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Boltzmann equation approach to anomalous transport in a Weyl metal
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Weyl metal is regarded as a platform toward interacting topological states of matter, where its topological
structure gives rise to anomalous transport phenomena, referred to as chiral magnetic effect and “negative”
magnetoresistivity, the origin of which is chiral anomaly. Recently, the negative magnetoresistivity has been
observed with the signature of weak antilocalization at x = 3-4% in Bi;_,Sb,, where a magnetic field is
applied in parallel with an electric field (E || B). Based on the Boltzmann equation approach, we find the negative
magnetoresistivity in the presence of weak antilocalization. An essential ingredient is to introduce the topological
structure of chiral anomaly into the Boltzmann equation approach, resorting to semiclassical equations of motion

with Berry curvature.
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I. INTRODUCTION

It is the endless mission of condensed-matter physics to
search novel quantum states of matter. Since the discovery of
the concept of topological insulators [1-5], the topological
structure of quantum matter lies at the center of research
for novel quantum matter. Recalling that electron correlations
have been playing an essential role in emergent phenomena of
quantum matter, a research on the interplay between topology
and interaction seems to drive the direction of condensed-
matter physics at present.

Weyl metal is regarded as a platform toward interacting
topological states of matter. Its metallicity allows us to
introduce electron correlations via doping, giving rise to
possible instabilities of their Fermi surfaces. Its topological
structure is encoded by chiral anomaly [6], responsible for
anomalous transport phenomena referred to as chiral magnetic
effect [7-12] and negative magnetoresistivity [13—15]. In this
respect we would like to propose as effective theories for Weyl
metal the topological Landau Fermi-liquid theory [16] and the
topological Landau-Ginzburg framework for phase transitions.
This direction of research is expected to lead a branch of
condensed-matter physics.

First of all, the characteristic feature of Weyl metal
originates from its band structure. Let us start from the band
structure of a topological insulator, described by an effective
Dirac Hamiltonian in momentum space [17]:
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Here, v, (k) represents a four-component Dirac spinor, where
o and 7 are spin and chiral indexes, respectively. 0, and T,/
are Pauli matrices acting on spin and “orbital” spaces. The
relativistic dispersion is represented in the chiral basis, where
each eigenvalue of 72, expresses either positive or negative
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chirality, respectively. The mass term can be formulated as
m(|k|) = m — p|k|?>, where sgn(m)sgn(p) > 0 corresponds
to a topological insulating state while sgn(m)sgn(p) < 0
corresponds to a normal band insulating phase. p is the
chemical potential, controlled by doping. One may notice that
this simplified effective model can be derived from a realistic
band structure in Bi;_,Sb,, describing dynamics of electrons
near the L point in momentum space.

It has been demonstrated that the mass gap can be tuned
to vanish at x = 3-4% in Bi;_,Sb,, allowing us to reach
the critical point between the topological and band insulating
phases [18-20]. It is straightforward to show that this gapless
Dirac spectrum splits into two Weyl points, breaking time-
reversal symmetry, for example, applying a magnetic field
into the gapless semiconductor:

Hrrp = gy V) (K)(H - 055 ® Lo (K),

where gy is the Landé g factor. The band touching point
(0,0,0) of the Dirac spectrum shifts into (0,0,g, H/v) and
(0,0,—gy H/v) for each chirality along the direction of the
magnetic field, given by

Ei+ = %0 [ + K] + [g H + vk

Now, each spectrum is described by a two-component Weyl
spinor with a definite chirality, referred to as Weyl metal
[21-23]. One can also find this type of spectrum breaking
inversion symmetry instead of time-reversal symmetry.

An interesting feature of Weyl metal results from the
fact that each Weyl point can be identified with a magnetic
monopole in momentum space. In other words, each =+
magnetic charge becomes “polarized” in momentum space,
applying the magnetic field. As a result, a Fermi arc, which
connects such magnetic monopole and antimonopole pairs in
the bulk, appears on the surface state [22], exactly analogous
to the Weyl point on the surface state of a topological insulator,
where each Fermi point of the Fermi arc corresponds to the
Weyl point of the case of the topological insulator. Unfortu-
nately, this spectroscopic fingerprint has not been observed yet.
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In our opinion the characteristic feature of Weyl metal is
beyond the Berry curvature given by the band structure. A
cautious person may point out that the band structure of Weyl
metal is essentially the same as that of graphene except for
the existence of the Fermi arc, where the positive chirality
Weyl spectrum at the K point and the negative chirality Weyl
spectrum at the —K point allow us to call graphene a two-
dimensional Weyl metal [24]. However, there is one critical
difference between Weyl metal and graphene. Weyl electrons
in the paired Weyl points are not independent in Weyl metal,
while they have “nothing” to do with each other in graphene.
It is true that Weyl points in graphene can be regarded as a
pair of Weyl points with opposite chirality according to the
no-go theorem by Nielsen and Ninomiya [25,26]. In addition,
they can be shifted and merged into one Dirac point, applying
effective “magnetic” fields to couple with the pseudospin of
graphene. However, there does not exist such an anomaly rela-
tion between the pair of Weyl points in graphene, which means
that currents are conserved separately for each Weyl cone in
contrast with the case of Weyl metal as long as intervalley
scattering can be neglected. A crucial different aspect between
two and three dimensions is that the irreducible representation
of the Lorentz group is a four-component Dirac spinor in three
dimensions while it is a two-component Weyl spinor in two
dimensions. As a result, the pair of Weyl points originates
from the Dirac point in three dimensions, where such a pair of
Weyl points is “connected” through the Dirac sea. On the other
hand, each Weyl point of the pair exists “independently” in two
dimensions. Chiral anomaly is the key feature of Weyl metal.

