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We develop an effective model to describe the statistical properties of exciton fine structure splitting (FSS)
and polarization angle in quantum dot ensembles (QDEs) using only a few symmetry-related parameters. The
connection between the effective model and the random matrix theory is established. Such effective model
is verified both theoretically and experimentally using several rather different types of QDEs, each of which
contains hundreds to thousands of QDs. The model naturally addresses three fundamental issues regarding the
FSS and polarization angels of QDEs, which are frequently encountered in both theories and experiments. The
answers to these fundamental questions yield an approach to characterize the optical properties of QDEs. Potential

applications of the effective model are also discussed.
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I. INTRODUCTION

The fine structure splitting (FSS) of excitons in self-
assembled quantum dots (QDs) poses a major obstacle for the
realization of entangled photon pairs, thus has been a subject of
extensive investigations in the past decade [1-11]. Nowadays,
it is known that FSS arises from the intrinsic nonequivalence
between [110] and [110] directions in zinc-blende crystals,
which reduces the symmetry of the underlying lattice from
T; to C, for lens-shaped QDs. Such nonequivalence is
enhanced by lattice mismatch induced local strain and dot
shape. Shape irregularities, alloys, and interface effects [12,13]
can further reduce the symmetry to C [14]. A single field (e.g.,
electric field [15-20], magnetic field [2,21], or anisotropic
stress [14,22-26]) alone is not sufficient to eliminate FSS, and
two nonequivalent fields have to be combined [8,9]. Generally,
FSS depends strongly on the local details of QDs. For instance,
two QDs with identical morphology but tiny difference in
alloy atomistic arrangement may have fairly different FSS
and polarization angle [10]. Therefore, we confront three
fundamental questions that are hard to understand: (i) Why
is the probability of finding QDs with vanishing FSS in
general very small? (ii)) Why do FSS and polarization angle
differ dramatically from QD to QD? (iii) Is there any direct
connection between FSS, polarization angle, and morphology
of QDs? The understanding of these issues is also important
for the applications of QDEs in QD lasers [27-31], where
realization of good uniformity in optical emission requires the
answers to the above questions.
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In this work, we address these fundamental issues by
developing an effective model to describe the statistics of FSS
and polarization angle for QDEs from symmetry argument.
We show that their statistics can be fully characterized using
only a few symmetry-related parameters. The connection of
this model to random matrix theory is also established. This ef-
fective model is verified both theoretically and experimentally
using several rather different types of QDEs, each of which
contains hundreds to thousands of QDs. Potential applications
of the effective model are also discussed. These results yield
an approach to characterize the optical properties of QDEs.

II. THEORETICAL MODEL

From the symmetry viewpoint, the Hamiltonian for a single
QD can be written as H = H,, + V;, where H,, contains the
kinetic energy and the potential with C,, symmetry, and V| is
the perturbation potential with C; symmetry. The eigenvectors
of H,, can be written as |3) = |I', +il4) and [4) = |, —
iT'4), where the standard basis functions for I', and I'y are
x and y, respectively [32]. So, we see that these two wave
functions are exactly along either the [110] or [110] direction.
This basic feature is ensured by C,, symmetry. On the other
hand, the time-reversal operator ® for an exciton is a direct
product of time-reversal operators for both an electron and
hole, hence ®% = 1. Moreover, all the eigenvalues of exciton
in QD are nondegenerate. Thus, we can prove exactly that the
wave functions of |3) and |4) have real representation. This
basic feature is ensured by time-reversal symmetry. For these
reasons, the Hamiltonian H can be written as [14]

H = E + 60, + ko, @))]

where £ + 8 = (3|H|3), E — § = (4|H|4),k = (3|V1]4), and
8, k € R. 0, and o, are Pauli matrices. E is the exciton
energy and A = 2+/k2+ 8% is the FSS. « describes the
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coupling between two bright states, leading to the deviation
of the emission lines from the [110] and [110] directions.
The wave function of the bright exciton can be written as
Y = cos(8)|3) + sin(#)|4), where 6 is the polarization angle
with tan(0) = k ~'(k £ /82 + «2). Hence,

