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Optical signatures of valence-band mixing in positive trion recombination
spectra of double quantum dots
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We consider optical signatures of valence band mixing in positive trion and exciton complexes in vertically
stacked InGaAs quantum dots. We use the configuration interaction method and an axially symmetric four-band
Luttinger-Kohn Hamiltonian (KL) that allows for heavy-hole and light-hole band mixing due to spin-orbit
interaction. A scalar effective hole mass model is also included for comparison. We found essential differences
(i.e., different recombination patterns) between the KL and separated-bands model spectra. In the weak-coupling
regime for KL model, we obtained a good agreement with experimentally observed X patterns in contrast to the
scalar effective mass model.
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I. INTRODUCTION

The external electric field applied along the axis of a pair
of vertically coupled quantum dots [1–3] tunes the carrier
localization within the system, segregates the electrons from
holes and thus dissociates exciton and exciton complexes.
Since the photoluminescence signal is observed from a single-
pair of dots, i.e., a single artificial molecule [4–8], the optical
experiments provide a rich set of precise data on the properties
of the confined carriers and their interactions within the
system [9–20].

In the last several years, there has been an increasing interest
in the semiconductor nanostructures confining holes of the
valence band, and the confined hole systems. The main moti-
vation for this is the present state of knowledge in the field of
spin interactions, which suggests that confined electron spins
are ruled out as information carriers in III-V semiconductors
due to coupling to the nuclear spin field and that the spins of
holes are more promising candidates for this task [9,10]. The
holes of the top of valence band occupy wave functions built of
p-type atomic orbitals for which the Fermi contact interaction
with nuclei vanishes, in contrast to electrons of the bottom of
conduction band where wave functions are formed by s-type
orbitals. Due to the degeneracy of the top of the valence band,
the hole orbitals of the artificial molecules differ significantly
from the electron ones. Namely, as a result of the valence band
mixing, an antibonding hole ground state was found [11–14],
a phenomenon that has no counterpart in natural molecules.

Usually, the hole systems in quantum dots are studied
by means of capacitance voltage [15] and tunneling [16]
spectroscopy. A positive trion is the simplest of exciton
complexes that allows to study both hole-hole and electron-
hole interactions in photoluminescence (PL) spectroscopy
experiments in the few-eV energy range [17,18], with a
precision of a fraction of μeV.

Charged complexes have been studied experimentally with
photoluminescence spectroscopy (see Ref. [17–19]). In partic-
ular, for positive trions, characteristic X patterns were found in
the experimental spectra. In Refs. [17,18], also the g factor of
a positive trion near the X pattern was measured, as a mean for
determination of the bonding/antibonding hole character. A
PL experiment on positive trions in laterally coupled quantum
dots was also conducted [20]. A full configuration interaction

study of the spontaneous recombination of neutral and singly
charged excitons (trions) in single semiconductor quantum
dots was presented in Ref. [21]. Positive trions in quantum
dot molecules were theoretically studied with a single-band
effective mass model for holes and within the approximation
of frozen lateral degrees of freedom [22].

In the present work, we investigate the consequences of
valence band mixing in photoluminescence spectra of positive
trions: whether it results in the formation of an antibonding
hole ground state within the trion and, if so, what are the
PL signatures of such a state. We employ a configuration
interaction method and a scalar effective mass model for
electrons. We use a four-band axially symmetric version
of the Luttinger-Kohn hole Hamiltonian (KL) that allows
for heavy-hole (HH) and light-hole (LH) band mixing as
a result of spin-orbit interaction. The results are compared
with an isotropic single-hole effective mass approximation.
We demonstrate that in a strongly coupled asymmetric
molecule as well as in symmetric systems, in the central
part of the spectrum, there is a remarkable reversal of
maximum/minimum recombination probability between the
KL and separated-bands models. We explain that this is a direct
consequence of the antibonding/bonding character of the two-
hole ground state in the positive trion. We find that the trion
dissociation pattern is completely different for both models
for certain barrier thickness with respect to recombination
energy shift and particle tunneling sequence. We obtained the
energy redshift/blueshift reversal in the low dipole moment
recombination lines and we discuss its role in the different
dissociation pattern formation. The results are also compared
to the ones obtained previously for negatively charged trions.

II. THEORY

We consider below both the exciton and the positive trion.
We compare results obtained with four-band Kohn Luttinger
[23] and separated-bands Hamiltonians with isotropic effective
masses for heavy and light holes. We work in the effective
mass approximation and envelope ansatz. We model the
confinement potential of the pair of vertically stacked InGaAs
quantum dots by a double rectangular quantum well along the
z axis of heights 2.0 and 2.1 nm for the bottom and the top
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dots, respectively. The depth of the well results from the band
offset between the InGaAs dot and the GaAs matrix. Since
all phenomena related to the interdot tunneling and exciton
dissociation occur in the growth direction (z axis), for simplic-
ity, we take an infinite quantum well for the confinement in
the direction perpendicular to the growth direction. Moreover,
the dots are assumed circularly symmetric, with radius
R = 10 nm.

We use the following Hamiltonian for the exciton consisting
of an electron in the conduction band and a hole in the valence
band:

Ĥexc = ĤeI + Ĥh + Ĥ int
eh + Ĥ F

exc, (1)

where I is the identity matrix of the space (HH↑,LH↓,LH↑,

HH↓) = (| 3
2 ,+ 3

2 〉,| 3
2 ,− 1

2 〉,| 3
2 ,+ 1

2 〉,| 3
2 ,− 3

2 〉). For the positive
trion formed by two holes and an electron, the operator

Ĥtrion = Ĥh1 + Ĥh2 + ĤeI + Ĥ int
e,h1 + Ĥ int

e,h2 + Ĥ int
h1,h2 + Ĥ F

trion

(2)

is used, where Ĥh represents the one-particle Hamiltonian for
a hole (Ĥh1 and Ĥh2 “first” and “second” holes in the trion,
respectively), Ĥe stands for the one-particle Hamiltonian of
an electron, Ĥ int

αβ = ± 1
εrαβ

I is the Coulomb interaction for a

pair of particles (α,β) (atomic units). Ĥ F
exc = e(zh − ze)F I

and Ĥ F
trion = e(zh1 + zh2 − ze)F I are the external electric field

Hamiltonians as the field is externally applied along the z axis
(F is the field strength) for the exciton and trion, respectively.

