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Substrate-induced cross-plane thermal propagative modes in few-layer graphene
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We report the layer-number dependence of the averaged interlayer thermal resistances (Rint) of the suspended
and supported few-layer graphene (FLG), simulated by equilibrium molecular dynamics (EMD). The existence
of a silicon dioxide substrate significantly decreases the Rint of FLG at low layer number. We use the model of
long-wavelength dynamics of a nanolayer adsorbed on a deformable crystal [Kosevich and Syrkin, Phys. Lett.
A 135, 298 (1989)] to explain the appearance of the substrate-induced gaps in the FLG dispersion curves and
phonon radiation into the deformable substrate from these gap modes. The enhanced thermal conductance in
the cross-plane direction is ascribed to the phonon radiation from FLG into the deformable substrate, which
partially transfers the flow of phonon energy in FLG from the in-plane to the cross-plane direction and to the
substrate. To confirm this, we calculate the cross-plane thermal resistance of three-layer graphene supported by
an effective SiO2 substrate in which atomic masses are increased by a factor of 1000. This makes the substrate
almost immovable and suppresses phonon radiation from the supported FLG by complete phonon reflection at
the interface. The cross-plane thermal resistance of three-layer graphene supported on such a substrate is found
to be the same as its suspended counterpart.
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Since its discovery, graphene has garnered great interest due
to its many remarkable physical properties [1–4], among which
its high in-plane thermal conductivity has been suggested
as a key advantage for applications in microelectronics and
thermal management [5,6]. However, the exotic properties
of monolayer graphene are not always beneficial for the
realization of graphene devices or interconnects and, in many
cases, few-layer graphene (FLG) has more favorable prop-
erties for practical applications [7]. Contrary to its in-plane
counterpart, however, the cross-plane thermal conductivity
of FLG is supposed to be much lower due to the weak van
der Waals interaction between layers. This strongly limits the
heat-dissipation efficiency of FLG-based thermal materials.
The basal plane conduction property also notably depends on
the weak van der Waals cross-plane interactions that reduce
the interlayer scattering [8]. As a result, knowledge of the
cross-plane thermal properties of FLG becomes essential in
understanding the thermal mechanisms at play in FLG.

Several works have studied the cross-plane thermal proper-
ties of suspended FLG, including a nonequilibrium molecular
dynamics (NEMD) study [9] and a Debye model calculation
[10]. They found a decrease in interlayer thermal resistances of
FLG for increasing layer number. For supported FLG, despite
a large number of studies on the in-plane thermal properties
[11–13], how the heat propagates across the layers has rarely
been reported.

In this paper, we present the calculation of the averaged
interlayer thermal resistances Rint of FLG in both supported
and suspended configurations by equilibrium MD simulations.
We show that Rint in suspended FLG decreases with increasing
layer number and that the SiO2 substrate can decrease the
thermal resistance and enhance the effective cross-plane
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thermal conductivity. The model of long-wavelength dynamics
of a nanolayer adsorbed on a deformable crystal [14,15] and
the sound-cone concept are introduced to explain the substrate
effects on the flexural modes and the corresponding changes
in energy transfer.

In the MD simulations, suspended armchair graphene layers
(3 × 3.7 nm) and that supported on an amorphous SiO2 (3 ×
3.7 × 2 nm) with periodic boundary conditions in the x and y

directions were chosen in this study (see Fig. 1). The finite-size
effect was checked by using graphene sheets with larger cross-
sectional area (6 × 6 nm, 7 × 7 nm, and 8 × 8 nm). Similar
substrate thicknesses have been used previously in thermal
simulations [16,17]. Amorphous SiO2 which complies with
the periodic boundary condition of the graphene domain is
prepared by following the heating-quenching recipe used by
Ong et al. [17].

EMD simulations were conducted using the LAMMPS

software package [18]. The adaptive intermolecular reactive
empirical bond-order (AIREBO) potential [19] was adopted to
simulate FLG; this potential has been widely used to describe
the carbon-carbon interactions in graphene and carbon
nanotubes [20–22]. A modified Tersoff potential was used
to describe Si-Si, Si-O, and O-O interactions in silica [23].
The Lennard–Jones (LJ) potential was adopted for interlayer
interactions in FLG and the interfacial interactions between
FLG and silica, with εC-C = 2.39 meV, εSi-C = 8.909 meV,
εO-C = 3.442 meV, σC-C = 3.410 Å, σSi-C = 3.326 Å, and
σO-C = 3.001 Å [17,24]. The cutoff radius of the LJ potential
for the Si-C and O-C interactions was set equal to 2.5σ [17].
The structure was relaxed first in the isothermal-isobaric (NPT)
ensemble and then in the canonical ensemble (NVT) for 600 ps.
Atomic trajectories were then calculated in the microcanonical
ensemble (NVE) at 300 K. At least twenty ensemble averages
were considered for each thermal resistance point.