Suppose QED, with a topological E - B term:

B
7 = /Dw exp [—/ dt/d3r{1ﬁ(iy“[au+ieAH]
0
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where ¢ is a four-component Dirac spinor and F),, =
d, A, — 9,4, is an electromagnetic field-strength tensor with
electromagnetic field A ,. Chiral anomaly means that the chiral
symmetry preserved in the classical level is not respected any
more in the quantum level due to the presence of special types
of quantum fluctuations, given by the triangle diagram [27].
As a result, the associated chiral current, the right-handed
chiral current minus the left-handed chiral current, is not
conserved in the quantum field theory, described by

2
1672

where Y y*y >y = Yy iy — Y_y*_ is the chiral current
with the £ chiral charge. Resorting to this chiral anomaly, we
can rewrite the above expression as follows [28]:
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where the chiral gauge field is given by

¢, = 0,0.
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Representing the Dirac gamma matrix in the chiral basis,
it is straightforward to identify the chiral gauge field with
the applied magnetic field in the previous effective model
Hamiltonian. In other words, the Dirac point splits into one
pair of Weyl points, the origin of which is chiral anomaly
with breaking either time-reversal symmetry or inversion
symmetry, encoded in 9,0 # 0.

It turns out that the chiral anomaly is responsible for
anomalous transport phenomena in Weyl metal [7,8,11-15].
Recently, we could measure the negative magnetoresistivity
with the signature of weak antilocalization [15], regarded as
one transport fingerprint with the chiral magnetic effect. As
discussed before, a Weyl metallic state is expected to appear
applying a magnetic field into the Dirac metal, believed to
be realized at the topological critical point in Bi;_,Sb, with
x = 3-4%. The negative magnetoresistivity has been observed
only when electric currents are driven along the direction of the
magnetic field, E || B, where E is the electric field. Recalling
that electron correlations would be negligible in this metallic
phase, this strong anisotropy in magnetoresistivity has been
attributed to the topological E - B term.

In this study we discuss the origin of the negative magne-
toresistivity based on the Boltzmann equation approach. An
idea is to introduce the topological structure of chiral anomaly
into the Boltzmann equation approach [14], resorting to semi-
classical equations of motion which encode the information
of Berry curvature [29,30]. In addition to the introduction
of chiral anomaly with the Berry curvature, we incorporate
weak-antilocalization quantum corrections into the negative
magnetoresistivity phenomenologically [31], the original ex-
pression of which is to consider the Drude conductivity for
each Weyl fermion [14]. This theoretical framework allows us
to investigate another type of anomalous Hall effect in the case
of E || B, which differs from the “conventional” anomalous
Hall effect [32,33] in the case of E L B. The formeris based on
the presence of the topological E - B term, which plays the role
of an additional force in dynamics of Weyl fermions beyond
the conventional Lorentz force, while the latter originates from
the appearance of an anomalous velocity due to the Berry
curvature itself. It turns out that such an anomalous Hall effect
does not exist in contrast with the claim of Ref. [15].

II. REVIEW OF THE BOLTZMANN EQUATION
APPROACH FOR WEYL METAL

We would like to review the topological aspect of Weyl
metal based on the Boltzmann equation approach [14] for gen-
eral readership. First, we rederive the hydrodynamic equation
from the Boltzmann equation, where the E - B term encoded
by the semiclassical equation-of-motion approach breaks the
conservation law for the chiral current. Second, we rederive
the chiral magnetic effect from the Boltzmann equation, where
a subtle issue on the chiral magnetic effect, not transparent in
the Boltzmann equation approach, is also discussed.

A. Chiral anomaly

A phenomenological Boltzmann equation is

0
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which can be derived based on the Schwinger-Keldysh formulation, where f(p;r,t) is the distribution function with the conjugate
momentum p of the relative coordinate and the center-of-mass coordinate (r, ¢) in the Wigner transformation of the lesser Green’s
function [34]. The right-hand side represents a collision term, incorporating electron correlations and impurity scattering effects.

An essential idea is to introduce the information of the topological structure into the Boltzmann equation via the semiclassical
equation-of-motion approach [14], given by

de

F="L 4 pxQ, p=cE+-FxB, )
ap c

where £, =V, x A, is the Berry curvature and A, = i(u,|V yu,) is the Berry connection with the Bloch’s eigenstate |u )

[29,30]. It is straightforward to find the solution of these semiclassical equations of motion, given by

—1
r'=<1+§B.sz,,) {vp+eExSZP+§SZI,~vI,B},
(3)
e e e
p=<1+-B.sz,,> {eE+-v,,xB+—(E.B)sz,,}.
C c c

Here, v, = V ¢, with a band structure €,. We would like to point out that this band structure need not be linear in momentum
strictly. It is important that a Fermi surface encloses a Weyl cone, while the structure of the Fermi surface needs not be limited to
the Weyl-band structure. Focusing on dynamics of electrons on the Fermi surface, it does not look much different from that on
a “normal” Fermi surface. However, these electrons experience effects of both Berry curvature and chiral anomaly on the Fermi
surface as long as the Fermi surface encloses the Weyl-type cone, regarded to be the characteristic feature toward a topological
Fermi-liquid theory [16]. As will be discussed below, the second term in the 7 equation results in the anomalous Hall effect
[32,33] given by the Berry curvature [29,30] and the third term gives rise to the chiral magnetic effect [7—12] while the last term

in the p equation is the source of chiral anomaly, responsible for the negative magnetoresistivity [13—15].
Applying this idea into Weyl metal, we can write down an effective theory in the Boltzmann equation approach:

af t(psr.t)
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+(1+5B-95) {eE+ v, x B+ (E-BYQ |-V, f~(pir.t) = Lylf~(pir.). fH(pir.ol, 4)
c p c c p

where the & superscript represents the £ chirality. In other
words, we write down the Boltzmann equation near each Weyl
point, where inter-Weyl-point scattering is introduced into the
collision term. The information of a magnetic monopole and
antimonopole pair is encoded by the opposite sign of magnetic
charges:

Vy 2, =8%p—gyB). V, 2, =-5%p+gB)
®)

where 2gy, B corresponds to the distance between the paired
Weyl points, as discussed in the introduction.

