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This paper describes some experimental kinetic and spectroscopic studies in ZnS of photoluminescence

stimulated by 8.8 and 10.6-p,m infrared radiation. The results of a theoretical model of the stimulation

process are also presented. The model is based on the donor-acceptor pair-luminescence theory and the

assumption that the infrared radiation induces donor-level-to-conduction-band transitions. The model

results are in good qualitative agreement, and fair quantitative agreement with the experimental

observations.

I. INTRODUCTION

A. Perspective

It has been known for at least 25 years that
short-wavelength infrared radiation (X& 3 pm) can
quench or stimulate the photoluminescence of many

ZnS phosphors. ' A review of this work up to 1965
has been given by Mason. However, the realiza-
tion that longer-wavelength radiation often has
similar effects is much more recent. In a series
of papers beginning in 1966, Baur, Riehl, and

co-workers have reported and discussed observa-
tions of stimulation of luminescence in ZnS with

infrared radiation in the wavelength range 3-25
p, m. Their experiments were carried out in the
phosphor afterglow period (after the cessation of
photoexcitation) and they found that the size of the
stimulation diminished with the amount of time
between cessation of photoexcitation and applica. —

tion of infrared radiation. By combining thermal-
glow-curve measurements with infrared stimula-
tion experiments, they determined that longer-
wavelength stimulation involves the release of
electrons from very shallow electron traps. They
also measured the infrared-wavelength dependence,
the temperature dependence, and the spectral dis-
tribution of the stimulated luminescence. Finally,
they reported that the rise time of the stimulated
luminescence was less than 1 msec.

This paper describes some experimental kinetic
and spectroscopic studies in ZnS of luminescence
stimulated by longer-wavelength infrared, and also
presents the results of a theoretical kinetic model
of the stimulation process. The samples used in
this study are not particularly well characterized
in terms of impurity content, and so this paper
focuses on several aspects of the infrared-stimu-
lation phenomenon that are not sample dependent.
Most of the experiments were carried out with
steady photoexcitation, in contrast to the afterglow
work of Baur et al. The infrared-radiation-inten-
sity dependence, the temperature dependence, and

spectral distribution of the stimulated lumines-
cence have been measured. In addition the stimu-
lated-lumines cence wavefo rms produced by step
function and repetitively pulsed infrared radiation
have been determined. A measurement of infrared
absorption is motivated and described in Sec. I B.
Efforts to test for photoconductivity due to applied in-

fraredd

radiation failed, as mentioned in Sec. II A. The
experimental results are largely in accord with or
complementary to those of Baur et al. , with the
principal important exception that the stimulated
luminescence was found to be shifted slightly to
higher energies (blue shift) relative to that pro-
duced by steady photoexcitation. Baur et al. have
reported that the two spectra are identical. The
theoretical model is based on a recent reformula-
tion of the kinetics of donor-acceptor pair lumines-
cence by Dohler. ' It suffices for the moment to
comment that the model differs from that proposed
by Baur eI; al. The differences are discussed in
Sec. V.

B. Qualitative presentation of model

The basic stimulation phenomenon is that at suf-
ficiently low temperatures the sudden application
of infrared radiation to a steadily photoexcited
phosphor produces a transient burst of additional
luminescence. After the burst, the luminescence
intensity returns nearly to its original value, but
may be somewhat higher or lower. The experi-
ment can also be performed after photoexcitation
has ended, in the afterglow, and in this case the
sudden application of infrared radiation also pro-
duces a transient burst and shortens the time of
the afterglow. Qualitatively, two important experi-
mental results of the present work are that the
luminescence burst is spectrally very similar to
that produced during steady photoexcitation, but
slightly shi. fted to higher energies, and that the
ratio of the transient-peak intensity to the steady
background intensity decreases as the photoexcita-
tion intensity increases.
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Because the spectral character of the transient
burst of luminescence is nearly the same as that
of the luminescence due to steady photoexcitation,
it is convenient, in seeking an understanding of
the over-all phenomenon, to consider separately
the luminescence mechanism and the stimulation
mechanism. Visible luminescence in ZnS occurs
because of the intentional or accidental presence
of impurities in the crystal. The characteristics
of the luminescence depend greatly on what the im-
purities are. For the materials used in the pres-
ent study, there is a considerable body of evi-
dence " that the luminescence is fairly well de-
scribed by the donor-acceptor pair model, in which
electrons make direct transitions from shallow-
donor (electron-trap) states to deep-acceptor
(hole-trap) states. The transition probability W

for this process depends on the separation r of the
donor and acceptor, and the dependence is often
taken to be W(r) = Woe "~"o, where vo is half the

hydrogenic radius ao of the donor ground state.
The energy F. of the emitted photon also depends
on x because of the Coulombic attraction —e /vr
in the final state between the empty donor and the
occupied acceptor (~ is the static dielectric con-
stant). E is generally taken to be E =EG —ED E„-
+ e /vr, where Ee is the energy gap, ED is the
donor binding energy, and E„is the acceptor bind-
ing energy. This type of luminescence is charac-
terized by long decay times after cessation of
photoexcitation at low temperatures due to trapped
hole-electron pairs with large r and small W; by
a red shift during decay because the small-r
large-8' large-E pairs decay first; by a blue shift
with increased intensity steady photoexcitation be-
cause the large-r, small-W small-E pairs are
easily saturated. These characteristics mere ob-
served for the luminescence of the samples used
in the experiments reported here.

It is generally agreed that the stimulation in-
volves energy storage by photoexcited electrons
and holes occupying trap states, and that the infra-
red radiation acts to release the stored energy by
freeing the trapped holes or electrons, which then
recombine radiatively. In the model assumed in

the present work, energy storage is accomplished
by photoexcited holes and electrons occupying
large-r small-W donor-acceptor trap pairs.
Dohler has shown that for steady photoexcitation,
these large-r traps will be nearly always full, while
the small-r large-W traps will be nearly always

empty. Most of the luminescence is due to the
flow of traffic through the small-r large-8' traps.
The long-wavelength infrared is assumed to lift
electrons from the filled large-r traps into the
conduction band. They are subsequently retrapped
with equal probability into any unfilled trap. Thus
there is a statistical preference for retrapping in-

to the (nearly always empty) small-r traps, from
which radiative recombination quickly occurs with
the hole on the nearby acceptor. The increased
recombination traffic through the small-r traps
causes an increase in the luminescence, which is
spectrally blue-shifted relative to the lumines-
cence produced by steady photoexcitation, as is
experimentally observed. As the photoexcitation
intensity increases, the steady background lumi-
nescence increases more than the stimulated lumi-
nescence, as observed experimentally, because
the large-r energy storage traps tend to saturate.
The points of the two preceding sentences are in
close analogy with the last two characteristics of
donor-acceptor pair luminescence mentioned in
the preceding paragraph. To the extent that photo-
excitation does not deplete the ground-state popu-
lation, the rate of creation of hole-electron pairs
is a constant fixed by the photoexcitation intensity.
Also, if the only hole-electron recombination
mechanism is radiative, the rate of photon pro-
duction in steady state must equal the hole-elec-
tron pair generation rate whether or not there is
infrared radiation present. Thus for photoexcita-
tion intensities not too high, and if nonradiative
recombination processes are small, the lumines-
cence-intensity change induced by the infrared
radiation must be transient, as observed.