The cross-plane thermal resistance Rc of FLG can be
calculated from the following equation, which can be derived
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FIG. 1. (Color online) Spatial configuration of (a) five-layer sus-
pended graphene and (b) five-layer graphene supported on a SiO2

substrate.

from the Green–Kubo formula [25]:

1

Rc

= 1

AkBT 2

∫ +∞

0
〈pc(0)pc(t)〉dt. (1)

The averaged interlayer thermal resistance of FLG, Rint, is set
equal to Rc divided by the number of these mean resistances.
This number is N − 1, where N is the number of layers,
yielding

1

Rint
= N − 1

AkBT 2

∫ +∞

0
〈pc(0)pc(t)〉dt. (2)

The brackets denote the cross-plane heat-power autocorrela-
tion function, kB is the Boltzmann constant, A is the cross-
section area of the FLG, and T is the equilibrium temperature.
The Green–Kubo approach was used for calculating the
Kapitza resistance, as for solid-liquid interfaces [26] and
superlattices [27,28], by considering the fluctuating heat power
across the interface. In the same manner, it is possible to use
the fluctuation-dissipation theorem to express the thermal re-
sistance of a thick system as proposed in Eq. (1) [29]. Thus the
averaged interlayer resistance of a FLG system can be calcu-
lated if the total cross-plane heat power pc of FLG is taken into
account. The heat power pc is the product of the cross-plane
component of the heat flux qc and the cross-section area A:

pc = Aqc. (3)

For an N -atom solid system, the heat flux q(t) is expressed as
[30]

q(t) = 1

V

⎧⎨
⎩

N∑
i=1

N∑
j=1,j �=i

⎡
⎣1

2
rij (Fij · vi)

+ 1

6

∑
k=1,k �=i,j

(rij + rik)(Fijk · Vi)

⎤
⎦

⎫⎬
⎭ , (4)

where rij is the interatomic distance, vi is the atomic velocity,
and Fij is the interatomic force. The first term is the two-body
contribution while the second term is the three-body contribu-
tion. Note that Eq. (4) takes into account only the atoms in FLG.

Figure 2 compares the calculated values of Rint of both
suspended and supported FLG configurations. For suspended
FLG, there is a drastic Rint jump when the layer number
increases from two to four, which may be due to the change in
the number of interacting layers. The cutoff radius of the LJ
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FIG. 2. (Color online) Averaged cross-plane thermal resistance
of suspended and supported FLG versus layer number at 300 K. The
dashed line is the resistance between neighboring layers in graphite
summarized from Ref. [31]. The blue symbol refers to the case where
the LJ cutoff radius includes only one graphene layer. The magenta
symbol refers to an effective SiO2 substrate in which atomic masses
are increased by a factor of 1000.

potential is set to 10.2 Å, within which a larger layer number
brings more interacting layers and increases the interlayer
phonon coupling. For FLG with layer number larger than
four, the Rint decrease is mainly due to the size effect in
the cross-plane direction, which could be eliminated with
a sufficient number of layers for which Rint approaches the
graphite limit. A similar tendency was reported in Ref. [32],
where the inter-FLG resistance was found to decrease against
the total layer number. Unlike in suspended FLG, no significant
layer dependence is found for Rint in supported FLG, indicating
that it is less sensitive to the layer number due to the existence
of the substrate. At small layer numbers, Rint in supported FLG
is much lower than that in the suspended configuration. These
results suggest that one can reduce Rint in suspended FLG
either by increasing the graphene layer number or by adding a
substrate.

Koh et al. [33] measured the thermal conductance of
Au/Ti/FLG/SiO2 interfaces, and the corresponding resistance
is around 4 × 10−8 m2 K/W, which is one order of magnitude
larger than what is shown in Fig. 2. This is not a one-to-
one comparison because the FLG/SiO2 contact resistance is
predominant in the measured results and it is in the range of
∼10−8 m2 K/W, as is shown in various measurements [34–36]
and simulations [37,38].

The phonon dispersion relations are calculated to better
understand the cross-plane thermal properties in suspended
and supported FLG.

