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All-optical approach to determine the spatial shape of nanoscale electron wave functions
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A spectroscopic pump-probe method to determine the spatial shape of bound quantum states in semiconductor
quantum dots is proposed. The method uses intraband transitions between the bound states and unbound
continuum states in the host medium. The developed theoretical scheme is applicable to quantum dots embedded
in bulk material and with some modification also for other nanostructures. In particular, the analyzed pump-probe
spectra exhibit specific spectral signatures for different spatial extensions of the quantum dot confinement
potential.
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Due to their unique optical and transport properties,
semiconductor quantum dots (QDs) are one of the most
extensively studied nanostructures. They are used in a va-
riety of applications such as QD lasers [1], light-emitting
diodes [2], single photon emitters [3,4], and solar cells [5].
These applications are made possible by an improvement of
crystal growth, e.g., molecular beam epitaxy (MBE) [6] and
metal-organic chemical-vapor deposition (MOCVD) [7]. For
example, self-organized InAs/GaAs QDs can be fabricated
by Stranski-Krastanow [8,9] and Volmer-Weber [8] growth,
which results in different sizes and shapes of the QDs.
However, high quality devices, for instance, sources for
nonclassical light [10], require precise information about the
structural properties of the QDs [11].

In this respect, electron microscope techniques or scanning
tunneling microscopes are used to obtain information on the
growth, the self-assembling, and the structural properties,
especially the QD shape and size [12–14]. However, they
do not offer direct access to the shape of the electron (hole)
wave function. In Refs. [15–18] interband photoluminescence
spectroscopy is used to retrieve a parametrized exciton wave
function. There, a specific model for the QD potential is
assumed and thus the shape of the wave function is already
implicitly assumed but not directly determined. The dispersion
of the QD size can be estimated [19,20], but it does not provide
the spatial shape of the wave function.

In this Rapid Communication, we propose an all-optical
approach, which has a direct access to the spatial shape of
the ground state wave function. In particular, the electron
and hole wave function can be extracted separately. Our
method exploits optical transitions between the bound QD
(localized inside the QD) and unbound continuum states
(located in the surrounding host medium). The investigation
of bound-continuum transitions is similar to angle-resolved
photoemission spectroscopy measurements [21] in which the
transitions between bound and continuum states are used to
observe the distribution of the electrons in the reciprocal space.
We derive a relation between the Fourier transform of the QD
ground state wave function and the optical intraband spectra,
unraveling spatial information encoded in the optical spectra.

Corresponding experimental realizations come in different
forms, e.g., pulsed pump-probe experiments [22–25] or con-
tinuous wave spectroscopy. Also single beam experiments for
doped QDs are possible: The only important prerequisites are
an occupied bound conduction (valence) band ground state and
the ability to optically probe bound to continuum transitions.
Here we use pump-probe experiments. All results, however,
are obtained in the frequency domain and apply equally to
continuous wave excitation.

To illustrate the proposed all-optical scheme to determine
a QD wave function, we use an epitaxially grown InAs
QD embedded in GaAs bulk material (e.g., Volmer-Weber
growth mode) as the model system [8]. However, a much
more general statement can be made: The developed method
is applicable to determine ground state wave functions if
optical transitions of this wave function to a continuum of
free carriers can be excited. The all-optical method is similar
to angle-resolved photoemission spectroscopy measurements
of atomic systems [21]: Besides QDs, other structures of
different materials can be described with modifications by
our theoretical results. This includes impurities in bulk or
other lower dimensional structures such as quantum wells and
wires [26]. Also QDs in quantum wires [27] or QD molecule
systems [28], for example, QD superstructures [29], may be
investigated.

To start, we briefly summarize the possible QD optical
transitions in Fig. 1(a). There are interband transitions between
bound valence (v) and conduction (c) band states i and j as
well as intraband transitions between continuous bulk states k
and bound QD states. For both bands, bound states localized
at the QD and unbound bulk continuum states exist. The
continuum states are characterized by a wave vector k.

The energy difference between the bound QD state with
the lowest (highest) energy and the lowest (highest) bulk state
in the conduction (valence) band �Ei

c (�E
j
v ) determines the

spectral range of interest [cf. Fig. 1(a)]. Note that the depicted
energy gap �Ei

c,v depends on the spatial extension of the QD
potential.

