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Out-of-plane magnetoresistance in ferromagnet/graphene/ferromagnet spin-valve junctions
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Out-of-plane spin-injection and detection through naturally stacked graphene layers were investigated in
ferromagnet/graphene/ferromagnet (FGF) junctions. We obtained a maximum magnetoresistance (MR) of 4.6%
at T = 4.2 K in the junction of a four-layer graphene insertion, having a very small area−junction-resistance
product of 0.2 � μm2. According to resistance-temperature and current-voltage characteristics, the graphene
layer in the FGF junction acted as a metal-like insertion rather than as an insulating barrier. A lower value for the
interfacial spin asymmetry coefficient (γ = 0.25 ± 0.05) obtained from the fitting of variations with interfacial
resistance implies that the spin-injection efficiency along the out-of-plane direction was reduced by spin-flip
scattering at graphene/ferromagnet interfaces. Our results showed that highly transparent graphene/ferromagnet
interfaces with crystalline ferromagnet (FM) electrodes are required to achieve higher spin-injection efficiency
through the graphene layer in a FGF junction along the out-of-plane direction.
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I. INTRODUCTION

Persistent in-plane propagation of spin-polarized carriers
in graphene without spin flips has been predicted as a
result of its weak spin-orbit scattering and weak hyperfine
coupling. However, this prediction has not been experimentally
realized due to intrinsic scattering (i.e., spin precession via
internal spin-orbit fields) or extrinsic scattering (i.e., impurity
scattering in graphene) [1–7]. To minimize attenuation of the
spin polarization of carriers during transmission along the
in-plane direction, the graphene in contact with the disorder-
free ferromagnetic electrodes must be exceptionally clean and
ultraflat [8–11].

Similar to in-plane spin injection into graphene, out-
of-plane ferromagnet/graphene/ferromagnet (FGF) junctions
realized by utilizing the crystallinity of naturally stacked
graphene layers are also considered promising for achiev-
ing highly persistent spin polarization of carriers during
transmission between the ferromagnetic injector and detector
electrodes [12–14]. This is attributed to the graphene-layer
thickness, which is much shorter than the characteristic
spin-flip scattering length along the out-of-plane direction.
The spin-flip length reaches ∼100 nm in graphite for hot
carriers (1.8 eV above the Fermi level) [15] while it is
a few tens of nm in organic semiconductors for normal
carriers [16–18]. High transmission of spin-polarized hot
carriers along the out-of-plane direction of weakly bonded
graphene sheets (7–17 nm thick) has been observed via
ballistic electron magnetic microscopy [15]. Optimization of
the spin efficiency in FGF junctions requires precise control
over the graphene/FM interfacial characteristics.

Recently, a few observations have been made using
graphene layers grown by chemical vapor deposition (CVD)
as insertion layers in FGF junctions [19–21]. It was shown
that single-layer graphene acts as an insulating barrier, as in
magnetic tunnel junctions, showing magnetoresistance (MR)
of 2% at T = 4.2 K in NiFe/graphene/Co junctions [19] with
the value of the AR product of 35 and 75 k�μm2 (A and R are
the area and resistance of the FGF junctions, respectively). By
contrast, single-layer graphene in FGF junctions, with smaller

AR products of 40 �μm2 in Ref. [20] (NiFe/graphene/NiFe)
and a few k�μm2 in Ref. [21] (Co/graphene/Co), acted as
a metallic insertion between two FM electrodes, showing
MR of 0.15% and 1.0%, respectively. In these experiments,
the bottom FM electrodes were attached by transferring the
CVD-grown graphene layers onto predeposited FM electrodes.
This process may have resulted in the degradation of the
bottom FM electrodes due to extended direct exposure to air,
leading to suppression of magnetoresistance (MR).

It has been theoretically proposed [12–14] that highly
effective spin filtering is attainable along the c-axis crystal
direction at the interface between graphene and crystalline Ni
or Co electrodes; this is due to the minor lattice mismatch
(1.3%) and electronic-structure overlap in reciprocal space
exclusively for minority spins. The spin filtering is predicted to
be enhanced for larger number of atomic layers in a graphene
stack. In followup measurements in Ni/graphene/Al2O3/Co
junctions with graphene grown by CVD directly on a Ni
electrode, a negative MR was observed, which was attributed
to the theoretically predicted spin-filtering effect at the
Ni/graphene interface [22]. However, FGF junctions prepared
by sandwiching double-layer graphene, i.e., two pieces of
single-layer graphene physically stacked together, between
two FM electrodes showed low MR of 0.5% in Ref. [20] and
of 1.0% in Ref. [21].

