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While the effects of corrections to the muffin-tin model of the crystal potential have been investigated

fairly thoroughly for various insulators and semiconductors, relatively few complete calculations have

been done for transition metals. The Hartree-Fock-Slater muffin-tin approximate potential is usually

adequate for characterization of the general properties of freewlectron metals. In the transition-metals

series, however, where the Fermi energy typically lies in a partially filled d band, it is recognized that
small nonuniform energy shifts can appreciably alter the properties dependent upon the detailed

topology of the Fermi surface. Here, we report the application of the recently proposed combined

Korringa-Kohn-Rostoker discrete variational method for several crystals representative of the 4d
transition-metal series. Results are analyzed directly in terms of the Bloch wave functions and various

trends and general features of non-mu%n-tin effects in the transition metals are determined.

INTRODUCTION

The Hartree-Fock-Slater (HFS} one-electron
potential originating from the self-consistent-field
model, upon which most energy-band calculations
are based, is frequently approximated by a "muf-
fin-tin" average. Within schemes using this model
the Coulomb and local-density-dependent exchange-
correlation potential' for an electron in the system
is replaced by a spherical average within touching
spheres and a constant in the interstitial region.
This model has been of great value for obtaining
a fairly reliable picture of the band structure of a
large number of close-packed metallic systems,
e.g. , noble and transition metals. For simple
metals a muffin-tin average of the HFS potential
apparently produces no serious errors in the cal-
culated eigenvalues, however it has been recog-
nized for some time that for metallic systems with

partially filled d bands the muffin-tin approxima-
tion can introduce small nonuniform shifts in the
calculated energy bands. While these shifts are
probably negligible in correlating band calculations
with band-probe experiments such as photoemis-
sion, their effect upon details of the Fermi surface
can be exaggerated when the Fermi energy lies in a
region of flat bands. Inclusion of such shifts pro-
duce changes in the topology of the Fermi surface
which are well within the observable range of ex-
periments such as those based upon the de Haas-
van Alphen effect.

In order to study the effects of potential anisot-
ropy it is necessary to have available a very pre-
cise energy-band method which is capable both of
treating non-muffin-tin potentials, and of accurate-
ly calculating the resulting small eigenvalue shifts.
Here we report a systematic applicationof the re-
cently proposed Korringa-Kohn-Rostoker discrete
variational method' (KKR-DVM} to the calculation
of non-muffin-tin shifts in a series of 4d transition
metals. The KKR-DVM scheme was not specifi-

cally developed for treating metallic systems but
rather for treating compounds, molecular com-
plexes, andatomic clusters, where the limitations
of the muffin-tin model are more serious. How-

ever, its computational accuracy and numerical ef-
ficiency make it an ideal method for efficiently ob-
taining a comprehensive survey of the non-muffin-
tin effects in the transition metals.

We have chosen as illustrative cases Rb, Nb, and
Pd from the 4d transition-metal series, these pre-
sumably being representative of the full 4d series.
Hb, traditionally regarded as a free-electron-like
system, has an unoccupied d-band complex just
above the Fermi energy; thus in certain respects
it may be viewed as a transition metal with unoc-
cupied d bands. The d bands in Nb bracket the
Fermi energy; in the atom Nb has a 4d 5s' con-
figuration, thus in the solid the d-band complex is
approximately half filled, the Fermi energy lying
just below the s-d hybridization gap typical of bcc
transition metals and intersecting a rather flat
band near the zone center. In Pd the d bands are
almost filled, the Fermi energy falling in a region
where there are very flat bands and hence a high
density of states, a situation where it might be ex-
pected that non-muffin-tin effects would be of some
consequence. The calculations show the non-muf-
fin-tin corrections to be important in Nb, but of
little significance in Pd; the reasons for this be-
havior require an analysis of the relevant eigen-
states.

