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Brillouin-scattering measurements have been performed on potassium dihydrogen phosphate (KDP) in

the temperature range 113 & T & 291'K with electric fields between 0 and 3937 V/cm. Values of the
adiabatic x -y shear elastic constant c «" deduced from the experiment are presented in tabular form.
The data are compared with the predictions of several free-energy expressions. The Slater-SUS (Silsbee,
Uehling, and Schmidt) theory is shown to predict values of the elastic constant in reasonable agreement
with the experimental values, but the SUS parameters which provide the best fit to the elastic-constant
data are somewhat difkrent from those which give a best fit to spontaneous-polarization data. The data
are also compared to the predictions of three phenomenological free-energy expressions which are all

variants of the Landau-Devonshire power-series expansion. The simple molecular-field expression is

shown to give poor agreement with the c «~ data, and to require parameter values for even a poor fit

which then predict unreasonably large values for the spontaneous polarization. Two other
phenomenological free energies are considered, one having a tenth-power nonlinear polarization term
and predicting a second-order transition, and another, proposed by Bmepe and Reese, having fourth-

and eighth-power nonlinear polarization terms and predicting a slightly first-order transition. These two
phenomenological free energies have previously been utilized in the analysis of various thermodynamic
properties of KDP, and it is found that both are able to predict values for the elastic constant c «~ in

reasonable agreement with experiment awhile providing adequate predictions for the spontaneous
polarization with the same parameters. The behavior of c~«" within 0.1'K of the transition, however,
favors the Benepe-Reese free energy.

I. INTROOUCTlON

The ferroelectric phase transition in potassium
dihydrogen phosphate (KDP) has been studied ex-
tensively in recent years, and the paraelectric
phase has by now been quite thoroughly character-
ized. There is still considerable uncertainty sur-
rounding the properties of the ferroelectric phase,
however, largely due to the very rapid increase of
spontaneous polarization below the transition tem-
pera. ture T, = 122.00 'K' and to the tendency of the
crystal to form many small ferroelectric domains,
which makes the interpretation of spontaneous-
polarization and dielectric constant measurements
extremely dif ficult.

Since KDP is piezoelectric in both the paraelec-
tric and ferroelectric phases, the dielectric anom-
aly produces anomalous behavior in the elastic con-
stant c«, and accurate measurements of this con-
stant can be used to improve understanding of the
transition. The critical anomaly in c«was first
observed in the paraelectric phase by Mason in
1946. It has subsequently been studied in detail
with ultrasonic techniques in both the paraelectric
and ferroelectric phases. ' However, in the ferro-
electric phase the scattering of ultrasound by the
domains is so severe that measurements must be
made in the presence of sizeable biasing fields
which seriously distort the transition.

Brillouin scattering is a particula, rly suitable
technique for studying the soft x-y shear acoustic
mode (whose velocity is determined by cess) in the
ferroelectric phase since the scattering volume is
very small (typically 1 x0.1xo.l mm) and can be
located anywhere within the crystal, while the re-
sults are relatively insensitive to the presence
of domains. We have performed Brillouin-scatter-
ing measurements on KDP in the temperature range
113-291 'K, with electric fields of between 0 and
393V Vjcm applied along the ferroetectric axis.
Preliminary results of the zero-field measure-
ments were reported previously. In this paper
we present our data graphically and give the veloc-
ity and elastic constant results in tabular form.

We discuss the experiment and present the re-
sults in Sec. II. In Sec. III, we use our elastic
constant data to test the predictions of several
free- energy expressions. The Slater-Silsbee-
Uehling-Schmidt free energy is considered first,
and the Silsbee-Uehling-Schmidt (SUS) parame-
ters which fit our data are given and compared
with fits to polarization data. ' We also consider
three phenomenological expressions for the free
energy, all of which are variants of the Landau-
Devonshire power-series expansion. We find the
parameters which produce best fits to our elastic
constant data and compare with predictions for
the spontaneous polarization. In particular, w
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show that the free-energy expression employed by

Benepe and Reese to fit their recent spontaneous-
polarization data predicts values for the elastic
constant in rj..asonable agreement with our data. '

The principal thermodynamic relations used in

the presentation of Sec. III are derived in the Ap-

pendix.

II. EXPERIMENT

Brillouin-scattering measurements were per-
formed with a conventional 90 spectrometer con-
sisting of a Spectra-Physics model No. 125 He-Ne
laser producing 60 m% of 6328-A multimode out-
put, a pressure-scanned plane Fabry-Perot inter-
ferometer with mirror separations of 3,f 3 10 13 or
15 mm, pulse electronics, and a strip-chart re-
corder.

A. Sample preparation

The scattering geometry was chosen to obtain
spectra exhibiting only the x-y shear acoustic mode
for which v = (cQp)"~ Since the phonon propaga-
tion vector q must lie along the x axis (or along
the tetragonally equivalent y axis), the incident

n lie eitherand scattered wave vectors ko and k, can lie ei er
in the xy or xz plane. For 90 scattering, the ap-
propriate choices for k, k, are either [1 ], [ ]
or [101],[101]. Examination of the Brillouin tensors
for this 42-m crystal class shows that with the first
choice the x-y shear mode is not active for any of
the four polarization choices available, while for
th second choice the x-y shear mode occurs alonee

~ ~ 8in either H or V„polarization.
High-purity single crystals of KDP were obtaine

from Isomet in the form of face-cut cubes approxi-
mately 1.25 cm on a side. Samples were prepared
for use in the second geometry by grinding and

olishing the four {101)edges to make flat facespo is lng
3 mm wide and 1.25 cm high through which t e~

'
he

laser beam and the scattered light could pass at
normal incidence,

The shape of the samples viewed perpendicular
to the y axis is shown in Fig. 1 along with Bril-
louin spectra obtained with the four polarization
combinations V~, V„, H~, and HH. For the VH

polarization (which was the polarization actually
used in the experiment), the spectrum shows only
the x-y shear mode Brillouin doublet as predicted.

In order to maintain constant electrical boundary
conditions, gold electrodes were applied to all z
faces including the small {10lj faces through which
the light passed. Eight windows were provided by
placing circular masks 2.8 mm in diameter about
—' and —, of the way up each (101) face before vacu-3 an
um evaporation of the gold. Either the upper or
lower set of windows could be used in an experi-
ment which allowed us to check for vertical tem-
perature gradients. The final configuration of the
KDP samples is shown in Fig. 2.

