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An analytical model for trapping-state photodepopulation measurements in
conductor-thin-film-insulator-conductor structures is presented. The external-circuit-current dependence
on applied voltage is determined, and it is shown that moments of the spatial distribution of trapped
charge in the insulator can be extracted from collected-charge versus applied-field characteristic curves.
The photodepopulation technique is compared with more widely used differential-capacitance and

phtoemission-current techniques.

I. INTRODUCTION

Because of the increasing importance of insulat-
ing layers in electronics technology, sensitive and
highly discriminatory electrical characterization
techniques have been developed for defects in in-
sulating thin films which can become charged by
trapping free electrons and holes. Among such
techniques are differential capacitance and conduc-
tance, '? tunneling, ® space-charge-limited current, *
interfacial photoemission,® and thermally stimu-
lated current.® Several recent investigations have
made use of the technique of optically stimulated
trap emptying,” or trap photodepopulation, to ex-
amine bulk defects in insulating films incorporated
between conducting layers in a planar capacitor con-
figuration. ®~* This technique has been demon-
strated to be an extremely sensitive probe, capable
of measuring trapped charge densities as low as
10"® C/cm®, or trapping-center concentrations be-
low the' part-per-billion level, in films of total vol-
ume 107 cm?®,

In the present paper, an analytical model for op-
tically stimulated trap-emptying experiments is
presented. Consideration of an equivalent circuit
for a charged planar capacitor leads to the result
that important parameters of the spatial distribu-
tion of charge-trapping centers within the insulator
can be determined from the variation of the charge
collected during photodepopulation as a function of
applied field.

II. PHOTODEPOPULATION PROCESS: GENERAL
ANALYTICAL MODEL

The basic features of the model for photodepop-
ulation of trapped electrons in insulating films are
summarized in Figs. 1-4. Figure 1 exhibits the
experimental arrangement used for reported ex-
periments®~!? on metal-insulator-semiconductor
(MIS) systems.!* Light is incident on the insulat-
ing film through the 100-A-thick semitransparent
metal electrode of an MIS capacitor. The insulat-

ing film (thickness L=10"7°-10" c¢m) is grown or
deposited on a polished single-crystal semicon-
ductor substrate, and thick (10™ cm) metal con-
tact pads (back and front) are vapor deposited for
external-circuit contact. The external circuit con-
sists of an electrometer—-Coulombmeter and vari-
able high-precision voltage supply in series. The
analysis described below applies to a much more
general experimental configuration than the MIS
structure of Fig. 1. Any experimental geometry
consistent with the circuit of Fig. 4 is appropriate.
Figure 4 will be discussed in more detail below.
Experimental conditions required for at least one
of the examples developed in Sec. IV are (i) the
light intensity must be uniform throughout the vol-
ume of the insulator, and (ii) the over-all geometry
must be that of an ideal planar capacitor, since
edge effects or fringing-field effects are not con-
sidered. The terms “insulator” and “conductor”
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FIG. 1. MIS specimen structure and instrumentation
for trap photodepopulation experiments. L is typically
1075-10-® cm and A is typically 1072101 em?.
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FIG. 2. Idealized energy diagram for MIS specimen.

Ey and E are valence- and conduction-band edges (or
electron and hole mobility edges) for the insulator. Elec-
tron-trapping states are located at energies E, and Ep
within the insulator band gap (Ey<Ep<E,<E¢). Ep is
the Fermi energy for the MIS system; work-function dif-
ferences the two conductors are not indicated. “x” is a
coordinate normal to the insulator film plane, and, as
indicated, x=0 corresponds to the metal-insulator inter-
face of an MIS specimen.

are used in a relative sense in this context. The
resistivity of the material to be studied must be
much greater than that of the electrodes, so that
the electric-field boundary conditions developed
below are applicable. Clearly, the experiments to
be described can also be executed on semicon-
ductors. A final practical requirement is that the
transient photodepopulation currents to be de-
scribed below must be observable above any back-
ground dark currents or photoemission currents
produced by the illumination.

The basic process of interest in these experi-
ments is photoexcitation of trapped electrons from
localized states within the insulator band gap to
mobile states within the insulator conduction band
(Fig. 2). It is assumed that electrons excited into
mobile states are removed from the insulating film
under the influence of an accelerating electric
field. This is the photodepopulation process. Ex-
ternal circuit current during photodepopulation, or
the integral thereof, is measured by the electrom-
eter—-Coulombmeter and recorded as a function
of time.

