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Static thermodynamic properties of the linear hs&&-+&ed-band Hubbard model*
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Low-temperature static thermodynenic properties of the linear half-filled-band Hubbard model are
computed via a numerical-perturbative method which applies near the atomic limit. Curves for the
internal energy, entropy, specific heat, and magnetic susceptibility are reported.

I. INTRODUCTION

Suggestions' that some aromatic donor-accep-
tor salts are reasonably described by a linear half-
filled-band Hubbard model have contributed to the
interest in the finite-temperature properties of
this model. The regime of this experimental in-
terest is near the atomic limit of the Hubbard mod-
el and corresponds to low temperatures, in com-
parison to the parameters appearing in the model
Hamiltonian. Especially in this regime of present
interest, reliable thermodynamic properties have
been difficult to obtain. Exact zero-temperature
treatments, self-consistent-field (SCF) and ran-
dom-phase-approximation (RPA) solutions, func-
tional-integral approaches, and high-temperature-
series expansions have all been applied but have
not achieved the desired reliability, as discussed
elsewhere. ' Exact numerical calculations on
finite Hubbard chains have previously been am-
biguous in extrapolation to infinite chain lengths.
A second-order perturbation expansion about the
atomic limit has related the Hubbard-model prop-
erties to those of a simple Heisenberg r.~odel for
which, in turn, reliable results are available.

Here we report results involving an extension
of the perturbation expansion to sixth order, fol-
lowed by numerical finite-chain calculations. Ex-
trapolation to infinite perturbation order followed

by extrapolation to infinite chain length yields what
we believe are the best estimates of the actual
Hubbard-model thermodynamic properties within
the regime of interest indicated above. Extrapo-
lated results for the internal energy, specific heat,
entropy, and zero-field magnetic susceptibility
are reported.

The N-site linear Hubbard model is broken into
zero-order and perturbation terms:

H=-Ho+ v
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TABLE I. Ground-state energies per site accurate
through second, fourth, and sixth orders for 11- and 12-
site chains. Energies are given in units of J=2' /I,
and the last column gives the value extrapolated to in-
finite perturbation order.

N b,/I Ef /NJ E /NJ E~)/NJ E("&/NJ

11 0.05
0.10
0, 15
0, 20

12 0.05
0.10
0. 15
0.20

—1.35798-1.35798
—1.35798
—1.35798

—1.39790
—l.39790
—1.39790
—1.39790

—l. 34483
—1.30537
—1.23964
—1.14766

—1.38423
—l.34323
—1.27493
—1.17935

—1.34500
—1.30811
—1,25349
—l. 19139

—l. 38441
—1.34606
—1.28924
—1.22455

—l. 34497
—l. 30766
—1.25062
—1.18066

—l. 38438
-' l. 34561
—l. 28635
—1.21304

N t tV=5 Z Z(a~a&„+,&, +a&„„&,a„,)
nei y

where a and a„, are fermion creation and annihi-
lation operators for an orbital of spin o on site n.
Since for the regime of interest the charge-trans-
fer integral 4 is much less than the intrasite Cou-
lomb-repulsion integral I, a perturbation expan-
sion suggests itself. Degenerate perturbation the-
ory yields an effective Hamiltonian defined on the
N-electron zero-order ground-state eigenspace,
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TABLE II. Ground-state energies per site (in units
of J): (a) exact result for the Heisenberg-model chain
(corresponding to second order), EH&„(b) simple aver-
age of the infinite-perturbation-order ¹ 11 and N =12
results, Ez,. (c) extrapolated result as in Fig. 1, E; (d)
exact Hubbard-model result of Lieb and Wu, EH„&.

6/I Es~gNJ E~/NJ E/NJ Es„b/NJ

- I.2
0. 05
0. 10
0. 15
0.20

—l. 3863
-1.3863
—1.3863
—1.3863

—1.3647
—1.3266
—1.2685
—1.1966

—l. 3726
—l. 3342
—1.2756
—1.2031

—l. 3705
—l. 3359
—1.2812
—l. 2163

IO /g

FIG. 1. Ground-state energies per site, E "', for
finite chains (in units of J=24 /I) vs 1/jV for I = 0.1
and 0.2. The even- and odd-chain values lie on straight
lines which meet at 1/N = 0, corresponding to infinite
chains.