This elaborate plating procedure was necessary
for accurate measurements in the ferroelectric
phase since spontaneous polarization causes a sur-
face charge to accumulate on the z faces. If this
charge is not eliminated by shorting, the electrical
boundary conditions are unknown and not reproduc-
ible. Before the crystals were prepared with the
gold electrodes, the acoustic-velocity measurement
showed large hysteresis effects for a few degrees
above T,. When the crystals were plated, the hys-
teresis disappeared and the results were reproduc-
ible to +0.01 K, the reproducibility of our tem-
perature measurement. It is inferred that the sur-
face charge produced in the ferroelectric region
persisted for a few minutes at temperatures great-
er than T,.

Vy
- x-z( y, y)x- z

Hp
-x-z(x-z, y) x-z

- x-z(y;x-z) x-z

HH
-x-7(x zex-z) x z

FK. 1. Polarized &ril-
louin spectra of KDP at &
= 300'K. Inset: view of
crystal along the y axis
showing orientation of ko

and k . The ryan axes cor-
respond to the crystallo-
graphic a, b, c axes.

l, 5 l.67
FREQUENCY (cm-')
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I IG. 2. KDP sarnp1e preparation for Brillouin-
scattering experiment.

B. Temperature control and measurement

The sample temperature was controlled by a
specially constructed Dewar shown in Fig. 3. The
sample was placed in a cavity within a solid copper
cylinder which was surrounded by polyurethane in-
sulation and cooled by liquid nitrogen. The mea-
sured time constant for the cooling of the sample
was 3.3 h. The sample space was filled with 2-
methyl butane which served as a thermostating
fluid, provided partial refractive index matching,
and protected the surfaces of the water-soluble
crystal from condensation, 2-methyl butane
freezes at 110 'K, setting the lower limit to obtain-
able temperatures.

The sample temperature was controlled by a
Fisher proportional temperature control with a
thermistor sensor. The controller output, ap-
proximately 11 % at 122 K, was applied to carbon
resistors fixed into vertical columns with epoxy
and distributed symmetrically about the axis of
the copper cylinder.

The temperature was measured using two inde-
pendently calibrated platinum resistance thermome-
ters supI 'ied and calibrated by the Rosemont En-
gineering Co. (model No. 118L).' Their resis
tance was measured with a dc %heatstone bridge.
One thermometer was placed in the fluid surround-
ing the KDP, 1 cm above the scattering volume.
The readings from this thermometer were the
source for a.ll quoted tempera, tures. Corrections
were made for lead resistance of the thermometer
and for the temperature gradients in the sample
cavity to deduce the absolute temperature at the

scattering volume. It is estimated thai the abso-
lute temperature was precise to + 0.1 K, and that
the precision relative to T, was +0.01 'K.

A second thermometer was placed in t;he wall of
the copper cylinder. When controlling tempera-
tures near T„ the two thermometers agreed to
+0.03 'K, which shows that the temperature gradi-
ents in the sample volume were small.

Temperature gradients in the vicinity of T, were
measured by watching the motion of the interface
between ferroelectric and paraelectric regions in
several small plates of KDP, 3x3x1 mm, cut
from a single sample. The ferroelectric z axis
was parallel to the 1 mm dimension. All plates
were oriented in the sample volume with z axes in
the ko direction, which is shown in Fig. 3. By
viewing in white light between crossed polarizers,
the ferroelectric domain structure was easily seen
and the interface, which is an isotherm at T„
could be followed as a function of temperature.

The gradients thus measured were

n T„,„„„,~, = + 0.002 'K/mm,

ST„„„„=+0.004 'K/mm .

Since the scattering volume was a horizontal cylin-
der 1 mm long and 0.1 mm in diameter the maxi-
mum gradient in the scattering volume was
~ 0.002 'K.

C. Measurement procedure and data reduction

In order to obtain reproducible spectra in the
ferroelectric phase, it was necessary to follow a
careful cooling procedure which minimized the
possibility of damaging the crystal. The tempera-
ture was lowered slowly through T, with an applied
electric field of several kV/cm. For the zero-
field measurements the field was reduced slowly to
zero, allowing the temperature to equilibrate, and
measurements were begun. The temperature w'as

raised for each succeeding measurement. A se-
quence of readings was made over a period of sev-
eral days so that there was no doubt that the tem-
perature had equilibrated. The crystal was ex-
tremely sensitive during the temperature reduc-
tion through T, . Unless the laser was attenuated
by at least a factor of 10, the crystal cracked
along the beam direction as the temperature was
lowered through T,." The lowest temperature for
which the Brillouin shifts could be measured with
zero field was 118.72 'K. Below this temperature,
the attenuation of the incoming beam, caused by
domain scattering, reduced the scattered signal
to a value too small to be accurately measured.

The temperature lowering procedure was re-
peated many times. The measured Brillouin
shifts were reproducible with temperature and
small excursions about T, showed no hysteresis.
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Examples of the spectra obtained are shown in
Fig. 4. The Brillouin shifts decrease as 7; is
approached from above or below. The increase
of the Brillouin intensity which accompanies the
decrease in the Briliouin shift has been discussed
by Brody and Cummins and by Fritz et aE. '~

The sound velocity e was deduced from the mea-
sured Brillouin shifts Svs from the relation'

ave = eq/2w = n
~ k. k—, ~

/2v — e(n,'+ n,')'"/X, , (1)
8~90

where Xo is the vacuum wavelength of the incident
light and n, and no are the refractive indices for
the scattered and incident light. The adiabatic
elastic constant c 6' was then deduced from the
sound velocity v since c~ee~= pv~. '

For our geometry n, =n„, and no is calculated

considering the anisotropy of the crystal. ' It is
an excellent approximation to let n, =-,'(n, +n, ).
The values n, =n„=1.51, n, =1.47, and no=1.49
were used. They have been extrapolated to T,
for A, =6328 A from literature values. '~ The value
of the density p = 2.38 gm/cm' was extrapolated to
T, also. The change in the value of n and p over
the temperature range 112-122 K was estimated
to change the multiplicative factor which converts
frequency shifts to velocities by less than 0.1%
and this temperature dependence was not included
in the calculations in Table I. For the paraelec-
tric data in Table II, the temperature dependence
of n and p is slightly greater due to the larger
temperature range and has been included in the
analysis.

The elastic constant c~~'~ as a function of tem-
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perature is plotted in Fig. 5 for electric fields of

0, 500, 7&V, and 3937 V/cm. Note that increasing
the electric field always increases the elastic
constant at any temperature, and that the general
effect of a nonzero field is to smooth out the transi-
tion. Similar rounding was observed when samples
without electrodes were used, showing that the
buildup of surface charge due to spontaneous polari-
zation produces depolarizing fields large enough
to significantly distort the phase transition.