It is not that difficult to derive the hydrodynamic equation
from the Boltzmann equation, resorting to the coarse graining
procedure in the momentum space [14]. As a result, we reach
the following expression:

AN+ e’
+V, j*=k*—E-B, 6
ot J 472 ©)
. 3
where N* = [ dep*(e)f*(e;r,t) and j*=/[ (‘2171’)’3(1 +
. 3 e
$B - Q)F fX(p;r.1) :féT’;{vp +eE xR, + 95 - v,B)}

(

fE(p;r,t) are the density with the density of states pT(e) =

f (‘21;’)’3 1+¢B- Sljf)(S(eI, —¢) and current, respectively,

around each Weyl point. k* = 5 [dS, Qf ==£1 is a
magnetic charge at each Weyl point. It is clear that the current
conservation law around each Weyl point breaks down due
to the E - B term, introduced by the semiclassical equation
of motion, while the collision term does not play the role of
either a source or sink. Interestingly, the positive chiral charge
plays the role of a source in this hydrodynamic equation while
the negative chiral charge plays that of a sink. As a result, the
total current is conserved, given by

INT+N)

o7 +V, T+ =0, (N

while the chiral current is not, described by

(Nt —N7) . L e?

This is the chiral anomaly.
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We would like to emphasize that this Boltzmann equation
approach is applicable only when the chemical potential lies
away from the Weyl point, forming a pair of Fermi surfaces.
When the chemical potential touches the Weyl point, we
should rederive the Boltzmann equation from QED,. The
distribution function in this relativistic Boltzmann equation
will be expressed as a 4x4 matrix since the lesser Green’s
function consists of the four-component spinor. An interesting
and fundamental problem is the following question: Taking
the non-relativistic limit from the matrix Boltzmann equation
when the chemical potential lies above the Weyl point, can
we reproduce the present Boltzmann equation framework,
where effects of other components except for the Fermi-
surface component are ‘integrated out’ or ‘coarse grained,
giving rise to such contributions as semi-classical equations of
motion? This research will give a formal basis to the present
phenomenological Boltzmann equation approach. Recently,
the Boltzmann equation framework has been derived from
QED,, based on the introduction of the Wigner function to
satisfy a quantum kinetic equation [35-37]. These derivations
imply that Lorentz symmetry, gauge symmetry, and quantum
mechanics are important ingredients for the existence of chiral
anomaly.

B. Chiral magnetic effect

There is an interesting transport signature in Weyl metal,
referred to as chiral magnetic effect [7—12], proposed to appear
in “equilibrium,” i.e., E = 0. The total electric current is given
by

d3
J=JtHiT = S/ (27t1;3 (@, - vp)Bf (pir.0)

+ (&, -vp)Bf(p;ir.n}, €))

when E = 0, where the distribution function is an equilibrium
one. Considering SZ;,L o —52; = @, from Eq. (5), we obtain

d’p -
g m(szp-v,,)[ﬁ(p;r,t)—f (p;r.0]B

=Cle/o)(uy —pn-)B (10)

at zero temperature, where the constant coefficient is given

j:

byC~ [ 5371;3(9 p - Vp). In spite of zero electric field, electric
currents turn out to flow along the direction of the magnetic
field in Weyl metal as long as the “chiral” chemical potential
(4 — ) is finite. Although this transport phenomenon is
beyond our imagination, there is a subtle issue, not transparent
in the Boltzmann equation approach. First of all, it looks
counterintuitive that the electric current can flow in equilibrium
since applying infinitesimal electric field to this current state
gives rise to power generation proportional to j - E, where
the Weyl metallic state is compressible. This implies that
energy can be extracted out from the ground state, causing
a paradox in the definition of the ground state [12,23]. It
has been discussed that the chiral magnetic effect depends
on the limiting procedure for the transferred momentum and
frequency [23]. If one sets frequency to be zero first, then the
system is in equilibrium and the chiral magnetic effect turns
out to vanish. On the other hand, if one chooses the limit of
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q = 0 first, then the system is away from equilibrium and the
chiral magnetic effect does not vanish, given by the above
expression. Unfortunately, this subtle issue is hidden in this
Boltzmann equation approach.

III. ANOMALOUS TRANSPORT IN WEYL METAL

Another transport fingerprint is the negative magnetoresis-
tivity which occurs only when the electric current is driven
along the direction of the paired Weyl points, originating from
the topological E - B term. As discussed in the introduction,
our recent experiments measured this anomalous transport
phenomenon only when the electric field is applied in parallel
with the magnetic field [13-15]. In addition to this unusual
longitudinal transport, we also observed weak-antilocalization
corrections in the magnetoresistivity for both cases of E | B
and E L B [15]. In this respect we need to introduce such
quantum corrections into the Boltzmann equation approach.
Unfortunately, this derivation has not been performed sys-
tematically as far as we know. Instead, there is a somewhat
phenomenological approach, where the introduction of a
nonlocal scattering term into the collision integral repro-
duces the weak-antilocalization correction in the electrical
resistivity [31].