The kinetic energy of an electron in a nondegenerate
conduction band is given by T̂e = − 1

2m∗
e
∇2

e . The kinetic energy
for the hole in the valence band is calculated using the axial
approximation of the KL Hamiltonian [23] accounting for the
light- and heavy-hole bands that are degenerate at the top of the
valence band. The Hamiltonian written in the basis presented
above has the following form:

T̂h = K̂L =

⎛
⎜⎜⎜⎝

P̂+ R̂ −Ŝ 0

R̂∗ P̂− 0 Ŝ

−Ŝ∗ 0 P̂− R̂

0 Ŝ∗ R̂∗ P̂+

⎞
⎟⎟⎟⎠ , (3)

where P̂+ = 1
2 [(γ1 + γ2)p̂2

⊥ + (γ1 − 2γ2)p̂2
z ], P̂− = 1

2 [(γ1 −
γ2)p̂2

⊥ + (γ1 + 2γ2)p̂2
z ], R̂ = −

√
3

2
γ2+γ3

2 p̂2
−, Ŝ = √

3γ3p̂−p̂z,
p̂− = p̂x − ip̂y , and p̂⊥ = p̂2

x + p̂2
y . γ1,γ2,γ3 are Luttinger

parameters.
The one-electron and one-hole-band eigenfunctions have

the form

�el
j (	re) = exp(ilφ)Jl

(
κklρ

R

)
Zn(z), (4)

where Jl is a Bessel function of the first kind and κkl is the
kth zero of that function. The one-hole KL eigenfunctions are
four-component spinors,

�ho
jh,lh

(	rh) =

⎛
⎜⎜⎜⎜⎜⎝

ξ
HH↑
jh

eilhφ

ξ
LH↓
jh

ei(lh+2)φ

ξ
LH↑
jh

ei(lh+1)φ

ξ
HH↓
jh

ei(lh+3)φ

⎞
⎟⎟⎟⎟⎟⎠

, (5)

for the state of the total angular momentum
(lh + 3

2 )�.
In the calculations, we assume a dielectric constant ε =

12.9. All the other material parameters were taken from
the work of Vurgaftman et al. [24] using nonzero bowing
parameters when appropriate. In this paper, the degenerate top
of GaAs valence band and the bottom of the GaAs conduction
band are assumed as reference energy levels, for the hole
and the electron, respectively. Therefore all the recombination
energies given below are calculated with respect to GaAs
band-gap energy.

The evaluation of the Coulomb matrix elements of exciton
basis functions is done by translating the problem of six-
dimensional integration to solving the Poisson equation with
appropriate inhomogeneity [25] by the sequential overrelax-
ation method on meshes with multigrid strategy. At the be-
ginning, the one-particle electron Hamiltonian eigenequation
for electrons and one-band one-particle hole Hamiltonian
eigenequations are solved. Separable parts of those wave func-
tions in the growth direction [Zn(z) in Eq. (4)] are determined
by a direct diagonalization on a one-dimensional mesh with
mesh spacing �z = 0.1 nm. Then the hole eigenfunctions are
obtained in a basis constructed with k ∈ {1,2}, n ∈ {1,30}, and
l ∈ {−6,3}. Next, the variational basis for the exciton and the
trion is constructed.

The trion basis functions are constructed with hole function
antisymmetrization

�trion
ζ (	re,	rh1,	rh2) = �trion

ke,le,ne,jh1,lh1,jh2,lh2
(	re,	rh1,	rh2)

= �el
ke,le,ne

(	re)
[
�ho

jh1,lh1
(	rh1)�ho

jh2,lh2
(	rh2)

−�ho
jh2,lh2

(	rh1)�ho
jh1,lh1

(	rh2)
]

(6)

using KL (or separated-bands) eigenfunctions corresponding
to the 36 lowest eigenenergies and electron one-particle
eigenfunctions with ke = 1, le ∈ {−2,2} and ne ∈ {1,2}, which
gives the basis of 360 elements for the exciton and 6300
elements for the trion.

In this work, the radiative recombination probability of
interband excitonic transitions is calculated using the envelope
approximation to Fermi golden rule,

I = |	ε · 	pif|2 = |	ε · 〈uvin | 	p|uvfi〉〈χin|χfi〉|2. (7)

In the foregoing formula, ufi and uin are electron Bloch
functions of the final or initial state, respectively, and χfi

and χin are electron envelope functions of the final or initial
state, respectively. This procedure leads to final expressions
for normalized oscillation strength for the exciton,

I =
∑

j∈{HH↑,LH↓,LH↑,HH↓}
ηj |Ij |2,

Ij =
∑

ζ

cζ

∫∫
d3	rhd

3	reξ
j

jh1
(	rh)ei(lh1+a)φ

×�el
ke,le,ne

(	re)δ(	rh,	re), (8)
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(a) (b)

FIG. 1. (Color online) (a) Definition of terms united, dissociated, and disrupted that are used in the text for characterization of the trion
initial states and recombination lines. (b) Color line sequence used in spectra figures. Dash-dotted lines denote the initial trion state (singlets
or triplets), dash lines denote the final hole states.

and for the trion,

I =
∑

j∈{HH↑,LH↓,LH↑,HH↓}
ηj (|Ij,1|2 + |Ij,2|2),

Ij,1 =
∑

ζ

cζ

∫∫∫∫
d3	rh1d

3	rh2d
3	red

3	rhfiξ
j

jh1
(	rh1)

×ei(lh1+a)φ�el
je

(	re)�ho
jh2

(	rh2)�ho
fi (	rhfi)

×δ(	rh1,	re)δ(	rh2,	rhfi),

Ij,2 =
∑

ζ

cζ

∫∫∫∫
d3	rh1d

3	rh2d
3	red

3	rhfiξ
j

jh2
(	rh2)

×ei(lh2+a)φ�el
je

(	re1)�ho
jh1

(	rh1)�ho
fi (	rhfi)

×δ(	rh2,	re)δ(	rh1,	rhfi), (9)

where [26] ηHH↑ = ηHH↑ = 1,ηLH↑ = ηLH↑ = 1
3 , a ∈ 0,2,1,3

[see Eq. (5)], and hfi refers to the final state of a hole that
remains after the electron-hole recombination.