Brillouin shifts for the E = 0 data-below T, are
listed in Table I along with the sound velocity and
elastic constant derived from the experiment.
There has been no attempt to smooth the data, and
in some cases there is a small departure from
monotonic temperature dependence, for instance,
at 120.86 K. For the least favorable measure-
rnents, close to T„ the errors in c~66' may be
large as 5%%d . Dat a forE= Omeasurement sabove
T, are given in Table II, and E+ 0 data are given
in Table III.

%here errors are quoted in the Tables they
represent the maximum excursion from the average
value for several measurements made on the same
sample. The measurements were made at different
times and the past history of the sample was dif-
ferent for each measurement. The rather large
errors from 121.97 through 122.00 K are due to
the fact that the slope of c«with temperature is
large and the 0.01 'K uncertainty in reproducing
the temperature causes comparably large varia-

tions in the elastic constant. For temperature less
than 121.9'7 'K it is estimated that the velocities
were reproducible to +1% and cs~'~ to +2/o. These
errors are greater than the uncertainty in the vaJ-
ue of n and p which were used to calculate v and
cE, s

66

The sharp rise in the elastic consta, nt below T,
could be discontinuous. The most successful phe-
nornenological free energy in fitting our data pre-
dicts a discontinuous rise to 1.60x10' dyn/cm at
T,.'~ It is possible that the measurements made
within 0.01 'K below T„which show a value as
small as 0.45x10'0 dyn/cm, indicate superheating
since the value was not stable. It decreased from
1.&0x10'0 to 0.45x10'0 dyn/cm' (the smallest re-
solvable value in the ferroelectric phase) over a
period of 15 min, and the crystal became paraelec-
tric.

The free energy predicting this discontinuous
transition„called G3 in Sec. III, also predicts that the
transition occurs 0.012 K above the Curie tempera-
ture. This means that c66 never reaches zero in
the paraelectric phase. The prediction, using
Eq. (&), is that in the paraelectric phase c~~lr.
=0.021x10"dyn/cm', ~r! r+=0.094x10' cm/sec,
and vl „+=0.31@10 Hz (0.01 em '}. This frequency
shift is not resolvable with the multimode laser we
were using since it had a half-width at half-maxi-
murn of 0.02 em '.

The Brillouin experiment should be repeated in
the vicinity of T, with a single frequency laser to
look for discontinuities and hysteresis effects in
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66
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Flo. 4. H~ polarized Brillouin spectra of KDP with E
= 0 at five temperatures in the vicinity of the transition
temperature T'~.

The temperature dependence of the soft acoustic
mode in KDP ean be discussed within the frame-
work of a dynamical theory of piezoelectrically
coupled acoustic and optic modes where the optic
mode is the ferroelectric soft mode associated
with the spontaneous polarization Ps. ' '

For KDP, however, the long-wavelength acoustic-
mode frequency is so much lower than the charac-
teristic frequencies of the polarization dynamics
that the acoustic modes may be described thermo-
dynamically in terms of an elastic constant c~.
Empirical justification for this approach is found
in the agreement between elastic constants ob-
tained from Brillouin scattering and those obtained
from ultrasonic experiments at much lower fre-
quencies. '

The thermodynamic analysis proceeds from a
free energy constructed from some combination of
statistical mechanics and phenomenology. For
example, Slater's statistical theory may be used
to specify AD(P, T}, the free energy of the polariza-
tion P in a rigid lattice, and the elastic and piezo-
electric energy can then be added phenomenologi-
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TABI K I. Temperature dependence of the &rillouin shift frequency v~, sound velocity v,
and adiabatic elastic constant egg at zero electric field for ferroelectric KDP (T & T~).

V' ('K)

122, 00

121.99

121.98

121.97

121.96

121.95

121.94

121.93

121.92

121.91

121.88

121.87

121.83

121.81

121.78

121.77

121.71

121.49

121.37

121.34

121.08

121.06

120.86

120.79

120.74

120.46

120.11

120.04

119.36

118.72

vg (10 Hz)

1.46-2. 78

3.15-0.48

3 42~."A. 18

3 16'0 43

3.63 + 0. 12

3.85

3.89

3.74

3.80

3.98

3.98

4.27

4.45

4. 35

4.62

4. 92

5.17

5. 09

5.01

5.23

5.30

5.49

v (10 cm/sec)

0.44-0. 83

0 94''0. $5

1.02&'.os

0 94K 10
0, 13

1.08 +0.05

l. 15

l. 16

l.16

1.12

l. 13

1.19

1.19

l.20

l. 25

l.27

1.33

1.30

1.38

1.40

1.39

l.49

1.47

1.54

l. 52

1.49

1.57

1.59 +0.01

1.58

e6~6'~ (10"dyn/cm')

0.45-1.6

2, 10

2.47~0,362

11+0.46
-0. 54

2. 78 +0.17

3.12

3.21

2. 96

3.04

3.34

3.35

3.43

3.84

4. 19

4. 00

4. 51

4. 59

5.25

5. 11

5.46

5.30

5.85

5.99 ~0. 04

5.98

5.94

6.37

cally to yield the Helmholtz free energy A(x, I', T)
where x is the x-y shear strain. The Slater free
energy may be further modified to allow for long-
range interactions and for polarization configura-
tions not included in the Slater A, (P, T), leading to
the SUS form of the free energy As„s.

Alternatively, one may construct a free energy
phenomenologically as a power series in the appro-
priate thermodynamic variables following Landau
and Devonshire. '9'~ Ne will consider the Slater-
SUS theory first, and then turn to phenomenological
free- energy expressions.

A. Slater model

In 1941 Slater proposed a statistical model for
KDP.' He assumed that each proton had two equi-
librium positions along the O-O bond andthat at any
temperature there were two and only two protons
"close" to a PO, tetrahedron. (This last restric-
tion is called the "ice rule. ") The ordered orien-
tation of protons which mould give a dipole moment
along the s axis is called a Slater group and its
energy is taken as the ground-state energy. All
other proton configurations, with respect to a PO~
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group which satisfy the ice rule, have energy &~.
The transition temperature is related to &0 by

To = e 0/k 1n2 .

The Slater mode1. enables one to compute the
Helmholtz free energy of the clamped crystal,
Ao(P„T). Since this free energy refers to con-
stant strain conditions, the transition temperature
is To, the "clamped'* Curie temperature, which is
4 'K lower than the "free" Curie temperature
T+. The phase transition temperature T, occurs

at T~ for a second-order transition or above T~
for a first-order transition. ~2

The Slater Ao describes paraelectric KDP well
but is less successful for the ferroelectric phase
predicting that for T& To, P=P „and @~66 =ca~6'~,

and that the dielectric susceptibility reverts to its
nonanomalous value. ' The Slater transition is curi
ous in thai all orders of the derivative of the free
energy with respect to polarization are zero at To.
so that the usual Ehrenfest classification of phase
transition as first or second order is inapplicable

TABLE II. Temperature dependence of the Brillouin shift frequency v~, sound velocity v,
and adiabatic elastic constant c&g at zero field for paraelectric KDP (T& T~).