This effective Hamiltonian is defined on the 2"-
dimensional space of N-electron spin kets. Hence
K is a generalized effective Heisenberg spin Ham-
iltonian. Consideration of only the single zero-
order eigenspace is expected to be justified so long
as we confine ourselves to temperatures small
compared to the energy I of the first excited zero-
order eigenspace. Further, since this zero-order
eigenspace has a dimension much less than that for
the full Hubbard model, numerical solutions for
longer finite chains can be made.

n

E (2n) ~ (2) ~f
fmo

(2. 1)

(we note' the absence of odd perturbation order).
From the least-squares values of &&

' and x& we
obtain the infinite-order estimate

E,'"' = e,"'/(1 -x,) (2. 2)

These infinite-order estimates for the ground state.
are also reported in Table I. This extrapolation

are given in Table I in units of J=—2a~/I. As ex-
pected, convergence is best for low values of r/I,
but even at 4/I= 0. 20 convergence appears good.

The extrapolation of second-, fourth-, and sixth-
order eigenvalues E& ', E&, and E& to give an
estimate of the corresponding infinite-order eigen-
value E&" is obtained by a least-squares fit to the
expression

II. FINITE-CHAIN CALCULATIONS AND EXTRAPOLATION
TO INFINITE PERTURBATION ORDER -0.6 . INTERNRL ENER('Y

We have carried out finite-cyclic-chain compu-
tations on the Hamiltonian of Eq. (1.2) truncated
at second, fourth, and sixth orders and for 4/I
values of 0.05, 0. 10, 0. 15, and 0. 20. The limit-
ing factor in such calculations is the size of the
matrices involved and the computer time available.
Thus Bonner and Fisher' computed for cyclic
Heisenberg chains up to length N= 11, while Shiba
and Pincus~ computed for cyclic Hubbard chains up
to length N = 6. Here we compute for chains up to
length N=12, and expect, in consequence of Bon-
ner and Fisher's experience, ' that this should
make possible somewhat more reliable extrapola-
tion than using just chains up to N = 6. The details
of the computational technique which employ full
point-group, permutation, and spin-symmetry
factorizations are described elsewhere. '

Solving the second-, fourth-, and sixth-order
truncated effective Harniltonians, we obtain ener-
gies E& ', E& ', E, accurate through these respec-
tive orders. The ground-state energies per site

U/N J

-0.8

- I.O .

- I.4.

0.5 I.O 1.5

FIG. 2. Internal energy per site for N=12 with Lh/I

=0.2. The dashed curve is computed from the infinite-
perturbation-order eigenvalues, while those computed
from the sixth-, fourth-, and second-order eigenvalues
are progressively more distant.
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FIG. 3. Specific heat site for N =12 with I =0.2.
The infinite-order curve is the lower of the two closely
spaced curves at large 7, with the curves for sixth,
fourth, and second order progressively more distant.

is made for all energy levels to obtain the final
estimates of the infinite-order perturbed energy
levels for use in the computations of therrnody-
namic properties. We note that the maximum use
of available symmetries helps us in identifying the
corresponding eigenvalues in different orders of
perturbation.

A further indication of the accuracy of these ex-
trapolated inf inite-perturbation-order eigenvalues
may be obtained by extrapolation of the finite-
chain ground-state energies to infinite chain length
and comparison with the exact results of Lieb and
Wu. The extrapolation to infinite chain length
may be accomplished by plotting these energies
versus 1/N . Such plots for r /I= 0. 1 and 0. 2

are given in Fig. 1 and are found to be linear for
even and odd chains, as was the case for the Hei-
senberg model. ' These infinite-chain Hubbard-
model ground-state extrapolations are reported in
Table II, and they are compared to the average of
X=11 and 12 energies, the exact Heisenberg-mod-
el values, and the exact Hubbard-model values. '
There is a small error in the extrapolated results
ranging from about 0.15 to 1.1$& of the magnitude
of the energy. However, even for /&/1=0. 2 the
extrapolation gives a significant improvement over
the second-order Heisenberg-model result.