A. Review of the Boltzmann equation approach with
weak-localization or weak-antilocalization quantum corrections

We start from an extended Boltzmann equation:

0 . .
(E +r-V.+p- Vp>f(p;r,t)

= —Fimp[f(P;r’t) - feq(p)]

t
—/ dt'a(t =t f(=pir.t) — fea(P)]. (11
—o0
The collision part consists of two scattering contributions. The
first is an elastic impurity-scattering term in the relaxation-
time approximation, where I' ijnlp = 27n;|Vimp|*NF)~' with
an impurity concentration n; and its potential strength Vipp
corresponds to the mean free time, the time scale between
events of impurity scattering [34]. The second is a weak-
localization (weak-antilocalization) term, expressed in a non-

local way, which originates from multiple impurity scattering.

oy — 1-'imp (1311 _ 2 -1 Y
ot t)_:tﬂNF Wexp{ (Dg” + 7, )t t")} may be

regarded as the diffusion kernel, which becomes more familiar,
performing Fourier transformation as follows [31]:

t
a(v) = + / dr'e™ s — 1)

o
Tim d? 1

e [ 24 . (2
nNp J Q2r) Dg? —iv+1,

where the sign of 4+ (—) represents the weak localization
(weak antilocalization). D is the diffusion coefficient and N
is the density of states at the Fermi energy. This expression is
supplemented by the upper cutoff in the momentum integral,
given by the reciprocal of the mean free path I'inp/vF with
the Fermi velocity vr, and 74 corresponds to the lower cutoff,
identified with the phase-coherence lifetime.
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Let us confirm that this extended Boltzmann equation rec-
overs the  well-known  weak-localization  (weak-
antilocalization) formula. For simplicity, we consider a simple
metal without the contribution of Berry curvature £, = 0. Per-
forming the Fourier transformation of f(p;t) = f fooo dve™ !
f(p;v), the Boltzmann equation reads

{—iv + (eE + gvp X B) . Vp}f(p;v)
= _Fimp[f(p; V) — feq(p)] —aWLf(=p;v) — feq(P)]'
(13)

Consider the standard setup E = EX and B = BZ for mag-
netoresistivity and Hall measurements. Then, the Boltzmann
equation is written as follows:

, eB 9 9
{Fimp —iv+a(v)— - <vx(p)£ —vy(p) o )}f(p; V)
y X

= [Fimp + O((v)]feq(p) - EE%feq(p) (14)
in the linear response regime, where f(—p;v) is replaced
with f(p;v) in the weak-localization (weak-antilocalization)
term. This interchange is allowed when both time-reversal
symmetry and inversion symmetry are preserved. Although
the time-reversal symmetry is not respected by the applied
magnetic field, we resort to their approximate correspondence.
Instead, the lower cutoff of the phase-coherence time is given
by a function of the external magnetic field. Then, it is
straightforward to show that the resulting weak-localization

J

%{ ; eEw,
' Cimp — iv + a(v)
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(weak-antilocalization) correction in the magnetoresistivity
coincides with its well-known expression.

This Boltzmann equation leads us to propose the following
ansatz for the distribution function:

DN Cimp + a(v)
f(piv) = T — 1V + &) Jrw(v)feq(p)
1 d
E_feq(p)

" Tup—iv o opy
a
+ <_§feq(e)>”p ~Apv), s

where A(p;v) corresponds to a correction that arises from the
presence of the magnetic field.

Inserting this expression into the Boltzmann equation, we
obtain

eB eEvy(p) eB L ]
%m - %(Ux(l’)l\y(l’a V) — vy (P)AL(p;v))
+ [Limp —iv +a(W)]v, - A(p;v) =0, (16)

where m is a band mass of an electron on the Fermi surface
which encloses a Weyl point. It is defined from the Fermi ve-
locity of vp = ’:n—F, where pr is a Fermi momentum. Since this

equation should be satisfied for any values of velocity, we find
A (p;v) =0. a7

Introducing V(p) =v.(p) +ivy(p)and A(p;v) = A (p;v) —
i A,(p;v) into the above expression, we reach

V(p)+ limp — iv — iwc +a(W)]V(P)A(p; v)} =0, (18)

where N represents a real part and w,. = % is the cyclotron frequency. It is straightforward to solve this equation, the solution

of which is given by

Ax(p;v) = —eE

w:(2v + CUc)[rimp + a(v)]

and

Ay(piv) = —¢E

([Fimp +a(W)? — v+ w))? + Qv + wc)z[rimp +a(v)]?

CUc([Fimp + 05(”)]2 —v(v + )

19)

([Fimp +a)? — v+ w))? + Qv + c‘)c)z[rimp + a(v)]? .

(20)

Then, we reach the following expression for the distribution function:

. _ 1—‘imp + Ol(V)
Fpiv) = Cimp — iV + a(v)

d
feq(P) + EEUx(p)(_&feq(€)> T

1
imp — IV + (V)

wc(zv + a)c)[rimp + Ol(l))]

ad
_eva(p)<_£feq(6))

(Timp + @) — vV + @))* + 2V + @) [Timp + (V)]

U)C([Fimp + a(v)]Z —v(v + )

ad
- eEUy(p)<_gfeq(6)>

Recalling the current formula j(v) = e f
given by

(

([Timp + &P = vV + ©))* + 2V + @ )*[Timp + € (V)]*

ey

”21;’)’3 F f(p;v), we find an optical magnetoconductivity and optical Hall coefficient,

ne? 1
0, (V) = W T
imp

—ivta®) ([Timp + a@M]? = v(v + @c))* + (2v + @c)*[Timp + ()]

wc(2v + wc)[rimp +a(v)] } (22)
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and

ne’ @e([Timp + ¢(W)]* = v(v + )
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ny("') = -

respectively, where

- /dB”[ PP (= ful©) (24)
—= | —=v —— feql€
m Qry o P de e

with an electron density n contributed from a Fermi surface

and its band mass m.
The dc limit of the above formulas is given by

1+ o/ Cimp
G XX almp 2
(I+a/ 1_‘lmp) + (wc/ F]mp)
1+ — f ;
”NF (277)3 D 2+r
= Oimp - (25)
_
( 7er f (271)" Dq2+r ) + (wC/ Fimp)2
and
wC/ Flmp
Oyx = —Oimp 3
(I + @/ Timp)* + (@¢/ Timp)?
@e 1-‘im
= —Gimp / Limp ., (26)

) +a)2/Flmp

quite familiar except for the weak-localization (weak-
antilocalization) correction. Inverting the denominator with
the numerator in Eq. (25) and resorting to the Einstein relation
Oimp = 2e2NpDimp, we recover the well-known weak-
localization (weak-antilocalization) formula [38] for the
magnetoresistivity (o, & i):

( JTNF f (271)3 Dq2+r

2 2 !/ tim ) 1
Pxx = Pimp £ Ce Nppimp/ dgq”—, (27

1/ Ly q
where + corresponds to weak (anti)localization and the part
of the cyclotron frequency is neglected in the weak-field limit.
Pimp = # is a residual resistivity due to elastic impurity

Timp

scattering and C is a positive numerical constant. [y, in
the upper cutoff is the mean free path and I, in the lower

J

m ([Timp + 2 — v(v + 0,))? +

Qv + wc)z[rimp + a(”)]z ’ =

i

cutoff is the phase-coherent length, as discussed before. If
one sets lp_h' o« /B in the lower cutoff, we reproduce the
magnetoresistivity with weak (anti)localization [38].

