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The static electronic susceptibility g(q) is calculated for niobium along the [100] direction both with

and without matrix elements. The energy bands are generated by a fitted second neighbor, s-p-d
Slater-Koster model, and matrix elements are approximated by using the Slater-Koster wave-function

coefficients with radial integrals of Fermi-level Korringa-Kohn-Rostoker wave functions within the
muon tin. The Brillouin-zone integration is carried out by the combined linear~uadratic method of
Cooke and Wood. Contrary to the work of Evenson, Fleming, and Liu our constant-matrix-element
calculation yields a result for X(q), which is relatively featureless. The major effects of including the
band and momentum dependence of the matrix elements are to make g(q) a generally decreasing
function of g and to bring out some structure not seen in the constant-matrix-element calculation. The
static susceptibility has a noticeable hump around the same wave vector as the observed [100]
LA-phonon anomaly. The frequency dependence of the real part of the dynamic susceptibility appears
to be small for co in the phonon-frequency range.

I. INTRODUCTION

The features of wave-vector- and frequency-de-
pendent electronic susceptibilities are reflected by
a wide variety of material properties. In the static
magnetic susceptibility calculated for some rare
earths, for example, peaks occur at characteristic
wave vectors which correspond to the magnetic
structures observed for these metals. ' For the
ferromagnetic transition metals, the sudden ex-
tinction of neutron-measured spin-wave peaks is
related to a rapid change in the imaginary part of
the magnetic susceptibility; the spin waves, which
are collective modes of the system, decay quickly
when they become degenerate with a high density
of single-particle Stoner excitations. In a num-
ber of high-T, superconductors, including niobium,
the observed phonon spectra contain anomalies
which are not found in the spectra of neighboring
materials with low transition temperatures.
Most of the explanations proposed for these anom-
alies rely on assumed special features of the elec-
tronic screening function, and thus are model
oriented. ' One means of testing the validity of
these various explanations is to perform accurate
susceptibility calculations.

Evenson, Fleming, and Liu' have calculated
generalized static-susceptibility functions for sever-
al bcc transition metals by neglecting the momen-
tum dependence of the matrix elements and using
Mattheiss's tungsten band structure, "with the
Fermi level adjusted to accommodate the proper
number of electrons. Their results exhibited con-
siderable structure, some of which they were able
to correlate with observed properties such as the
occurrence of anitferromagnetism in chromium,
the helical magnetic structure of europium, and
the LA-phonon anomaly along the [100] direction

in niobium. They then speculated that some of the
calculated structure which was uncorrelated with
any observed property might be reduced in mag-
nitude if the matrix elements were included.
more recent work of Gupta and Sinha's has an inter-
esting bearing on this speculation. They calculated
the static susceptibility of chromium, both with
and without matrix elements, and their results do
show the difference that matrix elements can make.
However, they found that the inclusion of matrix
elements reduced the susceptibility peak usually
correlated with the occurrence of a spin-density
wave in chromium.

In this paper, we report the results of suscepti-
bility calculations for niobium along the [100] di-
rection both with and without matrix elements. In-
stead of reducing structure, as was suggested by
Evenson et al. ' for niobium and found by Gupta and
Sinha' for chromium, we find that including the
band and momentum dependence of the matrix ele-
ments actually brings out structure not seen in the
constant-matrix-element calculation. Our calcula-
tions are based on a realistic band structure, and
are performed at two integration meshes to point
out the need for computational accuracy. Section
II describes our methods, results are presented
in Sec. III, and Sec. IV briefly summarizes our
present conclusions.

II. METHODS

In the random-phase approximation, the wave-
vector- and frequency-dependent electron screen-
ing function is' '

e(q, ~) = 1+ (8we'/q') x(q, (u),

x(a, ~) = x'(~, ~)+ ~x"4, ~)
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where a, (n, k) is the (Slater-Koster) expansion co-
efficient for the l, m angular- momentum compo-
nent of the state n, k and F~„(q) is the L, M spherical
harmonic for the direction q . For real spherical
harmonics, the C, ,", , are Gaunt factors, which
are obtainable from products of C lebsch-Gordan
coefficients. The radial integrals in Eq. (5) are

A(l I Li I q I ) = f"drriR*, .(r) R, (r)jz, (l q I r), «)
in which R, (r) is the radial wave function, and

where E(n, k) is the electron energy in the band n

at the wave vector k, and f (n, k} is the Fermi oc-
cupation factor. The static susceptibility is

x (q) = x'(q, 0) = x (q, 0) (2

In terms of the Bloch eigenstates Q(n, k), the ma-
trix elements are given by

(n, k+ q I n, k) = f d r P (n, k+ q) e"'@(n, k) . (4)

The sum over k in Eq. (2) ranges over the first
Brillouin zone (BZ}, and if k+q lies outside the
first zone, it is translated back in by addition of
the appropriate reciprocal-lattice vector . To cal-
culate the susceptibility X(q, ~) from Eq. (2), all
that is required is a band structure, matrix ele-
ments, and an integration procedure.