In this model, the infrared radiation is absorbed
by photoexcited electrons trapped at donors. In
the absence of photoexcitation, the donors are not
occupied and infrared absorption should not occur.
For ZnS: Cu, Al, it has been reported' that photo-
excitation induces infrared absorption in the 3-14-
p, m range, and that the decay of the absorption
after cessation of photoexcitation is related to the

decay of luminescence. ' The absorption was in-
terpreted' as donor-level-to-conduction-band
transitions of electrons that had been photoexcited
and trapped at the donors, as in the model of this
paper. This model also implies that the infrared
transmission should increase during the time in-
frared radiation is applied, because trapped elec-
trons freed by the infrared radiation are retrapped
at sites where radiative recombination is likely,
thus decreasing the number of trapped electrons.
Infrared transmission measurements made in the
present study showed a large decrease with photo-
excitation and an increase with application of infra-
red radiation.

C. Organization of paper

The remainder of this paper is organized as
follows. Section II describes the experimental
kinetic and spectroscopic data that have been ob-
tained. In Sec. III approximate rate equations de-
scribing the detailed kinetics of the preceding mod-
el are developed. A variety of numerical solutions
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of the equations that illustrate the detailed behavior
of the model are presented in Sec. IV. In Sec. V
the dependence of the model s behavior on various
aspects of its parameters is explored, and the
model results are compared with the experimental
ones. Section VI discusses the relation of the pres-
ent work to previous work, and makes a general
appraisal. The method of solution of the equations
is described briefly in Appendix A, and Appendix
8 discusses a more rigorous set of equations than
the ones actually used.

II. EXPERIMENTAL RESULTS

A. Methods

Two experimental arrangements were employed.
The first was designed to provide maximum pro-
tection of the sample from inadvertent exposure to
background inf rared radiation. Such protection
was found to be quite important in obtaining a large
stimulation effect. ' The infrared source was an
8. S-p, m laser diode mounted with the sample in a
copper can. The copper can was provided with a
single window that transmitted visible and ultra-
violet radiation and blocked infrared radiation for
wavelengths greater than 1 p. m. The can, with its
window, was placed in a liquid-helium Dewar.
Thus the environment of the sample was at 4. 2 K
and the only significant source of infrared radia-
tion was the diode. Since the diode response time
is very fast (less than a microsecond), it was well
suited as a source for kinetic studies of the stimu-
lation process. Ultraviolet light was obtained by
passing the light from a xenon discharge lamp
through a &-m grating monochromator, or from a
nitrogen-laser -pumped tunable dye laser. The
xenon-lamp intensity was varied with neutral-den-
sity filters. The sample luminescence was col-
lected and analyzed with a 1-m grating monochro-
mator equipped with a cooled S-20 photomultiplier
The output of the photomultiplier was displayed on
an oscilloscope and photographed, or was analyzed
with a boxcar integrator, depending on whether the
diode was turned on abruptly and kept on, or pulsed
repetitively.

The second experimental arr angement differed
from the first in that the infrared source was a
CO2 laser operating in several modes around 10.6

p. m. This provided much-higher infrared intensity
and also permitted the sample temperature to be
varied, which was not possible in the first
arrangement because the laser diode had to be
operated at temperatures near 4. 2 K. Repetitive
infrared pulses were obtained by. chopping the laser
beam at various rates and duty cycles. Intensity
was varied by passing the laser beam through a
variable-pressure gas-absorption cell. The sam-
ple was mounted in a copper can as described
above, but having additionally two low-temperature

narrow-bandpass 10.6-p, m filter windows mounted
180' apart. Use of the filters permitted exposure
of the sample to the laser beam with only a narrow
spectral band of background blackbody radiation
being able to reach the sample. Use of two win-
dows allowed monitoring the infrared radiation
transmitted through the sample with a Ge: Cu de-
tector. The copper can was mounted in a variable-
temperature Dewar equipped mith the necessary
windows to pass the infrared-laser beam, the
ultraviolet pump light, and the luminescence in or
out.

In those experiments where both the infrared
radiation and the ultraviolet photoexcitation were
applied as repetitive pulses, the two sources were
triggered from a common reference to ensure
maintenance of relative phase, and the relative
phase was controlled by passing the reference for
one of the sources through a variable delay line.
For the xenon lamp and the CO, laser, this entailed
the use of phase sensitive choppers.

An attempt to search for infrared stimulated
photoconductivity failed, owing to the inability to
make electrical contacts that were operable at the
low temperatures where infrared stimulation of
luminescence is observed. This problem has been
reported previously. "

8. Samples

Experiments were conducted primarily on two
crystalline ZnS samples. One was obtained from
the Eagle Picher Company doped nominally with
copper and aluminum. Mass spectrographic analy-
sis revealed 400-ppm Al, 40-ppm Cu, and the
presence of a number of other impurities, includ-
ing O, N, B, Cl, and K, in concentrations similar
to that of the Cu. The second sample was a nomi-
nally undoped ZnS crystal, although analysis again
revealed a number of impurities in the 10-ppm
range. The first sample displayed primarily the
characteristic copper green luminescence, and
also a very weak blue luminescence, which was not
infrared stimulable. The second sample displayed
self-activated blue luminescence that was infrared
stimulable. The data shown in this paper are all
for the ZnS: Cu, Al sample, because the data from
both samples were substantially the same, except
for the color of luminescence.

C. Time dependence of stimulated luminescence
and infrared transmission

Figure 1 shows a typical oscilloscope trace ob-
tained by exposing a sample to steady photoexcita. —

tion and abruptly turning on the laser diode. There
is a rise in the luminescence intensity, and a peak
is reached in about 5 msec. The luminescence
then decays much more slowly, reaching its orig-
inal level after about 0. 5 sec. The decay is found
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FIG. 1. Photograph of oscilloscope trace of photomul-
tiplier current, showing transient change in steady pho-
toluminescence due to step-function infrared radiation.

to be nonexponential and does not fit a power law.
The size of the transient peak increases with the
time of prior exposure to photoexcitation for ex-
posure times up to about 5-10 sec, after which
there is no further increase. When the diode is
turned off, there is an abrupt decrease in the
luminescence level, followed by a slow return to
the original level in about 5-10 sec.

