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The Suhl-Nakamura or indirect spin-spin interaction is found to be the predominant relaxation
mechanism for manganese nuclei on the A sites in manganese ferrites at temperatures below 4.2'K.
The relaxation time of the first spin echo has been measured at T = 1.5 and 4.2'K as a function of
frequency and applied field. The results are compared to the predictions of the calculated
Suhl-Nakamara relaxation rate assuming an inhomogeneously broadened resonance line. The amplitude
of the first echo is calculated using the density-matrix approach and it is shown that the first echo, via
the Suhl-Nakamura interaction, acts as an effective third rf pulse which causes the refocusing of the
spin system resulting in the observed second and third echoes. The relaxation times of these additional
echoes are calculated and compared with the observed values.

1. INTRODUCTION

whenever an ordered magnetic insulator con-
tains a high concentration of identical nuclear
spins, the indirect spin-spin interaction, intro-
duced to the literature by Suhl and Nakamura,
is expected to play a large role in the nuclear mag-
netic relaxation at low temperatures. The obser-
vation of frequency pullings in the Mn" nuclear
resonance in Mn ' ions on MnFe~o, A sites sug-
gested the possibility of an appreciable spin-spin
coupling in this material. As reported earlier, ~

the occurrence of a large number of spin echoes
following a two-pulse excitation was observed and
may be a direct result of the Suhl-Nakamura inter-
action between the manganese nuclei.

The A-site Mn" nuclear resonance has a half-
width at half-maximum of -3 MHz, independent of
temperature (from f'I to 4. 2 K) while, for exam-
ple, at 4. 2 'K the spin-echo decay time is -20
p. sec, implying that the line is inhomogeneously
broadened. Spin-echo measurements are then very
useful in the study of the low-temperature relaxa-
tion in this system.

The frequency and fiel.d dependence of the am-
plitude and relaxation time of the first echo show
that the Suhl-Nakamura interaction is responsible
for a large part of the spin-spin relaxation in this
material. The frequency dependence of the relaxa-
tion time (Fig. 3) gives an especially striking il-
lustration of this effect. The Ta measurements of
Petrov and Petrov' will be seen to be in substantial
agreement with those reported here. The tempera-
ture dependence of Tz which they reported is sug-
gested to be due to spin-wave processes and the ab-
sence of the field dependence of Tz in their data is
likely due to the incomplete saturation of their
sample by the external fields (up to -6 kQe) which
they used.

By a density-matrix treatment, the second echo
is shown to be stimulated by the formation of the

first echo. As evidence it is seen that the ampli-
tude of the first echo is proportional to the square
of the enhancement factor (A,~q ) as expected,
while the second echo's amplitude is seen to vary
as q'. Further, the field and frequency depen-
dences of the relaxation time are calculated and

compare favorably with experiment.
Some experimental results of measurements of

relaxation times for the third echo are also dis-
cussed. In this case the analysis is felt to be in-
complete in that contributions to the third echo due

to the refocusing effects of the second echo have
not been included.

These results indicate that the occurrence of
large numbers of spin echoes following a two-pulse
excitation is quite straightforward when there exists
a nuclear spin-spin coupling such as that provided

by the Suhl-Nakamura interaction.
The present discussion then is largely con-

cerned with the field dependence of the resonance
and relaxation of manganese nuclei on the tetrahe-
dral or A sites in manganese ferrite. The experi-
mental work was performed primarily at 4. 2 and
1.5 'K in external fields from 0 to 10 kOe using a
variable-f requency incoherent-pulse spectrometer.
The relaxation times were determined by compar-
ing the echo envelope to an exponential curve of
known time constant. The error bars on the ex-
perimental values for the relaxation times repre-
sent a probable error of 1(Pg in all cases.

Section II contains a general discussion of the
resonance condition and frequency pulling while
Sec. III discusses contributions to the relaxation,
especially the Suhl-Nakamura interaction, and
compares the results of some approximate calcula-
tions to the experimentally observed field and fre-
quency dependence of the nuclear relaxation. Sec-
tion IV describes how the Suhl-Nakamura interac-
tion can result in a refocusing of the nuclear mag-
netization to yield multiple echoes and the discus-
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sion of Sec. III is extended to describe the relaxa-
tion of the second and third echoes. Finally, Sec.
V briefly concludes the discussion.