The actual intensities of the experimental spectra are
affected by formation probability of the initial states that
strongly depends on the way the sample is excited [27].
Moreover, in order to produce a PL signal the initial state
needs to survive till the recombination. The excited states
relax to the ground-state by emitting phonons and infrared
radiation due to the intraband transitions. We simulate these
effects by multiplying the recombination probabilities by a
Boltzmann-like factor of exp(−�E/Er ), where �E is the
spacing between the initial and the ground states of the trion
or exciton, and where we set Er = 34 meV [28].

III. RESULTS

For a more specific characterization of the recombination
lines, the particle localization diagrams were added to the
figures presented in the following sections (Figs. 2, 5, 8).
Only positive trion emission lines (and not neutral exciton
lines) have been described in this way for transparency of the

pictures. The mentioned diagrams are tables with two rows
and three columns. The left column presents the localization
of the electron in the initial trion state. The central column
presents the localization of the hole in the initial trion state.
The right column presents the localization of the final hole. The
upper row is for the top dot and the lower one for the bottom
dot. The localizations were determined by calculating the
charge density of the relevant particle. The majuscule denotes a
whole or a dominant part of the charge density. The minuscule
denotes a minority of the charge density. The asterisk denotes
a radial in-plane excitation visible in the particle density.

The red lines correspond to the neutral exciton recombina-
tion. All the other colors mark the positive trion recombination
to different final hole states. Black lines indicate recombination
to the ground state of the hole, blue lines to the first
excited state, and the sequence continues in the following
order: brown, green, orange, violet, and pink. The terms
united, dissociated, disrupted (used for description of particle
location), and the color line sequence are illustrated in Fig. 1
[29].

Energy spectra obtained for an asymmetrical dot pair are
presented on Figs. 2, 5, and 8 for barrier thicknesses D

equal 4.1, 7.1, and 10.1 nm, respectively. The recombination
probability is presented as the size of data points (and hence
as the thickness of lines).

A. Asymmetric dots, strong coupling: double maximum

The overall type of the energy spectra in Fig. 2 is quite
similar for KL (a) and for separated-bands (b) Hamiltonians.
Generally, the KL Hamiltonian leads to slightly lower energies
of the whole spectrum. The “ground” recombination line of
the trion (i.e., recombination line from the ground initial state
of the trion to the ground initial state of the hole) originates
from a singlet state. It has two maxima, one for a negative
and one for a positive value of Fz with a single minimum in
between. This structure is an effect of interplay between the
change in the energy of the initial state and the energy of the
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(a) (b)

FIG. 2. (Color online) Energy spectrum and recombination probabilities (marked as line width) for positive trion and exciton vs electric
field intensity parallel to z axis. The case of asymmetric dots with barrier width D = 4.1 nm: (a) for the KL Hamiltonian and (b) for the
unmixed HH and LH bands Hamiltonian. Red color indicates the exciton recombination probability and black is for the trion recombination to
hole ground state. Particle localization diagrams are described in the text. A letter “s” denotes a singlet initial state, “t” denotes a triplet state.

final hole state. The central minimum corresponds to a roughly
even distribution of particle densities between the dots.

To investigate the origin of double maximum, we calculated
(i) the energy difference between the singlet ground initial
trion state and the first excited singlet initial state and (ii)
the energy difference between the ground final hole state
and the first excited final hole state. Both energy levels are
shown in Fig. 3. If every particle is located entirely in one
of the dots then the level has an approximately constant
dipole moment. Also the energy difference of such two levels
has approximately constant dipole moment and hence it is
nearly linear as the function of Fz. We identify minima of
the initial states energy difference (green line) as a hole

)b()a(

)d()c(

FIG. 3. (Color online) Energy difference between two lowest-
energy singlet states (green line) and between two lowest-energy
nondegenerated hole final states (red line) for an asymmetric system,
4.1 nm barrier. Each blue line marks a tunneling interval of the
corresponding particle. (a) and (b) For the KL Hamiltonian. (c) and
(d) For the unmixed HH and LH band Hamiltonians. See text for
details.

tunneling in the trion state. We also identify the minimum
of the final states energy difference (red line) as a hole
tunneling in the final state. We have also determined tunneling
intervals for each particle (ends marked with blue vertical
lines) [30]. The resulting tunneling intervals have been marked
on relevant fragments of the respective spectra (Fig. 4). It
can be noticed that maxima in transition energy between
the initial trion ground state and the final hole ground state
(ground-ground) correspond approximately to the tunneling
of initial state holes [Fz ∈ (−10.8, − 6.9) kV/cm and Fz ∈
(4.6,8.4) kV/cm for KL model; Fz ∈ (−3.1,0.7) kV/cm
and Fz ∈ (5.3,8.9) kV/cm for separated-bands model] and
central minimum corresponds approximately to the final hole
tunneling [Fz ∈ (31.7,35.6) kV/cm for the KL model; Fz ∈
(24.5,28.4) kV/cm for the separated-bands model]. Moreover,
the sequence of the tunneling processes is identical for the KL
and the separated-bands results. The tunneling processes are
separate in both cases.

B. Asymmetric dots, strong coupling: strong Fz limits

With the increase of the absolute value of Fz, the ground
line eventually decreases both in the energy and in the
recombination probability. This is a sign of a complete
disruption of the initial trion [by disruption we mean that
the electron is localized in one of the dots and both holes are
localized in the other one, see Fig. 1(a)]. It should be noted
that for strong coupling the process of trion dissociation as a
function of the applied external field proceeds continuously
over a relatively large interval of Fz. In this regime, particles
are not unambiguously localized in one of the dots (especially
the electron).