A A
8= :I:E sin(260), k = :FE cos(20). 2)

The V; Hamiltonian perturbation term can be uniquely
determined with the following recipe. Assume V is the total
potential of a single QD (including all types of interactions),
and G contains all irreducible representations of the C5, group.
Forany g € G, gH,,g~! = H,,, therefore

Hy =T+ ) gVrg™ /|G|, 3)

geCG

where T is the kinetic energy and |G| is the number of
symmetry operators. Then,

Vi =V — | Y egVe™! / G]. @

geG

Obviously, Zg gVi(r)g~! = 0 for any r. The C,, symmetry
ensures the direct connection between r and grg~', whereas
there is no correlation for other coordinate pair (r, r’) when
r' # grg~'. Therefore, V;, which depends essentially on the
local morphology details of QD, should change rapidly in real
space in both sign and magnitude. We need to emphasize that
the result in Eq. (4) is quite general, for which reason the
basic observations in this work for QDEs with C;, symmetry
can be easily extended to other symmetries (see discussion in
Sec. IV).

The major difference between a single QD and a QDE is that
in the latter case, the morphology variations of different QDs
lead to the variations of both H,, and V; in a QDE. To make
the physical picture more transparently, we rewrite H,, =
H,, + 8 H,,, where H,, = (H,,) is an ensemble-averaged
Hamiltonian and & H,,, denotes the variation from QD to QD.
V1 can be treated as a random potential from the viewpoint
of QDEs due to its peculiar feature in Eq. (4). The § Hy,,
although lacking a similar feature, also possesses some degrees
of randomness. Although the effective model in Eq. (1) for
a single QD is still valid for describing the properties of
QDEs, é and « should be treated as independent random
numbers satisfying some particular distributions. Note that
both §H,, and V; contribute to the randomness of §, but
only V) contributes to the randomness of «. In this sense, we
expect (k) = 0, but () # 0 because QDs with C;, symmetry
(Vq = 0) still have finite FSS. Hereafter, we define § = 8y + &/,
where &y = (§) directly characterizes the shape anisotropy
effect of the QDEs (see following).

It is expected intuitively that the distributions of FSS (A)
and polarization angle () in a QDE should strongly depend
on morphological details of each QD, including sizes (base
diameters, heights), shapes, alloy profiles, etc. However, it
is impossible to precisely determine all these parameters for
all QDs in practical experiments [33-35]. We can circumvent
this difficulty by using several symmetry-related parameters
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to fully characterize the statistics of A and 6 in QDEs. In
general, the distribution of any observable quantity, saying
f = f(k,80,8"), is defined as

P(z) = /dﬁ’dlc 3(f — DN ,05)N(k,0), &)

where « and § satisfy normal distributions N'(x,0), with
variations 02 = (k2) and o = (8"%), respectively. The exact
distribution functions for A and 6 can be found in the
Supplemental Material [36]. This strategy enables us to
understand and then engineer the statistics of FSS and po-
larization angle of QDEs without knowing the morphological
details of each individual QD. From the statistical viewpoint,
the morphological details only affect the magnitude of the
parameters (8o,04,05).

The result is particularly interesting when QDs in the
ensemble have rotational symmetry [37], i.e., two bright states
are degenerate (§p = 0) and the basis can be chosen along
any two orthogonal directions. In this case, o5 = o}, and the
distribution of FSS A is found to be [37]

Ps) = Zsexp( — 252 (©)
5)= —s - =5,
2 P\ T g
where s = A/(A). This is the standard level-spacing dis-
tribution of the Gaussian orthogonal ensemble in random
matrix theory [37]. In a real QDE without rotational symmetry
(05 # o), but § ~ 0, we find

A
P&y = 4050

exp(—A4 AN IH(A_AY), ©)

where A4 = 1/(160,(2) + 1/(16082) and Iy(x) is the modified
Bessel function of the first kind. These results clearly demon-
strate the strong repulsion between levels. More specifically,
the independence of off-diagonal and diagonal elements leads
to the appearance of the s term in Eq. (6), which leads the
possibility of finding QDs with vanishing FSS to be very
small. Itis in stark contrast to trivial random matrix without off-
diagonal elements where strong attraction between levels leads
level spacings to be described by Poisson distribution [38] and
leads the possibility of finding vanishing FSS to be maximum
(see solid line in Fig. 2). This result agrees well with recent
experimental measurements, where only rare QDs possess
vanishing FSS. We also find that for a large class of QDEs
without exact rotational symmetry, their FSS can still be well
described by Eq. (6). In this sense, the ideal random matrix
model [37] provides a unique angle for understanding the
statistics of FSS in QDEs.