II. NUCLEAR RESONANCE AND FREQUENCY

PULLING IN MANGANESE FERRITE

Stoichiometric manganese ferrite has the
spinel structure with formula unit

~0 BFelL2[MnlLBFe1, 5Fe0, 2]O4, wher«he cattons
outside the brackets occupy the tetrahedral or A

sites and the cations inside the brackets occupy the
octahedral or 8 sites. From magnetization mea-
surements it was determined that the single crys-
tal of Nip pgMnp, 63Fe2 3604 used in these experi-
ments has a moment of 4. 54@.~ per formula unit.
The approximate formula unit for this crystal is
~L 855Fe0.845 [~0,255Fe1 OBFe0. 545wtL 02] 4 &

ing the nickel present is Ni~' on the 8 sites. The
nuclear resonance at 586 MHz in manganese ferrite
is that of the nuclei in Mn ' ions on the A sites.

The resonance condition is obtained from the
coupled equations of motion

= y, [M„x(H —MUI»+ H„—am)],

' =y, [M x(5 —2.M„+H, )],

dt
= y„[mx (H —aM„)],

where M„and M& are, respectively, the A- and
8-site electronic sublattice magnetizations, and
m is the A-site nuclear magnetization. [The 8-
site nuclear magnetization is ignored here since,
due to the large difference (-100 kOe) in the hy-
perfine fields of the manganese nuclei on the dif-
ferent sites, ' the intersublattice nuclei are ex-
pected to be effectively uncoupled. Further, the
effect on nuclei on the A sites due to disturbances
in the electronic magnetization caused by nuclei on
the B sites is expected to be quite small. ] Here H

is an applied magnetic field, H„and 1T» are effec-
tive fields describing the anisotropy on the A and
8 sites, X is the molecular field constant, and n
= IH„/MB I, where H„=559.5 kOe is the A-site Mn '
hyperfine field at 7=4. 2 'K, while N„, M~, and
m' are the z components of the appropriate mag-
netizations. Finally, y, = 2»x 2. Bx10 (secOe) '
and y»=20x1. 055x105 (secOe) ' are the electronic
and Mn"-nuclear gyromagnetic ratios. If the mag-
netizations are assumed to vary harmonically in
time with frequency Id, M(f) =M e '"', taking M'
=3K+i.M" the equations for M„', M~, and m' are

(Id/y, ) M —(H- 2.M —H„- am') M'„

—AM~ M~ —am'M~ = 0,

(~/y, ) M,' —(H+2.~f'„+H,) M;+ XM,'M„'= 0, (Ib}

(0I/y») m' —(H+a M„)m'+am M„'=0 .

The low-frequency solution of Eqs. (la)-(1c} rep-
resents the nuclear resonance frequency, thus, ig-
noring terms like (0r/y, ) which are small for low
frequencies, the resonance condition is written as

Id = y»(HII —Hn} +y»H» [1 —5f(m /M ~}],
where the enhancement factor q is

q=H„/[(H, —H, )(P-1)+(PH, +H„)+am'],

where now H in Eqs. (1) has been replaced by
Hp —H~ where Hp is the externally applied field, and

HD is the demagnetizing field of the single-crystal
sample. The ratio of s components of sublattice
magnetizations P is determined by noting that M~
=M» —M„ = 4. 54f2», and M„= 5.0)22, thus p= M/BM„
=1.9.

In manganese ferrite, nuclei in domains as well
as those in domain walls participate in the reso-
nance. 3'8 For nuclei in domains the enhancement
factor, with 7 = 1.5 'K, H~ = PH~ + H„=0.6 kQe,
Hp-HO=0, and P=1. 9, is q =1000.

Thus, a small change in the ratio m0/Mg will
shift the nuclear resonance frequency consider-
ably. Further, since m is temperature dependent
while M„ is assumed constant, as the temperature
is lowered m increases and the frequency for reso-
nance is pulled downward. Also, as the externally
applied field increases above H~, the enhancement
factor decreases and therefore the amount of fre-
quency pulling decreases. In Fig. 1(a) the reso-
nance frequency is plotted against the applied field
at T = 1.5 'K, while Fig. 1(b) is at T = 4. 2 'K.
There appears to be very little frequency pulling
at 4. 2 'K due to the relatively large anisotropy
field, H»=1. 0 kOe. As seen in Fig. 1(a), fre-
quency pulling is observable in manganese ferrite,
but is not so strong as to make pulse techniques
difficult. 9

For nuclei in domain walls the enhancement
factor is typically an order of magnitude larger
than for nuclei within the domains. Thus as long
as there is a significant fraction of resonant nu-
clei in domain walls these nuclei will dominate the
resonance behavior. The magnetization of the
crystal used here reaches 95k of its saturation
value in an external field of about 3 kOe. The ex-
ternally applied field and the internal demagnetiz-
ing field will combine in such a way as to leave
the resonance signal due to nuclei within domains
unshifted in frequency and undiminished in inten-
sity with increasing H0 until HB& 2 kOe. For HB
& 3 kQe the sample is essentially a single domain
and the nuclei see an effective field of Hp- 3 kQe.