While there have been a number of attempts to
remove the muffin-tin restrictions in the past (see
Painter~ and references therein) the present cal-
culation represents the first application to a transi-
tion-metal series of a general band-structure meth-
od which is capable of giving definitive estimates
of the small energy shifts involved and thus facili-
tates a discussion of the characteristic trends in
a given transition metal series, and will therefore
serve to clarify the importance of non-muffin-tin
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effects in transition metals in general.
In Sec. II we briefly review the salient features

of the KKR-DVM approach and in Sec. III we pre-
sent the results of the calculations for Rb, Nb, and
Pd. Section IV comprises some general conclu-
sions and some comments on the adequacy of the
muffin-tin-model for the transition metals.

II. METHOD

An accurate treatment of the rather small non-
muffin-tin perturbations in the transition metals
necessitates a technique which is flexible enough
to calculate the interactions over the entire unit
cell with sufficiently high precision. The com-
bined KKR-DVM approach, although devised mainly
for crystal compounds, provides an easily imple-
mented procedure to treat these problems for the
transition metals. The description of the method
here will be brief, as a more detailed account al-
ready appears in the literature. '

The basic problem is to find approximate solu-
tions to the eigenvalue problem

H(r) g;(k, r) = [-V +V(r)] P;(k, r) =E;(k) g;(k, r),
(l)

where V(r) is a general non-muffin-tin potential.
We seek eigenfunctions expressible in terms of
some fixed Bloch basis

|),.(k, r) =By~(k, r) C„(k).

In the KKR-DVM approach the trial basis set is
constructed directly from the KKR solutions to the
muffin-tin average of the full Hamiltonian. These
can be written'

y, (k, r) =Bi'C, (k) Y, (0)
lt fff

u, (r),
X

&i(ji(+r) —tang, nr(o. r)], r &Ro

where g, is the phase shift, n =vE, Ro is the sphere
radius and

corrections to the secular equations, i.e. ,

&x IH(r)
I x,) =

&x~ I
~~+ r v(r)

I x;& =
~& &;, + &x 1«(r)

I x, .
(6)

In the metals considered here, the non-muffin-tin
terms do not significantly couple different band
states of like symmetry, hence the corrections are
simply first-order shifts of the levels. The nu-
merical -integration procedures used to calculate
the perturbation matrix elements are essentially
the same as those described in previous applica-
tions. The corrections are evaluated by integrals
over a single unit cell of the crystal, here treated
by point sampling with some preselected point den-
sity u '(r), i.e. ,

&x~I&«r)Ix, )=~u(r )x,*(k, r )dV(r )x, (k, r ).

With no significant coupling among the KKR ei-
genfunctions through the non-muffin-tin perturba-
tion r V(r), the calculation reduces to the diagonal
elements of the perturbation matrix.

III. RESULTS

A. General discussion

We have calculated the shifts in the eigenvalues
which result from non-muffin-tin effects in Rb, Nb,
and Pd at certain high-symmetry points and along
certain symmetry directions for the occupied part
of the conduction band complex and for a few ener-
gies above the filled region, sufficient to include
the d-band structure in the unoccupied bands of Rb.
Table I shows a compilation of energy shifts at the
Brillouin zone center for Rb, Nb, and Pd as well
as the change in the d band width and s-d band sep-
aration which results from the inclusion of non-
muffin-tin effects. The shifts are given in terms

TABLE I. Important non-muffin-tin shifts in Rb, Nb,
Pd, and Ni.

p c&g) cpu )N, =PRO ur ———n
elf' A Level

E =E~ DvM E~ (Ry)
Rb Ãb Pd Ni

H(r) =H, (r)+ n V(r). (4)

Solutions to the muffin-tin Hamiltonian are ob-
tained using the KKR method»

The coefficients C, are determined upon solving
for the KKR muffin-tin eigenvalues.

Partitioning the full Hamiltonian H(r) into a usu-
al muffin-tin form Ho(r) with a muffin-tin average
potential V, (r), and the non-muffin-tin corrections
&V(r), we have

r,
I'25

I')p.
Xi
X3
X2
X5
X4e

H)p

H25r
s-d separation~
d widthb

0. 000
—0. 003

0. 000

0. 003
0. 000
0. 003

—0. 003

—0. 002
—0. 010

0. 008

0. 010
—0. 002

0. 012
—0. 011

0. 001
—0. 003
—0 ~ 000

0. 010
—0. 004
—0. 002

0. 000
—0. 012

+0. 003
0. 000

—0. 002
0. 010

—0. 003
0. 001

—0. 001
—0. 009

0. 009 0. 013
—0. 010 —0. 011

Ho(r) )(,(k, r) = [-g + Vo(r)] Z, (k, r) = E,(k) Z&(F, r) (5)

and used to calculate the necessary perturbative
For bccH&&-I'&, for fcc Xf I' f.