For strong Fz, we also find bright levels that tend to stabilize
their energy. These lines acquire the energies of approximately
−255 meV for Fz = −100 kV/cm and −265 meV for Fz =
+100 kV/cm in the case of the KL and −250 meV for Fz =
−100 kV/cm and −260 meV for Fz = +100 kV/cm in the
separated-bands case [Figs. 2(a) and 2(b), respectively]. The
discussed levels correspond to the dissociated [see Fig. 1(a)]
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(a) (b)

FIG. 4. (Color online) Fragments of the corresponding spectra from Fig. 2 with tunneling intervals from Fig. 3 marked by vertical lines:
green for trion initial state hole, red for final state hole.

positive trion, with their dipole moments approaching zero
in the very strong electric field. These levels are in fact the
strong field limits for four distinct states: a triplet-originating
level that approaches the given limit from “below” and a
singlet-originating level that is coming from above (and from
this point they will be referred to as limit levels). The energies
of these lines approach the corresponding single dot neutral
exciton line. This is because the dissociated trion is effectively
decomposed to the exciton state and the second hole in the
other dot. The difference in the energy between the trion
and exciton states comes from the residual interdot Coulomb
interaction.

C. Asymmetric dots, strong coupling: bonding/antibonding
character

Let us compare the separated-bands model results with
the KL model results. The first slight difference between
results obtained for both Hamiltonians can be found in
dissociated levels: the KL Hamiltonian yields many more
hole anticrossings of small energy in that section of the
spectrum than the separated-bands Hamiltonian. This is a
consequence of the fact that KL permits formation and mixing
of the states that would be completely unmixed when the
bands are separated. The space spanned by the eigenstates
of the KL Hamiltonian is therefore much bigger. The most
significant difference between the spectra is the reversal of
the maximum and the minimum of recombination probability
within the central part of the spectrum between the lowest lying
singlet level (the black “ground” recombination line) and the
lowest lying triplet state (the black “first excited” level, i.e.,
recombination from one of the triple degenerated first excited
trion states to a final hole ground state). In the KL model, the
ground level has a minimum of the recombination probability
in the vicinity of Fz = 0 and the first excited level has maximal
recombination probability in the same region. In the separated
bands, the pattern is reversed. This is a direct result of the light
and heavy-hole band mixing, leading to the formation of an
“antibonding” hole ground state [11–14].

The heavy-hole ground state is always bonding in character
for Fz = 0 (in particular, it has even parity for a symmetric dot

system) and so is the light-hole ground state in the single-band
model. However, the KL Hamiltonian mixes the bands in such
a way that its eigenstates have leading heavy-hole and lead-
ing light-hole components of opposing “bonding/antibonding
character” (i.e., bonding HH and antibonding LH components
and vice versa). As the low-lying KL eigenstates have a
heavy-hole contribution much larger than their light-hole
contribution, the bonding character of the whole KL eigenstate
is determined as the bonding character of the dominating HH
component of that state [31].

In the central point of the spectra Figs. 2(a) and 2(b)
(Fz < 25 kV/cm), the particle density scheme is nearly
the same for the ground level and for the first excited
level (for clarity purposes, only the diagram for the ground
level has been placed in the picture). In conclusion, the
particle localization can not be responsible for the variation
of probability mentioned above. To describe the process of
maximal/minimal recombination probability reversal, we have
studied the bonding character of the hole part of the trion,
the electron part of the trion and final hole state for both
Hamiltonians. The electron part of the trion state in the
low-energy states was assumed bonding, as a free electron is
described by a scalar effective mass and thus it has a bonding
ground state (similar to the separated hole band) and the small
value of this mass makes the excitation energy high. The
final hole bonding/antibonding character was determined by
calculating the expected value of parity along the z axis:

〈Pz〉fin
h =

∫
�∗

fin(φ,ρ,z)�fin(φ,ρ, − z)d3 	rfin, (10)

and the bonding/antibonding character of the hole part of
the trion state was determined by calculating the normalized
expected value of parity along the z axis:

f ( 	re, 	rh1, 	rh2) = �∗
trion( 	re,φh1,ρh1,zh1, 	rh2)

×�trion( 	re,φh1,ρh1, − zh1, 	rh2),

〈Pz〉trion
h =

∫
f ( 	re, 	rh1, 	rh2)d3 	red

3 	rh1d
3 	rh2∫ |f ( 	re, 	rh1, 	rh2)|d3 	red3 	rh1d3 	rh2

, (11)

where �fin( 	rfin) and �trion( 	re, 	rh1, 	rh2) are the relevant final hole
and trion wave functions, respectively.
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(a) (b)(a) (b)

FIG. 5. (Color online) Same as Fig. 2 only for interdot barrier of 7.1 nm. Blue color is for trion recombination to a hole first excited state
and the other colors are for successive excited final hole states.

For the separated-bands Hamiltonian [Fig. 4(b)], the central
energy minimum for the ground level occurs for Fz =
7.7 kV/cm and for the first excited level, for Fz = 8.4 kV/cm.
The calculated expected values of a final hole parity in that
point equals to 0.22 and 0.15, respectively, so it is bonding [31].
The calculated normalized parity values of the trion hole
part in these points are equal to 0.44 and 0, respectively, so
both holes in the trion ground state are bonding while one
is bonding and one is antibonding in the first excited one.
Therefore we can write “bonding character description” in the
form of (〈Pz〉trion

e ,(〈Pz〉trion
h1

,〈Pz〉trion
h2

),〈Pz〉fin
hfin

) (marking + for
the bonding character and - for the antibonding character)
for the ground level recombination, (+,(+,+),+), and for
the first excited level, ( + ,(+,−), + ). The formula for the
recombination probability depends on the overlap of electron
and hole parts, and also on the overlap value of the hole part
and final hole state. If the particles are distributed more or
less equally between the dots (as in the central region of the
spectrum), then the overlap between the states of opposite
bonding character is more or less equal to zero. In the ground
level transition ( + ,(+,+), + ), all particles occupy bonding
orbitals and the mentioned situation does not occur. However,
in the excited level transition ( + ,(+,−), + ), either the
electron bonding orbital does not match the hole antibonding
orbital or the bonding final hole state does not match the
hole antibonding orbital. In consequence, the recombination
probability vanishes in the first excited level but not in the
ground level.