In the absence of an external field the resonance
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where sums over j are over the A sublattice and

sums over 0 are over the 8 sublattice. This
Hamiltonian describes an effective nuclear spin-
spin interaction via emission and absorption of
virtual spin waves, and is obtained from a second-
order perturbation treatment of the hyperfine in-
teraction. In the discussion of transverse relax-
ation, the first term, which is essentially a self-
energy term of quadrupolar nature and cannot con-
tribute to transverse relaxation, can be neglected.
The third term is neglected here because it in-
volves only nuclei on the 8 sublattice, while the

Last term involves interaction between spins on

different sublattices and can be neglected since
the second-order nature of the interaction requires
energy conservation which is not possible due to
the large difference in the hyperfine fields of the
two sublattices. Thus, only the second term is
retained and the interaction of interest is
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FIG. l. External field dependence of the resonance
frequency of nuclei in domains: Dotted lines are for v
= ($,}ps{HO-Bo) +IIs while the solid curves are for the
frequency pulled case. (a) T=1.5'K, Hz=0. 6 kOe, H~
=559.5 kOe; (b) T=4.2 K, H~=1. 0 kOe, H~=559. 5 kOe.

line consists of two components of roughly the
same width, one with a maximum at -588 MHz,
the other with a maximum at - 590 MHz {at 4. 2
'K). On increasing the external field from zero,
the lower-frequency component decreases in in-
tensity until at Ho = 3 kOe it has essentially van-
ished, while the higher-frequency component re-
mains unshifted and undiminished until Ho = 3 kOe.
Figure 2, which is a plot of echo amplitude ver-
sus frequency -in an external field of H, = 3 kQe at
T =4. 2 'K, shows that the resonance line is ra-
ther well described by a Gaussian curve with half-
width at half-maximum of 3.0 MHz {the solid
curve in the figure}.

where A = hy„H„/(S) is the hyperfine constant, S
=

& is the Mn ' ion spin, I& is the jth manganese
nuclear spin, and Rug is the energy of a spin wave
of wave vector k.

If only spin waves on the A sublattice are con-
sidered, the 8 sublattice will enter only through
the exchange constant J and by its effect on the ef-
fective anisotropy field H~ = pH&+ H&. The ferri-
magnetic-spin-wave dispersion relation is then ap-
proximately

III. SUHL-NAKAMURA INTERACTION AND SPIN-SPIN
RELAXATION OF FIRST ECHO

In a two-sublattice system the Suhl-Nakamura
Hamiltonian is~

IO 6 2 0 2 6 Io
sv (MHz) +

3Cs s = 2D Z(P~) +Z(If, ) ——2 Bg,s(If'". +I,I,''}

1 ~
Bpy (PyIpI +I pIye) Q Cgg, (FjIj+Ij Ig)

2e&

FIG. 2. Frequency dependence of the amplitude of the
first echo. Av = v —voo, where v~0 is the frequency at
mmgmum amplitude. The solid curve is a Gaussian with
half-width at half-maximum ~ =3.0 MHz. HO=3. 0 kOe
T=4.2'K.
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Kd =2p, e(H+H»)+2ZSea k (Q} ~ (4) && [3 I(I+ 1)]'~ [8 —3/2I(I+ 1)]

0 =KM~, 8H, =XMB,

X = 3ksT»/Ng ge(S„(S~+1}Ss(Se+1)]

where T~ is the ferrimagnetic ordering tempera-
ture, kB is Boltzmann's constant, N is the number
of ions, p, B is the Bohr magneton, S„is the A-site
spin, and SB is the 8-site spin. Then,

since

(p) 3ks T»
Ve(S~(S~+1)Sa(Se+1)]'")

and

MB -NBgPBSB

where co is the spin-wave frequency, SB is the 8
sublattice spin, and a = S. 5x10 cm is the lattice
spacing.

Mn ' ions on the A sites are surrounded by 12
nearest magnetic neighbors on the 8 sites, these
neighbors can be Mn ', Fes', Fe ', or Ni '. On the
A sites there are also Fe~' ions, but Mn2' and Fe3'
both have spin 2 while the 8-site ions have an aver-
age spin of 2. 385 [since there is a total B-site spin
of (9. 54/2) per formula unit and there are two B-
site ions per formula unit]. From the molecular-
field theory of a ferrimagnet,

where f». is the range function (6), the sums are
over the A sublattice, g(&o) is a line-shape func-
tion describing the inhomogeneously broadened
line, and e is the concentration of Mn ' ions on
the A sites.