An interesting result is that the Hall conductivity encodes
the weak-localization (weak-antilocalization) quantum correc-
tion, not discussed before as far as we know. This correction
gives rise to an unexpected behavior for the Hall conductivity.
For example, we find that it vanishes with a logarithmic
correction in two dimensions as we approach zero magnetic
field, given by

0yx(B) o B[In(B/Bo)] 2, (28)

where By is a scale of the magnetic field, coming from the
upper cutoff. In three dimensions, we may observe deviation
from the linear dependence of the magnetic field, expected to
cause confusion with an anomalous Hall signal. In spite of
this quantum correction, the Hall resistivity recovers the well-
known formula, given by p,, = o /( .+ a}x) = —1/(nec),
which seems to justify our derivatlon We believe that this
subject needs to be investigated more sincerely for various
samples showing weak-localization (weak-antilocalization)
corrections.

It is straightforward to obtain the optical magnetocon-
ductivity and the optical Hall coefficient with the weak-
localization (weak-antilocalization) quantum correction. Al-
though we do not discuss these aspects more, it will be
interesting to observe the regime that shows such quantum
corrections clearly in optical responses.

B. Formulation

Introducing both weak-antilocalization quantum correc-
tions through the collision term and topological structures
through the semiclassical equation of motion into the
Boltzmann equation framework, we reach our starting point
for anomalous transport phenomena in Weyl metal, where an
effective theory is given by

—1 >
. e e e
{—zv+ <1 + ZB - ﬂf,) <eE+ “Vp X B + - (E - B)SZ;‘,) -Vp}fx(p;v)

= _Fimp[fx(p;‘)) - feq(P)] -

Iﬁl/mp[‘f)((p’ U) -

J=x (3 )] = o W fy (=P v) = feq(P)], (29)

where x = = represents each chirality. An important point, not discussed explicitly in the introduction, is to introduce an
inter-Weyl-point scattering term into the Boltzmann equation phenomenologically, where the relaxation rate for the internode

LT
scattering is I'j |

p- The weak-antilocalization kernel is given by

Cimp + Ciy d’q 1
ax(l}) = - L 3 ) . 1 (30)
nNFp 2r) D,q —ivt
where D, is the diffusion coefficient for each Weyl point, assumed to be identical, i.e., Dy = D_ = D.
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Solving these coupled Boltzmann equations, we obtain the expression for an electric current, given by

j(v>=e/

d*p Lol d’p L Co-
:e/m vp—i—eExSZp—i—lep'va f+(p;v)+e/m vp—i—eEXSZp—i—lep'va f-(p;v). (31

d3 . .
(2711;3 {(1 + SB : sz;)r+f+(p;V) + <1 + SB ' 9p>’—f—(1’;”)}

C. E=Ex and B = BZ

In order to clarify the role of the “topological” E - B term, it is necessary to evaluate transport coefficients in the normal setup
of E = Ex and B = BZ. Here, quotation marks are utilized to mean that this E - B term is not topological any more since it is
introduced in the equation of motion, originating from the space-time dependence of the 6(r,t) coefficient, where the origin of
this term is topological.

We start from the following coupled Boltzmann equations in the linear-response regime and the dc limit:

r r | eB o e ad 0
{ imp + Ui + @ = ( + (p)) T(Mmg - vy(p)a> }fx(l’)

y

B o
= [Fimp + Fi/mp + a]feq(p) - (1 + %Q?(p)> eEﬁfeq(p) + Fi/mp[ffx(p) - feq(p)]v (32)

where the E - B term disappears. These equations lead us to consider the ansatz below:

(1+<LQkp)” 9
fx(p) = feq(p) - Fimp T Fi/mp ta eEapX feq(p) + (_gfeq(5)> Vp - Ax(p) (33)
It is natural to assume
|Fi/mp| < Fimp7 (34’)

where the distance between paired Weyl points gives rise to a smaller relaxation rate for the internode scattering than that for
the intranode one in the case of charged impurities. However, it is straightforward to consider §®(r)-type potentials in this
Boltzmann equation framework. In this paper we focus on the case of charged impurities for simplicity. Then, these coupled
Boltzmann equations become simplified as follows:

B “'eB

-2 / —1
eB eB eEv,(p) | R eB
14+ —Q — P14+ —=q~ Ev,(p) ~ 0, 35
+( + . Z(P)) me T+ Tomp 4@ + s (p)) eEv(p) (35)

where only the linear order in F{mp / Timp 1s kept, allowing us to decouple these equations.
The solution of A, (p) is determined from the condition that these Boltzmann equations must be satisfied for any values of

velocity. It is convenient to rewrite such Boltzmann equations as follows:
/

—1 EQ? Fim B -
e—(mv(p) e - (1 + eTQZ_X(P)> eEV(I’)} =0,

M (Timp — 122 (p) + ) V(PIA () — i1+ 202 (p)
P ¢ X c ¢ l—‘imp + o 1_‘imp +

(36)

introducing V(p) = v(p) +ivy(p) and A,(p) = A¥(p) —iAJ(p) into them, where Q¥(p)=(1+ <LQ%(p))"'< is an
effective cyclotron frequency around each Weyl point. Then, we find