For the KL Hamiltonian [Fig. 4(a)], the central energy
minimum occurs for Fz = 7.9 kV/cm and for the first excited
level, for Fz = 8.3 kV/cm. The expected values of final hole
parity in those points equals −0.28 and −0.25, respectively,
so the hole in the final state occupies an antibonding orbital.
The normalized parity values of the trion hole part in the
mentioned points are equal to −0.35 and 0.03, respectively,
so both holes in the trion ground state are antibonding, while
one is bonding and one is antibonding in the first excited
one. The “bonding character description” for the ground level
recombination is ( + ,(−,−), − ) and for the first excited level,
( + ,(+,−), − ). In the transition from the first excited level,
the electron of the bonding orbital recombines with the hole

of the bonding orbital. Then the final state of the hole is the
antibonding ground state and matches the remaining hole from
the trion initial state. On the other hand, the recombination
from the ground state is forbidden since both holes occupy
antibonding orbitals and do not match the symmetry of the
electron bonding orbital. In consequence, the recombination
probability vanishes in the ground level but not in the first
excited level.

D. Asymmetric dots, the case of medium coupling

The central part of both the KL [Fig. 5(a)] and separated-
band [Fig. 5(b)] spectra for barrier thickness 7.1 nm contain
a series of large anticrossings due to the interdot electron tun-
neling [32]. However, unlike the previous case, a remarkable
difference between the results in the shape of the spectrum
is also visible. The dissociated trion limit levels (described
above for 4.1 nm barrier) appear also in this system. They
are represented by the black line, and are accompanied with
lines in other colors with similar energy behavior. Other colors
represent recombination to the successive excited states of the
final hole. The mentioned “color” levels mark the transition
from the dissociated trion states in which the excitonlike part
(i.e., electron and the hole parts of the trion function localized
in the same dot) is very similar to the relevant parts of the
trion state in the “black” dissociated level and the “odd” hole
part is very similar to the relevant excited final hole state
(levels of that kind have been illustrated with diagrams for the
barrier 10.1 nm, below). Therefore the argument for energy
convergence holds also in the case of the “color” levels.

For a barrier thickness of 7.1 nm, another interesting level
can be seen that is a result of recombination from a united
trion state (i.e., the trion state in which all particle parts are
localized in a single dot, see Fig. 1). The united limit levels
have energy circa −257 meV (black line) for Fz = −100 and
−259 meV (blue and then brown line, discontinued) for Fz =
20 kV/cm in the KL results [Fig. 5(a)]; −255 meV for Fz =
−100 kV/cm (black line), and −257 meV for Fz = 60 kV/cm
(pink line, discontinued). It should be noticed that while in
Fig. 5(a) the high field energy limit lies over the exciton line
(is blueshifted), in Fig. 5(b), the limit lies under the exciton
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FIG. 6. (Color online) Same as Fig. 3 only for interdot barrier of
7.1 nm.

energy (is redshifted). The key difference between the spectra
in Figs. 5(a) and 5(b) (described in the next paragraph) is a
consequence of the shift type reversal. This observation is one
of the main results of this work.

The lowest lying black line in the central part of the
spectrum (Fz = −10 kV/cm) is connected with a united trion
state in the results for both Hamiltonians (see diagrams). On
the left side of that point, the level behavior is also the same:
an electron tunnels to the bottom dot leading to a complete
disruption of the trion state. On the right side of the central part,
the behavior of the black line with increasing Fz is connected
to the hole tunneling and differs depending on the model. Like
earlier for the strong coupling case, for closer investigation,
the singlet-singlet and final hole states energy difference was
calculated and the tunneling intervals determined (Fig. 6).
The obtained intervals have been also marked on relevant
fragments of the spectrum (Fig. 7). In the KL computation
for Fz ∈ (−0.7,2.1) kV/cm, one of the holes of the trion state
tunnels to the bottom dot and then for Fz ∈ (3.3,5.5) kV/cm

the final hole in the ground-state tunnels to the bottom dot (the
united type level continues as the blue and then brown line
visible in Fig. 5, like described in the previous paragraph).
The result is a large (over 2 meV) rapid descent of the
black energy level. This tunneling sequence is the same as
in the strong coupling case and leads to the formation of a
distinct conformation of levels and their anticrossings, which
is known as the X pattern [22]. Next, in a field interval Fz ∈
(5.5,34.5) kV/cm, the level corresponds to the dissociated
trion case. Afterward, for Fz ∈ (34.5,37.2) kV/cm, the second
hole part in the trion state tunnels to the bottom dot resulting
in a disruption of the trion state. In the separated-bands model
for Fz ∈ (4.5,5.6) kV/cm, a hole in the initial state tunnels to
the bottom dot and, simultaneously, for Fz ∈ (4.3,5.2) kV/cm,
the final hole in the ground-state tunnels to the bottom dot.

One should note (i) the reversed tunneling sequence with
respect to the results of the KL model for a 7.1-nm barrier and
for both models in the strong coupling case and (ii) the fact
that the tunneling intervals largely overlap (also in contrary to
previously presented results). Those changes in the tunneling
process are connected to another shape of the spectrum: a
relatively small but rapid increase in energy. The sole reversed
order of the tunneling of the initial and final state holes would
cause an appearance of a X pattern reversed in energy with
respect to the KL model. This is because both holes tunnel in
the same way, but the energy of the recombination level is equal
to the energy of the initial trion state minus the energy of the
final hole state. Thus the impacts of both tunneling processes
on the dipole moment are of opposite signs. However, the
overlap of the mentioned intervals destroys the X pattern.
As the recombination level gets two dipole moment shifts of
opposing signs and similar magnitude nearly simultaneously
(in terms of Fz), the resulting overall energy shift is relatively
small.