As discussed by Hone et al. ,"the above expres-
sion is a result of the inability of nuclei whose
Larmor frequencies differ by more than B»./g to
interact via the Suhl-Nakamura interaction.

From the form of the asymptotic range function
in Eq. (6) the Suhl-Nakamura relaxation rate
must decrease for increasing applied field H or
for larger values of H~. Also the relaxation rate
is proportional to g(uy) and therefore must decrease
as the frequency is moved off resonance. If the
Suhl-Nakamura interaction is responsible for the
low-temperature relaxation, the predicted field
and frequency dependence should be observed ex-
perimentallyy.

Dipole-dipole interactions will also contribute
to the over-all spin-spin relaxation rate. These
contributions can be calculated in the usual man-
ner'2 yielding four contributions to the dipolar
second moment for manganese on the A sites' (i)
interactions with other manganese nuclei on the A
sites, (ii) interactions with manganese nuclei on
B sites, (iii) and (iv) interactions with Fe nuclei
on the A and J3 sites. We have

for g = 2 and Tz = 600 'K,

J'=2. 6 x106 Qe.2zSB
gPB

i/2

f(} 1 a„„+H»"»' 4,mr„, '"p
g 'e.. a„

and

(6)

AS»= «»gP, BH~

Here, a = (/11/8) a is the distance between an A-
site ion and its nearest octahedral-site neighbor
and 0!I

This expression is sufficiently valid in this
case" since (H+H»)/H„-10 3 to 10 3 for external
fields used in this experiment.

Using the results of the calculations of Hone
et al. "the Suhl-Nakamura relaxation rate is

In the long-wavelength approximation the sum
over k in Eq. (31) can be replaced by an integral'
which when evaluated yields the asymptotic range
function

~,"= [c",.(o. 0242)5(-.') 'y„+c„",(",)y', ]
A

x (4}y'„,N'Q (1 —3 cos'8~, )'/r, ',

(sum is over A sites),

~g = [c',.(o. 0224)5(k) y'„+c„',(",)y M.]

B
&&(a)y~}fK (1 —3 cos e~() /r~~,

(sum is over Bsites)

Here, C"„' is the concentration of nucleus N on
the A, B sites, the factor (0. 02245) accounts for
the natural abundance of Fe, y„ is the appropriate
nuclear gyromagnetic ratio, r» is the magnitude
of the vector joining nuclei j and 0, and 8» is the
angle between the sublattice hyperfine field and the
relative position vector r». Qn summing over the
lattice out to five lattice spacings the moments are
found to be

M2 =2. 304X10' sec

M2B 1 689+10

M2 =M2+ M2B = 3.993X log sec-2
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& = (M )" = 6. 31 x 10' sec ' .
If the homogeneous line function were Gaussian
this would yield a dipole-dipole relaxation time of

TD = 1/5 = 1/1. 1V84 = 134 psec,
where 5 is defined as the half-width at half-maxi-
mum. This time is nearly an order of magnitude
larger than the relaxation times observed at reso-
nance. However, since the homogeneous line pro-
file is expected to be Lorentzian a more correct
calculation of the dipole-dipole relaxation time
would require determination of the fourth moment,
thus

1/Tn ——5 = 61vv 3 (M/M ) M

the ratio M4/M2z= 3 for a Gaussian line shape, and

as the line profile becomes more nearly Lorentzian
this ratio increases, thus, the calculated relaxa-
tion time increases.

At 1.5 'K, where the contributions to the ob-
served relaxation rate due to Raman scattering of
spin waves and similar processes can likely be
safely neglected, there appears to be a frequency-
independent relaxation (not directly observed but

inferred from the data and discussion of Fig. 5)
with a characteristic time of about 600 p.sec. If
this is assumed to be due to dipole-dipole relaxa-
tion, we have the ratio

M4/M2 9,
which is not an unreasonable value for a quasi-
Lorentzian homogeneous line profile.

The prescription used in the treatment of the
Suhl-Nakamura relaxation rate, i.e. , Eq. (V), is
not applied to the dipole-dipole process since,
while the transverse terms in the "secular" dipole-
dipole Hamiltonian require mutual spin flips and

therefore energy conservation just as the Suhl-
Nakamura interaction does, the longitudinal part
does not require this and, while being longitudinal
in character, is still effective in broadening the
homogeneous line. Therefore, since a basic as-
sumption in the above model is that nuclei whose
Larmor frequencies differ by more than the char-
acteristic interaction energy ~ cannot interact, the
model cannot be applied to the longitudinal part of
the dipole-dipole interaction. A more accurate
treatment would apply the above prescription to
the transverse part and calculate separately the
second and fourth moments of the longitudinal por-
tion of the dipole-dipole interaction. However,
since in this case the relaxation times due to di-
pole-dipole effects are very long compared to those
due to the S-N interaction, this will not be done
here.