bFor bcc H&5. -H», for fcc X5-X,.
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FIG. 1. Non-muffin-tin potential corrections b, V
= V Vp along crystallographic directions in Bb; V rep-
resents the full crystal HFS potential and Vp its muffin-
tin average.
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of &E=E""" "-E "";also included in the table
for comparison is similar data for the Sd transi-
tion metal Ni, which has previously been discussed
by Painter. 2 Perhaps the most significant point to
note in the table of shifts is that in terms of the res-
olution of most band probe experiments the shifts
are small. Energy shifts associated with the low-
lying s-like levels in all three systems are always
small (&0.005 Ry). There is a clear trend for the
4d systems in d-like level shifts, the shifts being
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FIG. 3. (a) Non-muffin-tin potential corrections and
(b) and (c) radial densities of zone-center ff states for
Pd.
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FIG. 2. (a) Potential perturbations, and (b) and (c)
radial charge densities of d-band states at I' in Nb.

nearly zero in Rb, about 0.01 Ry in Nb, and again
small in Pd-about 0.005 Ry. The increase in s-d
band separation and the narrowing of the d-band
complex which results from the lifting of the lower
d-like states and lowering of the upper d-like states
is a feature common to Nb and Pd (and also Ni) and
thus seems to represent a feature of the inclusion
of non-muffin-tin effects which is independent of the
crystal structure of the system.

In order to gain a complete understanding of the
origin of the observed shifts and the over-all trends,
it is necessary to consider the details of the respec-
tive crystal wave functions as well as the behavior
of the non-muffin-tin potential corrections 6Valong
various crystallographic directions in the unit cell
of the crystal. Examination of plots of the radial
charge densities for the d-symmetry levels and
non-muffin-tin corrections appearing in Figs. 1-3
makes it clear that rather complicated effects of
the angular and radial dependencies of the orbitals,
coupled with those of the potential, are operative.

For bcc Rb the free atom potential is nearly con-
stant at the crystalline internuclear separation of
10.74 a.u. thus, as illustrated in Fig. 1 the de-
viations of the crystal potential about an atom site
from that of sphericity are quite small (less than
0.02 Ry). The eigenfunctions (not illustrated) are
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TABLE II. Non-muffin-tin shifts in niobium (Ry units).
Muffin-tin levels are denoted Eo, shifts therefrom with
full potential 5E, and shifts in warped muffin-tin approx-
imation 4E~.

Level E()

—1.0076
—0. 4400
—0. 6196

—0. 0016
+ 0. 0076
—0. 0098

5Eme

0. 0000
+ 0. 0016
—0. 0038

Ratio

0. 00
0. 21
0. 39

Hi2
H25u

—0. 9172
—0. 2720

+ 0. 0094
—0. 0018

+ 0. 0032 0. 34
—0. 0006 0. 33

0 (d-bandwidth) —0. 0112 —0, 0038 0. 34

nearly constant in the volume outside the muffin-
tin spheres and negligible shift originates in that
region. Although corrections from inside the
sphere are somewhat larger and the radial depen-
dence of the states more pronounced, these lead to
only a small shift (-0.003 Ry} of the I'z, , level.
As will be discussed below, this primarily results
from the negative potential correction along the

[111]direction. Since the Fermi energy lies in an

s band, the level shifts leave the Fermi-surface
characteristics essentially unchanged.