Here, we present our results for the out-of-plane spin-valve
effect in FGF junctions using naturally stacked graphene with
a varied number of layers. Because the spin-filtering effect has
been predicted to be effective for multiple-layer graphene, we
examined the variation of MR with respect to the number
of graphene layers. The “flip-transfer” method, developed
recently by our group [23], was adopted to sandwich graphene
layers between two permalloy (Py; Ni0.81Fe0.19) electrodes.
This technique prevented the degradation of the surface of the
bottom Py electrode from air exposure or chemicals during the
nanofabrication process, which led to very small interfacial
resistance ARcont in our junctions (see Table I). The maximum
MR of 4.6% was observed at T = 4.2 K in a FGF junction with
a four-layer-graphene insertion, which is the highest among
those obtained from graphene-based spin-valve devices. In our
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TABLE I. Junction parameters: the number of graphene layers, lateral dimension of junctions, resistance at T = 4.2 K, ARcont,
magnetoresistance (MR), and type of junctions, according to their temperature dependence of resistance.

Sample Number of layers Length (μm) Width (μm) Rjnc (�) ARcont (� μm2) MR (%) Type of junction

G1-t 1 4.55 0.75 0.118 0.188 2.73 Transparent
G1-r 1 4.15 0.61 1.280 1.620 0.31 Resistive
G2-t 2 4.49 0.70 0.252 0.392 2.80 Transparent
G2-r 2 4.48 0.73 0.553 2.828 0.70 Resistive
G3-r 3 4.52 0.87 0.474 0.943 2.02 Resistive
G4-t 4 4.42 0.77 0.057 0.093 4.58 Transparent
G4-r1 4 4.42 0.77 0.073 0.123 2.28 Resistive
G4-r2 4 4.66 0.86 0.736 1.461 1.30 Resistive

devices, the graphene layers acted as a metal-like insertion, as
evidenced by the weak temperature dependence of zero-field
resistance and MR, and the bias insensitivity of MR. The
higher MR observed for our FGF junctions with smaller ARcont

indicated that spin flips occurred mainly at the graphene/Py
interfaces and that a clean interface is required for high spin
injection. However, the theoretically predicted spin filtering
effect was not observed in our FGF junctions, presumably
because the lattice matching between the graphene layer and
the amorphous (crystalline) Py electrodes was not realized.

II. FABRICATION

A conceptual drawing for spin-dependent transport along
the out-of-plane direction in a FGF junction is shown in
Fig. 1(a). Figures 1(b) and 1(c) show scanning electron
microscopy (SEM) images of the side and top views, respec-
tively, of the junction used in this study. The electrical spin
transport properties of the junctions were obtained with the

FIG. 1. (Color online) (a) A conceptual drawing for spin-
dependent transport in a vertically stacked FGF junction. Scanning
electron microscopy image of the junction. (b) Side view of the
junction. (c) Top view of the junction with the measurement
configuration shown.

measurement configuration shown in Fig. 1(c). The sample
fabrication procedure is illustrated in Figs. 2(a)–2(h). A clean
oxidized Si substrate was first coated with a water-soluble poly
(4-styrenesulfonic acid) (PSS) layer, which was subsequently
coated with a liftoff resist layer (LOR; manufactured by
MicroChem), a sacrificial supporting layer, as shown in
Fig. 2(a). A graphene flake was mechanically exfoliated
onto the prepared substrate. Py electrodes were used for
out-of-plane spin injection. First, the bottom electrode was
prepared [Fig. 2(b)] on graphene by electron-beam (e-beam)
patterning with 950 K poly (methyl) methacrylate (PMMA)
resist, electron-gun (e-gun) evaporation of Py/Au (30/5 nm),
and liftoff, resulting in a lateral dimension of 1 × 20 μm2

[Fig. 2(b)]. In the liftoff process, hot xylene (50 ◦C) was
used to remove the PMMA resist, whereas the PSS and LOR
layers remained stable against xylene. Using a handling frame,