Figure 3 shows the frequency dependence of the
observed spin echo relaxation time at 4. 2 'K (open

circles} and at VV. 35 'K (solid circles). The solid
curves are the frequency dependences of the relax-
ation times calculated by Eq. (7) assuming a back-
ground relaxation time'3 at 4. 2 K of -155 p, sec
and of -17 p. sec at 77. 35 K, using a Gaussian
line-shape function g(u&) with halt-width at half-
maximum of 3 MHz (x 2v) in both cases. The data
were taken in an external field of 3 kOe, the A-
site Mn~' concentration c = 0. 355: at T = 4. 2 K,
Hr=1. 0 kOe and H„=559.5 kOe from Fig. 1(b};
at 77. 35'K, H„=555.4kOe and HE=1. 5 kOe. The
exchange field H„=3.75&&10 Oe was adjusted to
provide the best over-all agreement between cal-
culation and experiment and, while the value used
is - 379' higher than that calculated for T„=600 'K
by simple molecular-field theory, represents a
not unreasonable value since molecular-field the-
ory is expected to yield a value 30-40% low in the
best of cases. '

At 4. 2 'K the experimental values for the relax-
ation time follow the predicted field dependence
quite well until at lower frequencies (& 3 MHz be-
low resonance} the observed relaxation times are
shorter than those calculated. This is due to the
asymmetry of the actual inhomogeneously broad-
ened line. For example, spin echoes can be ob-
served continuously from the 8-site Mn ' reso-
nance at -400 MHz up to the A-site resonance,
but they vanish for frequencies greater than about
610 MHz.

It is interesting to note that the Suhl-Nakamura
relaxation is still visible at 77 K, as shown by the
slight dip in the lower relaxation-time-versus-
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FIG. 3. Frequency dependence of the relaxation time
of the first echo in an external field of 3 kOe at 4.2 K
(open circles) and at 77'K @olid circles). The solid
curves are calculated assuming a frequency- and field-
independent background relaxation time of 155 psec q.t
4.2 'K and at 17 paec at 77 'K. (I} v = v —p 00.
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frequency curve of Fig. 3. Also, the background
relaxation time is strongly temperature dependent
suggesting a spin-wave scattering process.

Figures 4(a) and 4(b) show the observed and
calculated field dependence of the relaxation time
at 1.5 and 4. 2 'K, respectively. At T = 1.5 'K, 0„
= 55S. 5 koe and H~ = 0.6 kQe and the background
relaxation time' has increased to -600 p, sec.

The frequency dependence of the relaxation time
at 1.5 'K is shown in Fig. 5 for the first (open
circles) and second (solid circles) echoes. The
solid curve for the second echo calculation will be
discussed in Sec. IV.

The actual echo amplitudes can be conveniently
calculated using the density matrix formalism. '4

At a time t=0, in the absence of external rf fields,
the density matrix in the laboratory frame is, in
the high -temperature approximation,

I60-

l20-

V

80-
l-

40-

0-

2

IO 6 2 0 2 6 10
8s t MHZ) +

pq~ exp(h+/kaT) =1+53C~/kaT,

where 'Ko =X~+'K'. W~ is the Zeeman term and X
includes the terms responsible for the relaxation,
i. e. , the dipole-dipole and Suhl-Nakamura terms,
and the quadrupole term.

The quadrupole term will be neglected here be-
cause of the tetrahedral symmetry of the A sites.
Further, the dipole-dipole and Suhl-Nakamura in
teractions are assumed to be small compared to
X~ azd their primary effect will be to relax the net
magnetization towards its equilibrium value and
hence broaden the resonance line. Thus, at t =0,
in equilibrium

f
P1 @+OIZ t

6pi

PO-

FIG. 5. Frequency dependence of the relaxation time
in an external field of 4 kOe of the first echo {open cir-
cles) and of the second echo {solid circles) at T= 1.O'K.
The solid curves are the calculated frequency dependences
assuming a background relaxation time of 600 @sec for
the first echo. 5v= v- v00.

where coo is the Larmor frequency, is that part of
the density matrix describing the. nuclear magne-
tization. In the frame rotating at frequency co

P1= 84& IZ 4u =(do —(d

At t = 0' an rf pulse is applied along the y axis in
the rotating frame, then,

Pa = U1P101
-1

U, =exp[-f(&~I~+u&, I, )f ],
where K' is neglected during the pulse; t is the

1
width of the pulse and ~,/y =H, is the rf pulse
strength. If I ~(d I «cu, the operator U1 is simply
a rotation through angle ~,t, about the y axis and

can be readily evaluated.
At a time T after application of the first pulse

the density matrix is
20-

ap&

(a)

p, (~) = v, (~ —f ,)

' [II (f.,) p U '(f.,)j II '(~ —t. ) .
Here

&p(& t~~) = exp[- i5f2(T —f~ )]

Pp. f f &

8 10
t ) fl'Ge)

FIG. 4. External field dependence of the relaxation
time at resonance of the first; echo. (a) T-1..5 K. {b)
T=4.2'K. The solid curve in each section is the calcu-
lated field dependence.

is the time development operator following the first
pulse, which should include the effects of the Suhl-
Nakamura interaction on the transverse nuclear
magnetization.