To incorporate flexibility and minimize compu-
tational time, we use a second-neighbor, s-p -d
Slater -Koster" interpolation scheme to generate
the energy bands. The 2V parameters of the Slater-
Koster model are determined from a least-squares
fit to the results of first-principles band-structure
calculations . As found by Connally, 20 the Slater-
Koster model gives fits comparable to those ex-
pected from other interpolation schemes; for the
bcc transition metals he found that the rms devia-
tion for about 80 to 100 energies at various sym-
metry points is typically 0.001-0 ~ 004 Ry.

Consistent with our use of the Slater- Koster
interpolation scheme for the energy bands, we
approximate the matrix elements by a tight-binding
approach. The matrix elements of Eq. (4) are first
expressed in terms of orthogonal ized Landshof f-
Low din orb itals, ' and all but the site -diagonal
integrals are neglected. An expansion of e"' in
spherical harmonics gives

(n, k+q ln, k)=4m Z i c, ",

lm, l 'm'LM

j~(l q I r} is the Lth spherical Bessel function.
We evaluate the radial integrals numerically

using the wave functions of the Korringa-Kohn-Ros-
toker (KKR) calculations to which the Slater-Koster
model is fitted: the integration is carried out over
the muffin tin for the wave functions at the Fermi
level. For the d functions, this should be a good
approximation, since about 80 /~ of the d-electron
charge density lies within the muffin tin. For the
s and p function, the approximation is not as good,
but the character of the bands at and around the
Fermi surface in niobium is predominantly d.

Given energy bands and matrix elements, the
integral over the BZ in Eq. (2) must be done ac-
curately. The procedure we use is the combined
linear-quadratic method of Cooke and Wood. ' The
sum over the full zone is mapped onto a sum over
an irreducible Brillouin zone (IBZ), which has 48

of the volume of the full BZ ~ The IBZ is subdivided
into cubes which are small enough so that the elec-
tronic energies can be expanded linearly in k. The
Fermi factor f (n, k) —f (n, k+q) is taken to have
magnitude zero or one depending on its value at
the center of each small cube. We also assume
that the matrix element does not change significant-
ly over the volume of the small cube from its value
at the center. As a result of these approximations
the integration in each small cube can be performed
analytically, '2 with the result depending on a, (n, k, ),
E(n, k, ), and V~E(n, k, ), where k, locates the center
of a small cube. The total integral is then ob-
tained by summing up the contributions from each
of the small cubes.

The information needed to evaluate the BZ sum
is obtained in the following manner. The Slater-
Koster model is used to evaluate the electronic
energies on a regular mesh of 506 points in the
IBZ ~ The energies are then interpolated qua-
dratically to provide analytic expressions for
E(n, k) through the IBZ. The gradient of E(n, k) is
determined by differentiating these analytic ex-

pressions�.

Because of the difficulties arising from
near degeneracies and band crossings, tile a, (n, k)
are not interpolated, but are instead calculated di-
rectly from the Slater-Koster model at each k, .

Within this framework two different procedures
were used to calculate x(q). The real part of

X(q, ~ =0) can be calculated directly from Eq. (2)
as a principle-value integral, or indirectly by
first finding X (q, ~) and then performing a. Hil-
bert or Kramers-Kronig transform to obtain the
real part . The direct calculation has two advan-
tages over the indirect procedure. First, the di-
rect scheme is faster since it takes about 4. 5 min
per q point on the IBM model 360-91 as compared
to about 6 min per q point for the indirect scheme
when 3080 small cubes are used in the IBZ ~ Sec-
ond, the indirect scheme generates a histogram
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FIG. 1. Static susceptibility for niobium with q along
[100] and Iq I in reduced units of 27t/a. Each point was
calculated using 3080 cubes in the IBZ.

For the results presented here the parameters
of the Slater-Koster interpolation scheme are
fitted to KKR ' energy bands generated from the
muffin-tin potential of Deegan and Twose. For
546 energies in the first six bands, the rms devia-
tion of the Slater-Koster model from the KRR re-
sults is 0.0067 Ry. 2~ This smooth Slater-Koster
band structure is in good agreement with the re-
sults of Deegan and Twose (and of Mattheiss~ ) for
the energy bands along symmetry directions, the
Fermi surface, and the density of states.

The matrix elements, when included in the sus-
ceptibility, are calculated as previously described.

representation for the imaginary part of X(q, ~),
which means that the real part can not be evaluated
at (d = 0, so that some sort of extrapolation must be
performed to obtain X(q). On the other hand, in-
formation about the full frequency dependence of

and y can be obtained more efficiently by using
the indirect method.

When a mesh of 3080 cubes is used in the IBZ,
numerical results for X(q) based on these two

schemes agree typically to within 2%, with the in-

direct values being consistently higher than the
direct values. The general features and important
details of the results are, however, essentially
the same. On the basis of these types of compari-
sons we feel that the numerical errors in our 3080-
cube calculation are on the order of a few percent.
Because of the advantages referred to above we

have chosen to base the calculations of X(q) pre-
sented in this paper on the direct scheme.