Figure 2 is an idealized energy diagram for the
MIS-capacitor structure. Throughout the present
analysis, one-carrier (electron) processes are
considered, so that for a given illumination condi-
tion (intensity and spectral distribution of the photo-
excitation source, magnitude and sign of applied
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voltage across the insulating film, and time of il-
lumination, ¢p) it is presumed that there is some
energy E g above which all traps are emptied and
below which no traps are emptied, * so that
E,>Ep>Ep. The photodepopulation experiment
thus begins with some fraction of the trapping
states at E, and Ep occupied, and ends with the
trapping states at E, empty and those at Ep un-
changed. !® The term optically accessible trapped
charge refers to electrons in states with energy E,;
the term fixed charge refers to electrons in states
with energy Ep.

In addition to the energy distribution of trapping
states, the spatial distribution of trapped charge
across the insulating film is also of major interest.
Figure 3 illustrates schematically a distribution of
charge and electric field across the conductor-in-
sulator-conductor (e.g., MIS) structure. The dis-
tributions are presumed to be isotropic and homo-
geneous in the two spatial dimensions parallel to
the plane of the film. A coordinate system is es-
tablished as indicated in Figs. 2 and 3 (x normal
to the film plane, with conductor-insulator inter-
faces at x=0, L). The distinction for trapped
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FIG. 3. Charge and field distribution in a planar con-
ductor-insulator-conductor system (x is a coordinate nor-
mal to film plane). The situation illustrated corresponds
to zero applied field (V=0). In practice, the conductors
are ~connected through the external circuitry. The field
is related to the charge distributions through Maxwell’s
equations.
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FIG. 4. Idealized parallel-plate-capacitor equivalent
circuit proposed for analysis of photodepopulation experi-
ments., Conventional current flow is indicated by arrows.
The situation illustrated is defined as positive voltage and
current,

charge established in connection with energy dis-
tributions (Fig. 1) also applied to spatial distribu-
tions. p(x,?) represents the spatial charge distri-
bution which can be removed under specific illumi-
nation conditions (i.e., charge trapped in states
with energy E, in Fig. 2). P(x) represents charge
not removed by this illumination (charge trapped in
states with energy E, in Fig. 2). The field within
the insulator at any time is determined by p(x, #)
+P(x) and 04 or 0. 0y and o are the interfacial
surface-charge densities at x=0 and x=L, respec-
tively. Thus, the following definitions apply to
Figs. 2 and 3: p(x,?) is the volume charge density
of optically accessible trapped electronic charge
(energy E,); P(x) is the volume charge density of
optically inaccessible trapped electronic charge
(energy Ep); 8(x,t) is the electric field at any point
x within the insulating film,

€8(x, 1) =0,(2)
+f0’[p(x', t)+P(x")]dx’
=_aL(t)_ff [p(x", )+ P(x")]dx’

Figure 4 exhibits the equivalent circuit used in
the present analysis. It consists of a dielectric-
filled capacitor, optical index 7 and static dielec-
tric constant €, with dielectric charge distributions
as indicated in Figs. 2 and 3, and conducting elec-
trodes with surface charge densities 0, at x=0 and
opatx=L. 17 This capacitor is in series with a
current meter and variable battery. The circuit
response time, determined by the insulator capac-
itance C =¢€/L in parallel with connector leakage
resistance and the electrometer input resistance,
is presumed small compared to response times as-
sociated with optical processes. This is a practi-
cal restriction that is not necessary for most of the
experiments described in Sec. IV. It is required
if the detailed time dependence of the external-cir-
cuit current is to be studied. The use of such in-

formation is described in Sec. IV in connection with
Figs. 10 and 11. Throughout the present analysis,
it is assumed that photoexcited trapped charge is
removed from the insulator and, in particular, that
retrapping of release charge is not important, 18
The photodepopulation process is then completely
specified by the rate of release of trapped charge,
dp (x,t)/dt. The equivalent circuit relations gov-
erning external circuit response to the photodepop-
ulation process are!®

oo(t)=€8, - (1 =%,/L)q(t) - (1 - %p/L) Q
- b 04 P@]ax 1)

J(t) = dx . 2)

doy(t) J’o“’dp(x, t)
a ) dt

In the above expressions, §,=V/L, where V is the
externally applied voltage across the insulator film
and J(¢) is the current density averaged over the
active-electrode area.?® The measured external-
circuit current I(¢) is J(¢)A, where A is the active
electrode area. x(t) is the zero-field point (see
Fig. 3).