122.00
122.03
122.11
122.16
122.20
122.25
122.33
122.38
122.51
122.68
122.86
123.04
123.19
123.38
123.56
123.64
123.77
123.84
124.31
124.79
125.33
125.86
126.38
127.36
128.52
129.95
131.20
132.54
134.00
135.65
137.43
139.43
141.57
145.28
146.86
157.69
158.57
177.41
199.01
236. 54
247. 13
256. 87
269. 02
284. 24
291.56
295

p~ (10 Hz)

0.59
0.90
l.20
l. 17
1.38
1.54
1,76
1.69
l.95
2. 18
2.39
2. 59
2.76
2. 92
3.05
3.12
3.08
3.21
3.45
3.66
3.84
3.97
4.13
4.34
4.55
4.70
4.83
4.92
5 ~ 02
5.08
5.12
5.23
5.23
5.28
5.36
5.41
5.48
5.57
5.55
5.50
5.49
5.46
5.42
5.40
5.46
5.46

z (10 em/sec)

0.17
0.27
0.357
0.349
0.408
0.460
0.523
0.504
0.582
0.652
0.713
0.773
0. 823
0. 870
0.910
0.929
0. 917
0.958
l. 03
l. 09
1.14
1.18
1.23
1.29
l.35
1.40
l.44
l.46
1.49
1.51
1.52
l. 56
1.56
1.57
l.60
1.61
1.63
1.66
1.65
1.64
l.64
1.63
1.62
l. 61
l. 63
l.63

c„="00" dynjcm')

0, 07
0. 17
0.303
0. 289
0.395
0.502
0.651
0.604
0.804
1.01
1.21
1.42
l.61
1.80
1.97
2. 05
2. 00
2. 18
2. 50
2.82
3.11
3.33
3.61
3.98
4.35
4.65
4.92
5.09
5.30

5.52
5.76
5.76
5.87
6.04
6.15
6.32
6. 52
6.45
6.33
6.29
6.23
6.15
6.07
6.22
6.22
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FIG. 5. Temperature and electric field dependence of the elastic constant c&g deduced from Brillouin shift measure-
ments. : E=O; ~: E=500 V/cm; +: E=787 V/cm; 0: E= 3937 V/cm. The lines are predictions of the SUB theory
with ~0/A =61.78'K, P/A =14.7'K, ~~/4=475. 0 K. —¹0);——(E=500 V/cm); -----(K=787 V/cm); —.-'—¹3937
V/cm).

In order to improve agreement with experiment
in the ferroelectric region, the Slater free energy
has been modified by the inclusion of two additional
energy parameters, &, and P. && is the energy of
a configuration having one or three protons "close"
to a PO~ group, a relaxation of the ice rule. It is
assumed that the contribution from zero or four
"close" protons is negligible. I8 is an energy
which takes account of the long-range Coulomb
forces which arise when P4 0. This modified Slater
free energy, Ao(P, T), hasbeeninvestigatedbySUS. S

We shall explore the success of the SUS equations in

describing c~66
8 and other experimental quantities.

The SUS equations describe a very general type
of transition which can be either first or second
order depending on the values of the parameters
used. In the limit P-O, &, -~, the original Slater
free energy is recovered.

The SUS free energy Ao(P, T} is determined once
e„P, and e, are specified. Ao(P, T) can be con-
nected to experimental quantities as shown in the
Appendix. However, since the SUS equations are
expressed in terms of a dimensionless polariza-
tion p = P/P, there is a fourth parameter P
which must be specified.

We choose P~ in the following manner: The in-
verse dielectric susceptibility 8 Ao/8P
= (1/P~)38~AD/8pa is found experimentally to be
Linear with temperature in the paraelectric phase.
For paraelectric temperatures all combinations of

&&, &0, and P we explored gave a nearly linear
temperature dependence for the predicted inverse
susceptibility. We chose a value of P, so that the
slope of 8~A/sp~ would agree with the observed
Curie constant C= 3250 K, thereby letting the
Curie constant, &„go, and P determine P ~. We
used the value of the inverse susceptibility as Oat
To and o.ox10'K at To+10 K to determine the
slope. This method uses paraelectric zero-field
dielectric measurements to choose P~, once e„
&0, and P have been specified (uo = 4w/C).

It should be pointed out that for C = 3250 'K, the
Slater free energy predicts P ~ = 5.38 pC/cm~, in
reasonable agreement with the largest experimental
value of 5.12 pC/cm at 93 'K.34 In the SUS equa-
tions, as &, is decreased and P is increased giving
transitions farther from the Slater limit, the pre-
diction for P~ increases. Thus, while the SUS
modifications to the Slater theory round off the
temperature dependence of the poLarization in



BRILLOUIN-SCATTERING STUDY OF T HE E LAST IC .

TABLE III. Temperature dependence of the Brillouin shift frequency vz, sound velocity

p, and adiabatic elastic constant c66' of KDP arith electric fields.

T {K)

121.99
121.98
121.SS
122.25
122.16
122.11
122.10
122.09
122. 07
122 F 04
122. 01
122.00
121.97
123.87
123.77
12'3. 56
123.28
123.09
122.93
122.75
122.57
122.42
122.25
122, 20
122.16
122.13
122.10
122.09
122.08
122.06
122.02
121.94
121,91
121.90
121.76
121.65
121.51
121.31
127.19
126, 09
125.07
124.13
123.73
123.50
123.18
123.04
122. 86
122.69
122.54
122.51
122.48
122.40
122.33
122.27
121.92
121.55
121.22
120.75
120.00
119.99
119.61

vg {10 Hz)

3, 21
3.50
3.71
1.17
l. 84
2. 59
2. 3+0.2

2. 87
3.03
3.42
3.84
3.90
4. 06
3.10
3.04
2. 87
2, 79
2.62
2.46
2. 26
2.03
1.88
1.9 +0.1
2. 24
2.78
3, 08
3.33
3.27
3.77
3.84
4. 03
4. 28
4, 26
4. 34
4. 53
4.64
4, 74
4. 84
4, 32
4. 08
3, 77
3.39
3.16
3.12
2, 98
2.99
3.07
3.33
3.74
3.94
3.83
4, 23
4.20
4.39
4. 82
5.00
5.16
5.27
5.34
5.43
5.49

{10'cm/sec)

0.S56
1.04
l.11
0. 510
0.549
0.773
0.69+0.07
0.854
0.904
1.02
l. 14
1.16
1.21
O. 924
0.906
O. 856
0. 83Q