For Nb, as we see from Fig. 2(a), the non-muf-
fin-tin potential corrections are large not only in
the interstitial volume but also inside the muffin-
tin spheres. Particularly noteworthy is the large
negative potential correction inside the spheres
originating from the near-neighbor Nb atomic over-
lays along directions equivalent to the [ill]. For
illustrative purposes we will consider the d„„mem-
ber of the triply degenerate set of I'», eigenfunc-
tions (d~, d„,d„) and the d„2~a member of the I',z

doublet throughout this discussion. The radial
charge densities calculated from these states ap-
pear in Fig. 2(b} and 2(c), respectively. The sin-
gle most important feature of the non-muffin-tin
effects for Nb is the interaction of the I'2, , state
with the "inside" potential corrections in the [ill]
directions. Although the lobes of the I'». states
point in directions typified by the [110], the shifts
resulting from the inside and outside corrections
from these regions are very nearly cancelling.
While the "outside" correction becomes rather
large and positive in the [110]directions the orbital
density becomes vanishingly small at the unit cell
edges where b V is largest. Furthermore in the
[110]directions the negative shift coming from the
volume immediately outside the muffin tins is ap-
pro~mately cancelled by the positive shift originat-
ing from the corrections inside the muffin-tin
spheres. In these regions the radial density is
mohotonically decreasing with increasing r. The
greatest part of the shift of the I'2, , level originates
from the overlap of the orbitals inside the muffin-
tin spheres with the large negative 4V contribution

TABLE III. Comparison of warped muffin-tin and full
non-muffin-tin shifts in the lowest conduction band eigen-
values in Pd. The warped muffin-tin shifts are those
presented in Table IX of Ref. 6. Energies are in Ry.

Nonrelativistic
level

Relativistic
level

Warped muffin- KKR-DVM shift
tin shift

1 25 ~

r„
X,
X3
X2

X4r

Ll

L3

r,.
rg+
I'7+

I g'

Xg+

X 7+

X7+
X6+

X7+
X6-
Lg+
L4+
L6+
L7+
Lg+

—0. 0007
-0.0024
—0. 0025
—0. 0010

0, 0047
—0. 0047
—0. 0002
—0. 0002
—0. 0002
—0 ~ 0112
—0. 0054
—0. 0015
—0. 0015

—0. 0002

0. 0001

—0. 0026

0. 0000
0. 0096

—0. 0046
0. 0010

—O. 0004

—0. 0122
—0. 0056

—O. 0004

+ n. ooo4

along the near-neighbor [111]directions. The neg-
ative enhancement originating from the [111]direc-
tions is much smaller for the I » states which have
lobes that point along [100] directions and thus
"avoid" the near-neighbor sites.

The origin of the shift of the I'» level is clearly
the direct effect of the large positive corrections
along the [100] directions again originating predom-
inantly inside the muffin-tin sphere. The potential
correction along [100] changes sign outside the muf-
fin-tin sphere, with some resulting cancellation ef-
fects since the I'» radial density is essentially con-
stant in these directions. The interaction of 1»
states with the potential corrections along [110]
directions is small with a near cancellation be-
tween the inside and outside parts. It is clear from
the origin of the non-muffin-tin shifts in Nb that a
warped muffin-tin treatment would be quite inade-
quate and this is substantiated from the results of
Table II. As will be discussed subsequently these
shifts appreciably affect, the details of the Fermi
surfaces since EF lies in the d bands with an inter-
section of bands lying very close to the I'». state.

Comparing the difference potential plots of Nb
and Pd in Figs. 2(a) and 3(a) (noting the difference
in scales) it is interesting to observe that the cor-
rections 4V are generally larger for Pd than Nb.
However, from the results of Table III, it is clear
that eigenvalue shifts of the d levels are not nearly
as sensitive to the potential corrections in Pd as in
Nb. Part of this behavior relates to the fact that
the maximum in the radial density is contracted by
about 30% in Pd over that in Nb. From Fig. 3(b}
it is quite apparent that the I'» level is affected
little by the non-muffin-tin corrections since the
radial density is very small in the interstitial vol-
ume and the inside corrections are nearly self-can-
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ceiling. Similarly although the F». level interac-
tion with the negative difference potential along the
[110]directions is large, it is diminished by the
positive contribution from the other principal direc-
tions. The shift is quite small however, and ap-
parently since the KKR-DVM and warped muffin-
tin shifts are nearly the same for this level, the
contributions of the [111]directions outside the
muffin-tins represent the dominant effect.