Figure 2 shows the stimulated-luminescence
waveform resulting from photoexciting a sample
steadily and pulsing the infrared diode repetitively.
The waveform is obtained by scanning the gate of
the boxcar integrator. It can be seen that the ef-
fect of turning off the infrared well before the
completion of the decay seen in Fig. 1 is to return
the luminescence to its original level in a time
only slightly longer than the rise time to the peak.
The height of the transient peak obtained by repet-
itively pulsing the diode is always less than that

obtained by exposing the sample to photoexcitation
for at least 5-10 sec and then abruptly turning on
the diode. Also the transient peak decreases as
the pulse repetition rate increases.

Figure 3 shows the luminescence waveform ob-
tained with chopped photoexcitation (50% duty
cycle) and chopped infrared radiation (4% duty
cycle}. The photoluminescence rise and fall times
are both longer than the on- and off periods of the
photoexcitation. The infrared-radiation pulse is
shown occurring during the photoluminescence de-
cay as an example of stimulation in the afterglow
region. The height of the stimulated-luminescence
pulse is only slightly larger when the infrared pulse
occurs during an "on" period in the photoexcitation
repetition cycle. This implies that the stored
charge responds even more slowly to the abrupt
switching of the photoexcitation than does the lumi-
nescence.

The time dependence of the infrared transmission
was measured for the case of steady photoexcita-
tion and the sudden application of steady infrared
radiation. This is somewhat difficult for very
short times, since no signal can be measured at
all until the infrared is turned on. It was found
that over the period during which the stimulated
luminescence achieves its peak there is essentially
no change in the infrared transmission, but that an
increase can be detected after about 100 msec, and
this change continues for about 2 or 3 sec until a
new, final, higher transmission value is reached.
The extent to which this behavior is in accord with
the model of Sec. I is discussed in Sec. IV.

D. Luminescence, stimulated luminescence, and
photoexcitation spectra

Figure 4 shows time-resolved luminescence
spectra obtained from the ZnS: Cu, Al sample un-
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FIG. 2. Luminescence waveform obtained with steady
photoexcitation and repetitively pulsed infrared radiation.

FIG. 3. Luminescence waveform obtained with chopped
photoexcitation and repetitively pulsed infrared radiation.
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der conditions of steady ultraviolet excitation and
exposure to repetitive pulses of infrared radiation.
The dashed-line spectrum was taken with the boxcar
integrator gate set slightly before the rise of the
stimulated luminescence, and the solid-line spec-
trum was taken with the gate set at the peak of the
stimulated luminescence and the dc luminescence
component filtered out. The stimulated photo-
luminescence peak is slightly blue-shifted with re-
spect to the ordinary photoluminescence peak. The

0
4700-A shoulder in the ordinary luminescence
spectrum is a second luminescence peak, which is
not infrared stimulable and hence does not appear
in the stimulated luminescence spectrum.

Photoexcitatior1 spectra for both the stimulated
and ordinary phototuminescence were also taken
and found to be essentially identical. These were
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FIG. 4. Ordinary and stimulated luminescence spectra.
Note blue shift of stimulated spectrum.

done with low resolution to obtain adequate amounts
of excitation intensity. The spectra are similar to
those reported by other workers, peaking at about
4000 A for the ZnS: Cu, Al sample.

E. Dependence of stimulated luminescence on infrared and
ultraviolet radiation intensity, and on temperature

All the data presented in this section were taken
using the second experimental arrangement de-
scribed in Sec. II A, which employed a chopped
(4%%uo duty cycle) 10.6-Itm CO& laser as the infrared-
radiation source. Figure 5 shows the effect on the

luminescence of reducing the photoexcitation in-
tensity with neutral-density filters while keeping
the infrared-radiation intensity and temperature
constant (T = 6 K). The ordinary luminescence in-
tensity varies nearly linearly with photoexcitation
intensity, as might be expected if nonradiative
losses are small. The stimulated-luminescence
transient-peak intensity varies approximately as
the 0. 63 power of the photoexcitation intensity.
Thus the ratio of the stimulated to ordinary lumi-
nescence decreases with increasing photoexcita-
tion intensity.

The effect on the stimulated luminescence of
varying the infrared-radiation intensity while keep-
ing the photoexcitation intensity and temperature
constant is shown in Fig. 6. The stimulated-lumi-
nescence intensity first increases approximately
as the 0. 65 power of the infrared-radiation inten-
sity ar1d then passes through a maximum as the in-
frared-radiation intensity is increased further.
The rise time for the stimulated luminescence is
less than that of the pulse of infrared radiation for
high-infrared-radiation intensity and increases
with decreasing intensity to about 2 or 3 msec at
the lowest infrared-radiation intensity used. It
can be estimated (see Sec. V C) that this lowest
intensity is comparable to that of the infrared diode
used in obtaining the waveform of Fig. 1, which
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has a rise time of about 5 msec.
The change with temperature of the stimulated-

luminescence intensity for fixed photoexcitation
and infrared-radiation intensity is shown in Fig. 7.
This result is similar to that reported by Riehl
et al.

III. RATE EQUATIONS

and has the property that

Jo p(r, t)dr=1, (2)

independent of n„o(t). As indicated, the time de-
pendence of p(r, t) enters through the possible time
dependence of n„o(t). When n„o(t)is zero, p(r, t)
is also zero, and cases where this can occur must
be handled with care, although there is seldom any
real difficulty. The second function is the prob-
ability Q(r, t} that a donor with its nearest unoc-
cupied acceptor a distance r away is itself occu-
pied. As usual, it is assumed that the transition
probability W(r) for direct radiative recombination
between an electron on a donor and a hole on an

acceptor a distance z away varies as

W(r) = W e "~'o (3)

The model outlined qualitatively in Sec. I and
illustrated in Fig. 8 can be formulated quantita-
tively by extending Dohler's recent treatment of
the kinetics of donor-acceptor transitions. 7 This
treatment proceeds by assigning to each donor
two time-dependent probability functions. The first
function is the probability p(r, t) that the nearest un-
occupied acceptor (acceptor with a hole) is a dis-
tance x away. For a statistical distribution of un-
occupied acceptors of density n„o,p(r, t) isgivenby

P(r, t) =4wn„o(t)r exP[- o IIn„o(t)r ],

dM =I„,Cn„-+BnDOI, —TnD+M, (4a)

dn~(r) = —Bnno(r)I, + Tnn+(r)M —nno(r) W(r). (4b)