The form of KB „[Eq. (3) j makes it difficult to
include explicitly in the expressions for the time
development operators. However, the previous
discussion has shown that the primary effect of
&s.„is to cause a transverse relaxation which is
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described by the relaxation time (Tz)»„; similarly,
the dipole-dipole interaction causes relaxation
characterized by T&. Describing all the relaxa-
tion processes by a total relaxation time T~ we find
for the transverse magnetization in the rotating
frame following a single rf pulse, at a time t,

Sg,&(t) =C„e-"'zTr(I'p, ),
where C„ is a normalization constant.

Xz, the Hamiltonian following the first pulse,
contains the Zeeman term as well as the terms
causing relaxation. If the major effect of 'Ks.„
and 'K„„are to cause relaxation as described
above, we may neglect them' in the expression
for the time development operator and

Uz = exp[- t«d (t —t,) Iz]

=exp (-ta»Iz) .
This allows the straightforward computation of
Tr(I'p, ), which in this case is

Tr(I'p, ) =e('»Tr(I'p, )

and

Tr(I'p, ) =Q Z ZI(', (U,)„(p,),„(U,)(».

where a, = (I'}; «and g» is the sum over )'z such
that k —t ~ 1, k & 6.

Following the second pulse

U& ——exp[- i«dIz(t —~, —t,)]= exp(- ta, Iz)

OS
= tJ4O404 ~

1

Then,

Tr(I'p, ) =e''STr(I'p, ),
and the signal, after two pulses separated by a
time v, is proportional to

21

(I) G» Q (auoo(asst»z& ~(8&G a5+
8)

-(I rz
r=0 (d

From the symmetry of the operators describing
the time development during the two pulses. (i.e. ,
assumption of pure rotations), the coefficients M,
and therefore the observed signal will be nonzero
only for

t = Y.i+IQtg

Averaging over the inhomogeneous distribution
g((d) with the center at &@00 and transforming back
to the laboratory frame, the observed signal will
be proportional to

S(,&(t) = {exp[t~„(t—t, ) ]] G(t —t, )

xTr(I'p, ) exp(- t/T, ) G„',

G(t —t» ) = f Cf(d exp[z47 (t —t» )] g(&dao+(d ) ~

If g((d) is Gaussian, then G(t- t„,) will be Gaussian
with a maximum at t = t, . This is of course the
free induction decay.

During the second pulse, of strength (dz/y and
length t

Uz = exp(- i(dzt I,)

t =2r) +t„8 tftg

These of course are the free induction and first
echo, respectively. For more general two pulse
excitation conditions, or inclusion of quadrupole
terms, etc. , as many as 2I echoes can be ob-
served, where I is the nuclear spin.

To complete the discussion of the first echo
amplitude, the field dependence of the enhance-
ment factor must be included since the observed
signal should be proportional to q~. "

Figure 6(a) is a plot of log of echo amplitude at
t=0 versus log of H =(H, Hn)+ (Hr+ -&m,)/0. .9
The calculated curve is naturally a straight line of
slope m = —2. The triangles are the points at
4. 2 K, while the circles are for 1.5 'K.

The preceding discussion of the first echo am-
plitude is essential to the calculation of the second
and third echo relaxation times in Sec. IV.

IY. MULTIPLE ECHOES

(p, )„=(U,p, U )„=Z Z (U,),.(U, )), (p,)„e'""'&,

Tr(I'p, ) =Z Z (I'}„;(p,);„

2I
M„'= Z a( Z' (Uz);, i »

k~1

«Uz}v, », ( z)», », ,

Multiple spin echoes have been frequently ob-
served, and various explanations have been ap-
plied to the different cases. ' ' For nuclei with
I& & quadrupole effects can cause as many as 2I
echoes following a two pulse excitation.
Also, external processes requiring the active
participation of the resonant cavity can cause a
refocusing of the spin and, consequently, multiple
echoes.