Although the zone center states in Pd are little
affected by the non-muffin-tin perturbations, the
situation is quite different for levels at the sym-
metry point X. The presence of angular terms with
l &2 in the wavefunctions complicates the analysis
somewhat but the following general observations
can be made. With the exception of the X, level,
the non-muffin-tin shifts are within about a milli-
rydberg of those calculated by Koelling et al. ~ us-
ing the warped muffin-tin approximation of ignor-
ing the non-muffin-tin perturbations inside the
spheres. The d-like level X„which is important
in determining the details of the Fermi surface
of Pd, shifts by less than 1 mRy. The radial den-
sity for this level plotted in the [111]direction is
nearly the same as that for the I'~ state in the [100]
direction [Fig. 3(b)], and results in the relative in-
sensitivity of this level to the non-muffin-tin per-
turbations. Thus of the cases studied here, only
the non-muffin-tin corrections for Nb appear to
possibly significantly affect the Fermi-surface to-
pology and in Sec. III D we will examine this in
more detail.

B. Calculated bands

The KKR calculations which were carried out
for the muffin-tin potentials in order to generate
variational basis sets for input to the KKR-DVM
program, utilized a symmetrized version' of ear-
lier KKR programs. As we have already indicated
in Rb the shifts in the energy bands introduced by
including the non-muffin-tin effects are essentially
zero, therefore the energy band structure is un-
altered from the muffin-tin results. Although there
are fairly substantial (0.005-0.010 Hy) energy
shifts in certain energy levels in Pd, the shifts
occur mainly in levels which are far below the
Fermi ener e.gy, .g. , X„L„X3 For the remain-
ing levels the energy shifts are usually less than
0.002 Ry (see Table III, for example) except for
the X4. level lying approximately 0.3 Ry above E~
which experiences a shift of —0.012 R . Thy. us, the
non-muffin-tin shifts in Pd appear to be well ac-
counted for by the warped muffin-tin model of Koel-
ling et al. 6 For all practical purposes, the non-
muffin-tin band structure of Pd may be taken as
that given by the augmented-plane-wave (APW)
muffin-tin calculation of Mueller et al.

In the case of Nb the energy level shifts are
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FIG. 4 KKR-DVN band structure of niobium.

larger than in Pd by generally a factor of 2. Fig-
ure 4 shows the band structure of Nb obtained using
the combined KKR-DVM scheme with non-muffin-
tin effects included. E~ gives an estimate of the
Fermi energy (see Sec. III C). The corrections
were explicitly calculated at the symmetry points
I' H, H, X, and P and along the directions d, Z, and
A; the bands along the directions G, D, and F were
drawn in using the end point data and some earlier
band structures' '" and are included as a guide to
the eye. The most significant changes in the band
structure of Fig. 4 from the corresponding muffin-
tin calculation are along the Z direction, and in
Fig. 5 we plot the Z direction bands which are in
the neighborhood of the Fermi surface and which
are therefore important in determining many of the
Fermi-surface features. The dashed curve in Fig.
5 shshows the Z, and Z~ bands obtained using the muf-
fin-tin potential, the solid line gives the corre-
spondingbands for the full non-muffin-tin pote t' I

KKR
- inpoenxa.

The label E~ marks the Fermi energy for the
muffin-tin potential as calculated using the tech-
niques described by Faulkner et al This energy
is accurate to approximately 0.001 Ry for the po-
tential function used. The estimated Fe erma energy
for the non-muffin-tinbands is designatedby E"""
In Fig. 6 we further analyze the Z, and Z, bands in
terms of the energy shifts gE =E"""D~ —E"""be-
tween the non-muffin-tin and muffin-tin band struc-
tures. The large uniform shift in the Z~ band is the
largest such effect observed upon including the non-
muffin-tin corrections although from the point of
view of affecting measured properties which de-
pend on the Fermi surface the nonuniform shifts
in the Z, band which result in a flattening of the
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FIG. 5. Non-muffin-tin shifts of the energy bands of
Nb along the Z direction; dashed curve represents KKR
muffin-tin bands, the solid curve denotes KKR-DVM
results with full potential.