The distribution of the polarization angle 6 € [—7 /2,7 /2]
reads as [39]

1 1
P®) = 7 1 sin?(20) + n~! cos?(26)
when §p =0, where n = os/0,. Apparently, P(0)=1/n
when 1 = 1, and reaches the maximum at & = 0, &+ /2 when
n > l,oratd = £ /4 whenn < 1. The period of P(0)is /2.
It is worth to emphasize that the fluctuation of 9 is induced
by the random coupling between the bright states through V/,
therefore it is not an extrinsic effect [40]. In the following, the
validity of the above analytical results will be confirmed both
theoretically and experimentally using several rather different

®)
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types of QDEs; some of these QDEs even have relative large
8o. In the following, the validity of the above one-parameter
equations will also be examined carefully.

In the limit of 8y >> 03,0, the distribution of 6 becomes
very simple and can be understood as follows. The emissions
should polarize either along & = 0 or £7/2, thus n > 1. The
FSS is most likely to be observed at A ~ §, in such types of
QDEs, and the distribution of FSS, which is close to a Gaussian
function with width «/052 + o2, decays rapidly to zero when
|A — 89| > o5. This limit corresponds to QDEs with strong
shape anisotropy.

III. NUMERICAL AND EXPERIMENTAL VERIFICATIONS

The above results are further verified in several rather
different types of QDEs by performing large-scale atomistic
numerical simulations or experimental measurements. The
simulation is based on the well-established pseudopotential
method [41-43]. Due to the large lattice mismatch (~7%)
between the dot material (InAs) and the matrix (GaAs),
we first have to relax the total strain energy to get the
true equilibrium positions {R;,}, with i the site index and
o the atom type index. Here, the total strain energy is
modeled using the valence force field (VFF) model [11,43,44],
which has been successfully applied to various III-V group
semiconductor systems [8,11,43,45-47]. For this reason, any
small variations in alloy configuration in QDs can lead to
small variation of equilibrium positions, thus its influence
can be captured by our atomistic theory. This small variation
can lead to small changes of exciton energies at the order of
~1 meV, but can dramatically change FSSs and polarization
angles. The eigenvalues of the exciton are solved based on
the linear combination of bulk bands (LCBB) method plus
the configuration interaction method (see more details in
Refs. [41-43]). In this work, three different In, Ga;_, As/GaAs
QDEs are considered: (T1) lens QDs with x = 0.6, diameter
D =25 nm, height # = 3.5 nm; (T2) elongated QDs with
x = 0.6, diameter along [110] ([110]) direction Dy =
26 nm (Djip) = 24 nm), h = 3.5 nm; (T3) lens QDs where
x, D, and h are variables, with (x) = 0.6, (D) =25 nm,
(h) = 3.5 nm, and variations up to 10% of the corresponding
mean values. In all these simulations, the different alloy
configurations are controlled by a random seed, through which
we can mimic the random alloy effect in realistic QDEs in
experiments.

In experiments, we consider four different QDEs. The
samples are grown by solid-source molecular beam epitaxy
on the GaAs (001) substrate. GaAs/AlGaAs QDs are ob-
tained by infilling self-assembled nanoholes fabricated in
situ either by droplet etching [48] or AsBr; etching [49].
The indium-flushed self-assembled In(Ga)As/GaAs QDs are
grown by the Stranski-Krastanov technique [50]. Excitons
confined in the GaAs QD (QDE El), In(Ga)As QD (QDE
E4), and GaAs quantum-well potential fluctuations (QDEs
E2 and E3, respectively) are investigated. All numerical
results show exact linear orthogonality for the two bright
states, and in experiments, we do not observe clear ev-
idence for nonorthogonal emissions [51,52] from the mi-
crophotoluminescence spectroscopy measurements at low
temperature.
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TABLE I. Summarized parameters for different QDEs. N is the
total number of simulated or measured QDs. Ey (eV) is the mean
exciton energy, and oy (meV) is the variation of the exciton energies.
(), o¢, 8, 05, (A) (the mean value of FSS) are all in units of
ueV. i has been defined in Eq. (8). G = ((§ — (8))(k — (k)))/050,
measures the cross correlation between two random numbers. P (%),
estimated with Eq. (6), denotes the probability of QDs with FSS
smaller than 1 ueV.