1 (1 +2elw) [Qp)] - (1+ 27 () TiyplTimp + o]

AX(p) = —¢E (37
Limp + @ [Cimp + a1 + [QL(P)]
and
1+ QX (p) ' QX (P)[Tim 1+ Q7% (p)) ' Q4 (p)I
AX(p) = —eE— (1+ <Ll (p)” QP Timp + ]+ (14 - () Q&(P)Thy 38)
Cimp + o [Timp + a]? + [QE(p)]
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As a result, each distribution function is given by

o= 4 (-2 )13 @) — L eEnm
Sx(P) = feq(P 8€feqe Pz 1ﬂimerOle ve(p

5 1 (1+22p) ' [UD] - (1+ L7 (p) Ty [Timp + ]
(o) g L T )

de Timp + o [Cimp + 1> + [QE(p)]

5 1 (1 +£Qp) QLD Timp + o1 + (1 + L1 (p)) ' QP

de Fimp+a [F1mp+0l]2+[92((17)]

Inserting these formulas into the current formulas, we obtain the magnetoconductivity

&p 5 ¢B ! 1 [24p)]
X — p2 . 2 _ A 14 QX —
Oy e / (27_[)3 [v (p)] ( 9e fq(€)>< + c (p)) { Fimp +a Fimp ta [Fimp + O[]2 + [Qz(p)]z
d*p 0 eB ! I
+ 2[—[ N )12(—— el )><1+—QZ"( )) - (40)
“ ) @apt? A c P [Timp + a1 + [2L(p)]
and the Hall conductivity

Fp &p 9 ¢B - Q! (p)
X = _ 2 QX e - 2/ 4 2<__ ¢ ><1+_QX >
o= e / @y TP ea®) = | g PP =50 Jeal©) D) i rar t [ ()]’

-1 /

dp ( 3 )( ¢B __ Cin QL (p)
- | —= 2——+1. 1+ —Q7 ) P 41
; / St P (e fute) S s T (1)

around each Weyl point.
The momentum integral can be performed in a formal way, resorting to Sl;j ~ —, = @,, which gives rise to cancellation
for linear terms in Berry curvature. Then, the magnetoconductivity is given by

1+ &/ Timp + T/ Timp
0 9
[1+ o/ Timpl® + wg/rgmp

42)

Oxx X2

where the Drude conductivity o is defined in a similar way as the previous section, while 2 comes from two Weyl cones. This
expression reads

Cing v [ g
Prx 2 (1= === | pimp — C€* N oy dqq”— (43)
1—‘imp 1/lpn q

in the leading order for magnetic field, where ll;l o +/ B as discussed before.
The Hall conductivity is

wc/ 1—‘imp 1+ Ol/ Fimp + 1—‘i/mp/ Fimp
o
(I+af 1—‘imp)z + (w./ 1—‘imp)z l+a/ 1—‘imp

T = _ezf o [2F(p) + QC(P)) feg(p) — 2 (44)
" Q) ¢ : “ ’

where the first term is an anomalous contribution resulting from the Berry curvature [29,30]. Inserting Slf, X X m with
B = BZ and x = =+ into the expression of the anomalous Hall coefficient and performing the momentum integration, we find
that it is proportional to the momentum-space distance between the pair of Weyl points, i.e., gy B, consistent with that based
on the diagrammatic analysis [32,33]. For the normal contribution, the presence of the internode scattering modifies the Hall
coefficient as follows:

Oyx 1 I 1
PP Y
of +o nec Cimp 1 + 0/ Timp

yx

which turns out to be not a constant but a function of the magnetic field, combined with the weak-antilocalization correction.
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D. E = Ex and B = Bx

Our main problem is to investigate both the magnetoconductivity and Hall conductivity when the electric field is applied in
parallel with the magnetic field, i.e., the case of E = Ex and B = Bx. Coupled Boltzmann equations are given by

, eB _, “'eB 9 d
Fimp+rimp+a_ 1+TQX(I’) T U}(P)ﬁ —Uz(P)@ fx(p)

Z

B - 9 2
= [Fimp + Fi/mp + Ol]feq(p) - <1 + %Qf(lﬂ> <eE£feq(p) + %(EB)Q;(; : foeq(P)) + Fj/mp[f—)((p) - feq(p)]~

(46)

An essential aspect is the existence of the E - B term, which plays the role of an additional force beyond the Lorentz force,
giving rise to not only an additional drift along the direction of the electric field but also a transverse motion along the y direction
associated with the direction of Berry curvature. The former results in negative magnetoresistivity, while the latter causes an
anomalous Hall effect that has nothing to do with the “conventional” anomalous Hall effect [29,30] in the previous section.
However, this novel anomalous Hall effect turns out to be canceled when each Weyl-point contribution is summed.

Following the previous strategy, we take the ansatz

eB X (p)) !
(1+ £Qk(p)) (eE 9

fx(p):feq(p)_ Fimp+ri/mp+a apx

2 a
fea(P) + %(EB)% : foeq(P)> + <_¥feq(e)>vp “Ay(p), (@D

!/

imp> We obtain

where the E - B term exists. Resorting to F{mp & TI'imp and keeping the linear order for I

1+ LQX(p) e B B 1B
! = ®) C(EBZ(QL(pIvy(p) — (p)va(p)) — (1 + e—sz)f(p)) 2 (0,(P)AL(P) — v.(P)AK(P))
imp + & c mc c mc
o eB__, \ &2 .
+[Fimp+a]vp-AX(p)—m(l +TQX (p)) <6va(p)+?(EB)9p ~vp) ~ 0, 48)

which allows us to decouple the Boltzmann equations for A L(p).
It is easy to find A (p) since they are not coupled with A¥ .(p), given by

I} eB ! 2
X —_mp o« h -X
AX(p) = T + o (1 + . Q (p)) (eE + E (EB)S2; (P))~ (49)