band are of more significance, since this band in-
tersects the Fermi surface twice and hence is of
great importance in determining the fine details of
the Fermi surface. These effects result mostly
from the downward shift of the I'». level, a result
which can be understood in terms of the spatial
variation of the KKR wave function. From this
point of view it seems that the details of the Nb

Fermi surface are particularly sensitive to fairly
small non-muffin-tin effects because of the close
proximity of the 1"„.level to the Fermi energy.
The magnitude of the density of states at the Fermi
energy is similarly sensitive and presumably in-
creased over the muffin-tin value because of the
flattening of the Z, band. We will return to a dis-
cussion of the modification expected in the Fermi-
surface dimensions of Nb later in this section.

the nonrelativistic level with its corresponding rel-
ativistic level and compare the warped muffin-tin
shifts with the shifts obtained in this work, which
include not only the warped muffin-tin effects but
also deviations of the full potential from spherical
symmetry inside the muffin-tin spheres. From
the table it is clear that the largest fraction of the
non-muffin-tin corrections to the eigenvalues in
Pd is a consequence of deviations of the crystal po-
tential from a constant in the interstitial region,
thus for Pd at least the warped muffin-tin model
appears to be adequate. This is not the case for
Nb.

In Table II we have made a comparison of the
warped muffin-tin shifts with the full non-muffin-
tin shifts for a few eigenvalues at I' and H for Nb.
For Nb we calculated the warped muffin-tin cor-
rections using the combined KKR-DVM scheme by
setting the potential perturbation equal to zero in-
side the spheres. As can be seen from the table,
warped muffin-tin effects generally only account
for about 35% of the total energy shift. Thus, for
Nb the warped muffin-tin approximation would be
inadequate for discussing the effects of crystal po-
tential deviations from the muffin-tin form. This
contrasting behavior of Nb and Pd can again be
simply understood in terms of the spatial extent of
the d-like function associated with the atomic sites,
these being more diffuse in Nb than in Pd, hence
tails from neighboring sites overlap more in Nb

than in Pd. Thus, as a general statement it should
be expected that the warped-muffin model would be
adequate at each end of a transition-metal series
but would be increasing less adequate towards the
center of the series.

D. Fermiwurface effects

In the case of Rb, inclusion of non-muffin-tin ef-
fects would have essentially no effect on the Fermi-
surface properties of the metal. In the case of Pd,
although the shifts in energy levels in the neighbor-

C. Comparison with warped muffin-tin calculations

Koelling et a/. ' have discussed the effect of in-
cluding non-muffin-tin corrections into the band
structure of Pd. In their warped muffin-tin rela-
tivistic APW calculation the effects of deviations
from the constant potential outside the muffin-tin
sphere are included. Inclusion of warped-muffin-
tin effects in the band calculation produces shifts
generally of the order of 0.002 Ry except for the
lowest-lying levels at the X point, L point, and 8'
point which are of the order of 0.005 Ry and for the
level X6 which is shifted by -0.011 Ry. Since the
calculation of Koelling eg al. included relativistic
effects we cannot make a rigorous comparisonwith
their results, however in Table III we associate

0.010

0.005 —
N I ~

I

Nb

II

cg -0.005

—0.010 ~~~

FIG. 6. Band shifts in Nb along the Z direction.
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FIG. 7. Intersections of the Nb Fermi surface with
central (100}and (110}planes; dashed lines denote KKR
results, the solid lines represent the estimated Fermi
surface upon including non-muffin-tin shifts.

hood of the Fermi surface are small, except for
the level X4., these shifts can have sizable effects
on Fermi-surface dimensions as was pointed out
by Koelling et al. ~ However, since the warped
muffin-tin approximation gives most of the effect
for the states in the neighborhood of the Fermi
energy, the remarks made by Koelling et al. on
these Fermi-surface changes carry over to the
present calculation.