In Secs. III and IV, J(¢) will be demonstrated to
be a function of the zeroth moment (total charge)
and first moment (centroid) of the charge-density
distributions defined above. These moments are
defined as follows: ¢(t) is the total optically acces-
sible trapped charge per unit electrode area,

q(t)EfoLp(x, Hdx

X, is the centroid of optically accessible trapped
charge,

%=[1/a0)] ["xp(x, Ddx ;

@ is the total optically inaccessible trapped charge
per unit electrode area,

QEfoLP(x)dx ;

and xp is the centroid of optically inaccessible
trapped charge,

%p=(1/Q) fOL x P(x) dx

III. PHOTODEPOPULATION EXPERIMENTS: VOLTAGE
DEPENDENCE OF EXTERNAL-CIRCUIT RESPONSE

The general result desired is the functional de-
pendence of J(f) on &,, for all times ¢ such that
0=t=tz ¢, 0y and 0;, 8(x) and x,, as well as
the external-circuit current J(¢#)A and the trapped
charge p(x, f), may be time-varying for 0<¢t=<t,
(see Figs. 3 and 4). At {={p, the illumination is
terminated and the insulator is in the optically
bleached state.?! At any time ¢, x,() is the zero-
field point within the insulating film, and is thus
defined by the condition & (x,, #)=0.

The analysis of J(f) vs §, is most easily accom-
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plished by considering two distinct regions of ap-
plied field &,. If at any time ¢ the magnitude of the
applied field is sufficiently large, then the zero-
field point x, cannot be defined. Formally, the
zero-field point is then outside the insulator layer,
i.e., xg<0or x;> L. Physically, the electric field
&(x, t) has the same sign, either negative or posi-
tive, for all values of x such that 0=x=<L. In this
case, with the assumptions discussed above, Egs.
(1) and (2) yield the results

J(t)=- (1—’%—)‘13—;” , X(H)=0 (3a)
J(t)=+%%t—)- s %)=L . (3b)

In the above expressions, dq(t)/dt is the net rate
of release of trapped charge by photoexcitation. 2
The second region of applied field is defined by the
inequality 0<x,(f)< L. In this case, Eqs. (1) and
(2) can be combined to yield

|
- xn(t)
J(n=-q—}o—)ijl§—‘)[(1-%)q(o)-[° p(x,O)dx], 0<x() <L (42)
or
1 d I - xn(t)
7)== Zi)[eg,,_< —%’)Q+j0.o P(x)dx], 0<xgf)<L . (4v)

Again, dq(#)/dt is the net rate of release of trapped charge by the photoexcitation process.®
The general solution for the current density is obtained by combining Egs. (3) and (4):

2 (B [ (-4
IO=-—ovar (\N-1)90- ) p(x, 0)dx | [1-ult = tg)] - (1 -7 ) =7~ [ult - £y)] (5a)
or
_ qu_M[ ( 36_) ] ( Z‘z_) a0
J(t)——q(t) D €8, - 1-L Q+ | Px)dx|[1—ult-t)] - 1-L 7 [u(t = t)] (5b)
in the region of negative applied voltages as x,(f) = 0. In the region of positive applied voltages as x,(t)~ L,
1_dq(®) [( &) o® %, dq(t)
e (1= - —ult - it
70=- 5 G (-2 00 - [ 0 00dx] 1 -t - 1)) 3 Gt - 1) (62)
or
__1 dq®® f_p) f o' ] %, dq(t)
J(t)__q(t) i [ega_ ( - Q+ ) P(x)dx|[1-ult-t)]+ AT [ut-t)] . (6b)
r
The two solutions, Egs. (5) and (6), join when xolt) =0=+ (1/€L)[(L - %,) q(t,)
xo(t)=X,. For this situation, the external-circuit
current is zero. f, and {; will be defined shortly. +(L-%p)Q]=6, (8a)
In the above expressions, u(y)=0, y<0, and
u(y)=1, y=0. Equations (5) and (6) apply to the or

most general experimental situation, for which the
zero-field point will initially be at some interior
position within the insulating film [0<x(0)< L], so
that Vo< 8, L< V., where

Vo=+(1/)(L - x,)q(0) + (L - Xp)Q] (7a)
and

Vy==1/6)[%,q(0)+X%p Q] . (7o)
At some time #, or {; during the photodepopulation

process the zero-field point may be driven to one
or the other interface,

xoltr)=L=—-(1/€L)[%,q(t)) +%p Q]=6, . (gp)

Equations (8) are defining equations for the quan-
tities ¢, and ¢, introduced in Eqs. (5) and (6).