FIG. 2. (Color online) Sample fabrication processes. (a) Exfoli-
ation of natural graphene on an oxidized Si substrate coated with a
PSS/LOR layer. (b) Metal deposition (Py/Au; 30/5 nm) for the bottom
electrode. (c) Dissolution of the PSS layer in water to separate the
LOR layer from the Si substrate. (d) The LOR layer flipped onto
a separate Si substrate. (e) Elimination of the LOR layer. (f) Metal
deposition (Py/Au; 50/5 nm) for the top electrode. (g) Addition of
an insulation layer with cross-linked PMMA. (h) Deposition of Au
electrodes (Au; 250 nm).
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we kept the entire substrate afloat on water. As the PSS
layer dissolved in water, the LOR layer with the graphene/Py
bilayer could be separated from the substrate [Fig. 2(c)]. The
set of LOR−graphene/Py bilayers was flipped over onto a
separate Si substrate, as shown in Fig. 2(d), followed by
the removal of the LOR layer in a bath of hot Remover
PG (manufactured by MicroChem) at 80 ◦C. After rinsing
the sample consecutively in baths of isopropyl alcohol (IPA)
and hexane, only a Py/graphene bilayer remained on the Si
substrate [Fig. 2(e)]. During these processes, degradation of
the graphene/Py interface from surface oxidation and chemical
reaction of the Py electrodes was prevented by the gas imper-
meability of graphene [24–26]. In previous studies [19–21], the
formation of an incomplete tunneling barrier due to oxidation
of the bottom ferromagnetic electrodes may have induced
spin-flip scattering [27,28]. The counter electrode, with the
lateral dimensions listed in Table I, was prepared by additional
e-gun evaporation of a Py/Au (50/5 nm) bilayer on graphene
in alignment with the bottom electrode [Fig. 2(f)]. Then, the
outer graphene layers were eliminated by O2 plasma etching,
except for the area of sandwiched graphene. The insulation
layer was patterned using cross-linked 950 K PMMA resist
(thickness: 200 nm), which was twice as thick as the total
thickness of the bottom and top Py electrodes [Fig. 2(g)].
Finally, 250-nm-thick Au contact leads were deposited using
e-gun evaporation [Fig. 2(h)]. The completed device was
mounted onto a sample holder, which could be rotated with
respect to the solenoid (or magnetic-field) direction and cooled
down in a He4 cryostat. The sample resistance was obtained by
using a conventional lock-in technique (frequency: 13.33 Hz)
with an alternating current (ac) bias current of I = 50 μA (rms
value) at T = 4.2 K.

III. RESULTS AND DISCUSSION

The junction parameters are summarized in Table I. We
categorized the junctions into “transparent” and “resistive”
junctions. The transparent junctions showed nonmetallic R-T
curves with small ARcont, while the resistive junctions showed
metallic R-T curves with large ARcont. The criterion for ARcont

separating the transparent and resistive junctions turned out to
be ∼1 �μm2, which will be discussed in association with MR
vs ARcont curves.

Figures 3(a)–3(c) show the MR curves for FGF junctions
with one, two, and four layers of graphene, respectively.
Fixing the magnetic-field direction along the easy axis of
Py electrodes, the magnetic field was swept first from
+200 to −200 Oe (down sweeping), and then swept back
to 200 Oe (up sweeping). The magnetization of the bottom
and top FMs was first aligned parallel (P) to each other in the
magnetic field of +200 Oe, yielding a low resistance. When
the magnetic field was swept down, a transition occurred to an
antiparallel (AP) configuration with high junction resistance
due to the magnetization reversal of the softer FM of the
two. An additional transition back to the P state took place
near −50 ∼ −100 Oe when the magnetization of the harder
FM of the two was reversed. Similar magnetization-switching
behavior with hysteresis was observed during the up-sweep
of the magnetic field. In percent, the MR was defined by
[(RAP − RP )/RP ] × 100, where RAP and RP denote the

FIG. 3. (Color online) Comparison between transparent and re-
sistive junctions. Hysteretic magnetoresistance (MR) curves for
varying the magnetic field (H ) at T = 4.2 K and I = 50 μA for
(a) G1-t and G1-r, (b) G2-t and G2-r, and (c) G4-t and G4-r1. Insets
show the temperature dependence of the junction resistance for the
corresponding samples with applied current I = 50 μA. Transparent
(G1-t, G2-t, and G4-t) and resistive (G1-r, G2-r, and G4-r1) junctions
are denoted as solid and dotted lines, respectively.

resistance for the AP and P magnetization states between the
two Py electrodes, respectively. Irregularity in the AP state
may have originated from the presence of multiple domains
at the bottom of the Py electrodes, built in during the e-gun
evaporation process or caused by mechanical stress during the
flip-transfer processes.

For each figure, comparison of the two sets of MR curves,
both having an identical number of sandwiched graphene
layers, revealed an obvious discrepancy in the magnitude of
MR. This discrepancy largely depended on the magnitude
of the junction resistance, as shown in the MR curves and
their corresponding R-T curves. Comparing the MR with
the junction resistance confirmed that higher (lower) MR was
obtained in a FGF junction having smaller (larger) resistance.
A detailed interpretation of the relationship between MR and
the junction resistance is provided in the discussion below.