For Nb, the Fermi surface, which we have ob-
tained in the KKR calculation is topologically equiv-
alent to that obtained by Mattheiss' using the APW
method. While we have not calculated Fermi-sur-
face extremal areas it appears that the present
muffin-tin band calculation would give orbits es-
sentially identical to those obtained by Mattheiss.
While it is impossible to calculate in any quantita-
tive fashion the changes in the Nb Fermi surface
when non-muffin-tin corrections have been included
in the Nb potential using only the few eigenvalues
which we have calculated, it is possible to make
some qualitative statements. In order to estimate
the Fermi energy we have taken the point of view
that EF is essentially tied to changes in the posi-
tion of the I'». eigenvalue and the rather flat band

Z, (see Fig. 5) in the neighborhood of I". Accord-
ingly, we have taken EF to be in the same position
relative to I'». and the Z, band minimum in the
KKR-DVM calculation as in the KKR calculation,
this fixes EF at —0.636 Ry. From this and the
band structure of Fig. 4 it is possible to obtain
qualitative changes in Fermi-surface dimensions
along symmetry directions. The result of this
analysis is shown in Fig. 7. The dotted lines show
the Fermi surface for theZA, AA, Zh planes ob-
tained using the KKR constant-energy search pro-
cedures outlined by Faulkner et al. ; the solid line
shows the Fermi surface estimated from the KKR-

DVM results. It should be stressed that the solid
line is fixed at only a few points along symmetry
directions and thus the solid curve should be re-
garded as little more than a guide to the eye. From
this picture it is clear that the size of the I'-cen-
tered "jungle gym" is decreased while the N-cen-
tered "ellipsoids"' are increased in size by the
inclusion of non-muffin-tin effects. Although the
jungle-gym structure is generally decreased in
size it appears doubtful upon studying Fig. 7 that
the minimum arm radius of the jungle gym in Nb

is decreased by inclusion of the non-muffin-tin ef-
fects. Mattheiss' concluded on the basis of Hall
data" that his muffin-tin calculation underestimated
this extremum; we would conclude that inclusion of
non-muffin-tin effects would not help improve agree-
ment with experiment. The largest discrepancy of
the muffin-tin results with magnetothermal oscil-
lation" and de Haas-van Alphen data, ' ~" i.e. , the
minimum area on the jungle gym, would not be re-
solved by the non-muffin-tin shifts.

Turning to the ellipsoids at N, based on the re-
sults of Mattheiss, the muffin-tin-potential calcula-
tion compared with experiment appears to overes-
timate the extremal areas of the ellipsoids. Since
non-muffin-tin corrections serve to enlarge these
structures by as much as 12% of the radius vector.
if the surface along the G direction again we must

conclude that inclusion does not help bring the cal-
culated areas into better agreement with experi-
ment.

That inclusion of non-muffin-tin effects does not
help bring the calculated Fermi surface of Nb into
agreement with experiment should not be too sur-
prising since an inspection of atomic data (e.g. ,
Herman and Skillman") suggests that systematic
inclusion of mass-velocity, Darwin, and spin-orbit
terms in the Hamiltonian would introduce shifts in
the eigenvalues of the same order as those intro-
duced by the inclusion of non-muffin-tin effects.
In the atom inclusion of mass-velocity and Darwin
terms increases the s-d atomic level separation by
approximately 0.011 Ry, while spin-orbit coupling
introduces a splitting of approximately 0.016 Ry in
the d, &, , d», levels. Similar effects would be ex-
pected in the solid, an increase in the separation of
the d bands with respect to the s-p band and remov-
al of certain degeneracies in the d band. In par-
ticular the I'». level which is important in deter-
mining details of the Fermi surface would be split
by inclusion of spin-orbit coupling into a 17, and a
I'8, state, by an amount of the same order of
magnitude as the shift in the I'». level introduced
by the inclusion of non-muffin-tin terms.

From the foregoing it is clear that in order to ob-
tain a detailed picture of the Fermi surface of Nb

a calculation which includes the influence both of
non-muffin-tin corrections and of relativistic ef-
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fects will have to be made, since the details of the
Fermi surface are obviously sensitive to such mi-
nor shifts.