0, 781
0, 734
0.673
0.606
0.559
0.58 +0.03
0.667
0.828
0.916
O. 993
0.974
l.13
l.14
1.20
1.28
1.27
1.29
1.35
1.38
1.41
1.44
l. 29
1.22
1.12
l. 01
0. 940
0.931
0.887
0.890
O. 915
0.993
l.11
1.18
l. 14
l. 26
1.25
1.31
1.44
1.49
1.54
l. 57
l. 59
1.62
1.64

c,6' {10"dyn/cm')

2. 17
2, 59
2. 91
O. 619
O. 716
1.42
1, 1+0.2
1.74
1.94
2. 47
3.12
3.22
3.48
2. 03
l. 95
l.74
l. 64
l.45
l.28
l. 08
0.874
0.743
O. VS +0.08
l. 06
l. 63
2. 00
2.35
2.26
3.Ol

3.11
3.43
3.87
3.83
3.97
4. 34
4. 54
4.75
4. 94
3.94
3.51
3.00
2. 42
2. 10
2. 06
1.87
1.88
1.99
2. 35
2. 95
3.28
3.10
3.7S
3.73
4.06
4. 92
5.27
5.62
5.88
6„02
6.24
6.37

Z {V/cm)

51
157
315
472
500
500
500
5QO

500
500
500
496
500
787
787
787
787
787
787
787
787
787
787
787
787
787
787
787
787
787
787
787
787
787
787
787
787
78V

3937
3937
3937
3937
3937
3937
3937
3937
3937
3937
3937
3937
3937
3937
3937
3937
3937
3937
3937
3937
3987
3937
3937
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TABLE III. (Continued)

118.76
117.51
115.24
112.89

v~ (10' HE)

5. 57
5.57
5.56
5.67

~ u.o'.m/Se. )

1.66
l. 66
1.66
1.69

c~~g Q.o dyn/cm )

6.56
6. 54
6.52
6.78

Z (V/cm)

3937
3937
3937
3937

agreement with experiment, they also predict ab-
solute values for the polarization at low tempera-
tures which exceed measured values. We shall
discuss this point later.

We explored the predictions of the SUS theory
for c«' for various parameter combinations &„
eo, and P. One of these three parameters can be
eliminated by using the measured To= 118 K.

In practice it makes little differe'nce in the choice
of parameters whether we consider the SUS equa-
tions as giving the free energy at constant strain
or constant stress, i, e. , as giving the Helmholtz
or Gibbs free energies. In the latter case one
would use Eq. (A'Ib) instead of (A5b) of the Ap-

pendix to connect with c«and one would make
8 G/Sp -0 at the measured Te which is 122 'K.
The parameters &0, &, and P would then pertain to
a "free" (o, =0) crystal. We have followed this
procedure and our final choice of parameters is for
the free crystal. The change in parameters which

results is small, basically because the percentage
change in temperature from 11& to 122 'K is only

3/o.
The ferroelectric elastic constant data cannot

uniquely determine the SUS parameters because
c«' depends on both the second derivative of the
free energy with respect to polarization (the in-
verse susceptibility) and the polarization itself
through the adiabatic correction Lace Eq. (A4c)].
However, it was observed that the best agreement
occurred for those values of the parameters which

predict a transition near the boundary between
first- and second-order transitions. We varied
&, and P, always adjusting &0 to give the proper
transition temperature. The range of parameters
giving a reasonable correspondence is within the
following limits: (i) e, /k=350'K, eo/k=56. 1 K,
and P/k = 22.0 'K (continuous transition); (ii) e, /k
=350'K, eo/k =49.9 'K, and P/k =23.0'K (first-
order transition: cls'~lr r-=2. 1x10' dyn/cm;
T, —Te=0.03'K); (iii) g~/k=525'K, so/k=67. 0'K,
and P/k = 9.00 'K (continuous transition).

From our elastic constant measurements we can
limit e, /k to the range 350-525 'K, eo/k from
50 'K to 6"I 'K, and P/k from 9 'K to 22 'K with the

proviso that the actual parameter combination
chosen must give the proper transition temperature
7;=122 K.

The SUS parameters can be chosen uniquely if

we assume a, first-order transition in the elastic
constants since c86 I ~ ~- and T, —T~ determine c,
and P. Using c~~'~(T;) = 1.54x10" dyn/cm~ (the
smallest stabilized value we observed in the ferro-
electric region) and T, —Te = 0.012 'K (as found by
Benepe and Reese)~ we find

eg /k = 475 'K, eo/k = 61.78 'K,
P/k= 14.7 'K, P ~=6.48 pC/cm2

(free crystal: the transition occurs at Te) or

eg /k = 475 'K, eo/k = 61 —63 'K,
P/k =12 —13 'K, P = 6.2 gC/cma

(3a)

(3b)

e, /k=350'K, e, /k=56. 1 K,
P/k=22. 0'K, P~=6.8 p, C/cm'.

(4)

The predictions of the SUS equations for c~66'~ and
P with the parameter combinations (3a) and (4) are
shown in Figs. 6 and 7. For the range 0 & T, —T
& 1 'K the mean-fitting error for c~«~ was 0.45
x10' dyn/cm for parameter combination (3a) and

0.53 x 10 dyn/cm for combination (4). The mean-
fitting error for the polarization in the same tem-

(clamped crystal: the transition occurs at To).'6

This comparison shows that the common neglect
of the distinction between To and Te (i. e. , between
the Helmholtz-Gibbs free energies) in using the
SUS equations does not give serious changes in
the parameters.

For the parameter combination (3a), with ass
=3.3x 10 esu/cm and C~" =1.12x 10~ erg/'K cm~,

the mean-fitting error for the elastic constant
c66' at various electric fields had the following
values '; WithE=O, the mean error was 0.37
x10' dyn/cm for all data in the ferroelectric
phase. With E=500, 767, and 393'7 V/cm, the

mean errors were 0.14, 0.25, and 0.20x10' dyn/

cm, respectively, for data points at temperatures
low enough to exhibit departures from the zero-
field values. (These fitting errors should be com-
pared with the experimental accuracy which is
about 0 1 x10'0 dyn/cm . )

To check the consistency of the SUS equations we
examined the parameters which gave a reasonable
description of the spontaneous polarization as mea-
sured by Benepe and Reese. The parameters giv-
ing a good fit were
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dashed line t{SUS prediction
(4)]:&g/k=350'K, &0/k
=56.1'K, P/k=22. 0 K.

I
I t 111

121 .l 2 .3 4 .5 .6 .7 .8 .9 l22 .l .2 .3 4 .5 .6 7 .8 .9 l23
T(OK)

perature range, using the data of Benepe and Heese,
was 0.82 p, C/cm' for parameter combination (3a)
and 0.52 pC/cm for combination (4). The im-
proved fit to the polarization data which results
from using combination (4) in place of (3a) leads
to degradation of the fit to the elastic constant data.