The formation of multiple echoes in the present
case can be easily visualized if one considers the
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~ I I I I ~ I

+ r~~. I~. Iis

Ioo:

4
IO"

Q'0
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~m
CL

I I ~ I j ~ I ~ I I I j ~ j I I 1II
I 2 5 lO 20 I 2 5

H' (kOe)

In equilibrium, $&~i.f(r&&, )I&' ——0. Following the ap-
plication of a &m pulse and a m pulse a time 7, later,
both along the y axis, the magnetization in the x-y
plane is no longer zero and, therefore, the sums
above do not vanish and there will be an interaction
between the nuclear spins. At a time I'= 2v, + t„,
—t, the components of spin in the x-y plane will
refocus along the x axis. At this time, neglecting
relaxation for the moment,

I~ -I ]-I~,

FIG. 6. Field dependence of echo amplitudes. Tri-
angles are at 7=4. 2'K and circles are at 7 = l. O'K. H'
= (Ho-Hz)+ (HE+0,'mo)/0. 9. (a) First echo, the solid
curves are amplitude proportional to (1/H')2, {b) second
echo, the solid curves are amplitude proportional to
(1/H')3.

reaction of a single spin j to the partial polariza-
tion of the rest of the spin system. During the
formation of the first echo, spin j will feel the
net nuclear magnetization in the rotating frame.
Since this magnetization represents an internal
field in the rotating frame, nucleus j' wiQ respond
to this field produced by the echo in much the same
way that it would respond to the application of an
rf pulse along the direction of echo formation. The
reaction of the total spin system will be to refocus
again at a time 4t= r after the first echo. This
process then continues with ever decreasing am-
plitude. %hat is necessary in this process is an
interaction between nuclei of sufficient strength to
allow repetitive refocusing. The dipole-dipole in-
teraction is too weak, but the long-range nature of
the Suhl-Nakamura interaction makes it sufficient
for multiple echo formation when there is a large
abundance of identical spins. It is expected that
the higher numbered echoes will decrease more
rapidly with increasing field and pulse separation
time 7 than do the echoes occurring earlier. For
example, since the first echo's amplitude varies
as q, the second echo's amplitude should be pro-
portional to qs.

From Eqs. (3) and (6) the Suhl-Nakamura Ham-
iltonian for spin j can be written

X „-—C „Q f(r~). )P~~ (I,, +I~,}
p'j'

= —c Z f(rzjl,*)1P-,
P'9'

ln general, if g, (f) is the function describing the x
component of nuclear magnetization,

+S N ~8 NIP'8 e(f)

The time development operator following the sec-
ond pulse is

U~ =exp[-i&a Iz(f —r~ —f ) —ivz.„g,(t) I&"'] .

g, (f) is a maximum at f = 2~~+ f —f, and at I = T~

+ f z (i.e. , the free induction decay}. Thus on the
refocusing of the first echo, the spin system sees
an effective pulse along the x axis. This pulse is
due to the Suhl-Nakamura interaction and causes
the formation of the second spin echo, and is
partly responsible for the third echo.

The strength of this pulse can be readily esti-
mated since

or

uz „Tz „-1, &us.„-(1/Tg „),
while the function g,(f) will be approximated by a
square pulse of width 5, and height k proportional
to the echo amplitude, centered at t = 2~, + t —t„,
where 5, is the full width at half-maximum of the
first echo.

At T = 4. 2 K, T8 N
= 25 p, sec, thus,

~s „-4&104 sec '

while

5,-5.Vx10 7 sec;

then

&oz„„6P-2.3hx10 '-0. 014mb .
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where
&2&+1&-I r I

'" + I&l ~ 8 ~ PwP+I rI
p1

X ~ (III)( ( I.l (Us)p, l(PZ}l, (

(14)

The constant h is determined by the strength of
the first echo in zero field. The rf field felt by the
spin system is

((d „/y„,)))(H}= (1/y )(0.014')))(H) . (12)

The calculated properties of the second and third
echoes, i.e. , field and frequency dependence of
echo amplitudes and relaxation times, show virtu-
ally no change when h is varied from 0.05 to 0. 5.
The absolute amplitudes of the second and third
echoes will of course depend on the value of h.

Continuing the discussion of Sec. II by treating
the first echo as an rf pulse ignoring ~co during
the first echo,

fI5 =D~( —gw)exp( i())~f~(-pq)Dg(gw)

= D,(- —,'w)eD, (-,'w)

represents a rotation through an angle (dj
1 8

about the x axis, where the D,(+ —,w)are rotations of
+ &g about the z axis. The density matrix during
this pulse is

1
OS=UsvsUs ~

with

(fI5)~a =«ga .«(k-y&

Further,
&I

Tr(I'p, ) = Z M',4,'e"'& e""',
&~-21 s~-RI

2l 3I
8(v)(f) g&& Q Q M(4) iuoo(s7+sa5+r~)

k res e
y'=-2l &= 2E

& &
a~+rgs+sg

This result also holds for a third external pulse
applied at time 7~ after the second pulse.