The remainder of the present paper will be con-
cerned with 2-vs-§, measurements, where

2tg)= [, 8 J(¢) dt

is the net charge transported in the external cir-
cuit per unit active-electrode area. General ex-
pressions for g(tz) are obtained by integrating Egs.
(5) and (6):
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Atp) = ( %) [g(0) - g(t5)]+ fo o d;t(t) ( _{ R q(f(;)o) dx) dt
= [ﬁgy - (1 - %)Q]ln:((g * (1 —Ef) la(te) —alt5)] - [0 ﬁ ddit(t—)(fox"m P(x) dx) dt €)
in the region of negative applied voltages [x,(f)~ 0], and
2(t,)=[a0) - a(t)]- 2 [g(0) - 1))+ [* %‘;’ﬁ( [ 2D ) a
e 2)] 8 B t-ain- [ [ i)

in the region of positive applied voltages [xq(¢)~ L].

A simplified description of the collected-charge-vs-applied-field experiment applies when illumination
proceeds to the point that the initial trapped charge has been completely removed from the film. The cor-

responding analytical limit is ¢g(¢g) -
(1-%)
(=) (1 2 q(0)

-[e8.-(1-) o] m T+ 1

in the region of negative applied voltages [x,(?)

x q(0) X
=[€84-(1—L—P)Q]lnm—f(1(&) —jo-

in the region of positive applied voltages [x,(¢)~ L].

IV. PHOTODEPOPULATION EXPERIMENTS: ANALYTICAL
AND NUMERICAL EXAMPLES

Figures 5-7 exhibit 9 -8, response calculated for
a number of different charge distributions of the

general form
P(x)=Pye™/4 (13a)
px,t)=pye™*Pet/" (13b)

where P, p,, A, and 7 are adjustable parameters.

The three figures correspond to different situations:

(i) P(x) and p(x, ) are uniform (Fig. 5); (ii) P(x)
varies exponentially from one interface, p(x,?) is
uniform (Fig. 6); and (iii) P(x) is uniform, p(x, )
varies exponentially from one interface (Fig. 7).
In all cases, p(x,t) is assumed to exhibit an expo-
nential time dependence (consistent with a “mono-
energetic” trapping-state distribution depopulated
at hv,>E;-E,, as in Fig. 2). The several curves
in each of Figs. 5-7 correspond to different values
of P, for fixed p,. Analytical details of the calcula-
tions leading to Figs. 5-7 are presented in the Ap-
pendix.

+[° d;t(t) ({x"mp(( ,) 0) d )dl

_L> q(to) o
- 0], and

x ‘L dq(t) ( (0P plx,0)
2= (1= )00 - qtey) + [ F A [T LH

_1_51___(_([0”) P(x) dx) dt 12)

0 as fz—, and in this infinite-bleaching-time limit,

to 1 dq(t) %o(8)
e <fo P(x)dx)dt (11)

)

The saturation vegions in the 2-8, data are ap-
parent in the diagrams, and the saturation-thresh-
old fields [§,=V,/L and §,=V,/L, see Egs. (7)]
are indicated. In these saturation regions d2/d§,
=0. In all cases, the zero and first moments of
the spatial distribution of optically accessible
charge can be obtained directly from the saturated
collected charges:

9= [*plx, 00dx=2,-2, , (142)
%_ (Fxp(x,0) _1( 20+
L fo 70 “=2\! -QL)

2

T -2, (14p)

Equations (14) are obtained from Eqgs. (11) and (12)
in the limits ¢, £, ~0. In Egs. (14), 2, is the sat-
uration collected charge for §,<V,/L, and ; is
the saturation collected charge for §,>V,/L. The
zero and first moments of optically inaccessible
trapped charge, or fixed charges, can be obtained
directly from the saturation-threshold voltages V,
and V;:
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FIG. 5. Normalized collected charge 9 () vs applied

field § , for uniform optically accessible charge distribu-
tion W —«) and uniform fixed charge (A —«), Both dis-
tributions are negative. The ordinate is collected charge
normalized to total optically accessible charge ¢(0). The
several curves correspond to different values of total
fixed charge @ for one value of total optically accessible
charge ¢(0). The abscissa scale is arbitrary. For any
given 9 — §, curve, the quantity — [@+¢(0)]/€= (V- Vy)/L
provides suitable field normalization [see Egqs. (7) of
text]. The saturation threshold fields Vy/L and V. /L are
indicated for the curve @/4q(0)=10.