On the other hand, A% (p) are coupled with AX(p), giving rise to complications. Introducing complex notations
V(p) =vy(p) +iv(p), Ay(p)=AJ(p)—iAl(p), Q(p)=Q(p)—iQe(p), (50)

we rewrite the above expression as follows:

B 1 2(EBRQ!
m{(Fimp —iQX(p)+ a)V(p)Ay(p) — i(l + e—%(zﬂ) MV(P)QX(P)
c Cimp +
h 1 ﬁQ—X( _li EB)V(p)Q P =0 (51)
_Fimp+a< + Pt p) C( W(p)_(p); =0,

where Q% (p) = (1 + %Qfﬁ (p)! f,,—'f- is an effective cyclotron frequency. Actually, the structure of this equation is quite similar

to that of the previous section, where e E is replaced with é(E B) with the Berry curvature 2, (p). It is straightforward to find
the solution, given by

) -1 X 26 (T X X
Af(p) = —e_(EB)<1 + fszf (p)) L e Q)ch(p)gz ?
c c Cimp + @ [Cimp + &> + [Q%(p)]

2 B W A X X X
(1 n gg;X@)) imp  (Timp + )2, " (p) + €2: (p)2:* (P) (52)
Cc

e
+—(EB)
¢ Fimp ¢ [Tip + @ + [ (p)]]
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and

wtm = — L1+ Lary) L Cm+ 92 PR + [ D] 2 P)
= * * Cimp + . 2 TN
tmp [F]mp + Ol] + [Qc (p)]
i Cip Q2P (P) = (Tiny + )2 ()

-1
e eB 1m
— —(EB)(I + —Q;X(p)> T " FPRE
c C imp + [Fimp + 0!]2 + [Qc (P)]

(53)

An interesting point is that these corrections are proportional to E - B. As discussed before, such an E - B term gives rise to an
additional forcelike term besides the Lorentz force.
Inserting these corrections into the ansatz of the distribution function, we obtain

FuB) = fuol )+(—if ( )>(1+@QX( ))1;( Euup) + S(EB)2L )
(W)= JealP ge /o€ ¢ xP Fimp+aevxp c p p

—1 ’

0 1_‘imp eZ —
+ <_¥feq(e)> <1 + —Q X(p )) m(eEUx(P) + ?(EB)QXX(P)U):(P)>
9 e 1 [D] D) — Cimp + ) ()R
B <__feq(€)><1 N _Qx(p)> vy(p) (EB) [Q(p)] QY (p) — (Timp + @) 2(p) ()
de Fimp ta [Fimp + 05]2 + [95(17)]
N Cimp  (Dimp + )25 (p) + QL (P27
+<_ifeq(6)><1+—9 X(p)> vy (p) - (EB) —mr Limp @)$2:7(P) + 2(P)2: 7 (P)
o¢ ¢ Tmta [T +al+[Qfp)]
9 - 2 1 (T + QX (p)QE(p) + [QL(p)] Q2L
—<——feq(e)>< _|__QX(p)> Uz(p)e (EB) (Cimp + )R (P (P) + | (1;)] (p)
de Fimp ta [Fimp + 05]2 + [Qg(P)]
RN Chp QXD (P) — (Timp + )R
_<_ife‘*(€)><l+£9;w>) v (Epy—m SR (D)= Mg £ RTD) sy,
ge ¢ ¢ Tmpta Dy +al +[Qp)]

Although these expressions look complicated, an essential modification compared with those of the previous normal setup lies
in the E - B term. In particular, the contribution of the E - B term results in an additional change in the distribution function,

given by eEv,(p) + B—CZ(E B)Sl}(, - vp. In addition, the E - B term is also responsible for the transverse deflection, forbidden as
long as only the Lorentz force and Berry curvature are concerned. We emphasize that the topological E - B term is beyond the
contribution of the Berry curvature only. In other words, such a term will not arise in the graphene structure.

1. Longitudinal magnetoconductivity

It is straightforward to find the “longitudinal” magnetoconductivity, given by

& i) B - B
ok =< | G (—gfeq@)) (1 + = (p)) {vx(p) + @y v,,)}

2

Fimp + o

Bp [ 9 eB - eB eB I,
&2 Gy <—¥feq(6)> <1 + TQ)ﬂp)) {vx(p) + 7(9; : v,,)”vx(p) + TQXX(p)UX(p)}—[Fimp J:a]z
eB dp eB ! 1
() [ i (amo) 1+ For) o !”y(’” T @
[Qx(p)] QY (p) — (Timp + )QE(P)QE (p) +ua(p) 1 (Timp + )QE(P)Q (p) + [Q (p)]ZQQ‘(p) }
[Cimp + @ ? + [Q%(p)] T Timp + [Cimp + a1 + [24(p)]°
eB\’ d*p 0 eB !
_62<T) / 2n) <_Ef eq(e)) (1 T )) (2 20)
I/ . —X X —-X I X —x . —x
% {_UV(P) imp  (Dimp + )2, " (p) + €2 (P)giz (P) Fo(p ) 1mp Qc(p)S2y " (p) — (Timp + O‘)giz (p) } . (55)
Pimp + o [Cimp + a2+ [Q (p)] Pimp + o [Cimp + a2+ [QE(p)]
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Taking square-dependent terms for both the velocity and the Berry curvature as the leading order, we simplify these formulas as

follows:

2 d3

ol ~

2 d31’
(2m)?