Finally, for Fz ∈ (29.2,30.4) kV/cm, the second hole
tunnels to the bottom dot and disrupts the trion state. The
difference between the qualitatively very distinct phenomena
of the large rapid decrease and small rapid increase in energy
is effectively an effect of the blueshift/redshift change of the
united trion level (as the dissociated trion level energy is
always convergent to the exciton level energy).

(a) (b)

FIG. 7. (Color online) Fragments of corresponding spectra from Fig. 5 with tunneling intervals from Fig. 6 marked by vertical lines: green
for trion state hole, red for final state hole.
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(a) (b)

FIG. 8. (Color online) Same as Fig. 2 only for interdot barrier of 10.1 nm. Blue color is for a trion recombination to a hole first excited
state and the other colors are for successive excited final hole states. The dotted line indicates the region presented in Fig. 10(a).

The process of a steplike trion dissociation similar to the one
described above for Fig. 5(a) is visible in Fig. 1(a) of Ref. [18].
The rapidly descending positive trion recombination level
crosses the neutral exciton line before the latter is involved
in an anticrossing corresponding to the exciton dissociation.

The recombination probability reversal is not present for
7.1 nm barrier thickness, due to the weaker tunnel coupling
with respect to 4.1 nm. There is no region where the particle
distribution between the dots is approximately equal so that
the recombination probability would be governed by the
bonding/antibonding character of the states.

E. Asymmetric dots, weak interdot coupling

The results for a barrier thickness of 10.1 nm are presented
in Fig. 8. The series of wide anticrossings that result from the
electron tunneling are the main feature of the central part of
the spectra (like in Fig. 5). Both the levels connected to the
dissociated and those connected to the united trion states are
visible. United limit levels have energy of circa −259 meV for
both Fz = −55 kV/cm (black line) and Fz = 5 kV/cm (black
and then blue line) in the case of the KL Hamiltonian and
−256 meV for both Fz = −50 and 10 kV/cm in the case of
the separated-band Hamiltonian. The dissociated limit levels
are present as the blue and then black lines with energies
convergent to the neutral exciton. Numerous other states with
nearly zero dipole moment appear in Fig. 8 for the KL and
separated-bands case. Those levels are similar to either the
united or the dissociated trion levels with the difference that
one of the holes in the trion state is in-plane excited (see
diagrams, the excitation is marked with an asterisk) and the
final hole state is an in-plane excited state (hence the various
line colors).

For closer investigation of the trion dissociation process,
the singlet-singlet and final hole states energy difference was
calculated and the tunneling intervals determined (see Fig. 9).
The obtained intervals have been also marked on fragments of
relevant spectra (see Fig. 10).

The process of 2-step trion dissociation for the KL Hamilto-
nian in the system of two dots with 10.1-nm barrier is the same

as for the barrier thickness of 7.1 nm. The “ground black line”
corresponds to the united trion state in the interval of about
Fz ∈ (−30,1.67) kV/cm. In the field intensity scope of (1.67,
2.64) kV/cm, a trion hole tunneling to the other dot occurs.
For Fz ∈ (2.91,3.70) kV/cm, the final hole in the ground-state
tunnels to the bottom dot. The step of complete trion disruption
is not visible as it lies beyond the scope of the figure (Fz >

5 kV/cm). The X pattern that is located at the right end of this
interval is analogous to the one in Fig. 5(a). The black line
continues after a rigid drop with energy slightly smaller than
the neutral exciton line energy [clearly visible in Fig. 10(a)].

This kind of X pattern for a positive trion has been observed
experimentally in Ref. [19] [see Fig. 1(b), the frame with X+
symbol; keep in mind the reversed direction of electric field
and neglect the electron-hole exchange energy in our work].

In the case of the separated-bands Hamiltonian for barrier
thickness 10.1 nm the black line appears to have a jump
discontinuity in the full-scope picture, Fig. 8(b), but is in fact
continuous as can be seen in the more detailed Figs. 10(b) and
10(c). The character of the “ground black line” for 10.1 nm
is somewhat similar to the 7.1 nm case. The hole tunneling
sequence is also reversed with respect to KL model, as the
final hole and trion hole tunneling intervals are (3.566, 3.599)
and (4.957, 5.023) kV/cm, respectively. The difference is that
in the weak-coupling case the two hole tunneling intervals are
completely separated.

(b)(a)

FIG. 9. (Color online) Same as Fig. 3 only for interdot barrier of
10.1 nm. The top scale in (b) is for the green line and the bottom scale
is for the red line.
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(a) (b)

(c) (d)

FIG. 10. (Color online) (a)–(c) Fragments of the corresponding spectra from Fig. 8 with tunneling intervals from Fig. 9 marked
by vertical lines: green for a trion state hole, red for a final state hole. (a) is for KL, (b) and (c) are for separated-bands models.
Left and right energy scales in (b) and (c) describe bottom and top halves of the relevant picture, respectively. The linewidth is
proportional to the square root of the recombination probability. (d) A fragment of the spectrum in Fig. 8(b) without recombination
probabilities.

The visibility of the X pattern depends on the relative
position of the tunneling intervals. The nonhorizontal levels
(with high dipole moment) acquire visibility only near relevant
anticrossings. If the anticrossings include only small Fz

intervals and are completely separated [like in Fig. 8(b) case]
then the X pattern is absent from the recombination spectrum
as the relevant recombinations are forbidden. To illustrate
this more clearly, the energy (and not the recombination
probability) of the relevant levels is presented in Fig. 10(d). The
black line shifts downward in energy with increasing Fz and
the blue line shifts upward in the KL model results [Fig. 10(a)].
The results of unmixed HH/LH subbands exhibit reversed
pattern [Fig. 10(a)]. This is a consequence of the reversed
hole tunneling sequence (Fig. 9) and was already discussed in
the previous section. Apart of that the X patterns are similar
[compare Figs. 10(a) and 10(d)]. It should be noted that the
substantially larger tunneling intervals widths in the KL model
are a consequence of the mixing of the LH components into
the HH-mainly states. The light holes are significantly weakly
localized in the dots and thus have greater tunnel coupling and
this causes also increase in tunneling couplings of the relevant
states in the KL model.