(~) (~) (3.1)

where AN" and G'„" are limits of the arithmetic
and geometric means,

g(n& ) (/l(n 1) +G (n 1))
N 2 N + N

G ( ) (/1
(n-1)G (n 1))1/2

N
—

N N

(3.2)

0.75

ENTROPY

0.6.

0.3 .

Oj5.

of energy units of J= 2k~/I and of reduced temper-
ature r= ks-T/J.

The thermodynamic properties were computed
using perturbation energies accurate through the
various perturbation orders. The second-order
curves thus reproduce the simple Heisenberg-mod-
el properties. Figure 2 shows the temperature
dependence of these different perturbation-order
internal energies per site as computed for a chain
with N= 12 and I)/I= '0. 2. Even for this largest val-
ue of n/I the convergence to infinite perturbation
order appears good. Curves for entropy, specific
heat, and magnetic susceptibility show even better
convergence. Figure 3 shows the specific heat
per site for the same chain as in Fig. 2. Here the
second-order Heisenberg-model curve is modified
by a decrease and shift to lower temperatures of
the maximum; further, the low-temperature slope
increases. For the magnetic susceptibility the
second-order Heisenberg-model curve is modified
by an increase and shift to lower temperatures of
the maximum.

Given the infinite-perturbation-order properties
for finite chains, we wish to extrapolate to infinite-
system properties. We define an iterated mean for
a property P, with value P„for chains of length N,

III. THERMODYNAMIC PROPERTIES AND
EXTRAPOLATION TO INFINITE CHAIN LENGTH

0O 0.5 1.0 1.5 2.0 z

Finite-chain thermodynamic functions were ob-
tained in the canonical ensemble by direct compu-
tation of Boltzmann averages, just as Bonner and
Fisher' did. The results are reported in terms

FIG. 4. Entropy per site curves for N=6-12 and ~I
= 0.2 showing the infinite-chain extrapolation approaching
v =0 with nonzero slope. The even chains approach from
below and the odd chains from above with increasing N.
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and where

A N 2 ( N+PN+1)
(0)

Q N
=—(P NP N+1 )

(3.3)

Having obtained the set of iterated means
(IB,I„.. . , I11}for property P at temperature T,
we least-squares fit these values, as a function of
both 1/N and 1/N, to two straight lines, one line
for even N and one for odd N, such that the corre-

FIG. 5. Specific heat per site for N=6-12 and 6/I=O.
showing the infinite-chain extrapolation approaching ~ = 0
with nonzero slope. The maximum decreases with in-
creasing N for even chains whQe increasing for odd ¹

FIG. 7. Specific heat per site for infinite chains. At
high temperatures the Heisenberg-model result lies high-
est with the values for 8/I=0. 05, 0.10, 0.15, and 0.20
progressively lower. Note, though, at low temperatures
this order is reversed with the low-temperature slope
larger for larger 6/I.

sponding even and odd lines have the same value
as N-~. This line fitting is similar to that dis-
played for the ground-state energy in Fig. 1. The
N- values, say, a and a', and least-squares
errors, say, c and e, obtained on considering the
I„as functions of 1/N and 1/N, respectively, are
then combined to give our final infinite-chain esti-

U/NJ .

-0.7.

INTERNAL ENERGY 0.&5 '

S/Nlt . ENTRCIPY

0.6

-0.9.

0 .45

O. l 5

-I 5 0.5 I. O l. 5 20
Op I.O I.5 2.0

FIG. 6. Internal energy per site for infinite chains for
I=O, 0.05, 0.10, 0.15, and 0.20. The Heisenberg-
model curve lies lowest with the value increasing with
ch/I.

FIG. 8. Entropy per site for infinite chains for 8/I
=0.0, 0.05, 0.10, 0.15, and 0.20. The zero-tempera-
ture slope is again seen to increase with ~I.
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FIG. 9. Magnetic susceptibilities for all ~I. The
maximum increases and moves to lower temperatures
as ~I increases. The zero-temperature limits are
exact (Ref. 14).

0.02s .

I.O 2.0

mate for the property P,
QE +Cif 6

E+E (3.4)

FIG. 10. Average number of doubly occupied sites
as a function of temperature for b/I=0. 05, 0.1, 0.15,
and 0.2. The value of Nz increases with both tempera-
ture and 4/I.