QDE TI1 T2 T3 El E2 E3 E4
N 1351 1381 7714 204 412 401 240
Ex 1.240 1.210 1.186 1.598 1.722  1.768 1.386
ox 29 3.0 28.3 2.5 3.6 5.1 4.4
(k) —01 =02 —-02 -=0.1 02 —-03 —-04
Oy 1.7 2.0 1.5 2.1 23 1.3 4.4
6 —-01 =29 0.6 159 —-184 —-35 —1.7

o5 1.4 1.8 1.3 3.0 13.6 10.2 4.8
(A) 4.0 7.7 38 326 39.7 15.4 11.7

n 0.88 1.99 1.04 780 7.53 5.26 1.0
g 0.002 0.003 ~0.0 —0.041 —0.298 0.114 —0.08
P 5.0 1.3 57 ~0.0 0.2 0.1 0.5

We study several rather different QDEs here to show the
validity of the effective model. This general model is derived
from purely symmetry argument, thus can be applied to
different QDEs. In the following, we choose QDEs T1, T2, E1,
and E2 to present our major findings, while all the parameters
of the QDEs, including fitted results, are summarized in
Table I for comparison. More details can be found in the
Ref. [36].

It is readily observed that for all QDEs the distributions of
8 and « [see Figs. 1(a)-1(d)] can be well fitted with Gaussian
functions, and these random variables are independent of exci-
ton energies [see Figs. 1(e) and 1(f)]. For QDEs with circular
base geometry (T1 and T3), §o ~ 0, whereas in elongated QDE
T2 [Fig. 1(b)], the shape anisotropy leads to finite §y. These
observations qualitatively agree with the results in experiments
[see Figs. 1(c) and 1(d)], where QDs are remarkably elongated
either along the [110] or [110] direction. The cross correlation
G® between § and k s(ee Table I) is generally very small,
indicating that these two variables are indeed independent
random numbers. The experimental measured correlations are
larger than that in the simulations because much fewer numbers
of QDs are measured in experiments for each QDE. (k) ~ 0
is also consistent with the expectation.

The shape anisotropy has a dominant contribution to &,
which hence can be used to quantitatively measure the shape
anisotropy effect of QDEs. We observe that the anisotropic
effect from the lattice nonequivalence of the [110] and [110]
directions in zinc-blende crystal leads to a fairly small §y,
whereas the anisotropy from shape elongation generally leads
to significant § (hence large FSS), as observed in QDE T2 and
E1-E4. In experiments, the QDs exhibit apparent elongation
either along the [110] or [110] direction, and such strong
shape anisotropic effect is also expected for the quantum-well
potential fluctuation QDEs [22]. In this sense, this conclusion
is consistent with the recent reports by Plumhof [22] and
Huo [53].
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FIG. 1. (Color online) (a)—(d) distributions of § (e) and « (M) for
several different QDEs. The solid lines and dashed lines are the best
fit to Gaussian distribution functions (see Table I). The exciton energy
dependence of § and « is plotted in (e) and (f), respectively.
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FIG. 2. (Color online) Distributions of FSS for several different
QDE:s. In each panel, the folded line represents numerical and
experimental data, the dashed line is the best fit using Eq. (6),
and the dotted-dashed line is from direct calculation using Eq. (5)
with the three parameters from Table I. The solid line is the Poisson
distribution with the mean FSS equal to (A).
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FIG. 3. (Color online) Distributions of polarization angle for
several different QDEs. In each panel, the symbols represent the
numerical and experimental data, the solid line is the best fit using
Eq. (8), and the dashed line is direct calculation using Eq. (5) with
the three parameters from Table .