In Eq. (4a}, M, nD+, nDo, and n„-are, respective-
ly, the numbers of conduction band electrons,
empty donors, filled donors, and filled acceptors
per unit volume. I„,and I„are, respectively. , the
numbers of incident photoexcitation and infrared
photons per unit time per unit area. C and B are
the absorption cross sections of occupied acceptors
and occupied donors, respectively, for photoexci-
tation and infrared photons. The I„,and I„terms
thus neglect the decrease in photoexcitation and
infrared intensity through the sample thickness due
to absorption. T is a trapping coefficient with
units of volume per time. In Eq. (4b) nno(r) and

' rR

Donors

Conduction Band

Acceptors

Vaience Band

FIG. 8. Energy-level diagram illustrating stimulation
model.

where ro is half the donor Bohr radius ao, or a
number chosen to agree with experiment. The
essential feature that makes Dohler's formulation
fairly tractable is the assumption that the strong
r dependence of W(r) justifies neglecting the pos-
sibility of transitions between an occupied donor
and any unoccupied acceptor other than the nearest
one. For the purposes of the present paper, it is
also necessary to make some specific assumptions
about the nature of photoexcitation and trapping.
In the experiments reported here, the photoexcita-
tion energy was about 3.26 eV, which is less than
the ZnS gap energy of about 3.65 eV. It is com-
monly believed that acceptors in ZnS are fairly
deep (1-2 eV) and that photoexcitation at energies
less than the gap energy lift electrons from occu-
pied acceptor levels to the conduction band. From
the conduction band, trapping occurs with equal
probability to any unoccupied donor. No distinc-
tion is made between electrons present in the con-
duction band due to photoexcitation or due to infra-
red-excited donor-to-conduction-band transitions.

Kith the preceding assumptions, the rate equa-
tions describing the model of Sec. I are
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nn+(r) are, respectively, the number of filled and
empty donors with nearest unfilled acceptor a dis-
tance r away. These two quantities are related to
p, Q, n~, nD+ by the equations

nno= f nnp(r, t)Q(r, t)dr= fo n~(r)dr,

nn+= J~ nn+(r)dr=nnfo p(r, t)[1-Q(r, t)]dr,

TABLE I. Definitions of normalized quantities ap-
pearing in Eqs. (7).

8'p
Wp=

DT

M
m=

PED T

where nD is the donor density. Charge conserva-
tion assures that the following relations are satis-
fied at any time t:

4 3
nP = 3&SAPt'P

~=- (nDT)t

nAo=nA -nD+I+n~,
nA- =n„-n„o=nD.-M.

(6)
p(r') = 3npr'2 e~p"

= J+Ifdr ' p(r')Q(r', r)

—m(r) fdr' p(r')[1 Q(r', r-)],
(7)

=IQ(r', r)+m(r)[1 Q(r', -r)] —n(r)Q(r', r).

Definitions of the various normalized quantities
are given in Table I.

The approximation nD «nA, made in obtaining
Eqs. (7), is not actually appropriate to ZnS. Ef-
forts to dope ZnS nearly always yield highly resis-
tive n-type material, which suggests that nD &nA.

In this case nAo will be small in the absence of
photoexcitation, and will tend to be time dependent.
Thus the parameter no= ~~monAo defined in Table I
must be regarded as an effective average quantity
in applying Eqs. (7) to ZnS.

In terms of the normalized quantities, the total
number of emitted photons per second per unit vol-
ume at time t=r/(n~T) is (n~T)F(v), where F(r) is
defined by

F(r) = f dr' p(r')Q(r, r) w(r ) =—g «G(r ). (6)

Similarly, the number of trapped electrons per unit
volume at time t= r/(nnT) is n~q(r), where q(7)
is defined by

q(r) = fo dr' p(r')Q(r', r)

The rate equations obtained by inserting Eqs. (6)
and (6) into Eqs. (4a) and (4b) are very tedious to
solve, as discussed in Appendix B. A set of equa-
tions which is simpler, but nonetheless captures
much of the essential behavior of the model, is ob-
tained in the approximation that nD, M«n„. This
inequality implies that nAo=n„=const, so that p is
time independent. Also implied is that n„-=nD, so
the photoexcitation term I„,Cn„-in Eq. (4a) is set
to a constant, I„,A. The constant A = nDC has units
of inverse length and is an absorption coefficient.
With these approximations, Eqs. (4)-(6) may be
combined to give the following normalized and di-
mensionless rate equations:

IV. BASIC BEHAVIOR OF THE MODEL

Numerical solutions for the Eqs. (7) have been
obtained for cases where I and Jare changed
abruptly from one value to another and the initial
values of m and Q(r) are given. Frequently, but
not always, the initial values are taken to be the
equilibrium values for fixed I and J. This proce-
dure is adequate to simulate most of the experi-
ments described in Sec. II. The method of finding
the equilibrium values and the time dependence re-
sulting from a change in I or J is described briefly
in Appendix A. Figures 9-11 present the solutions
obtained for various choices of I(r) and J(r) with
~o=0. 77&10 and no=0. 45&10 . These choices
simulate, respectively, the experimental situations
leading to the data of Figs. 1-3. The values of I
and J used are given in the figures. These values
are much larger than appropriate to experiment,
but they give behavior that is fast in & time and
therefore permit various possibilities to be ex-
plored with minimal computer time. These solu-
tions illustrate the basic behavior of the model and
show that it is in good qualitative agreement with
the experimental results of Sec. II. Section V dis-
cusses the extent to which quantitative agreement
with experiment can be obtained by varying the
model parameters.

In the experimental situation of Fig. 1, the
photoexcitation was constant and steady infrared
radiation was abruptly turned on. This situation
can be simulated in the model by taking J to be a
constant and I to be a step function at ~= 0, with
m(0) and Q(r, 0) being their equilibrium values for
the constant J and I=O. Figure 9 shows the time
evolution of m, q, F, and Q resulting from the
abrupt turning-on of I . These curves illustrate
the basic behavior of the model, as anticipated
qualitatively in Sec. I B. The equilibrium trap
population for constant J and zero I is given by the
initial values of Q, which range from Q near 1.0
for large r to 10 for small r'. The change from
Q near 1.0 to Q very small always occurs over a
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narrow range of r', in this case between r' = 3 and
r'=5. This variation of Q with r' is, of course,
the result of the exponential variation with r' of the
transition probability w(r ). When I is turned on
at 7'=0, stored electrons are dispelled from the
large-r' traps, through the conduction band and
out the small r traps via radiative recombination
with holes. The large-r' Q decrease steadily to
new lower values, and the small-r' Q rise quickly

FIG. 9. 7' dependence of m, q, F, and Q for three r'
values, illustrating basic kinetics of model for steady
photoexcitation and step-function infrared radiation. Note
fast rise and slow fall of E.

to peak values and then return slowly to new values
slightly greater than their initial ones. E, which
is proportional to the emitted light intensity [see
Eq. (8)], follows the behavior of the small-r' Q
and rises quickly to a peak and then falls slowly to
its final value. In accordance with the conserva-
tion principle given in Appendix A [Eq. (A2)], the
initial and final values of E are both equal to J.
The fast rise and slow fall of E is qualitatively like
the experimental behavior shown in Fig. 1. The
stored charge q [see Eq. (8)], to which the infrared
absorption induced by photoexcitation is propor-
tional, follows the behavior of the large-r' Q and
decreases steadily from its initial value to a new
lower value. It is clear that the transient change
in E is due to the decrease of q. Qualitatively, the
slow steady change of q, with little change during
the time when E peaks, is like the time dependence
observed for the infrared absorption, as described
in Sec. IIC.