Q= " Plx)dx=(e/L)(Vo- V1) -q(0) ,  (15a)
Y (FxP(x) ,  eVp+%q(0)
f=fo 0 V- VoeqoL - P

Equations (15) are obtained from Egs. (7), with
¢(0) and ¥, given by Eqs. (14).

Two limiting cases occur. The first involves an
arbitrary spatial variation of optically accessible
charge, p(x,t), and no fixed charge in the insulator,
i.e., P(x)=0, 0=x=L, or more generally ¢ > Q.
Figure 8 presents a normalized -8, response
curve applicable to all such cases for both positive
and negative applied fields. [The appropriate sat-
uration collected charge &, or € ; as determined by
Eq. (14) must be used.] The 2-&, curve will al-
ways pass through the coordinate origin and both
saturation threshold points 8,=V,/L and §,=V /L
will lie on the dc capacitance locus &,,,=CV,, ;, as
indicated in Fig. 8. C is the oxide capacitance per
unit area.

The second limiting case is ¢ < Q. For this sit-
uation, it is approximately true that x, does not

PHOTOCURRENT SPECTROSCOPY IN THIN-FILM.-..

1879

vary with time. Equations (11) or (12) can be dif-
ferentiated to yield the important result®

d2(=) _ plgy0) . Vo o Vs
g, = Py M6 - (16)

Examination of Figs. 5-7 indicate that this rela-
tion is approximately valid!* for ¢<3 Q. This is
important in situations in which the spatial distri-
bution of fixed charge can be independently deter-
mined (See Sec. V). In the particular case in which
the optically accessible charge and fixed-charge
spatial distributions are covariant [i.e., p(x,?)/
P(x) =K =constant, independent of position], Eq.
(16) reduces to the linear relation

2(~)=€eKE,, K<35 . (1)

Thus, a linear -8, characteristic curve passing
through the coordinate origin will result from ar-
bitrary but identical spatial variations of optically
accessible and fixed charge if ¢(0) < Q. This sit-
uation is graphed in Fig. 9. It must be emphasized
that the saturation threshold relations, Eqs. (7),
hold in all cases.?

It is interesting to examine the time-resolved
currents J(¢) for the limiting cases just discussed.
Figure 10 exhibits J vs ¢ corresponding to the sit-
uation @ =0, with &, variable (cf. Fig. 8). Figure
11 exhibits similar data corresponding to the situa-
tion p(x, t)/q(¢) = P(x)/Q = constant, with ¢/Q <1
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FIG. 6. Normalized collected charge (=) vs applied
field &, for uniform optically accessible charge distribu-
tion A —=) and exponentially varying fixed-charge distri-
bution (A=0,1L). Both distributions are negative. See
caption for Fig. 5 for axis normalization.
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FIG. 7. Normalized collected charge (~) vs applied
field §, for exponentially varying optically accessible
charge distribution A\ =0.1L) and uniform fixed charge
(A —=), Both distributions are negative. See caption
for Fig. 5 for axis normalization,

(see Fig. 9). These results are computed through
the use of Egs. (5) and (6) with the assumptions
previously stated.

V. DISCUSSION AND CONCLUSIONS

The relationship of saturation-threshold param-
eters determined from -8, experiments [Egs. (14)
and (15)] to charge-distribution parameters deter-
mined from other experimental techniques for thin-
film characterization can be determined. The most
important such technique is differential capacitance
(C-V). The appropriate -8, threshold voltage V
is identical to the C-V flat-band voltage Vyp mea-
sured at sufficiently high frequency to eliminate
fast interface state distortion of the ideal C-V re-
sponse and corrected for charged-interface-state
densities Q.. In both cases, the voltage cited
corresponds to that value of applied field at which
the zero-field point is driven to the semiconductor-
insulator interface.? The powerful interface photo-
emission technique developed by Powell and Berg-
lund can also be compared with 2-&, measure-
ments.® A lateral displacement of photoemission
I-V characteristics along the voltage axis will be
induced by any change of net trapped charge in the
bulk of the insulator film (by injection or annealing
of trapped charge, for example).® If this is done
without introduction of charge in the immediate re-
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where C=¢€/L is the insulator capacitance.