The proposed experimental scheme to determine the spatial
shape of the wave function in the QD is a nonlinear two-step
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FIG. 1. (a) Level scheme of the QD model: The bulk states
have a crystal momentum k. i and j represent the QD levels. The
energy difference between the QD state i (j ) and the lowest (highest)
energy bulk state in the conduction (valence) band is �Ei

c (�Ej
v ).

Three transitions are depicted: the interband transition inside the QD,
described by a

†
v,j ac,i , and the transitions between the dot levels and

the bulk states a
†
c,kac,i and h

†
v,khv,j . (b) Pump and probe pulse exciting

the QD.

process [cf. Fig. 1(b)]: First, a pump pulse resonantly excites
the confined interband electron-hole transition [solid line in
Fig. 1(a)]. The pump pulse creates low, but finite, electron and
hole populations in the confined QD states. In a second step,
a probe pulse tests the intraband transitions resulting from the
pump created electron and hole populations [cf. dashed lines in
Fig. 1(a)]. We assume that the pump pulse induced coherence is
already dephased, when the probe pulse arrives. We show that
the spectrally resolved intraband probe absorption contains
information about the spatial shape of the QD ground state
wave function.

The Hamiltonian H consists of the free electronic contribu-
tions H0, and HL, which contains the interaction of electrons
and the classical light field,

H0 =
∑
i,λ

ελ,ia
†
λ,iaλ,i +

∑
k,λ

ελ,ka
†
λ,kaλ,k, (1)

where ελ,i(k) is the energy with the band index λ ∈ {c,v} and
a
†
λ,i(k) (aλ,i(k)) are the creation (annihilation) operators for

electrons of the ith bound QD state or the continuum state
with wave vector k, respectively.

In the dipole approximation the interaction of the electrons
with the external light field E(t) = E(t)eξ (polarization direc-
tion eξ ) reads

HL = −
∑
i,j

dcv
ij E(t)a†

c,iav,j −
∑
i,k,λ

dλλ
ik E(t)a†

λ,iaλ,k + H.a.

(2)

We include QD interband transitions (first contribution) and
QD-bulk intraband transitions (second contribution) in Eq. (2).
dcv

ij and dλλ
ik (λ ∈ {c,v}) are the interband and intraband dipole

matrix elements, respectively, in the eξ direction.

Interband transitions start at higher energies and are
separated from the intraband spectrum. We assume a radial
symmetric system, therefore it is sufficient to reduce the
calculation of the absorption to one direction eξ . However,
measurements of varying probe polarization directions could
also give information about the azimuthal symmetry of the
QD, because the polarization direction enters on the right-hand
side of Eq. (11). A broken azimuthal symmetry should be
visible in a polarization diagram of the absorption. The spectral
absorption of the probe pulse E(ω) can be calculated via the
macroscopic polarization Pintra(ω) = Pintra(ω)eξ [30],

α(ω) = ω

ncε0
Im

[Pintra(ω)

E(ω)

]
. (3)

Here n is the constant background refractive index around the
relevant transition frequencies. The probe pulse E(t) induces
the probe polarization Pintra(t),

Pintra(t) = ρQD

∑
i,k,λ

dλλ
ik 〈a†

λ,iaλ,k〉(t) + c.c., (4)

where ρQD denotes the QD volume density. Using the
Heisenberg equation of motion, we calculate the transition
amplitudes pλλ

ik = 〈a†
λ,iaλ,k〉,

∂tp
λλ
ik (t) = i

�
(ελ,i − ελ,k + iγ )pλλ

ik (t)

+ i

�
dλλ

ki E(t)(f λ,i − f λ,k), (5)

introducing a phenomenological dephasing γ . Equation (5)
can be solved in Fourier space assuming constant carrier
densities f λ,i(k) = 〈a†

λ,i(k)aλ,i(k)〉 of band λ and state i(k),

pλλ
ik (ω) = − dλλ

ki E(ω)

(ελ,i − ελ,k + �ω + iγ )
(f λ,i − f λ,k). (6)

Without electrically injected carriers there is no electron (hole)
distribution in the bulk conduction (valence) band: f c,k = 0
and f v,k = 1. Using Eq. (6) in Eq. (4) we separate the intraband
transitions induced by the probe pulse into the QD-electron-
bulk and QD-hole-bulk transitions,

