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Measurement of the probabiHty distribution of thermally excited f1uxoid quantum transitions
in a suyerconducting ring closed by a Josephson junction
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The thermally induced distribution of transitions between fluxoid quantum states of a superconducting ring

closed by a Josephson junction has been measured. The observed dependence of its width a on temperature,

ring inductance, and weak-link critical current, as well as its shape, confirms the recent theoretical results of
Kurkijarvi, cr ~ L(i,)" T ".

%e report here the first diagnostic measure-
ments of the effect of thermodynamic fluctuations
on the transitions between the fluxoid quantum
states of a superconducting ring closed with a.

Josephson junction. Recent studies have charac-
terized fluctuations in the Josephson junction it-
self. ' However, the system consisting of a
superconducting ring shunted by the junction has
resisted experimental study because the intrinsic
fluctuations in the internal flux ft are much smaller
than the noise of the best available measuring in-
struments„superconducting flux detectors. %e
have, however, devised experiments which over-
come this difficulty and allow study of the intrinsic
fluctuations through their effects on the transitions
between fluxoid quantum states induced by an ap-
plied flux.

In the absence of thermal fluctuations, external
flux applied to a superconducting ring induces just
enough supercurrent to preserve fluxoid quantiza-
tion until a potential barrier preventing transition
vanishes. Then the supercurrent in the ring decays
abruptly and a fluxoid is admitted. With fluctua-
tions these transitions are distributed stochasti-
cally over a range of values of applied flux (t)„

which is reduced from the discrete value Q„, ex-
pected in the absence of fluctuations. Ne report
here measurements of the probability distribution
P(g„) for induced transitions, with accuracy better
than 0.002fo, ~here ft)() is the flux quantum. Re-
cently, Kurkijarvi, here referred to as (K), has
analyzed the dynamics of the transitions between
fluxoid quantum states and has calculated the func-
tional form of the transition distribution. Our mea-
surements confirm his results including the explicit
termperature dependence of the distribution width
o o= T ' under the conditions where the energy spac-
ing between fluxoid quantum states is much larger
than k& T su,ch as is common in various quantum
superconducting devices. W'e have also measured

the dependence of cr on ring inductance I. and junc-
tion critical current i, . Kurkijarvi and %ebb
have applied (K)'s theory to fluctuations in the
SQUID where these fluxoid transitions take place
at radio frequencies.

The system treated in (K)'s calculation of the ef-
fect of thermal fluctuations assumes a superconduct-
ing ring of inductance I closed by an ideal Josephson
junction shunted by small capacitance C and resis-
tance R. Fluxoid quantization implies that the
phase difference across the weak link is —2m//P() „'
Thus, the total current through the ring is i = —i,
xsin(2m@/go}+ V/R+ VC, where V= —Q is the volt-
age across the line. The flux (15 threading the ring
is then related to the applied flux P„by

Q = Q„-Li, sin(2vg/$0) —I.CQ —I.p/R

Equation (1) is homologous with the equation of
motion of a classical particle of mass C and damp-
ing constant '0 = 1/RC in an effective potential

U(P, P, ) = (P —P„)'!2I,—(i, P /2w) cos(2wg/Q ). (2)

The behavior of the system in the limit of large
p can be understood by considering its trajectory in

U(P„Q, ); see Fig. 1. The essential feature is that
thermal fluctuations effect transitions from the po-
tential trough associated with the initial fluxoid
quantum state over a potential barrier to a lower
energy fluxoid state. As P, is increased the po-
tential barrier preventing transitions hU(P„} de-
creases, finally vanishing at a critical value |t)„„
but thermally induced transitions occur over a
range P, & Q„, with the distribution P(P„}rather than
occurring only at P„,. Expressing P„ in terms of
ay„= p„, —y„, (K) finds thatwhenf, i, » 6 p„hU(hp, )
= (2'/Sv)$0(Deb„/I. }~"i,"3. (K) also finds that if
p, is constant, P(p„) has the width

o=o„I.I, (2~a, r/y f P"(2/4&28"

in the relevant limit, where {@0/2@Ii, } «1. The
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FIG. 1. Potential U(rtr, r(rJ surface for $„=0 to 3prr
and Q = @o to -4$O in the case where Lg, =8$o. When ft)„
= 0 the system will be trapped around a minimum such
as point A in the potential. well associated with a fluxoid
quantum state. It is constrained by a potential barrier
at B. Since chU(p„= 0) = U(p~) —U(P~) is much greater
than kaT, it is unlikely that a fluctuation will be able to
drive ft) over 8 to a point of lower potential near C. As
(3e)„ is slowly increased (p~/$0«Jt/L) the potential energy
increases along the vaOey A-A" and the system can be
carried to a point near A' where the barrier at 8' is
smaller and a fluctuation induced trmMIition to C' is more
likely. In the absence of fluctuations the system would
follow the dotted path with a transition from point A',
where ft) = f~ and SU=0, to point C" thus fluctuations
displace the transition to lower g„.

coefficient O„depends paly very weakly on jh„ l. ,
R, i„and T and is = 0. 3 for our experiments.
Therefore, occt, 'ItT 131.. For rings with L-10 H

and t', -10 'A, rr isabout $4o. (K) predicts
(&((r,) = (P„- ((r„)= —,rid for our slow sweep rates
(r)r, -a few r))o/sec).