gion of the emitting interface, no distortion of the
I-V characteristic will accompany the lateral dis-
placement.?® The magnitude of the voltage dis-
placement so measured will equal the change in
Vg determined from a high-frequency C-V char-
acteristic, and hence a change in V, or V deter-
mined from a -8, characteristic. Surface charge
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FIG. 9. Normalized collected charge Q/QO'L VS nor-
malized applied voltage V/V, ; for the case p(x,0)/P(x)
=constant and q(0) <<Q. The saturation charge €, or .
and the corresponding saturation threshold voltage Vjor
V. are indicated by dash lines. Below the saturation
threshold, the response follows Eq. (17) of the text.
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and charged interface states produce different ef-
fects in photoemission I-V, C-V, and -8, char-
acteristics, so combinations of these several mea-
surements can be used to separate interfacial and
bulk charging effects at both interfaces of a con-
ductor-insulator-conductor system. 11+

A final point is suggested by the present analysis.

The biggest single drawback to application of 2-8,
characteristic measurements to routine examina-
tion of the effect of fabrication, processing, or
ambient conditions on insulating films is the ex-
tensive time involved. Previous investiga.torst*'ul
have used point-by-point measurements in the in-
finite-bleaching-time limit discussed in Sec. IV.
This can be quite tedious if the characteristic
bleaching time 7 is of the order of hours. Both
high-frequency C-V and photoemission I-V char-
acteristic can be determined in times of the order
of minutes using swept-voltage techniques. The
photodepopulation experiment could also be exe-
cuted as a quasistatic swept-voltage measurement.
The applicable criterion is that r>{,, where 7 is
a characteristic bleaching time for photodepopula-
tion and ¢ ¢ is the total time required to sweep from
some applied voltage less than V,; to some applied
voltage greater than V; under constant illumina-
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tion conditions. In this case, the insulator charge
distribution would be essentially unchanged through-
out the course of the experiment. The instanta-
neous current would then be determined by Egs.

(5) or (6) with £=0:

J(8,)=+(1/7)[(1-%;/L)q(0)

- 00 p(x,00dx]  (18a)
or

J(E)=+(1/7)[€8,-(1-%,/L)Q

&
+ [T piax] , (180)
where it has been assumed that
q(t)=q(0)e™t'"

A comparison of these last relations with Eqs. (11)
and (12) shows that all information which can be ob-
tained from point-by-point 2-&, characteristic
curves can be obtained from voltage swept J-§,
characteristic curves, if the quasistatic condition

T >>t, can be met. The experiment can be con-
structed to provide a test of the validity of this ap-
proximation: Triangular voltage sweep measure-
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FIG. 11. Photodepopulation current vs time for the
case p(x, 0)/P(x) =constant and ¢(0) <<Q. See caption for
Fig. 10 for axis normalization. Single points on the -
V curve of Fig. 9 correspond to the integral of the above
curves.
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ments should exhibit only slight degenerate hyster-
esis in J-&, characteristics.

In summary, the photodepopulation technique has
been demonstrated to be a very powerful comple-
ment to other electrical-property measurements
on charge trapping in insulating thin films incorpo-
ratedin MIS or metal-insulator-metal devices. The
specificity of this probe to trap distributions at
controllable energies is responsible for the two-
order-of-magnitude enhancement of sensitivity with
respect to C-V or photoemission /-V measurements

which are sensitive to fofal bulk trapped charge. ®~2
]
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APPENDIX

Equations (1), (13a), and (13b) can be combined
into the following transcendental equation for x4(¢):

0=AP e/ A~ 1) +pore™/T (€0 = 1)~ €8,+ (1 = %,/L) g+ (1 = %/L) @ (A1)

and an expression for collected charge 2(«),

©)==(1=-F,/L)e %’/ "~1)q(0) + /1) fot‘”t*‘ et/ (e 0/* 1) at

Equation (A2) is used with #, or ¢, depending on
whether x,(#) is moving towards 0 or L, respective-
ly. From Eq. (Al), it can be shown that

ty=-rIn{[L/q(0)(L -%,)]
x[€8,- (1 -%p/L)Q]} (A3)

and

+(1-%,/L)q(0)et0/"
-(x,/L)q(0)e7t/" . (A2)

tp==7In{[L/q(0)%,]
x[-€8,-(®/L)Q]} . (A4)

A computer program was written to solve the trans-
cendental equation (A1) for x,(f). Then a numerical
integration of (A2) was performed. The results of
this program, 2(«) vs §,, for various values of
Q/q(0), A, and X are shown in Figs. 5-17.
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