2 AN D
2o o)

p( 0 eB - B
e 2n ) (—Efeq(6)> (1 + TQf(p)) {[vx(p)] < . ) ([QX(p)] [Ux(p)]z

2

+ [QXPp) vy ()P

/

9 1-‘im
<_ & feq(€)> [Ux(p)]z—p

[Fimp + Ol]2

-1

_ ofe€B o dp 9 14—6B§V ([ )f[ 1+ [0 F[ e
“\e 2m)? &feq(e) ¢ (P) v(P)] Tvy(p) (o) Tv(p)))

1 ? <eB) dp
+e
1—‘imp + o [Fimp +al> + (UCZ (27[)3

/
imp

+QAP(PvP))) T faf ol
imp c

3 B !
(—;feq@)) (1 + %Mp)) (L) (D), (PP

(56)

Performing the momentum integral and summing contributions of both chiralities with SZ;; ~ —8, = ,, wereach the following

expression:

eB |, 1 1
=20114+C P
T = U{ * ABJ( ) * l—11mp 1 + O[/ 1_‘imp } 1 + Ol/ l_‘imp

4 w; [T}, I 1
——0Cppym*w ik + 5 mr ) , (57
3 ABJ <1 + 05/ F1mp 1mp 1+ Ol/ l_‘1mp]2 + wz/Flmp
where undefined conductivities are given by
e? d’p lv,? e? d’p 0 lv,|?
N , oC —_— — P Q 58
o 1mp (27_[)3 < feq( )) ol ~ 1mp (27_[)3 ( 9e feq(€)> | | (58)

In order to simplify the expression, we assumed a simple Fermi

surface, given by [v:(p)]* = [v,(p)]* = [v,(p)]* = va\ and
[Q:(p)]* = [€2, (PP =[P = ISZ ‘ . If we take the limit
of I'l,,/ Timp — 0, this expression is further simplified as

Py P !
Oxx = 20 _—
I\ ) T+ @/ T

4 1
— —aCABsza)f—
3 1+ o/ Timp
2/1—‘1mp

[1 + o/ TimpP + 2 /T2,

Focusing on the low-field region, we obtain

eB 1
=20)14c _
g “{ * AB’(c) }1+a/rimp

referred to as the “positive” magnetoconductivity, where the
B? contribution results from the E - B term. Inserting the
weak-antilocalization correction into the above formula and
considering lp_hl = (C'/C)~/ B with a positive constant C’, we
find

2 eB
Oxxy = — {]+CAB./( ) }
Pimp

1
X 9
1— Cesz,oimpliH]]p + C/ezNF,Oimp\/E

(39)

which turns out to fit data well
[15].

In order to explain the experimental data of Ref. [15], we
introduced two contributions for magnetoconductivity, where
one results from Weyl electrons near the L point of the momen-
tum space and the other comes from normal electrons near the
T point. Subtracting out the cyclotron contribution of normal
electrons in the transverse setup (B L E), we could fit the data
based on the three-dimensional weak-antilocalization formula,
given by Weyl electrons, where the weak-antilocalization
correction has been Taylor expanded for the weak-field region
below 1.2 T. On the other hand, the cyclotron contribution
around the T point almost vanishes for the longitudinal setup
(B || E) as it must be, and the residual resistivity for normal
electrons is almost identical with that of the transverse setup.
Subtracting out the T-point contribution, we could fit the
data with Eq. (59) in the regime of the weak magnetic field
below 1.2 T, where the weak-antilocalization correction has
been also Taylor expanded. Again, the weak-antilocalization
correction turns out to be almost identical with that of the
transverse setup while we have an additional constant Cp;
in the longitudinal setup, the origin of which is the chiral
anomaly.

the experimental

2. Hall conductivity

Following the same strategy as that of the magnetoconduc-
tivity, it is straightforward to find the Hall conductivity around
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each Weyl point, given by

d3
ok = —¢ / SE o fe)

PHYSICAL REVIEW B 89, 195137 (2014)

B d3 3 B - 1
+62(6_> p (—a—feq(e)>[vy(p)]2<1 + e—Qjﬁ(p)) Ql(p)
€ ¢ r

c 2r)3

_ (B 613_1’(_1 ) ( eB )
e((?> 2y aeﬁdd [v,(PI7| 1 + cQﬂp) T +

B PE 9 B R
+e2(e ) P (—afeq@))[vy(p)F(H%wa)) P

¢ )] @n)3

Here, we keep only [v,(p)]>-dependent terms except for the
Berry-curvature term, consistent with the strategy of the case
of the normal setup. The first term is the anomalous Hall effect
resulting from the Berry curvature, while all other terms are
of another type of the anomalous Hall effect originating from
the chiral anomaly, where the topological E - B term gives rise
to an additional force beyond the conventional Lorentz force.
However, we find that the anomaly-induced anomalous Hall
effect does not exist, inserting Slf, X X m with B = Bx
into the above expression and performing the momentum
integration. In other words, we have aj(x =0.

IV. PERSPECTIVES

The Boltzmann equation approach describes anomalous
transport phenomena of Weyl metal such as the chiral magnetic
effect and negative magnetoresistivity quite successfully,
where the topological structure of Weyl metal can be intro-
duced via the semiclassical equation-of-motion approach with
Berry curvature. However, we believe that our microscopic
understanding on these phenomena is incomplete in the respect
that we do not know how to evaluate such transport coefficients
based on the diagrammatic approach. For example, we specu-
late that a conventional diagrammatic approach will not allow
the B? contribution in the longitudinal magnetoconductivity,

imp + &
1 [QUPRLD) — Timp + QL (PR (p)
[Cimp + a2 + [Q2X(p)]
(Timp + )2, (p) + QL(P)Q (p)
[Cimp + a2 + [QX(p)]

(60)

Fimp —+ o

(

giving rise to only the Drude part (with weak-antilocalization
corrections). First of all, an effective field theory has not
been proposed yet, which must incorporate both the Berry
curvature and chiral anomaly [39]. The chiral anomaly has to
be introduced explicitly into the effective field theory as alocal
curvature term because such a term is not purely topological
any more as the case of axion electrodynamics [40]. Of
course, this effective field theory must reproduce essentially
the same Boltzmann equation framework investigated in the
present paper. In addition, both the chiral magnetic effect and
negative magnetoresistivity should be recovered within the
conventional diagrammatic approach, based on this effective
field theory. We expect that this theoretical framework takes
the first step toward “topological” Landau Fermi-liquid the-
ory, incorporating both electron correlations and topological
aspects.
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