The large transient increase in Q for small r'
results in a transient increase in the value of r'
for which the integrand of Eq. (8) peaks, from
about r'=4. 8 at w=O to about r'=3. 2 at the value
of ~ where E peaks. Since the emitted photon en-
ergy is larger for small-r' donor-acceptor pairs;
this means that the luminescence is transiently
blue shifted, as in the experimental result shown in
Fig. 4. Using the energy formula e /ter, and tak-
ing x = 8, ro = 5 A (recall that r' = r/ro from Table
I), the r shift of Fig. 10 implies an energy shift
of about 32 meV, or about 70 at 5200 A. This is
the order of magnitude of the experimental shift
shown in Fig. 4.

The effect of abruptly returning I to zero at two

1.0
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1.0

O

w = 0.77x 100
no = 0.45 x 10
J = 0.68x 10
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iOff at T To

Fo Level0
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108F(I=10 ~)

0.5

Background I = 0.5xlO

zo= l, 1xl08
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FIG. 10. Effect on F of returning I to 0 at two differ
ent v's for the case shown in Fig. 9. Reduced initial
transient change in E for case of Fig. 9, but with back-
ground I present, is also shown.

FIG. 11. Buildup and decay of E and q for step func-
tion J on and off. Dashed lines show effect of step func-
tion I applied during decay. Note that q responds to
changes in J much more slowly than E. Parameter values
are same as for case of Fig. 9.
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different times is shown in Fig. 10. Computation-
ally the curves are obtained by keeping J unchanged,
and setting I to zero with initial values of m and Q
taken as their values in Fig. 9 either at 7 = 0. 1x 10'
(the Fig. 9 scale interchange) or r= 1.IX10',
which is essentially infinity.

For the case where I is returned to zero before
equilibrium is reached (dashed curve), F falls
fairly quickly to a value somewhat lower than J,
and then rises slowly back to J. This result should
be compared with the data of Fig. 2, which show
very similar rise-and-fall behavior, but does not
show a dip below the initial value. It should be
pointed out that the model calculation does not pre-
cisely simulate the experimental situation of Fig.
2, in that the calculation is for a single infrared
pulse rather than a repetitive pulse series, and the
disagreement may be related to this. If I is re-
turned to zero after equilibrium is reached (solid
curve), F falls fairly quickly to a minimum well
below J, and then returns very slowly to J. This
is exactly what is observed experimentally, as
described in Sec. II C. Here, the model calcula-
tion does simulate the experimental situation.

Figure 10 also shows the initial transient change
in F for I abruptly changed from 0. 5&10 to 1.5
x10 ~ with initial values of m and Q the equilibrium
m, Q, appropriate for the same steady J and I=0. 5
X10 . This simulates the presence of some fairly
intense background infrared radiation such as might
be found with a, low-intensity but broadband thermal
source. The transient change in F is considerably
reduced from the no-background case, which is con-
sistent with the experimental necessity of protect-
ing the sample from unintentional exposure to infra-
red radiation, as mentioned in Sec. IIA. This re-
sult may also provide a partial explanation for the
temperature dependence of the stimulation effect,
shown in Fig. 7, if the effect of increasing tem-
perature is to free trapped electrons to the conduc-
tion band, thus simulating the presence of back-
ground infrared radiation. This explanation is in-
complete, however, as discussed in Sec. VI.

For I=O and J=0, the equilibrium values of m

and Q(r') are zero. If J is abruptly turned on at
& = 0, and I remains 0, E and q change as shown in
the left half of Fig. 11. E changes more quickly
than Q because the small-r Q change more rapidly
than the large-r' Q. The conduction-band popula-
tion m (not shown in the figure) jumps very quickly
to about 7(Plp of its final value at & = 5. 0, and then
moves very slowly to its final value. If J is set
abruptly to zero, with initial values of rn and Q
taken as their equilibrium values for steady J and

zero I, the behavior of E and q is as shown in the
right half of Fig. 11. Again E changes more quick-
ly than q because Q(x') changes more quickly for
small r' than large r'. The dashed lines in Fig. 11

A. Variation of r~ and [F(r~)-F(0)] with J, no,
I, and w~

The two experimental quantities most readily
compared with the theory are the time required to
reach the luminescence peak after applying infrared
radiation, t, and the ratio of the peak change in
luminescence to the initial value of luminescence.
Therefore the variation of the theoretical quantities
[F(& ) -F(0)]/F(0)=d.F/J [see Eq. (A2)] and

=(nDT)t with the parameters of the theory is of
interest.

Figures 12 and 13 show ~ and 4E as a function
of J for various choices of I, no and mo. It can be
seen in Fig. 12 that with increasing J, w de-
creases. The slanted lines in Fig. 13 are lines
of constant n, F/J. With increasing J, hF first in-

10

I =10
wo= 7.7 x10

10 no = 4.5 x 10

m

7
10

10

10
ll 10-)0 10 10 10

FIG. 12. Variation with J of 7 for various values of
Spo

show the effect on E and q of suddenly turning on
I at v'= 0. 6X10 past the time when Jwas set to
zero. There is a large transient increase in E
followed by a faster decay than for the I= 0 curve.
It is clear that the dashed E curve will cross the
solid one slightly beyond the boundary of the figure.
The peak increase in E is about 75k of that for the
constant-J case, even though E has decayed to
about 18k of its constant-J value. The results in
Fig. 11 are largely in accord with the experimental
observations described in Sec. II C in connection
with Fig. 3, even though the calculation does not
exactly simulate the experimental situation in that,
experimentally, J and I are repetitive pulses, and
calculationally they are step functions. In particu-
lar, both the luminescence and the stored charge
respond sluggishly to abrupt changes in photoexci-
tation, with the stored charge having, by far, the
slower response.

V. EFFECT OF VARYING MODEL PARAMETERS AND
NUMERICAL COMPARISON WITH EXPERIMENT



KINETICS OF LONG-WAVELENGTH INFRARED STIMULATION. . . 157$

-8
10

10'

h, F

10 lo

10

10 10 10 10

FIG. 13. Variation with J of LEE for various values of
Qo Slanted lines show constant ~/ J. Note that LhS'/ J
decreases with increasing J.

creases and then passes through a maximum and
decreases. The ratio &F/J steadily decreases
with increasing J, as anticipated qualitatively in
Sec. I B, and observed experimentally (see Fig. 5).