Another important feature in the R-T curves in the inset
of Fig. 3 is the temperature variation of resistance in FGF
junctions. For the transparent (resistive) junctions, the junction
resistance increased (decreased) and then saturated with
decreasing temperature, as denoted by the solid (dotted) lines,
except for sample G2-t. The junction resistance of sample G2-t
first decreased with decreasing temperature like the resistive
junctions until the temperature reached ∼30 K. However,
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below ∼30 K, the junction resistance increased slightly with
decreasing temperature, similar to the transparent junctions.
Because the MR measurements were made at 4.2 K, in the low-
temperature range where an insulating R-T character appeared
in the sample, sample G2-t was categorized as a transparent
junction. Comparing these results with the expected out-of-
plane resistance of a few m� in a single-layer graphene
junction for the given dimensions in Table I, where the c-axis
resistivity of the natural graphite was ∼10−3 � cm [29], most
of the junction resistance occurred at the interface between the
graphene and Py electrodes. The graphene/Py interface was
expected to behave as an ohmic contact; this was confirmed
by contact resistance measurements in Ni/graphene [30] and
Pd/graphene [31] junctions.

In contrast, for the out-of-plane R-T measurements,
nonmetallic behavior was observed in a few tens of nm
thick graphite, both natural and highly ordered pyrolytic,
whereas a metallic (nonmetallic) character was observed in
natural (highly ordered pyrolytic) graphite thicker than a few
μm [29,32,33]. Thus, it is clear that the metallic temperature
dependence of junction resistance for the resistive junctions
was dominated by the metallic but large contact resistance,
whereas the nonmetallic junction resistance for the transparent
junction was caused by the intrinsic out-of-plane resistiv-
ity of graphene. Thus, our transparent junctions exhibiting
nonmetallic R-T curves better represent the intrinsic spin-
dependent transport properties of FGF junctions with minimal
interfacial scattering.

The temperature dependence of the maximum values of
MR for samples G4-t, G2-t, G1-t, G4-r1, G3-r, and G4-r2, are
illustrated in Fig. 4(a), from top to bottom, in the temperature
range between 4.2 and 100 K. It is well known that the
major factors contributing to temperature variation of MR
in a metallic magnetic multilayer are phonon scattering and
reduction of the mean-free path in the barrier [34–36]. In our
FGF junctions, the MR decreased only slightly with increasing
temperature. Linear fitting denoted by the solid lines in

FIG. 4. (Color online) (a) Temperature dependence of MR for
samples G4-t, G4-r1, G1-t, G2-t, G3-r, and G4-r2. Solid lines show
the results for linear fitting. (b) I -V curves for the measured junctions.
(c) Current bias dependence of MR for corresponding I -V curves.
The same symbol legends are used for all figures.

Fig. 4(a) exhibited a rate of change in MR with temperature in
the range of 0.4 ∼ 2.7 × 10−3 %/K, which is one or two orders
of magnitude smaller than that of magnetic multilayers [34]
and spin-valve sandwiches [36]. In previous measurements on
CVD-grown graphene insertion, similar rates of MR change
with temperature were observed [19–21]. This weak variation
of MR in our vertical FGF junctions was attributed to its
metal-like character with weak electron-phonon coupling in
graphene [37,38]. Weakly coupled graphene layers provide
fewer scattering elements due to their relatively weak phonon
vibration compared with normal metal insertion. Thus, the
temperature variation of MR was weaker than that in normal
metal-inserted magnetic multilayers.

Figure 4(b) shows the current-voltage (I -V ) curves at
T = 4.2 K. For all samples, including transparent junctions
with nonmetallic R-T curves, the I -V characteristics were
linear. The corresponding current-bias dependence of the MR
is shown in Fig. 4(c). The MR values were retained even in the
high-bias regime of I ∼ 5 mA. In previous studies, nonlinear
I -V curves and bias-dependent MR were observed in Ref. [19],
where the MR decreased with increasing voltage bias, similar
to that in magnetic tunnel junctions [39]. Linear I -V curves
and bias-insensitive MR were observed in Refs. [20] and [21].
The linear I -V curves and the bias-insensitive MR over the
entire bias range in this study confirmed that FGF graphene
layers acted as metallic diffusive barriers along the out-of-
plane direction rather than as a tunneling barrier formed by the
degradation of the bottom electrodes. Furthermore, as shown in
Table I, the extremely small ARcont of our junctions, compared
with the AR product in earlier studies of 35 ∼ 75 k�μm2 [19],
40 ∼ 100 �μm2 [20], and a few k�μm2 [21], was attributed
to the cleanness of the bottom-electrode surface. Because
the high quality of the interface is crucial in spin-dependent
transport, the passivation potential formed at the surface of
few-layer graphene [24–26] improved the efficiency of the
spin injection in our FGF junctions.