This general procedure has some desirable fea-
tures found in practice. The iterated mean is in-
termediate between the simple harmonic and arith-
metic means, often yielding more reasonable re-
sults than ei)her of these simple means. The dual
line fitting arises because of the different behavior
of odd- and even-chain properties. Finally, some
finite-chain properties deviate from the infinite-
chain results by errors primarily of order 1/N~

(as the ground-state energy), while others also
have important errors of order l/N.

The curves for the entropy per site for chain
lengths N= 6-12 and the infinite-length-chain ex-
trapolation are shown in Fig. 4. We see that the
infinite-chain extrapolation appears to be more
accurate at the lower temperatures than simple
harmonic or arithmetic means (which would tend
towards the M =12 curve or one-half the N= 11
curve, respectively). The results for the specific
heat appear less well converged at low tempera-
tures; however, employing the apparently well-
converged entropy curve, one may generate, as
described by Bonner and Fisher, ' the low-tem-
perature slope of the specific-heat curve. Cou-
pling this low-temperature slope with our method-
ically extrapolated results at higher temperatures
gives the infinite-chain estimate of Fig. 5. Finite-
chain results are also shown. Also, in the case
of the magnetic susceptibility the exact zero-

TABLE IIl. Selected data for extrapolated infinite-
order infinite-chain properties.

b,/l X J/Ng P T C /1A T (1/Nk)/(BS/BT)~

0. 0
0. 05
0. 10
0, 15
0.20

0. 0734
0. 0743
0. 0765
0. 0802
0. 0852

l. 26
1.26
1.21
1.15
1.07

0.349
0. 349
0. 348
0. 346
0. 344

0.93
0.93
0.90
0.85
0.80

3.45
3.49
3.62
3, 84
4. 16

temperature value is coupled with our methodical-
ly extrapolated results at higher temperatures.

In Figs. 6-9 the fully extrapolated thermody-
namic properties are shown for n, /I= 0.00, 0. 05,
0. 10, 0.15, and 0.20. It is seen that the Hubbard-
model properties incorporating higher-order per-
turbation effects are similar to those of the sec-
ond-order Heisenberg model; however, there are
important quantitative modifications. As r /I in-
creases all the properties increase in value except
for the low-temperature specific heat. Also as
6/I increases the maxima in the specific-heat and
magnetic-susceptibility curves shift to lower tem-
peratures. In Table III we give our estimates of
the location and magnitude of the maxima for the
susceptibility and specific-heat curves, as well as
the zero-temperature slope of the entropy.
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In some discussions of the properties of the
Hubbard model the average density of doubly oc-
cupied sites has played a role. We have also com-
puted this quantity, using the formula

eFND=— (3.5)

where F is the free energy per site. This was ob-
tained by least-squares fitting the values of F/6
for the various &/I at a given reduced temperature
r to a quadratic in h/I. The resulting polynomial
was then differentiated with respect to I to obtain
the result for N~ at temperature v. . The results
of this computation are given in Fig. 10. The
zero-temperature results agree closely with the
ones obtained from the exact zero-temperature
free energy of Lieb and Wu.

IV. CONCLUSION

We have computed the low-temperature static
thermodynamic properties of the linear half-filled-

band Hubbard model via a numerical-perturbative
technique. These results should provide an ac-
curate low-temperature picture near the atomic
limit (6 «I). The low-temperature regime of ac-
curacy can be estimated by considering the exci-
tation energy from the Hubbard-model ground state
to the lowest state arising from the zero-order
eigenspaces we have presently neglected. This
"single-particle excitation" energy is smallest
(in units of &) for larger a/I, and it takes" a value
of -26 at n/I=0. 20, so that the low-temperature
regime is 7'«2h. Another estimate is obtained
on comparing finite-Hubbard-model-chain calcu-
lations with our finite-chain Heisenberg-model
calculations. This comparison suggests that our
results are accurate to & 10% for values of vJ= b, /2
with very rapid increase in accuracy for smaller
rJ. Coupling our results with recent high-temper-
ature results' for the linear half-filled-band Hub-
bard model thus provides reliable data for the stat-
ic thermodynamic properties in the atomic limit.
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