Pintra(ω) = ρQD

⎛⎝∑
i

Pc
i (ω)f e,i +

∑
j

Pv
j (ω)f h,j

⎞⎠ , (7)

where

Pλ
i (ω) ≡ −

∑
k

∣∣dλλ
ik

∣∣2E(ω)(
�ελ

ik + �ω + iγ
) , (8)

with the QD-bulk energy differences �εc
ik ≡ εc,i − εc,k and

�εv
ik ≡ εv,k − εv,i . f e,i = 〈a†

c,iac,i〉 and f h,j = 1 − 〈a†
v,j av,j 〉

denote the pump induced electron and hole occupations.
Equations (7) and (8) show that the contributions from hole and
electron intraband transitions occur independently and do not
depend on the other carrier system. This is in strong contrast
to interband transitions in the QD depending on the sum of the
hole f h,j and electron density f e,i . Therefore, the absorption
spectrum is split up into an electron and a hole contribution,

αi
λ(ω) ≡ ω

ncε0
Im

[Pλ
i (ω)

E(ω)

]
. (9)
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All of the following relations hold for electron and hole
transitions (λ ∈ {c,v}), respectively. The contributions are
calculated independently and added at the end. Depending
on the carrier system (electron, hole), Eq. (9) results in
contributions at different energies. Since the spectral contri-
bution of the electronic conduction band transitions is well
separated from the hole continuum band transitions and the
transitions between the bound states are relatively sharp, we
can assume that the electronic contribution αi

c(ω) is directly
available from experiments. Therefore, results are shown only
for the electron contribution to demonstrate the procedure. We
have also checked the qualitative behavior for the hole wave
functions with similar results. To illustrate the basic principle,
we restrict our analysis to intraband transitions from the QD
(bound) ground state (i = 0).

Now we provide more analytical insight to illustrate that
the spatial information can be obtained from Eqs. (7)–(9). For
QD intraband transitions, typically the dephasing γ is on the
order of few meV [31], which is very small compared to the
transition energies (order of eV). Therefore, we assume γ → 0
to obtain the absorption

αi
λ(ω) = Vbω

8π2ncε0

∫
dk

∣∣dλλ
ik

∣∣2
δ
(
�ελ

ik + �ω
)
, (10)

with the Dirac delta function δ(�ελ
ik + �ω) and the bulk

volume Vb. αi
λ(ω) in Eq. (10) is determined by the squared

dipole moment |dλλ
ik |2 and the density of states. Calculating the

integral, Eq. (10), the density of states at �ελ
ik + �ω enters. For

a first insight, plane waves φλ,k(r) = 1√
Vb

eik·r are used for the
continuum wave functions (improved calculations are given
below). Then the intraband dipole moment reads

dλλ
ik = q√

Vb

∫
φ∗

λ,i(r)rξ eik·rdr = − iq√
Vb

∂

∂kξ

φ̃∗
λ,i(k). (11)

Here, φ∗
λ,i(r) [φ̃∗

λ,i(k)] is the QD ground state wave function
in real [Fourier] space, rξ = eξ · r, ∂

∂kξ

= eξ · ∇k, and q is the

electron charge. Obviously, for the plane wave approximation,
the dipole moment dλλ

ik is directly connected to the derivative
of the QD ground state wave function φ̃∗

λ,i(k) in the k domain.
Therefore, the dipole moment dλλ

ik in αi
λ(ω) [Eq. (10)] provides

information about the spatial shape of the QD ground state
wave function, which can be extracted from the intraband
absorption spectrum Eq. (10).