The phonon dispersion relation can be obtained from the
mode kinetic energy in reciprocal space. For a given polariza-
tion, p = x, y, or z, the reciprocal-space representation of the
velocity for atom i at time t is [39,40]

v
p

i,k(t) = v
p

i (t)e−ikri (t), (5)

and the per-atom kinetic energy in reciprocal space is

E
p

i,c(k,t) = mv
p

i,k(t)vp∗
i,k (t)

2
. (6)

By Fourier transforming the atomic kinetic energy, the eigen-
frequencies for a given wave vector k and the corresponding
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FIG. 3. (Color online) (a) Dispersion relation of five-layer suspended graphene. The spectra of phonon density of states calculated from
all modes (all velocity components, black line) and only from flexural modes (cross-plane direction velocity, red line) are also shown. (b)
Dispersion relation of five-layer supported graphene. (c) Flexural modes (ZA modes) branches of suspended and supported five-layer graphene
with longitudinal and transverse sound lines: in the gray patterned region, graphene modes are coupled with the propagative modes of the
substrate. The surface Rayleigh wave dispersion is shown as the gray line.

amplitudes of the mode kinetic energy can be found:

Ep
c (k,ω) =

m

∣∣∣∑i

∫ +∞
−∞ v

p

i (t)e−ikr(t)eiωtdt

∣∣∣2

2
. (7)

The transverse and longitudinal branches of the dispersion
relation are obtained by changing the polarization of the
velocities. Twenty unit cells of graphene were modeled along
the wave-vector direction. Figures 3(a) and 3(b) show the
dispersion-relation curves of suspended and supported five-
layer graphene; a in the figure equals 2.456 Å. The spectra of
phonon density of states (DOS) calculated from all modes and
only from flexural modes are also shown. DOS was calculated
from the time correlation function of the atomic velocities in
the Fourier space.

According to Fig. 3(a), the main contribution to the
spectrum of DOS below 15 THz is given by flexural modes (ZA
modes). The large density of these low-frequency ZA modes
ensures their dominant contribution to the in-plane thermal
conductivity [41]. However, when FLG is supported on a SiO2

substrate, two flat ZA-mode branches appear, which are shown
in detail in Fig. 3(c). The flat slopes of ZA-mode branches in
supported FLG indicate a low or zero propagation velocity.
Those modes are confined and their contribution to the in-plane
thermal conductivity is restrained. The faded in-plane thermal
conductivity of supported FLG was indeed observed in many
studies [12,33,42].

The observed dispersion relation of ZA modes in supported
FLG is consistent with the model proposed by Kosevich
and Syrkin [14,15], in which the vibrational spectra of an
adsorbed nanolayer either strongly or weakly bonded with a
deformable crystal were studied theoretically. In this model,
the phonon spectrum of the adsorbed nanolayer, strongly
bonded with the deformable substrate, is characterized by the
presence of gapless surface waves with the Rayleigh-wave
polarization, i.e., the surface modes of the absorbed nanolayer
move in phase with the Rayleigh waves in the substrate. A

linear (acoustic) dispersion was found in the long-wavelength
domain. Similar results were obtained in Ref. [13], where the
strong coupling between the flexural modes of graphene with
surface waves of the substrate has been shown to lead to a
hybridized linear dispersion in the small-wave-vector region.
For the nanolayer, which is weakly bonded to the substrate,
the dispersion curves both for the gapless modes with the
Rayleigh-wave polarization and for the gap modes were pre-
dicted in the long-wavelength region [14,15]. An exact agree-
ment is obtained with the present calculations for supported
FLG.

The concept of a sound cone on a deformable substrate
can be used to explain the effects of the low-frequency gaps
in the vibrational spectra of FLG on the reduction of Rint, as
is shown in Fig. 3(c). The longitudinal and transverse sound
lines were calculated from ω = Cαk, where Cα corresponds
either to longitudinal CL or to transverse CT sound velocity in
SiO2, which are set to 5950 and 3740 m/s, respectively [43].
The Rayleigh velocity CR , approximated from the slope of
the dispersion curve in the low-wave-vector domain, equals
0.88CT , which is a reasonable value in the typical range
of 0.87CT to 0.96CT , depending on Poisson’s ratio [44].
According to Fig. 3(c), the transverse sound line divides the
wave-vector–frequency plane into two regions: the one above
the transverse sound line is patterned with gray dots, and the
one below is blank. The wave vector k in graphene could
be decomposed into components parallel and perpendicular
to the plane, k‖ and k⊥: k2 = (ω/Cα)2 = k2

‖ + k2
⊥. For k2

‖ 

(ω/Cα)2, k⊥ is real and contributes to the oblique propagation
of the plane wave: u = u0e

i(k⊥r⊥+k‖r‖−ωt), where r‖ and r⊥
are the positions. This corresponds to the gray patterned
region above the transverse sound line. On the contrary, for
k2
‖ � (ω/Cα)2, k⊥ is imaginary and the corresponding wave

is the evanescent surface wave with the in-plane propagation,
u = u0e

−|k⊥|r⊥ei(k‖r‖−ωt), which exponentially decays in the
cross-plane direction. This corresponds to blank region below
the transverse sound line.
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TABLE I. Averaged interlayer thermal resistance of three-layer
graphene supported on SiO2 with modified potential depth ε of the
Lennard–Jones potential between graphene and SiO2.