F. Symmetric dot pair

Let us now focus on a special case of the system of two dots
of identical size. We assume the height of both the bottom and
the top dot to be 2.0 nm in this case. The calculated spectra for
the symmetric dot system are presented in Figs. 11, 12, and 13
for various barrier thickness; (a) shows the results of the KL
model and (b) of the separated bands.

The 4.1-nm and 7.1-nm results have similar characteristics.
At Fz = 0, four trion recombination levels attain energy
extrema and their initial states are singlet, triplet, singlet,
and singlet in the order of increasing energy. In the absence
of electric field, they are grouped in two pairs; levels in a
single pair have nearly the same particle densities and differ
in the expected parity with respect to reverting the z axis (the
bonding/antibonding character). The difference between the
pairs is the excitation of the trion state in the upper pair as both
the charge density distribution and the light-hole component
(in the KL model) are nearly the same (7.3% lower pair, 6.5%
upper pair). More specifically, this is a mainly hole axial type
excitation.

For a symmetric system, separated-bands and noninteract-
ing particles, in the Hamiltonian eigenstate, the parity with
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(a) (b)

FIG. 11. (Color online) Energy spectrum and recombination probabilities (marked as linewidth) for positive trion (black) and exciton (red
lines) vs electric field intensity parallel to z axis. The case of symmetric dots with barrier width D = 4.1 nm. (a) For KL Hamiltonian and (b)
for unmixed HH and LH bands Hamiltonian. Red color indicates the exciton recombination, black is for trion recombination to hole ground
state. Particle localization diagrams are described in the text. “S” denotes a singlet state, “t” denotes a triplet state.

(a) (b)

FIG. 12. (Color online) Same as Fig. 11 only for interdot barrier of 7.1 nm.

(a) (b)

FIG. 13. (Color online) Same as Fig. 11 only for interdot barrier of 10.1 nm.
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respect of reversing the z axis is always defined. This is the
case of the final hole in the separated-bands Hamiltonian and
for each of the four components of the KL wave function.
However, the parity of the whole KL eigenstate is not defined
nor is the parity of the hole trion part. Hence the states will be
described in terms of their dominating bonding character.

The probability maximum/minimum reversal is visible
in all symmetric systems spectra. However, as the tunnel
coupling decreases in strength, the scope of Fz where
reversal phenomena appear also decreases and the effects
become significantly less pronounced. The expected value
of the parity of the final hole ground state is −0.89 in
the KL case and 1.00 in the separated-bands case (defined
parity). The electron has a bonding character in low lying
states as discussed before. The “bonding/antibonding
character description” for the trion states is ( + ,(+,+), + ),
( + ,(+,−), + ), ( + ,(+,−), + ), ( + ,(−,−), + )
in the case of Figs. 11(b) and 12(b) and ( + ,(−,−), − ),
( + ,(+,−), − ), ( + ,(+,−), − ), ( + ,(+,+), − ) in the case
of Figs. 11(a) and 12(a) in ascending energy order. An analysis
analogous to the one concerning the bonding character in
the asymmetric system can be made leading to the same
conclusion about the reason of the reversal of recombination
probabilities.

The first and the second singlet-state levels form an
anticrossing for Fz = 21, 14, 20, and 9 kV/cm in the cases
of KL 4.1 nm, separated-bands 4.1-nm, KL 7.1-nm, and
separated-bands 7.1-nm systems, respectively. The lower
triplet-state level runs straight through this anticrossing as the
singlet and triplet trion states do not mix with each other in the
presence of electric field. This anticrossing originates from
the process of the trion ground-state dissociation (one hole
part along with the electron part tunnels to the other dot). The
process is continuous as in the case of Fig. 2 rather than having
rapid step character like in Figs. 5 or 8.

The low dipole moment strong field limit levels have
energy of about −257 meV for Fz = 60 kV/cm in Fig. 11(a),
−251 meV for Fz = 60 kV/cm in Fig. 11(b), −247 meV for
Fz = 50 kV/cm in Fig. 12(a), and −241 for Fz = 50 kV/cm
in Fig. 12(b). These states are of dissociated trion type. The
united limit levels are not present in the energy range of Fig. 12
and do not play a role in the dissociation process of the trion.

The situation is different in the case of the largest barrier
thickness (Fig. 13). Both types of the limit levels are visible
with the blueshift/redshift change of the united limit levels
between the models. The shift type determines the ground-
level behavior and the type of the trion dissociation. First, in
the KL case, the line stabilizes in energy; the level becomes
dissociated [Fz ∈ (10,20) kV/cm]. Then it is completely
disrupted by the energy hole tunneling (the small anticrossing
at about Fz = 27 kV/cm). In the separated-bands case, it
is nearly stabilized almost from Fz = 0 as the united trion
type level and then trion is disrupted by high-energy electron
tunneling [large anticrossing at Fz ∈ (20,30) kV/cm].

G. Comparison with negative trion

The obtained results can be compared to the ones of
previous work [33] in order to isolate the positive and negative
trion spectra characteristics. In the case of asymmetric dots