If the band structure of the QD surrounding the bulk
material is assumed to be parabolic [32],

εc,k = �
2k2

2me

+ �E0
c + εc,0, (12)

we can calculate the spectrum αi
λ(ω) using Eqs. (10)–(12),

αi
λ(ω) = Bω

√
�ω − �Ei

λ

∣∣∣∣ ∂

∂k
φ̃λ,i(k)|k=k0

∣∣∣∣2

�
(
�ω − �Ei

λ

)
,

(13)

where B = q2m
3
2

3
√

2π�3ncε0
, k0(ω) =

√
2m(�ω−�Ei

λ)
�2 , and

�(�ω − �Ei
λ) is the Heaviside function. The intraband

absorption is determined by a typical square root dependence

on the energy detuning with respect to the gap �Ei
λ and the

gradient of φ̃λ,i(k) at k0(ω). We define α̃i
λ(ω) = αi

λ(ω)
ω

,

α̃i
λ(k0) = B

k0�√
2m

∣∣∣∣ ∂

∂k0
φ̃λ,i(k0)

∣∣∣∣2

, (14)

and find for these φ̃λ,i(k),(
α̃i

λ(k0)
√

2m

Bk0�

) 1
2

=
∣∣∣∣ ∂

∂k0
φ̃λ,i(k0)

∣∣∣∣ . (15)

Assuming a monotonic behavior of the QD wave function in
the k domain (typically valid for QD ground states i = 0), one
can write

(2m)
1
4√

B�

∫ k0

0

(
α̃0

λ(k′
0)

k′
0

) 1
2

dk′
0 = ±[φ̃λ,0(k0) − φ̃λ,0(0)]. (16)

Equation (16) and its use to obtain the QD wave function
constitutes the main result of this work. It offers the possibility
to reconstruct the QD ground state wave function φλ,0 from
a measured intraband spectrum: Measuring α̃0

λ(ω) [or α0
λ(ω),

respectively] and calculating the left-hand side of Eq. (16)
provides the Fourier transform of the QD ground state wave
function φ̃λ,0(k0). The width of φ̃λ,0(k0) gives direct access to
the spatial QD shape.

However, one important point needs to be checked: The
plane wave approximation used so far neglects the dependence
of the bulk continuum wave functions on the QD confinement
potential. Since Eq. (13) is derived using plane waves, the
validity of Eq. (16) for the correct unbound states of a QD
continuum system needs to be investigated. We numerically
studied several confinement potentials such as rectangular
potential wells, and hyperbolic secant-shaped or harmonic
potentials. We find that our calculation based on Eq. (16) does
not strongly depend on the potential shape. Here, we only give
results for the inverse hyperbolic secant potential [cf. Fig. 2(a)],

Va(r) = − V0

cosh2
(

r
a

) , (17)

with height V0 [33,34] and extension a. As can be see by
Eq. (16), the method does not require knowledge of the
potential.

To determine the intraband absorption, the wave functions
for Va(r) [35] are calculated numerically using a finite
element method (FEM) solver [36]. We assume spherical
QDs with typical parameters such as �E0

c ≈ 200 meV for
the conduction intraband transition [37] and the effective mass
of GaAs [38]. We use the ansatz φ(r) = Ym

l (θ,φ)Rl(r) for
the envelope part of the wave function and solve the radial
Schrödinger equation for R0(r). The resulting QD bound
ground state wave functions are depicted in Fig. 2(b) for
different extensions of the QD potential a. To directly compare
with literature [39,40], we describe the spatial extension of
the QD potential by the localization lengths r0 [given by
the full width at half maximum (FWHM) of the QD bound
ground state wave functions]. Typical values of the localization
length r0 of self-assembled QDs are between r0 = 3 and 6
nm [39,40]. The unbound continuum bulk wave functions,
resulting from the numerical calculations, have discrete en-
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FIG. 2. (Color online) (a) Model confinement potentials for the
QD system for different spatial extensions a = 5 nm, a = 6.7 nm,
and a = 10 nm [cf. Eq. (17)]. (b) Electron QD ground state wave
function for the model potentials in (a). (c) Intraband absorption
spectra for epitaxially grown InAs QDs embedded in a GaAs bulk
material, calculated beyond the plane wave approximation and with
the QD ground state wave functions in (b). The pump pulse prepares
a density in the ground state.

ergy eigenvalues due to the finite bulk volume. Using the
parabolic dispersion Eq. (12), the corresponding approximate
k values are calculated. Using the numerically correct bound
QD ground state and unbound bulk wave functions, the
intraband absorption spectra are calculated beyond the plane
wave approximation. The result is depicted in Fig. 2(c) for
different spatial extensions a. The absorption strength for
the QD-continuum transitions are weak in comparison to
interband transitions. However, it is has been shown that
bound-continuum intraband absorption in InAs/GaAs QDs can
indeed be measured by photoinduced absorption spectroscopy
in Ref. [41] and using two-color photoexcitation spectroscopy
in Ref. [42]. Each absorption starts at the energy [cf. the
Heaviside function in Eq. (13)] sufficient to provide a transition
between the bound QD state and the energetically closest
continuum bulk state. Over frequency the spectrum reaches a
maximum and then decreases since the Fourier transformation
of the φλ,0(k) in k space also decreases [cf. Eq. (11)].