The distributions of FSS are presented in Fig. 2. The dashed
lines are the best fit to Eq. (6), while the dotted-dashed lines
are calculated from Eq. (5) with three parameters dy, o5, and
o, obtained directly by fitting § and « to a Gaussian function
(see Fig. 1). The excellent agreement between analytic fitting
functions and numerical and experimental data for §y < 205
showcases that FSS distributions can be well described by
a simple model based on random matrix theory, although it
is somewhat poorer for QDEs with large §p/o5 (see QDE
El). The distributions of polarization angles are presented
in Fig. 3 and even better agreements than FSS are generally
obtained. The good agreement between analytical curves from
Eq. (5) and simulations/experiments clearly demonstrates the
validity of our effective model. Here, we have also justified
the validity of Egs. (6) and (8) in the limit when &y # O to
providean important basis for future research in QDEs and
related semiconductor nanostructures.

IV. APPLICATIONS AND DISCUSSIONS

We now answer the three fundamental questions raised in
the Introduction. First, the probability of finding QDs with
FSS smaller than homogeneous broadening (1 ueV) reads as

1 pev 2
P = / P(AYIA ~ TPV ©)
0 8oy 0

where P(A) is defined in Eq. (7) and §yp = 0 is assumed. For
typical values of o5 and o,., P ~ 1%. When &, # 0, a prefactor
exp(—Sg / 2052) arises, which further suppresses P [see Table |
(Q:D]. Second, with a random potential Vi, it is possible to
observe two QDs with the same exciton energies and FSSs,
but fairly different polarization angles, therefore in principle
no obvious correlation between FSS and polarization angle
can be derived (Q:II). Finally, due to the randomness of § and
k, the morphology effect can be missed out in experiments
with a single QD [12,13]. However, it can be recovered from
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experiments with QDEs. We show the shape anisotropy has
a dominant contribution to g, thus, this value can be used
to characterize the shape anisotropy of QDEs. In particular,
for a QDE with a large FSS (§p > o3, 0,), the FSS itself can
be used to characterize the shape anisotropy of the QDE, in
which condition the emissions should almost polarize along
either the [110] or [110] direction (Q:III).

Several important applications of our model are in order.
First, the basic idea can be easily generalized to study the
optical properties of high-symmetric QDEs. Although the
two bright states are degenerate for QDs with C3, or Dy,
symmetry [54], the random term V| can still render the
probability of finding QDs with vanishing FSS small, as shown
in recent experiments [55-57]. For high-symmetric QDE:s,
the rotational symmetry ensures that only one parameter
o, = 05 = o is required to fully characterize the statistics of
FSS and the polarization angle. In other words, these QDEs
are always exact Gaussian orthogonal ensembles. We estimate
o ~ 1 peV using the results from Refs. [55,56], which are
smaller than that in C, symmetric QDEs (Table I). As a
result, P can be greatly enhanced [58]. Second, the effective
model is derived purely from the symmetry argument, so it
is also applicable to study the optical properties of other
semiconductor nanostructures, e.g., quantum rod, quantum
ring, and colloid nanocrystals [59-61]. As a generic feature, all
physical observations should exhibit some degrees of random
fluctuations [62]. Third, the leasing from QDEs requires the
QDs have good uniformity in optical emissions [27-31].

PHYSICAL REVIEW B 89, 205312 (2014)

The distribution of polarization, which is characterized by
n, provides important basis in future experiments to improve
the uniformity of emissions from QDE. Our results show that
QDEs with relative large shape anisotropy are essential for this
application. Finally, these results also show that controlling
the shape anisotropy (8o) of the QDE is essential to increase P
without post treatments, and such controllability has already
been demonstrated in recent experiments [63—65]. Contrarily
to the third point, the Gaussian orthogonal QDE with §y ~ 0
is best suitable for its application as entangled photon emitters
in quantum information science. We hereby conclude that all
these results and insights yield a completely general approach
to characterize the optical properties of QDEs.
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