with 4.1-nm barrier width (Fig. 2 and Figs. 2, 5(a), and 6(a) in
Ref. [33]), the main difference is that the black limit level is
connected to the united negative trion, while it corresponds to
the dissociated state in the case of positive trion. The origin of
this is the difference between electron-electron and hole-hole
interaction strengths in relation to the difference between the
effective masses of the two particles. The negative trion recom-
bination spectrum in the system with barrier thickness of 10.1
nm (see Figs. 3, 5(b), and 6(b) in Ref. [33]) is strongly different
than the relevant positive trion one (Fig. 8). In the former, the
gradual trion dissociation process is pronounced while in the
latter it occurs but it is weakly recognizable. Hence the com-
parison to the positive trion case system with barrier width 7.1
nm is more justified. The negative trion state in the first “stable
region” (i.e., the interval for which the level has a low dipole
moment just right from the electron-tunneling anticrossing;
Fz ∈ (−27, − 18) kV/cm in Figs. 3(a) and 3(b) Ref. [33])
is dissociated and the positive trion in that region is united
[Fz ∈ (−20, − 5) kV/cm in Fig. 5(a), Fz ∈ (−10,5) kV/cm
in Fig. 5(b)]. With increasing value of the electric field the
negative trion switches to the united trion state (Fz ∈ (−5,30)
in Fig. 3(a) and 3(b) Ref. [33]), while the positive trion dissoci-
ates [Fz ∈ (10,30) kV/cm in Fig. 5(a), Fz ∈ (10,25) kV/cm in
Fig. 5(b)] before the final disruption. In conclusion, differently
charged trions have an opposite dissociation mechanism as a
reaction to applied external electric field. This is also directly
connected to the reversed roles that the field limit of mentioned
levels have in these two cases: the black limit levels on the
left pictures edges denote the dissociated negative trion, as
opposed to indicating united positive trion (both Figs. 5 and 8).
The blueshift/redshift change in those levels in reference to the
exciton limit level is absent for a negative trion as it happens
only with united trion type limit levels.

IV. DISCUSSION

Note that the X pattern discussed in Secs. III D and III E
was also obtained by the heavy-hole approximation and frozen
lateral degree of freedom in Ref. [22] (compare the dissociation
pattern of Fig. 5(a) with Fig. 6(b) in the mentioned work). Our
calculations with the separated-bands Hamiltonian for holes do
not yield this experimentally observed pattern in any coupling
regime. This is due to three reasons. Firstly, in the strong
coupling regime, X patterns simply do not occur in either
the KL or unmixed-bands Hamiltonians due to a completely
different arrangement of the recombination levels. Secondly,
for a barrier width of 7.1 nm, the tunneling intervals of the
initial state hole and the final state hole overlap. Thirdly, the
tunneling intervals of the initial state hole and the final state
hole are completely separated for a barrier width of 7.1 nm. The
occurrence of the X pattern with the separated-bands Hamilto-
nian would require the hole tunneling intervals to be adjacent
but not considerably overlapping. This could be managed by
choosing appropriate parameters of the system and by that
restoring the X pattern into a recombination spectrum.

V. SUMMARY AND CONCLUSIONS

In this work, we have calculated and described the recom-
bination spectra of positive trions in an artificial molecule
consisting of two vertically coupled quantum dots in an
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external electric field. Both a realistic asymmetric case and
a theoretically interesting symmetric system were studied.
Moreover, we described qualitative changes in the trion
dissociation process depending on the model type and the
barrier width between the dots.

We found that the most remarkable difference between the
KL and unmixed-bands Hamiltonians results in the strong-
coupling regime (Sec. III A) is the reversal of the maximum
and the minimum of recombination probability. For the KL
model, the ground level has a minimum of the recombination
probability in the vicinity of Fz = 0 and the first excited level
has maximal recombination probability in the same region. For
the separated-bands model, the pattern is reversed. We pointed
to the mixing of light- and heavy-hole bands that leads to the
formation of an antibonding hole ground state as a reason for
this phenomenon. For medium and weak interdot coupling
regimes (Secs. III D and III E), the trion united level of the
lowest energy in the strong Fz limit is blueshifted in the case
of the KL model and redshifted in the case of the unmixed-
bands model. We have also indicated that in these coupling
regimes the present calculation with the KL Hamiltonian
reproduces the experimentally observed X pattern of Ref. [19].
We have demonstrated that for the same parameters the

single-band approximation of the hole does not reproduce
the experimental features and yields instead qualitatively and
quantitatively different results. In Sec. III G, we found that
the recombination probability maximum/minimum reversal
between the KL and separated-bands models in the positive
trion spectra is present for both positive and negative trions.
However, significant differences between the negative and the
positive trion dissociation processes have been found: (i) the
redshift/blueshift change between the models in the united
trion type limit levels and (ii) the change of trion dissociation
process type. The qualitative differences between the positive
and negative trion spectra described above are quite significant
and may be helpful in the process of experimental lines
recognition.
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lines. These spectra are completely illegible due to sheer number
of lines and they obviously have nothing in common with
experimental data. In Ref. [33], we set the value of Er = 34
meV to best match our results with the experimental ones. As
the Boltzmann-like factor is a very rough method of taking into
account many complex mechanisms, the value of Er is only a fit
parameter and has no physical meaning. We decided to use the
same value in this work to enable a direct comparison between
the results for the positive and negative trions.

[29] In some of the pictures, only a limited set of final states has been
taken into consideration. This is motivated by the simplicity of
interpretation and by the fact that showing too many lines would
have made the main results of our work indistinct. However,
in the other figures, more colors are presented (more final hole
states taken into account) as it is necessary for understanding
the presented processes.

[30] The energy difference between the levels involved in an
anticrossing is a parabola near the minimal energy difference.
Sufficiently far from that point, the difference should be nearly

linear as a result of subtraction of two nearly linear functions.
Hence we take points where |f ′ |

f ′′ = α as the estimates of ends of
a tunneling interval, where f is the relevant energy difference,
with α = 2. An exception is the weak-coupling separated-bands
case, where α = 0.2 is taken because of the completely different
energy scale of that case.

[31] Our analysis of obtained results uses the presented naming
convention. Also, the trion state is a mixture of basis states
of different bonding characters of the hole part in the meaning
described above. We adopt a simplifying naming convention
that assigns “bonding” or “antibonding” to the hole part in the
trion state on the basis of the dominant components of the trion
eigenstate. In the case that we describe one hole in the trion
as bonding and the other as antibonding, we in fact describe
occupied orbitals.

[32] Some of the lines in Figs. 5 and 8 are discontinued. This is an
effect of the fact that we have presented levels resulting from
recombination only to a finite set of the final hole states.

[33] W. J. Pasek and B. Szafran, Phys. Rev. B 85, 085301 (2012).
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