Here again, from the assumption of purely ro-
tational pulses, the M„', are nonzero only at times

t = 271+ 72 —t~1+ t~

t = 2r1+ 2v2 —t —t„+t

Using the value h = 0. 1 in Eq. (12) the relaxation
time of the second echo as a function of frequency
was calculated at 1.5 'K, and is shown as the low-
er solid curve in Fig. 5. To obtain this curve the
relaxation time frequency dependence of the first
echo, calculated earlier and plotted as the upper
solid curve in Fig. 5, was used. The solid cir-
cles in Fig. 5 are the measured values of the sec-
ond echo relaxation time.

The calculated field dependence of the second
echo amplitude is compared to the experimental
amplitudes in Fig. 6(b}. The triangles are for T
=4. 2'K and the circles are for 1.5'K. The cal-
culated lines have the expected (1/H')3 dependence.

Last, the field dependences of the second and
third echo relaxation times are shown in Figs. 7
and 8, respectively. The solid curve of Fig. V(a)
is the calculated relaxation time at 1.5 'K, while
that of Fig. V(b) is at 4. 2 'K. The open circles
are, of course, the measured values. Similarly,
the solid curve of Fig. 8(a) is at 1.5 K and that of
Fig. 8(b} is at 4. 2'K.

&3S+1&-lf.l
«A4 &

~" -Isle & ~ 0+IrlyP
Pi1 30-

with

X( 3)Dali), l(p2))+s, ( IO-

Ok 8k+1,g ek, «q
k~1

where, as before,

&a= (I')a, a.( ~

Following the first echo, at time t, with r~ = T,
+ tm2 tm ztNey

I,I= exp[- ~i~( f-~, -,, -t )I,]=e-"7«,

I-
50-

IO-

I I I I I I

0 2 4 6 8 IO
H (kOI)

Tr(I'p7) =e T( rv(I'p ), 6

and finally, the observed signal will be proportion-
al to

FIG. 7. External field dependence of the relaxation
time at resonance of the second echo. The solid curve
in each section is the calculated field dependence. (a)
T = 1.5 'K. (b) T = 4. 2 'K.
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FIG. 8. External field dependence of the relaxation
time at resonance of the third echo. The solid curve in
each section is the calculated field dependence. (a) T
= 1.5 'K. (b) T = 4. 2 'K.

The calculations for the third echo are not ex-
pected to be quite correct since the first echo is
only partially responsible for the formation of the
third echo. By extending the treatment to include
the refocusing effects of the second echo, all con-
tributions to the third echo would be accounted for,
and a fourth echo would appear. By a natural ex-
tension even as many as 22 echoes' would be ex-
pected. However, it is believed that the agree-
ment between experiment and the calculations out-
lined above is sufficient to explain the phenomena.
The departure of the observed second echo relaxa-
tion time for higher fields from the calculated
curve, shown in Fig. 7(a), is the most disturbing
disagreement. The presence of small quadrupole
effects or the departure of the first echo from the
purely rotational character assumed for it, are
among the possible explanations for this discrepan-
cy.

V. CONCLUSION

The preceding discussion has demonstrated thai
the Suhl-Nakamura interaction is responsible for
the low-temperature spin-spin relaxation and for
the formation of multiple echoes in manganese
ferrites. These two phenomena, having the same
origin, should occur together in other materials.
Where the Suhl-Nakamura interaction is known to
be strong both relaxation and multiple echo forma-
tion should occur.

A material with simpler crystal and magnetic
structures exhibiting both of these effects would
provide a better opportunity for comparison be-
tween experiment and theory. However, in many
of the materials in which the Suhl-Nakamura inter-
action exists and has been studied (e. g. , MnFz,
KMnF3, etc. ), frequency pulling is so strong that
pulse techniques become difficult and spin echoes,
if any are observed, have small amplitudes, and
multiple echoes are probably unobservable. There
are, however, other materials, such as cobalt
powder, which exhibit both multiple echoes and
Suhl-Nakamura relaxation. In cobalt, however,
the quadrupole interaction also contributes to the
formation of the first seven echoes and therefore
complicates the analysis. EuO and EuS are mag-
netic insulators with the NaCl structure and seem
well suited for an analysis such as is given here.
Also, the relaxation time measurements reported
by Raj et al. ' suggest that the Suhl-Nakamura in-
teraction is responsible for the low-temperature
relaxation. Thus a field dependence study of these
crystals would be of considerable interest.
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