The effect of altering np can also be seen in
Figs. 12 and 13. Over most of the range of J, in-
creasing np decreases F. This is probably due to
the decrease in stored charge with increasing np,
brought about by a decreased average donor-accep-
tor spacing. It can be noted that the maximum in
p(r') occurs for r'=(3no)'~' Ther. e is some ex-
perimental evidence' that very heavy doping of
ZnS phosphors greatly reduces long-wavelength in-
frared stimulation, which agrees with the theoret-
ical result.

Figure 14 shows 4F and ~ as functions of I for
particular choices of J, np, and wp. These re-
sults are intuitively sensible, with an increase in
I resulting in more stored charge being driven out
faster. The experimental and dashed curves in
Fig. 14 will be discussed below (Sec. VB).

The effect of varying wp has been studied the
least. It is not readily varied experimentally, and
fairly reliable values for 8'p are available in the
literature. The results that have been obtained in-
dicate that 4F and ~ are much less sensitive to
w„ than to the other three parameters discussed in
this section.

1O'

wo = 1

n =10
J *8

—bF- Ste
Ex0-12

Tfn
—Step Function IR

10

10

10

-10

1o-"—
F0

- 10

entail a choice for nDT'. Although the results of
Appendix C show that the choice is fairly arbitrary,
there is no reason not to try to be realistic. T
can be estimated as the product of the thermal ve-
locity v, and the trapping cross section o. Taking
the temperature 8 as 4 K and m~ = 0. 34mp, '
v, =(3ke/m~) ~ =2. 3X10 cm/sec. Estimating o

as intermediate between the geometrical value
vao (a0 =10 A) ' and the value allowing the donor's
Coulomb force to overcome the electron's thermal
energy suggests o =4X 10 " cm', so T = 10 8 cm'/
sec. Mass spectrograph analysis of the samples
used suggests n~ = 10' cm ', giving n~T = 10
sec &p has been experimentally found to be
about 10 sec ', ' giving wo=Wo/nDT=10 . The
infrared-radiation parameter is I= I,Q/neT.
From the work of Kukimoto et al. ,

' I3 is estimated
to be 2. 8~10"cm 'fork„=9-10p, m. It isbelieved
that the S.8-p, m laser diode delivers about 100
pW to a sample area of 0. 25 cm', which implies
that I„=1.8 x 10' photons sec ' cm, so that I= 5
&& 10 "for the laser diode. The optical pump
parameter is J=I„,A/n nT. At 3800 A, A was mea-
sured to be about 100 cm ', and I was measured,
using an Epply thermopile, to be 8X10' photons
sec ' cm . Thus J is estimated to be 8~10 ' .

The quantity np is given by 3 mrpn„p. As explained
at the end of Sec. III, np is at best an effective.
parameter for the application of Eqs. (7) to ZnS.
It has been found that a value of np =10, equiva-
lent to taking n„p=1.9 n~, yields fair agreement of
theory and experiment, using the values of I, J,
and wp estimated above.

For the parameters just estimated, np= 10
wp

—-10, J=S&&10 '4, and I=5&&10 ", it was found
that & was so large that an excessive amount of
computer time would be required to find IA(F and

B. Numerical comparison of theory and experiment
14

10 12 10 ll 10 lo )0-9 10-8
10

10 10 10 10

To try to make a numerical comparison of theory
and experiment it is necessary to decide what val-
ues of I, J, np and wp are appropriate for actual
experimental conditions, and this not entirely
straightforward. Values for I, J, and wp have
been selected on a "best estimate" basis with no
effort to choose values that yield agreement of
theory and experiment. Values for I, J, and wp

FIG. 14. Variation with I of dd and 7 for parameter
values estimated to correspond to experiment. Dashed
lines show extrapolation to small I values. Open circles
show experimental r and LEE for step-function infrared
radiation, determined from data of Fig. 1. Also shown
are experimental data of Fig. 6. See text for comments.
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data of Fig. 5. See text for comments.

Therefore 4I and ~ were found for a series
of larger values of I, which could be done with a
fairly small amount of computer time, and the
results were extrapolated to small values of I, as
shown by the dashed lines in Fig. 14. The extrap-
olation suggests that for the estimated experi-
mental parameters the model gives 0 F/8= l. 9 and

=3.5&&10 . This value of ~ corresponds to a
value of & = r„/nDT = 3. 5 msec. Thus both 4F/J
and t are fairly close to the values obtained using the

laser diode, as shown by the open circle points of

Fig. 14, obtained from the data of Fig. l.
It is also of interest to compare the curves of

Fig. 14 with the data obtained using the CO2 laser
at 10.6 p.m, shown in Fig. 6. The data of Fig. 6

were plotted in Fig. 14 using the information that
the largest infrared intensity in Fig. 6 was about

100 mW/cm and letting dF have the value that
made d.F/J for the theory the same as the ratio of
stimulated to background luminescence intensity in

the data. As can be seen, the agreement is only

fair as to the slope of the curves where they are
roughly linear and the maximum in the data is not

given by the theory at all. The fact that the ex-
perimental curve lies below the theoretical one is
not so disturbing in that the theoretical I is a single
step function and the experimental I is a repetitive
pulse train. Experiments with the laser diode

(Sec. II C) showed that the stimulated signal is
always smaller for repetitive pulses than for a
step function, presumably because there is inad-
equate time between pulses for stored charge re-
plenishment.

Figure 15 shows the model results for the vari-
ation of hF/J with J for no = 10, wo = 10, I= 5

x10, compared to the data of Fig. 5. The theo-
retical slope is in bad agreement with the mea-
sured one, possibly due to ignoring the dependence
n„oon time and photoexcitation intensity (see end
of Sec. III}.

To sum up, the model reproduces most of the

qualitative effects in the data, and gives the right
order-of-magnitude results for AF/J and r, but

it does badly on a detailed quantitative basis.

VI. DISCUSSION

The model presented in this paper is the first
quantitative effort to explain the kinetic behavior
of stimulated luminescence within the framework
of the theory of donor-acceptor pair luminescence.
This treatment is based on Dohler's work and ex-
tends his work in two ways. First, Dohler did not
consider the details of the photoexcitation and

trapping processes, or formulate his treatment in
terms of rate equations, as was necessary for the
calculations described here. He considered the
cases of luminescence with steady photoexcitation,
decay of luminescence following steady photoexci-
tation, and decay of photoluminescence following
a pulse of photoexcitation. Because they involve
steady photoexcitation, the first two cases can be
handled without rate equations and without consid-
ering the details of the photoexcitation and trapping
processes. This is not true for the last case,
where the photoexcitation does not last long enough
to produce an equilibrium situation. Dohler
assumed that immediately after a pulse of photo-
excitation, Q(r, 0) =go= const Give.n the assump-
tions about photoexcitation and trapping embodied
in Eq. (7), the curves in the left half of Fig. 11
show that Dohler's assumption is not strictly valid,
in that the various Q(r} increase from 0 at differ-
ent rates. The second extension of Dohler's work
is, of course, the inclusion of a mechanism for
inf rared stimulation.