As an aside we note that &o has been measured
in a series of compounds isomorphous to KDP al-
though not in KDP itself. The measured values
are lower than the original Slater model would pre-
dict, but do increase with increasing To. Using
eo/k of 54 'K, measured for KHzAsO+ and multi-
plying by the ratio of the transition temperatures
for the two compounds, 122 'K/96 'K, we would
predict eo/k =69 'K for KDP, a value in reasonable
agreement with our parameter choice (3a).

The success of the SUS equations can be sum-
marized as follows.

(i) The maximum spontaneous polarization is con-
nected to the Curie constant and &y &0 and P.
Using C = 3250 'K, the predictions range f rom 5.38
(for e, - ~, P-0) to 6.8 pC/cm for parameters (4).
These numbers are to be compared with the largest
experimental measurement of 5.12 p, C/cm . The
theory can take paraelectric data, i.e. , the Curie
constant, and deduce the maximum spontaneous
polarization, agreeing with experiment within 30%%uo.

(ii) The theory can predict the rapid increase of
c~' and P near T, in the ferroelectric phase,
either as a second- or first-order transition.

The failure of the SUS equations is that one set
of parameters cannot give an equally good fit to
both the elastic constant data and the spontaneous-
polarization data.

Blinc and Svetina have suggested that a quantum-
mechanical term 1 representing the proton tunnel-
ing energy should be included in the free energy.

In the limit I = 0, their expressions reduce to the
SUS form. %Then I'IO, their equations are diffi-
cult to solve and we have not tried to adjust the
Blinc-Svetina parameters to fit our data.

8. Phenomenological free energies

As an alternative approach to the thermodynamic
properties of KDP, one can construct a free ener-
gy phenomenologically without appeal to any specific
microscopic model. Following Landau and Devon-
shire. "' the free energy can be expanded in a
power series in P, and the elastic and piezoelectric
energies added in as in the Slater-SUS analysis.

1 l 1
I

(
1 1 1 1 1 1

Q 1 I 1 1 1

).Q Q5 0
T -T( K)

I'IG. 7. Comparison of SUS theory to spontaneous-po-
larization data of Benepe and Reese (Ref. 6). Sol.id line
[SUS prediction (3)J: +~/k=475'K, to/k=6]. .78'K, p/k
= 14.7 'K; dashed line I.SUS prediction 4]; q ~/k = 350 K,
~0/k=56. 1 K, p/k=22. 0 K
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Since we will be interested in the properties of
the unstressed crystal, it will be most convenient
to work with the Gibbs free energy G(o, P, T) with
the stress sr=0.

As we show in the Appendix, the isothermal and
adiabatic elastic constants c~~'~ and c@~~ are related
to the Gibbs free energy of the unstressed crystal
G(P, T),.0 through expressions (AVa) and (AVb).
The last term in the denominator of (AVb) for of~ a
is the "adiabatic correction. " Its physical origin
is in the temperature variation accompanying an
adiabatic sound wave which the spontaneous polari-
zation P(T) must follow. The additional work in-
creases the "stiffness" raising the value of the
adiabatic elastic constant above that of the iso-
thermal one. (In the paraelectric phase where P
=0, this term is identically zero and the two elastic
constants are indistinguishable. }

We consider the following three phenomenological
expressions for the Gibbs free energy G(P, T),.0:
(i) the simplest "molecular-field" form of the
Landau-Devonshire expression,

G)(p, T) = ~aP ~ ~bap (5}

(ii) a modified Landau form which we have pre-
viously used in analyzing Brillouin, Raman, and
dielectric data, "

Ga(p, T) = 2ap + (1/n)b„p"; (6)

(iii) a form proposed recently by Benepe and Reese
on the basis of their polarization measurements,

G~(P, T) = ~aP +,' bP + 85P-

All three free energies are of the form G(P, T)
= &ap +$(p), where $(p) is a "saturation function"
assumed to be temperature independent. For T
& T„ the observed temperature dependence of the
dielectric constant at zero stress, e" = C/(T- Te)
with Curie constant C = 3250 'K, determines o
= ao(T- Te) with a, =4v/C= 3.867 x10 '/ K.

For G, and G„ the saturation function $(p) is
positive definite so the transition is continuous
(second order) and Te—= T, . For G3 with Benepe
and Reese's values [b = —4.4x10 'a cm~/esu and 6

= 2.96 x10 ~ cm' /esu ] the transition is slightly
first orders with Te = Tc

G, and G2 give identical predictions for all ther-
modynamic properties in the paraelectric phase.
Below T„however, the molecular-field form G,
predicts that the spontaneous polarization P(T)
=Pa(T, T) with P=—-,', while G2 predicts P=1/(n —2).
G~ has been previously found to describe many of
the known properties of the ferroelectric phase of
KDP at least qualitatively with n -10 or 12.3' The
resultant small value of the critical exponent P= 8

or $ is surprising at first since for most three-
dimensional critical systems 3 ~ p ~ &. Its origin
is related to the constraint on polarization configu-

ration (the ice rule) proposed by Sister. ' In fact,
in the limit n- ~, G~ reproduces Slater's results
exactly. '2

For T& T„all three forms of G predict

c~ = cI 'r (or )a
38I

85 58 a (T T ) (or P/oP, r (8)

The adiabatic correction term in c~' is shown
in the Appendix [Eq. (A12)] to be given by

8G 8G
epeT eT'

where C~'is the specific heat at constant stress
and polarization. Thus the predictions for c~
and for P(T) cannot be disentangled, and these
predictions must be considered together in analyz-
ing the data for T& T,.

a. G, (molecular fieM) With t.he free energy
of Eq. (5), the spontaneous polarization is given
by

P(T}=to(T. —T)'"

and the isothermal and adiabatic elastic constants

E T P 7 (&se)'
N 88 2 (T T)+ ( r )a/oper

ces8 =cPM' —(a„) [2ao(T —T)+(a )a/c '

+$(a', /C ')TP'(T)[]-' . (12)

Taking C~"=1.12x10' ergs/ Kcm' (63.77 J/
mole 'K) from its value - T„ the only remaining
free parameter is po."

Figure S shows the isothermal and adiabatic
elastic constants predicted by Eqs. (11) and (12)
with two choices of Po. The upper curve (p,
= 5.5 pC/cm ) gives a "best fit" to the data neglect
ing the range 0 & T, —T & 0.25 'K with mean error
of 0.16 x IO~ dyn/cm but if all the data are in-
cluded, the mean error is 0.82.