We measured the distribution P(rlr, ) by applying
a periodic ramped flux of sufficient amplitude to
induce several fluxoid transitions in the sample
ring. The flux inside the ring was monitored by
an rf-biased SQUID weakly coupled to the sample
through an rf shield using a dc flux transformer.
The distribution P(rtr, ) was established either by
recordiag in a multichannel analyzer the values
of ft)„at which the transitions occurred for -10~
cycles of ft)„, or alternatively by summing the
SQUID output with a signal averager for suc-

eessive cycles so that the resultant accumulated
signal was proportional to rood P(rfr, )dry,

To exclude external noise the entire system was
elaborately shielded from rf and magnetic fields,
reducing the ambient field to & 10 ~G. The weak
coupling (a & 0.02) between the sample and the
monitoring SQUID ensured that virtually all the
noise in the monitoring circuitry was excluded
from the sample except a small portion of the
SQUID's audio modulation which introduced demon-
strably negligible effects. Variation of ~ verified
the adequacy of isolation. Temperatures were reg-
ulated to -10 p,K. Many of the design details have
previously been described. 9' 0

For these measurements double rings connected
in parallel were machined from a single block of
superconducting niobium and were closed by a
point contact (see Fig. 2). For this system I is
an effective inductance (essentially the parallel
combination of the inductance of the separate rings)
and P„ is an effective applied flux depending on ge-
ometry. Both of these effective parameters were
determined by direct measurements made under
the same conditions as the measurements of P(p„),
thus automatically correcting for any effects of the
measurement circuits such as the diamagnetism of
the dc transformer. The behavior of these point-
contact weak links is consistent with that of weakly
coupled low- capacitance Josephson junctions. The
current-phase relation of point contacts in our sam-
ples was measured directly for critical currents as
large as 0. 5x1{}~A " %e found the higher-order
terms in i = g„ f„sin2rtrrrtr/((ro to be less than 5% of i& .
Henkels measured I-V curves of identical point con-
tacts with critical currents up to 4& 10 6A and found
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FIG. 2. Superconducting double ring. The weak link
is provided by contact between the pointed niobium screw
and the oxidized niobium flat screw.
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FIG. 3. Measured transition distribution I'(g„) vs hP„
for T=2. 8 K and Ii,=3/0, rhft)„= ft)„,—ft)„. The solid line
is the theoretical curve fitted to the data mth 8=1 0 and
I =5 x 10 0 H. Representative statistical errors are
shorn for four points.

FIG. 4. Temperature dependence of (0./i, ' L) && (5
& 10 H/Po) in mks units. The data for two contacts
(open and filled circles) across one ring are plotted using
& = 5 & 10 ' H. Measured temperature-dependent critical
current for these contacts is sholem as i,(L/&0) in the
insert. Data for hvo other rings (open and filled trian-
gles) are plotted using values of I measured vrith 5% ac-
curacy. The solid curve showers (K)'s theoretical result.

good agreement with calculations assuming the dc
and ac Josephson equations. '

The measured absolute widths of the distributions
agree with the theory within the accuracy of the mea-
surement of the ring inductance (usually 20%, but in

one set of experiments, 5/o}. One typical distribu-
tion (out of about 50 cases measured) is shown in

Fig. 3. Ne have fitted the theoretical curve to the
data by assuming R = 1 0 and then adjusting the value
of the inductance to I.= 5& 10 ~o8; an independent
measurement yields l. = (4. 8 + 1.0) &&10 H. Al-
though direct measurement of R was not possible in
a closed ring, our previous experience as well as
published results of others suggests 1 0 for a rea-
sonable estimate. The only effect of a, change of a
factor of 10 in R is a change of less than 61o in the
best fit value of f, . The slight broadening (-llo)
of the observed distribution and smearing of the
sharp corner due to the known instrumental noise
in the detection system is noticeable

nearing,

/Po
~0 6

Figure 4 shows the temperature dependence of the
parameter o/(i~is L, ) for several rings with 2$o & Li,
& Vgo. The data for two contacts (open and filled
circles} across one ring were fitted using I.= 5
x 10 ~o H as the single (slightly) adjustable param-
eter as described above. The measured temper-
ature-dependent critical current for these contacts
is shown in the insert. Data for two other rings
(open and filled triangles) are plotted using more
precise values of I. experimentally determined with
5% accuracy. The solid curve shows (K)'s theoret-

ical result without adjustable parameters. The
agreement with experiment is evident. The explicit
T dependence of cr was also checked by a least-
squares fit of the form o~ T /i,"' to the data yield-
ing &= 0.64+0. 08 in accord with the theoretical
value of —,. Similarly, a fit of r ooio', /7+3 yielded 5

=0. 37 + 0. 06 in accord with the theoretical 5= —,'.
%'e have also directly measured the inductance de-
pendence of cr by filling some of a ring's enclosed
area with a niobium plug to change the inductance

by about a factor of 2. The relative values of I.
were measured to better than 5% and the corre-
sponding reductions in the transition width agreed
with theory within this accuracy.

%e conclude that the experimental results are in

good agreement with the theory. The observed
magmtudes and functional dependence of P(P„) on

temperature, critical current and inductance, as
well as the distribution shape„confirm Kurkijarvi's
calculations and thus his model for the thermal
fluctuations in this system. The particular explicit
temperature dependence of o arises simply from
the functional form of the energy barrier &U(P, ).
The remarkable power of theeffectisdemonstrated
by noting that in our conditions the fluctuations re-
duce the value of the external flux P, at which tran-
sitions occur by --', $0 to a point where the energy
barrier 4U(P„) is still -20kaT. Finally, we note
that the sensitive methods developed for these mea, -
surements may be useful in the study of the various
weak link structures currently of interest. "'"
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