The author is aware of only one other quantita-
tive treatment of such effects, by Matossi'4 in 1956.
His efforts were directed at understanding experi-
mental observations of dynamic infrared quenching
of photoconductivity and luminescence in CdS.
Matossi formulated and solved rate equations for
a model consisting of three single energy levels,
the conduction band, traps, and luminescence cen-
ters. Luminescence was assumed to arise from
conduction-band-to -luminescence -center transi-
tions, and all the traps were treated on an equal
footing. The present theory differs from his prin-
cipally in the additional conceptual input from the
donor -acceptor pair luminescence model.

The understanding of many of the luminescence
bands in ZnS has consisted of a gradual recognition
of the necessity for the concepts of the donor-
acceptor pair model. This evolution in thinking
can be traced in a series of papers by various au-
thors dating from the proposals of Prener and

Williams in 1956, and culminating in the more
recent work of Shionoya and co-workers, and

of Riehl, Baur, and co-workers. Thus, in con-
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sidering their longer-wavelength-infrared-stimu-
lation results, the discussion of Baur et a/. ' j.s
very much in the context of the donor-acceptor
pair model. But their description of the stimula-
tion process differs from the model of this paper
in that they were most reluctant to ascribe the
effect of the infrared radiation to the production of
donor-level-to-conduction-band transitions, de-
spite the fact that this is the simplest assumption
that can be made, and the existence of experimen-
tal evidence by Kukimato et al. that such an in-
frared absorption process does occur. As best the
author can understand from reading the discussions
of Baur et al. , this reluctance stemmed from the
belief that the assumption of donor-to-conduction-
band transitions also entailed the conclusion that
the stimulated luminescence was due to conduction-
band-to-acceptor transitions, which would be in-
consistent with the experimental properties of the
luminescence. This difficulty is removed in the
present model by the simple assertion that the
electrons promoted to the conduction band are
promptly retrapped. This assertion is almost de-
manded if it is assumed that photoexcitation con-
sisting of acceptor -to-conduction-band transitions
results in donor-acceptor pair lumjnescence. It
would be very desirable to have direct experimen-
tal evidence on whether the infrared radiation pro-
motes electrons to the conduction band. To that
end attempts were made to observe the effect of
the infrared radiation on the sample conductivity.
These attempts failed due to difficulty in making
electrical contact to the sample below 7'7 K, as
mentioned in Sec. IIA. However, Becker and
Risgin' have observed infrared-induced photocon-
ductivity in self-activated ZnS using infrared radi-
ation with wavelengths as long as 5 p. m, for which
infrared stimulability is observed at temperatures
of 7'7 K and above. Thus there is indirect evidence
that long-wavelength infrared does promote elec-
trons into the conduction band.

As pointed out in Sec. V, the model presented
here is in good qualitative accord with the experi-
mental kinetic data except in predicting that the
stimulated luminescence saturates with increasing
infrared intensity, rather than passing through a
maximum, as observed. Additionally, the model
is only partially successful on a quantitative basis.

There are several aspects of the experimental
results that the model does not purport to explain,
especially the infrared wavelength dependence and
temperature dependence of the stimulated lumines-
cence. Within the context of the model, the sim-
plest explanation of the loss of stimulation with in-
creased temperature is that increasing the tem-
perature frees electrons from traps into the con-
duction band, simulating the presence of back-
ground infrared radiation. This possibility has

been discussed by Baur et al. But with this ex-
planation, it is difficult to understand why there
continues to be infrared absorption induced by
photoexcitation at temperatures well above those
where stimulation is quenched, as reported by
Kukimoto et al. ,

' and also observed in the samples
used here.

The infrared wavelength dependence, within the
context of the model, would most simply be attrib-
uted to the wavelength dependence of the infrared
absorption induced by photoexcitation. Unfortu-
nately, the infrared stimulation spectra reported
by Baur et al. are rather structured, while the
induced-infrared-absorption spectra reported by
Kukimoto et al. ' are quite smooth, even though

they occur in nearly the same wavelength range.
Such comparisons should be made, however, be-
tween spectra taken on the same sample, since it
is known that the impurity content of ZnS is exceed-
ingly difficult to control. Also, there may be other
sources of stimulation-spectra structure that are
not accounted for in the present model. For
example, the details of the transport process have
been ignored. These may depend on the conduc-
tion-band state that is reached by an electron after
infrared absorption, or may be complicated by the
effects of a high-impurity density, as discussed,
for example, by Redfield and Wittke. 7

To summarize, the theoretical model of this
paper describes fairly well most of the kinetic be-
havior of the long-wavelength infrared-stimulated
luminescence at low temperatures. But there re-
main difficulties in understanding other aspects of
the stimulation process. These aspects probably
relate to the detailed quantum structure of the im-
purity states involved, and a good understanding
may not result until optical-quality crystals with
well-controlled impurity content become readily
available.
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APPENDIX A: SOLUTION OF EQS. (7) AND
CONSERVATION RELATION

Solutions to Eqs. (7) have been obtained for the
case of I and J constant and initial values of m and
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Q that are not the steady-state solutions appropri-
ate to the values of I and J.

The steady-state (equilibrium) solutions of Eq.
('7), obtained by setting dm/dr=dQ/dr=0, are
given implicitly by the two relations

/+If dr p(r')Q(r')
J dr' p(r')[1 —Q(r')] '

I
1+[I+z((r)')]/m

'
(A1)

The solutions of these equations are found by a
self-consistent iterative procedure in which a trial
m is assumed, Q is calculated, and m is then cal-
culated with this Q and compared to the original
trial value.

Equations (A1) can be used to find a conserva-
tion relation. By multiplying out the Q equation,
eliminating m in it with the m equation, and per-
forming fdr'p(r') on the result, it is found that for
steady st;ate

f dr' p(r')Q(r')z()(r ') = J'= m —(m +I)

&& f dr' p(r')Q(r') (A.2)

The first equality reflects the fact that in this mod-
el there is no loss, so the total steady-state lumi-
nescence intensity must equal the pump intensity.
The first equality also implies that the steady-state
luminescence is independent of whether I is zero
or not, so that the infrared stimulation of lumi-
nescence is transient.