III. RESULTS
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FIG. 2. Static susceptibility for niobium with q along
[100] and I q I in reduced units of 27t/a. The solid lines
represent smooth curves through the points shown in
Fig. 1 which were calculated using 3080 cubes in the
IBZ. The triangles are results obtained using 440 cubes
in the IBZ.

In this approximation, the dominant effects are
provided by the Gaunt factors, that is, by the com-
binationai properties of the spherical harmonics
rather than the details of the radial wave functions.
In Eq. (5), the I= I, I, =O terms generally make

the largest contributions because of the Gaunt fac-
tors. The corresponding radial integrals are
largest for q =0, while the off-diagonal in l and l
terms have their maxima at nonzero q values.

Figure 1 shows the results for X(q) along the
[100] direction obtained by direct integration over
a mesh of 3080 cubes in the IBZ. Figure 2 corn-
pares resu)ts determined by integration over a
much coarser integration mesh of 440 cubes in
the IBZ with those calculated on the fine mesh of
3080 cubes. The coarse mesh results exhibit
scatter large enough to make it difficult to dis-
tinguish real from spurious structure in the curves.
However, this scatter is not as large as that found

by Evenson et al. , primarily because the analytic
integration scheme is used in the small cubes in-
stead of a trapezoidal rule.

Both with and without matrix elements, the sus-
ceptibility in Fig. 1 is relatively smoothly varying.
The structure appearing in the calculation with
momentum-dependent matrix elements is due
primarily to the fact that Gaunt factors act as do
selection rules which weight transitions between
bands of the same wave-function character much
more heavily than those connecting states of dif-
ferent characters. This also has the effect of
reducing X(q) by roughly an order of magnitude so
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that it has the correct long-wavelength limit. The
decrease in )t(q) with increasing q when the matrix
elements are included is also consistent with the
dominant role played by the L = 0 contributions in

Eq. (5). This effect is similar to what one finds
for a form factor.

Besides the shoulder at Iql =0. 15 and the small-
er structure at IqI =0.45 and Iql =0.50 (which is
around the limits of our computational accuracy,
but may be associated with transitions across flat
portions of the Fermi surface close to 1'), there
is a fairly sizable hump in )f(q) around I q I

= 0. 'I.
This corresponds well with the position of the ob-
served longitudinal-acoustic-phonon anomaly, and
a peak in )I(q) would be reflected as a dip in ~«(q).
However, the magnitude of the hump is too small
to presently make a strong connection between it
and the anomaly.

Acoustical plasmon-phonon interactions have
been proposed' as one of the more novel explana-
tions of the phonon anomalies in Nb and other high-
T, superconductors. If present, acoustical plas-
mons would be reflected by a strong frequency de-
pendence of g(q, ~) in the phonon frequency range.
In calculations of g (q~) that we have done at sever-
al q points, the frequency dependence of the sus-
ceptibility is negligible, amounting to only a per-
cent or two from ~ = 0 to (d = 10 meV, and the
resonance condition Ree(q, ~) =0 is far from being
satisfied. However, acoustical plasmons should
be quite sensitive to the details of the band struc-
ture and the Fermi surface. They might also be
masked by our approximation of the Fermi factors
as having magnitude zero or one throughout the
small cubes as determined from their values at
the center of the cube.

IV. CONCLUSION

We have calculated the static electronic sus-
ceptibility of niobium along the [100] direction by
using fitted Slater-Koster energy bands, both with

approximate band and momentum-dependent ma-
trix elements and with all matrix elements set
equal to one. The results show first the need to
carry the numerical integrations far enough toward
convergence to rule out spurious structure. This
unfortunately requires rather generous amounts of
computer time. Because the Gaunt factors are
largest for the I,= l and L= 0 contributions to the
matrix elements in Eq. (5), inclusion of matrix
elements causes a form-factorlike reduction in

)f(q) as q increases. We have also found that in-
cluding the band and momentum dependence of the
matrix elements introduces structure which is
masked in the constant-matrix-element calcula-
tion. This effect is opposite to that found by Gupta
and Sinha' in their chromium calculation, where
including matrix elements decreased structure
which was present in the constant-matrix-ele-
ment calculation. Our results are also quite dif-
ferent from those obtained by Evenson et al. ' for
niobium. They found structure in the constant-
matrix-element calculation and speculated that
part of it would be reduced when matrix elements
are included. We suspect that this structure was
generated primarily by their numerical-integra-
tion scheme.

The susceptibility curve along the [100] direc-
tion does exhibit a small hump at about the same q
value as the [100] LA-phonon anomaly but more
work is needed to definitely establish its connec-
tion with the phonon spectrum. Work is now in

progress on extending the present calculations to
include off-diagonal terms of the susceptibility and
to integrate them into an electronic screening cal-
culation of the phonon dispersion curves.
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