ε 2ε 5ε 10ε 20ε

Rint(×10−9 m2 K/W) 1.41 1.23 0.83 0.51 0.17

By moving the graphene layer along the z direction of
the graphene-SiO2 LJ potential in the harmonic regime and
recording the corresponding force change, we can find the
coupling constant between the monolayer and the substrate
which, together with the monolayer surface mass density, de-
termines the perpendicular vibration frequency of the bonded
monolayer in the model [14,15] and yields the corresponding
frequency for graphene-SiO2 as 1.70 THz. It is exactly the
higher frequency of the modes at k‖ = 0, as is shown in
Fig. 3(c). This value is validated in Ref. [38], in which
the frequency of the uniform, with k‖ = 0, perpendicular
graphene-SiO2 vibrations is calculated to be 1.65 THz.

Judging from Fig. 3(c), when FLG is supported on a
SiO2 substrate, the formation of the band gaps brings more
ZA modes into the gray patterned regions above the sound
lines. In this region, the gap modes of FLG are propagating
modes [45] in the cross-plane direction and radiate phonon
energy into the substrate. Thus, the in-plane flow of phonon
energy in FLG will be partly transferred into the cross-plane
flow and to the energy flow into the substrate. The enhancement
of the cross-plane thermal conductance of the supported
FLG can be understood from the Green–Kubo formula (2):
the autocorrelation function of the additional equilibrium
fluctuational heat currents generated by phonon radiation into
(and from) the substrate gives a positive contribution to the
cross-plane thermal conductance.

To verify this conclusion, we calculate the cross-plane
resistance of three-layer graphene supported on an effective
SiO2 substrate in which atomic masses are increased by a
factor of 1000. This makes the substrate almost immovable
and fixed and suppresses phonon radiation from the supported
FLG by almost complete phonon reflection at the interface
between materials with very strong mismatch both in elastic
impedances and in phonon spectra [15]. In this system we
obtain the same value of the cross-plane thermal resistance
as for the suspended three-layer graphene; see Fig. 2. This

result confirms unambiguously that just phonon radiation into
the deformable substrate makes the difference between cross-
plane thermal resistances of the supported and suspended FLG.

The importance of the phonon radiation into the deformable
substrate is also confirmed by changing the strength of the LJ
potential between the FLG and SiO2 substrate: The cross-
plane resistance continuously decreases with the potential-
depth increase by an order of magnitude for the twenty-fold
increase of the LJ potential depth ε; see Table I. The increase
of the cutoff radius of the LJ potential between the FLG and
SiO2 substrate, from one to two graphene layers, which opens
a new channel of phonon energy transfer into the substrate,
also results in a decrease in cross-plane resistance from 1.78
to 1.41 × 109 m2 K/W; see Fig. 2. This result also confirms the
contribution of phonon radiation into the deformable substrate
to the difference between the cross-plane thermal resistances
of supported vs suspended FLG.

We would like to emphasize also that the substrate-induced
gaps in the calculated dispersion curves and corresponding
frequencies for the in-plane dynamics are in satisfactory
agreement with the prediction of the Frenkel–Kontorova
model, which describes the phonon dispersion relation of
a linear chain of particles bonded to a fixed periodic
substrate potential [46]. But as we conclude above, the
coupling to the fixed, phonon-free, Frenkel–Kontorova-like
substrate does change the cross-plane thermal resistance of
the supported FLG. To describe and understand the difference
between the cross-plane thermal resistances of the supported
and suspended FLG, one needs to develop the model of
long-wavelength dynamics of a nanolayer adsorbed on a
deformable crystal, like the model which was developed in
Refs. [14,15].

In summary, by using molecular dynamics simulations, we
show that the cross-plane thermal resistance in suspended FLG
decreases with the layer number, and the SiO2 substrate could
significantly decrease the cross-plane thermal resistance of
FLG with low layer number. Phonon dispersion curves show
the existence of substrate-induced gaps in the spectrum of ZA
modes of the supported FLG. The enhanced thermal conduc-
tance in the cross-plane direction was ascribed to the additional
fluctuational cross-plane heat currents generated by phonon ra-
diation from FLG into the deformable substrate. The obtained
results are important for FLG applications in microelectronics,
interconnects, and thermal-management structures.
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