The complexity of Eqs. (I) is pointed out by their
mathematical characterization as an infinite non-
linear system of first-order ordinary differential
equations with nonconstant coefficients. In the
present treatment the coefficients are made con-
stant by treating I and J as step functions, and the
system is rendered finite by computing integrals
over r' by the method of Gaussian quadratures.
Thereby the values of the integrand at only 16 val-
ues of r' were required, so that the time evolution
of only 16 Q's need be traced. The accuracy of
the x integration could be verified by insisting
that the steady-state conservation relation Eq. (A2)
was satisfied. It was found that the proper upper-
limit cutoff on the x' integrals was sensitive to the
value of n~.

Initially an attempt was made to solve Eqs. (7)
by straightforward point-by-point iteration using
the first two terms of a Taylor series at each point.
But it was found that the balance of terms in the
dm/dr equation was so delicate that very short
time increments were required to keep the solution
from diverging. These increments were much
shorter than were required by the dQ/dr equation
and an immense amount of computer time was con-
sumed without effecting much change in Q. This
problem was avoided as follows. Assuming the

7. dependence of Q is known, the exact formal solu-
tion of the dm/dr equation can easily be written
down and manipulated to express m(r) in terms of
m(r —d, r) and integrals of functions involving Q(r)
in the intervals from ~-67' to T:

( )=e.) (- f '(.'..)~' ( -~.)
~ f:&";(') ~ ) (- f'(", )&"),

where

zz(7) = J+If dr' p(r')Q(r', z),

~(r}= fo
«' p(")[1 Q('-, 7)]

Q is extrapolated linearly between 7 —b.w and & by
assuming

Q(r') =Q(& -n&)+~ [r' —(r hr)] -(A4)
(T-aT )

for ~ —b 7 ~ ~ ~ 7'. Thus if m and Q are known at
r —d r, then Q is known approximately over the
interval from 7'-b, 7 to 7 and m at 7 can then be
found. For example, the process might begin at
r = 0 with the m and Q obtained from Eq. (Al) with
I= 0 and continue until the rn and Q obtained from
Eq (Al) .with IoO are reached. The fact that the
solutions do indeed go to the m and Q values com-
puted from Eq. (Al} provides some confidence in
the method. It was found that the largest possible
step size n. r is roughly 1/z()o. For conservation
of computer time, the computation may be carried
only to 7 sometimes. As the computation is car-
ried out, quantities like F and q are also computed.
Other combinations of step-function changes in I
and J, as described in Sec. IV, can be handled
within this framework.

APPENDIX B: IMPROVED TREATMENT OF ACCEPTORS

The rate equations obtained by inserting Eqs. (5)
and (6) into Eqs. (4) and normalizing are

=8[1 —fdr'p(r', 7)Q(r', v)] +If dr' p(r, r)
dT

x()(r', ) — ( —fdx' p(r', ),~ Z(,
(»)

=[p(r', &) p(
' )Q-(r', )]

—Ip(r', v')Q(r', r) —W(r )p(r, r)Q(r', 7),

where the normalized quantities are as defined in
Table I except for

J=I„,C/nzzT,

n=pzzron~[(n„/nD) —1+m+ fdr'p(r', r)Q(r, &)],

p(r', r}= 3n(r)r" e ""'"' . (B2)

Thus p is time dependent, being a function of n(r),
which is a functional of pQ. It is therefore neces-
sary to let m and pQ be the independent variables
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rather than m and Q, as in the case discussed in
the text and in Appendix A. For the case where I
and J are constant and the initial values of m and

pQ are not the steady-state values, Eqs. (Bl) can
be solved according to the same basic program as
outlined in Appendix A for Eqs. (7). Given initial
values of m and pQ, then f dr' p(r', 0)Q(r', 0), n,
and p can be found. The equation for d(pQ)/dr can
then be evaluated at T =0, and pQ can be linearly
extrapolated to its value at 4T. The exact formal
solution of the dm/dr equation can then be manipu-
lated to give m(4r) in terms of m(0) and integrals
involving pQ between 0 and 4T. Repetition of this
process generates the solution.

Although the method of solving Eqs. (Bl) is con-
ceptually the same as for Eqs. (7}, there is a dif-
ference in computational complexity, because it is
necessary to reevaluate p at each new step in an
iterative process. For example, the equations
equivalent to Eqs. (Al) are

Z [1 —f dr' p(r')Q (r')] + If dr' p(r')Q(r')
1 —f dr' p(r'}Q(r') +J

)
p(r')

1+[[I+w (r')/m] I

(BS)

The solution proceeds iteratively by guessing a
value for f dr' p(r')Q(r') and then computing m.
Next p and pQ can be found, and then the value of
f Cr' p(r')Q(r') is computed and compared to the
original guess. As mentioned in Appendix A, the
choice of limits in the integrations is quite sensi-
tive to the shape of p, which is governed by the
value of n. Since n is changing with each step of
any of the iteration processes, it may be necessary
to adjust the integral limits at each step. These
various difficulties mitigated against an extensive
study of the solutions of Eqs. (Bl), although the
results would be interesting and the solutions not
impossible to obtain.

APPENDIX C: SCALING OF RATE EQUATION/
WITH nDT

Equations (7) have an approximate scaling prop-
erty that is important. The effect of changing

nnT to nnT/$ is, from the definitions in Table I,
to multiply w, I, and Jby (. If u, I, and J in
Eqs. (7) are replaced by fw, (I, and (Z, it is
found that the equations can be rewritten in terms
of m'=m/$ and r'=r/$ as

I

, = (1/('I!J lf dr' p(r')Qtr')—
dT'

dr' p
r' 1-Q r' (Cl)

, = —IQ+m [1 —Q] —wQ.

These equations differ from the original ones ($ = 1)
only in the over-all factor of 1/$ in the dm'/dr'
equation. Since the equilibrium values of m and

Q are found by setting Eqs. (7) to zero, as dis-
cussed in Appendix A, these equilibrium values
will be the same as for m and Q when $ = 1. Fur-
ther, it is found to be numerically true that for all
the cases studied dm'/dr is so small that m'(r') is
very nearly given by setting the bracket of the
dm'/dr' equation to zero, so that the 1/$ factor is
unimportant. Thus the quantities m (r ) and Q(r )
have the same values at T = $T, for $ 41, as did
the quantities m(r) and Q(r) at time r, for $ = l.

The approximate scaling results imply that the
two quantities most readily compared with experi-
ment, 4F/J and t (see Sec. VA), do not depend
on nI, T in this model. Both 4I" and J are multi-
plied by $ when nDT is divided by $, since both are
proportional to u, and hence their ratio is un-
changed. T is divided by $ because the maximum
in b,F occurs when T = $T has the value of & for
$ =. 1, and since t and 7' are related by t„=v/nnT, '

t„is also unaffected by dividing nDT by $.
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