In
the vicinity of the anomalies shown in Figs. 4(a)
and 4(b) the mean values of the present results lie
between those obtained in Refs. 21, 22, and 25, al-
though in general both are covered by the error
bars of the individual points. For the measure-
ments in the [100]direction there is satisfactory
agreement between all the experimental results
considered here.

It was pointed out at an early stage in the investi-
gation of Kohn anomalies that studies of the Fermi
surface in metals using the Kohn effect may provide

an effective means of conducting studies in situa-
tions where the conventional methods are inappli-
cable, e.g. , at elevated temperatures or in alloys.
The present investigation is encouraging in this
respect, since even in copper, where the effect is
weak in relation to the case in many other metals,
the relevant anomalies are observable using fairly
conventional methods. Improvements in experi-
mental technique such as can be provided by reac-
tors with stronger flux, should yield further possi-
bilities in the field of Fermi-surface studies using
neutron scattering.

*Present address: Pinstech, P. O. Nilore, Bawalpindi,
Pakistan.
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