In Fig. 10 we show the 1944 spontaneous-polari-
zation data oi' von Arx and Bantle' (+) and the re-
cent data of Benepe and Reese (0}.' For molecu-

The value cga'r = V.O x10'0 dyn/cm is known from
direct measurements~'; however, a3~6 has only
been measured indirectly, with reported values
ranging from 3.0 x 10 to 3. 5 x 10 esu/cm in the
paraelectric region, while no reliable values
exist in the ferroelectric region. '3 We therefore
deduce a~~ from fitting (8) to our data for T& T„
letting Te=122 K, which gives a,~ =3.3x10' esu/
cm .' The fit is shown in Fig. 8. (The possible
difference of -0.01 K between Te and T, predicted
by G, is too small to affect this fit. )

C. Phenomenoloiical fits of data for T & T
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The solid curve, with a36
=3.3 X10 esu/cm, gave
the best fit.

0
ll8

l

I2I j I24

Tc=I22

I27 IM
T (K)

I 59 l42 l45 l48

lar field (P = ~), the best fit (which is very poor)
to the older polarization data is shown in curve A,
with &o = 1 7, while in curve B the value Po = 5 5
(which gives the best fit to the elastic constant
data in Fig. 9) is seen to predict completely un-
reasonable values for P(T).

b G2 (M.odiffed Landau)

ceeT cPeT (aT )I

x [(n —2)a, (T, —T)+ (a~r, )'/c~'*] ',

css' = c~'- (as'6)'[(n —2)ao(T. —T)

+(a,', )'/c '+(a,'/C")Tf '(T)] ', (i4)

P(T) ~ (T T)1I(n-8)

%e use the same values for c 6', a~&, 7;, and C~
a»n Gi so that po and n are now the free parame-
ters.

In Fig. 10 we show two theoretical polarization
curves for n=10 and p0=3. 16, and 3.5; P0=3.16

AJ

E
CJ

Op
C

0
Q

~~
~ Q

~ g FIG. 9. Isothermal and
adiabatic elastic constants
predicted by G~ 6nolecular
field). Solid line: isother-
mal c&g; dashed line: adia-
batic c&g with p0=1.7 pC/
cm', dashed-dot line: c~6gs

with po
——5. 5 pC//cm2.

0
II8,5 ll9 I2l

T ('K)
I23 123.5
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0

FIG. 10. Comparison of
spontaneous-polarization
data with predictions of &~

6nolecular field) and 2
6nodified Landau). +: data
of Von Arx and Bantle (Ref.
36) : data of Benepe and
ggese ~f. 6). {a) —:Q&

6nolecular field) with po
=1.7 pC/cm; (b) —-:
(molecu1, ar field) with po
=5.5 pC/cm; (c) -'-: t"2

(modified Landau) with N
=10, pp —-3.16 pC/cm; (d)

62 6nodified Landau)
with N= 10, p 0 =3.5 pC/cm .

0
25 20 l5

T, -T('v, )

(curve C) gives a best fit to the von Arx and Bantle
polarization data, while ps= 3.5 (curve D) gives a
somewhat better fit to the combined polarization
data.

The elastic constant fits for G2 are shown in
Fig. 11. The best fit, obtained with P0=3.5, gives
a mean error of 0.17. For p0=3.16, the mean
error is 0.24.

c. G, (Benepe and Reese). Benepe and Reese
have recently redetermined the spontaneous po-
la, rization P(T) of KDP using a "polaroelectrocalor-
ic" technique based on measurement of the tem-
perature changes produced by adiabatic changes in
polarization. 6

They found that the polarization jumps discon-
tinuously at the transition to 1.87 pC/cm' and that
p~ 1

The validity of their technique rests on the as-
sumption that the saturation function P(P) depends
on neither temperature nor electric field, and that
temperature changes produced by the adiabatic con-
version of the multidomain crystal at E=0 to the
presumably single-domain state at high fields can
be neglected. Although these assumptions have yet
to be completely tested, we believe that these po-
larization measurements are the most reliable to
date, and that other consequences of the Benepe-
Reese free energy G, should be critically tested.

With the free energy Gs given by Eg. (7), the iso-
thermal and adiabatic elastic constants are

css'= c~"- (sss)'l~o(T- Te)

+ (ass) /c~~~' + 3bP + 75P ]

c"= cm'- (4s)'l&o(T- Te)+ (s's)'/4'
+3bP +75P + (@'C ')TP (g )] ~ (l7)

(19)

while P(T) is found from

P'(T)- —.'P~'(T)+ '( ') =0, (1&)
2(T, —Te)

where Po = 1.872 p, C/cms and T, —Te = 0.012 K.
The Benepe-Reese P(T) data are very well de-
scribed by

P(T) = 3.54(T, —T+0.026)" '
p, C/cm' .

Taking the same values of a~~ and C ' used in
fitting G~ and Gs, Eq. (17) predicts c~~'s as shown

by the dashed curve in Fig. 12 which gives a mean
error of 0.28 with no adjustable parameters.

Benepe and Reese, however, find that for T& T„
C~" increases to 1.37 x 10' erg/ Kcm' (9.39R)."
Since such a change in C~" might well be accom-
panied by a change in a36, we again fit our data to
(17) with C~"= 1.37x 10' letting ass be a free pa-
rameter. The best fit was obtained with a~~ = 2.95
x104, with a mean error of -0.26 and is shown by
the upper curve in Fig. 12. Such a large change
in a36 from morphic effects seems unlikely, how-
ever, especially when compared with the slight
change at T, in F66' and the other nonanomalous
elastic constants. It would be valuable to have val-
ues for C "and a~& in the ferroelectric phase de-
termined by methods independent of the polariza-
tion.

The phenomenological fitting procedure thus
shows that one can construct a free energy (Gs or
Gs) which gives reasonable fits to both the elastic
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constant and polarization data, while the mean-
field free energy G, can only be brought into agree-
ment with either the elastic constant or polariza-
tion data, but not with both. Our elastic constant
data appear to be slightly closer to the over-all
predictions of G~ than of G3, although the experi-
mental accuracy is not good enough to permit a
definitive choice based on fitting errors alone.
Qualitatively, the data appear to support a small
discontinuity at the transition as predicted by G, .

IV. CONCLUSIONS

%'e have presented our Brillouin-scattering re-
sults for cs~~' and used the E= 0 data for T & T, to
test several expressions for the free energy.

The Slater-SUS free energy can successfully ac-
count for the major features of the measured elas-
tic constants giving good agreement in the para-
electric phase and moderately good agreement in
the ferroelectric phase. There is no unique choice

E
O

C
O

O
O 3—

FIG. 12. Isothermal and
adiabatic elastic constants
predicted by &3 (Benepe and
Reeee). Solid line: isother-
mal c6t,", dashed line: adia-
batic c66' with C ' =1.12
x10 ergs/'K cm and a~~
=3.3 &&104 esu/cm; dash-
dot line: c~gg'~ with C '

=1.37x10 ergs/ K cm;
and @36= 2. 95 x 10 esu/cm .