IV. CONCLUSIONS

From the results of these calculations it appears
that systematic inclusion of non-muffin-tin effects
in the crystal potentials for 4d transition metals
produces only minor modifications (less than 0.02
Ry) to the energy band structure obtained using the
muffin-tin approximation. That is not to say that they
are insignificant, particularly for Nb and to a less-
er extent Pd, and presumably for metals near the
center of each transition metal series, since they
can produce changes in Fermi-surface dimensions
which could clearly be observed in present-day high-
precision de Haas-van Alphen experiments. How-
ever, on the scale of the resolution of most band
probe experiments and indeed of our understanding
of the magnitude of exchange and correlation effects,
the shifts are quite small. Thus contrary to some
recent speculation'6 it appears that not only does
the muffin-tin approximation allow for a physically
appealing understanding of the general properties
of transition metals through the d-scattering reso-
nance picture, but also if the scheme is imple-
mented fully it will produce reliable band parame-
ters.

As might have been anticipated, for the sequence
Rb, Nb, and Pd the corrections to the band struc-
ture due to non-muffin-tin effects are greatest in
Nb. Analysis of the crystal eigenfunctions has
shown that this is related to both the spatial extent
and angular variation of the eigenfunction and po-
tential perturbation. In Rb the potential perturba-
tion is everywhere small hence all eigenvalue shifts
are essentially zero. In Nb the potential perturba-
tion is quite large, both inside and outside of the
muffin-tin sphere volume, most significantly, along
the near neighbor bonding directions. For s-like
states the angular variation is averaged to produce
a near zero energy shift, however for d-like states
this is generally not the case with the result that
there are shifts of about 0.01Ry in the zone center
eigenvalues I'» and I'». A detailed spatial analysis
of the wave function and potential makes it clear
that these shifts in Nb are due primarily to devia-
tions of the potential function from the muffin-tin
form inside the muffin-tin sphere, warped muffin-
tin effects only accounting for a secondary part of
the shifts. In this respect Pd contrasts sharply
with Nb where the correction to the d-like levels
appear to originate primarily from deviations of
the full potential from the muffin-tin form in the
interstitial volume, and hence are well accounted
for by the warped muffin-tin model. Although the
non-muffin-tin potential perturbations are as large
in Pd as those in Nb, the differences in crystal-
lographic bonding accounts for an effective cancel-

lation of perturbative effects originating inside the
muffin-tin spheres.

In Nb the main results of the changes introduced
in the topology of the Fermi surface by non-muffin-
tin corrections are to increase the size of the N-
centered hole ellipsoids and to correspondingly de-
crease the size of the I'-centered jungle-gym hole
surface. It appears that both of these effects only
serve to make worse the rather good agreement for
Fermi-surface dimensions obtained between a non-
self-consistent nonrelativistic muffin-tin calcula-
tion and experiment. Herein seems to be the prob-
llem in fully testing the Hartree-Fock-Slater model
for crystals in terms of Fermi-surface dimensions
in these systems. The Fermi surface is relatively
sensitive to rather minor shifts in the bands near
the Fermi energy, thus until a calculation is per-
formed which includes all of the above effects, self-
consistency, relativistic, and non-muffin-tin, it is
impossible to make definitive statements about the
Fermi-surface details. In particular, the inclusion
of relativistic effects can produce shifts of the same
order as those introduced by the inclusion of non-
muffin-tin effects. In the case of Nb, it can be es-
timated from atomic calculations that the mass-
velocity and Darwin corrections lead to a 5s-4d
1|.vel separation change of about 0.01 Ry. The spin-
orbit effects which are so crucial to the Fermi-sur-
face topology are also sizable, for the 4d levels
amounting to approximately 0.015 Ry.

Finally, mention should be made of the computa-
tional efficiency of the combined KKR-DVM scheme
which we have used to perform these calculations.
For the transition metals treated in this work, well
converged KKR wave functions which are the input
basis set for the DVM are readily obtained from
standard symmetrized KKR programs with angular
maximum sums of /=4. The resultant small basis
set of symmetrized KKR orbitals reduces the cal-
culation of the non-muffin-tin corrections to the
KKR eigenvalues to a rather trivial matter com-
pared with the effort which would be required for
standard linear-combination-of-atomic-orbitals
(LCAO) type procedures. From the point of view
of future work with the KKR-DVM scheme in sys-
tems where non-muffin-tin effects have more seri-
ous consequences, provided suitably converged KKR
wave functions can be obtained, calculation of the
energy shifts due to non-muffin-tin effects should
go through with little more effort than was required
for the present calculation.
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