Figure 2 shows that the variation of QD parameters, i.e., the
spatial extension of the QD confinement potential determined
by a [cf. Eq. (17) and Fig. 2(a)], modifies the QD ground
state wave function, shown in Fig. 2(b), and shows a strongly
different shape in the spectra shown in Fig. 2(c). Since the pre-
sented spectra in Fig. 2(c) are numerically exact, these spectra
are used to check whether Eq. (13) can be used to determine the
spatial shape of the QD ground state wave function φλ,0(r) by
using some independently measured spectrum α0

λ. A Fourier
transform of the extracted electron ground state wave function
calculated with Eq. (13) from α0

c generates the corresponding

wave functions R0(r) in the spatial domain, (see Fig. 3 for a
comparison with the original wave function).

The behavior of the reconstructed wave function with
increasing spatial extension a is very similar to the original
QD ground state wave function [cf. Figs. 3(a) and 3(b)]. In
comparison to the original, the reconstructed wave functions
are shifted by a constant to higher r values, shown in the
inset of Fig. 3(a). Apart from that, the electron QD ground
state wave functions can be extracted with good quality from
the spectra. To show the power of our approach to obtain the
QD extension and wave function, the localization length of
the reconstructed bound wave function r0

rec is determined and
compared to the original r0

orig [cf. the inset to Fig. 3(b)]. The
linear fit has a gradient of one and an offset of 1.1 nm. The
spatial extension of the wave function can only be determined
within the error range, however, the reconstructed QD ground
state wave function can be used to clarify QD spatial extensions
relative to each other in all-optical measurements.

In conclusion, we presented a formula [Eq. (16)] to extract
information about the spatial shape of QD electron ground
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FIG. 3. (Color online) Comparison of (a) the original and (b) the
reconstructed QD electron ground state wave function for different
spatial extensions a. The reconstructed QD electron ground state
wave functions are extracted from spectra beyond the plane wave
approximation. The inset of (a) gives a direct comparison of the
original and the reconstructed QD electron ground state wave function
for a = 10 nm. The reconstructed one is shifted by a constant to
higher r values. The FWHM gives the localization lengths r0

rec and
r0

orig, which are plotted in the inset of (b) against each other. Apart
from an offset of 1.1 nm, the QD wave functions can be extracted
with good quality from the spectra.
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state wave function from intraband absorption spectra. The
proposed study is not limited to a specific QD system, and
is generally applicable to other nanostructures embedded in a
host providing continuum wave functions as final states for an
absorption process.
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Ruvimov, P. Werner, U. Gösele, and J. Heydenreich, Phys. Rev.
B 54, 8743 (1996).

[10] I. Robert-Philip, E. Moreau, S. Varoutsis, J. Bylander, M.
Gallart, J. M. Gérard, and I. Abram, J. Lumin. 102-103, 67
(2003).

[11] C. Robert, C. Cornet, P. Turban, T. Nguyen Thanh, M. O.
Nestoklon, J. Even, J. M. Jancu, M. Perrin, H. Folliot, T. Rohel,
S. Tricot, A. Balocchi, D. Lagarde, X. Marie, N. Bertru, O.
Durand, and A. Le Corre, Phys. Rev. B 86, 205316 (2012).

[12] D. B. Williams and C. B. Carter, Transmission Electron Mi-
croscopy: A Textbook for Materials Science, 2nd ed. (Springer,
Berlin, 2009), Vol. 1.

[13] B. Fultz and J. M. Howe, Transmission Electron Microscopy and
Diffractometry of Materials, 3rd ed. (Springer, Berlin, 2008).

[14] J. C. H. Spence, High-Resolution Electron Microscopy, 3rd ed.
(Oxford University Press, Oxford, UK, 2009).

[15] R. J. Warburton, C. S. Dürr, K. Karrai, J. P. Kotthaus,
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