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A theoretical account of the saturation and coherence properties of the states generated in

three-magnon nonlinear processes is given. The results show that above the nonlinear threshold the
parametric magnons become coherent and their saturation is achieved through the back reaction on the
uniform mode.

Since the work of Suhl and other authors it has
been known that it is possible to excite magnons
with wave vector k 4 0 in microwave experiments
with strongly magnetic materials. The excitation
is due to the oscillation of the coupling parameter
between two or more magnon modes, and for this
reason the processes are called parametric. As
in other nonlinear processes, the excitation is very
intense when the driving field exceeds a threshold
value. In the "perpendicular-pumping" case the
coupling between the magnon modes is made through
the uniform precession mode, which is excited by
the external field. ' In the "parallel-pumping"
case there is a direct coupling between magnon
pairs and the driving field. " The previous theo-
retical discussions of these processes have been
concerned with macroscopic aspects of the excita-
tions, such as the threshold fields and the suscepti-
bilities. ' There has been little attempt to de-
scribe the microscopic aspects of the parametric
magnons above the threshold. On the other hand,
the only discussion of the statistical properties of
the states generated under parametric excitation
was made under several simplifications rendering
incomplete results. In the present paper we give
a theoretical account of the saturation and coherence
properties of parametric magnons in the three-
magnon process known as subsidiary absorption. '

The study is developed taking into account the in-
teraction of the k modes with the heat bath and their
back reaction on the uniform precession. The re-
sults obtained here differ from those of Savchenko
and Tarasenko, ' who have used a perturbation ap-
proach, which is not very convenient for nonlinear
processes.

We use the Holstein-Primakoff formalism to
describe the excitations of a Heisenberg ferro-
magnet. Assume that a sample is uniformly mag-
netized in the z direction. The Hamiltonian taken
includes Zeeman, exchange, and anharmonic in-
teractions, the interaction. between the system and

the heat bath, and the classical excitation by an
external rf magnetic field perpendicular to the
static field. Following Balucani et a/. , we write
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where vo, ~~=~ ~ are the frequencies of the mag-
non modes of interest; ao, a~, and a ~ are the cor-
responding annihilation operators; f~ is the dipolar
three-magnon coupling coefficient'; g& is the cou-
pling constant between the magnon system and the
heat bath, which is described by the frequencies

and operators R; h is the amplitude of the
microwave driving field; and c is an appropriate
conversion factor c = 4 gps(2NS}'~,

The equations of motion of the magnon operators
obtained from the Heisenberg equation are given by
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where
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where

where q, is the relaxation rate of the mode }p, f (&e,)
is the density of the heat-bath modes, and F,(t)
represents a Langevin random force with corre-
lators of Markoffian-systems type. It is very
convenient to work in the representation of coherent
magnon states, 7 which are defined as the eigen-
states of the annihilation magnon operator ap l vp)

=vp le). From Eq. (6}we obtain a nonlinear sys-
tem of equations for the three interacting modes
with wave vectors 0, k, and —k. Elimination ofl
all variables except v~ and vo leads to

H = H p +H„+Hs p +Hq(t), a = 621 y. I'(2cb)'np'(~pP+4I fp I' lv p I') ', (10}
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Equations (9)-(13}contain all the information
carried by Eq. (6), except for the assumption that
the uniform mode interacts with a single mode pair
and that w = uro = 2&@„. Equation (9) is a typical non-
linear Langevin equation which appears in Brown-
ian-motion studies and laser theory. It shows that
the magnon-pair modes, whose amplitude is v~, are
driven (thermally) by the heat-bath modes and by
the uniform precession. The term ab can be posi-
tive or negative and therefore can produce damping
or amplification of the modes. The term al v„l
represents a nonlinear damping effect which can
saturate the rate of creation of magnon-pair modes.
The onset of the instability process can be obtained
with b=0, which gives

(16)

where v, is the complex eigenvalue of the coherent
state I vt, ) and P(vt, ) is the proper expansion coeffi-
cient and might be thought as a probability density.
Substituting Eq. (16) into the equation of motion
for the density matrix ilp= [H, p], with v~ = re'~
and the same approximations used previously, we
obtain

ep 1 8 18 eP 18'P—+- —[(D 2)x'P] =-—x——
X ~X x ex ex x 9$

sider S),(t) in Eq. (9) there is a stable solution v,
&0 for b & 0, which leads to a threshold condition
different than Eq. (14}. This correction in the
critical field has been pointed out before' but it is
very small in the materials of greater interest
[e.g. , yttrium iron garnet (YIG)].

In order to study the coherence properties of
the magnon states created in the nonlinear three-
magnon process we use the density-matrix formal-
ism. In the coherent-state representation the
density matrix can be expanded as

p= J P(v, ) ~v,)(v,
~
d(Rev, ) d(lmv, ),

., =),)'., =(—'a.,„)=( "',
) . ()4)

where
(17)

This value agrees with the results for the threshold
of the subsidiary absorption process. " For b &0

the magnon pairs are driven unstable. In the steady
state one can readily show that the expectation
value of the occupation number of k modes in this
case is given by

rlo()i) + 4 lf, I
'

I vo I », )

& = (a/1'. )'"&, y = («,)'"&

D = (a/&„)' '5, I', = 2q, ( n, +n, + 1),
where n„and n ~ are the thermal number of magnons
with k and -k wave vectors. This is a Fokker-
Planck equation which is stochastically equivalent
to Eq. (9).

(ngap)'
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where I vo l,~ is the number of k = 0 modes at the
saturation. Equation (15) was obtained under the
assumption that vo= 0, which is obviously true in
the steady state. In this approximation one loses
information about the saturation value of I vol

However, clearly I vol does not vary much above
the threshold and one can assume that I vol„,
= !vol,„„,which is given in Eq. (14). This assump-
tion is consistent with the previous one in which
the uniform mode was supposed to interact only
with a single mode pair. In fact the interaction
with other magnon modes would simply introduce a
correction in l vol, ~, which would have a small ef-
fect on the occupation number of each k mode. In
the present context, (n, ) does not go to infinity as
in the previous treatments of this process. The
saturation in the k magnon population, which comes
from term alv~ I in Eq. (9), is simply a result of
the conversion of the magnon pairs back into uni-
form precession modes. The neglect of this back-
reaction term leads to the infinity of the previous
studies of this process. Note that when we con-
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FIG, 1. Number of parametric spin waves excited
by three-magnon nonlinear processes vs the ratio be-
tween the microwave field amplitude and the threshold
field in YIG. The relevant parameters are I f& I

-1 sec
and qo = g~ = 10 sec
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Here we are interested only in the stationary
solution of Eq. (17), that is, the one which is inde-
pendent of y and Q. Straightforward integration
gives

P(x) = N exp( q Dx —
& x },

where
IO -1

N= 2m xexp AD@ —4@4 Ch
0

(18}

Note that as a and E'~ are positive definite, D has
the sign of b. Hence for b&0, i.e. , below the
threshold field, D( 0 and the function P(x) behaves

as a Gaussian distribution. This distribution is
similar to that of systems in thermal equilibrium.
For D» 1 the amplitude of the stationary state con-
sists of two components, a coherent one convoluted
with a much smaller fluctuation with Gaussian dis-
tribution. For YIG this condition is satisfied for
fields just above the threshold ( l. -005h «). This
behavior is similar to that of photon states in
lasers. '
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