0
ll8.5 II9 I20 I 2l

T( K)

l22 l23 l23.5
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of the SUS parameters that fits both the elastic
constant data and polarization data; however, the
agreement is best in the immediate vicinity of T,
for the choice

eg/k = 475 'K, gg/k = 61.78 'K, P/k = 14.7 'K

P =6.48 pc/cmg (Te =121.99'K) .

It would seem worthwhile to attempt an expan-
sion of the SUS free energy in terms of powers of
the polarization. Such an expansion would have to
be valid in the limit of large g& and small P to cor-
respond with the above choice of parameters. This
would allow one to connect &„&o, JB, and P to
the parameters of the phenomenological free-ener-
gy expressions.

We have also considered three phenomenological
expressions for the free energy, all of which are
variants of the Landau-Devonshire power-series
expansion. The molecul. ar-field form for the free
energy G, (P, T) is found to be unsatisfactory, an
inevitable consequence of its failure to conform
with the rapid increase and subsequent saturation
of the polarization below T,. Although a qualitative
fit to our data for T, —T &0.5 'K could be achieved
by treating the magnitude of the polarization as an
adjustable parameter, the fit obtained requires an
unreasonably large value of Po and, in any case,
fails to produce even qualitative agreement with
our data for T, —T&0.5 K. We note that Elliott,
Smith, and Young have found that the KDP elastic
constant data apparently agree with a theory they
have formulated for a related coupled-mode prob-
lem. Although their free-energy function differs
considerably from our G, (P, T), it does employ a
molecular-field approximation, and the choice of
parameters which they made gave a reasonable fit
to the elastic constant data only if the region with-
in -0.25 K of the transition was neglected, and
the resulting predictions for the polarization and
other thermodynamic properties were then found
to be rather poor.

Either the modified Landau free energy G~ with
n = 10 or the Benepe-Reese free energy G3 appear
to provide consistent, descriptions of the transition
in that both the elastic constant and spontaneous-
polarization predictions can be made to fit the data
reasonably well with a unique choice of parameters.
Within 0.10 'K of the transition, however, our data
conform more closely with G3, indicating a small
discontinuity in the transition as reported by
Benepe and Reese.

Finally, it is interesting to note that the ferro-
electric transition in KDP is very close to the
"Curie critical point" in Landau's theory where
the line of first-order transitions goes over into a
line of second-order transitions. This is the
point at which the coefficients of the terms in G

which are quadratic and quartic in the order pa-

APPENDIX: THERMODYNAMIC RELATIONS FOR KDP

The thermodynamic analysis of KDP begins with
Ag(P, T), the Helmholtz free energy for the polari-
zation in a rigid lattice. Ag(P, T) may either be
derived from a statistical theory such as Slater's,
or represented phenomenologically as a power-
series expansion in the polarization. To complete
the Helmholtz free energy A(x, P, T), the elastic
energy and piezoelectric coupling energy must be
added to &(P, T)."

Neglecting all strains except xs and all polariza-
tion except P3 and retaining only the leading terms
inxs, we have

A(xg, Pg T) gcgg xg QggxgP3+AQ(Pg, T) (Al)

from which we find (with subscripts omitted)

BA ~ 8AoE= =-a x+
8P (A2b)

8A BAo

8T eT

where o =-os and E=E3 are the stress and electric
field and S is the entropy.

For small departures from equilibrium,

5o=c ' 5x —a 5P,

r ~Ao AoE=a x+ & P+ T,

(ASa)

(AS c)

The elastic constants 6a/6x with various con-
straints follow from Eqs. (AS).

a. Constant P and T.

(A4a)

rameter vanish simultaneously, hence the satura-
tion function should be dominated by terms higher
than quartic, as indeed appears to be the case.
The marked differences in critical exponents in
this case are very likely related to the changes in
critical exponents which occur at the tricritical
point. 4'
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b. Constant E and T.

c
goT s.r r, r

(
r e

z
= CSS = CSS &a38

Ox 9I (A4b)

Eo8 PoT
CSS' = CSS —ha38

'8'G (a,', }'
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c. Constant E and S.
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8IST eT g

(
SoS

coo coo ( $$}
~, S . P, T T

5x

8Ao 8 Ao 8Ao
aP' 8I eT eT' (A4c)

The clamped and free isothermal dielectric con-
stants g*' and s" can be found from (Al) and (A6).
Experimentally, for T& Te, both are of the Curie
form:

4v 8A 8Ao 4v
," =-

8P
=

8P
=

C
"-"'

zs 8A3
csB' =

8+
—( $B

'8A A A

For a free crystal (oo =0) it is often more con-
venient to work wi$h the elastic Gibb's function

G(c, P, T)=A(, P, T)-xc.
From (A2a) with o = 0 we find x = a P/c ', whence
from (Al),

G(0 P T) &cr, r(arP/cr, r}o ar(ar/cP, r)PR

+A, (P, T), (A6)

G(P, T),.o =Ao(P, T}-,'(arPP/c~'r .—

The term —(8 Ao/8P8Tp/(8 Ao/8T ) which appears
in c~~' but not in c~~'T is designated the "adiabatic
correction" in the text.

Equations (A4b) and (A4c) can be written entirely
in terms of derivatives of A(x, P, T) as follows:

(Asa)
&x 85'

4v 8'G 8'A, (a'}' 4w
y, r =

8P2 8Po cP, r C 8

Equations (A8) and (AQ) show thatTo, , the Curie
temperature of the clamped crystal, should be
lower than Te, the Curie temperature of the free
crystal, by

Te To= (C/4~)(a ) /c ' (Alo)

Equation (A9) also shows that the form of G should
be

G(P, T}=G, (T)+a,(T- T )P'+y(P), (All)

where Go contains all contributions to G from other
nonanomalous degrees of freedom, ao =4m/C, and
5(P) is a "saturation function" representing all
higher-order terms in P.

From (All), with the assumptions that Go is in-
dependent of polarization and &f&(P) is temperature
independent, the form of the adiabatic correction
term to the elastic constant cx'o in Eq. (AVb) be-
comes

ln terms of G(P, T), Eqs. (A4b) and (A4c) for the
adiabatic and isothermal elastic constants become

8G 8G 0~T
PgT ~T C 'a (Ai2)

g, T P, T g T
CSS' = C88' —ha38

8'G (a,', }'
g~R + cP, T (AVa) where C"" is the specific heat at zero stress and

polarization.
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