Figure 5 shows the interfacial-resistance dependence of MR
for the FGF junctions used in this study. We defined interfacial
resistance as ARcont = A(Rjnc − Rg)/2, where A, Rcont, Rjnc,
and Rg denote the junction area, contact resistance at the
graphene/Py interfaces, total resistance of a FGF junction, and
out-of-plane resistance of graphene, respectively. Here, we
assumed identical Rcont values at both graphene/Py interfaces.
Because Rg was two or three orders of magnitude smaller
than Rcont, Rg did not significantly affect the ARcont value
of FGF junctions. We adopted the functional relationship
between the MR and ARcont developed in Refs. [40–42] to
obtain the spin asymmetry coefficients of the bulk (β) and
interface (γ ) from the MR for various FGF junctions. Here,
β and γ correspond to the bulk magnetic polarization and
the spin selectivity at the FM/nonmagnetic-metal interfaces,
respectively. The estimated values of spin diffusion length
in graphene [15] (lNsf � 100 nm), out-of-plane resistivity
of graphene [29] (ρg � 1 × 10−3 � cm), and resistivity of
Py [43] (ρPy � 1.2 × 10−5 � cm) led to pronounced MR in
the range of the interfacial resistance, ARg(tN/ lNsf ) (�1 ×
10−5 �μm2) � ARcont � ARg(lNsf /tN ) (�1 �μm2), where
tN denotes the thickness of the graphene. Thus, as shown in
Fig. 5, with increasing ARcont passing the value 1 �μm2,
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FIG. 5. (Color online) Interfacial resistance dependence of MR
for various FGF junctions. Square, circle, upright-triangle, and
inverted-triangle symbols indicate the MR for FGF junctions with
one-, two-, three-, and four-layer graphene insertion, respectively.
Best-fit curves are obtained for β = 0.4 (solid) and 0.3 (dotted)
for three different values of γ : γ = 0.3 (upper), 0.25 (middle),
and 0.2 (lower). We adopted estimated values of lNsf � 100 nm,
ρg � 1 × 10−3 � cm, and ρPy � 1.2 × 10−5 � cm for the fit. The
horizontal axis is plotted as a logarithmic scale of ARcont for clarity.
The inset shows the variation of MR for a different number of
graphene layers.

MR slowly converged to zero. For ARcont < 1 �μm2, the
MR rapidly increased along with decreasing ARcont, although
the MR variation looks less steep in the semilogarithmic
plot. The lower limit of pronounced MR [ARg(tN/ lNsf ) �
1 × 10−5 �μm2] were not in the measurement range of
this study. Fit results indicated that our FGF junctions were
in the regime of large ARcont where d(MR)/d(ARcont) was
negative. For both values of β (=0.3 and 0.4), curves with
γ = 0.25 well fit the variation of MR with ARcont. Values
of γ = 0.2 and 0.3 provide the lower and upper bound of
fits to the experimental results, respectively. It is clear that
the graphene/Py interfaces in our FGF junctions acted as weak
spin polarizers with γ = 0.25 ± 0.05 compared with the value
of the bulk polarization of the Py electrodes themselves, which
is known to vary from 0.32 to 0.48 depending on the electrode
preparation conditions [44].

In graphene consisting of weakly bonded multiple lay-
ers, the spin-polarized carriers were expected to propagate
within the spin-flip length along the out-of-plane direction
through sparsely distributed spin-scattering elements. Thus,
the dominance of Rcont over Rg in total junction resistance
is an obstacle to the effective spin injection and detection.
Furthermore, the lower value of γ in our FGF junctions
indicates that the reduction of the spin polarization of carriers
occurred at the graphene/Py interfaces. A possible cause of
the poor spin selectivity at the interfaces of FGF junctions
was antiferromagnetic (AFM) ordering at the interfaces [45].
The antiparallel coupling at the FGF interfaces may have
changed the spin polarization of injected carriers and led
to low spin-injection efficiency at the interfaces of FGF
junctions [46]. The stray magnetic field possibly induced by
the corrugation of the graphene/Py interfaces also could have

been the cause of lowering the interfacial spin selectivity in
our devices [47].

In contrast to the theoretical prediction for perfect spin
filtering through the interface between crystalline FM and
graphene [12–14], the inset of Fig. 5 shows no clear correlation
between the number of graphene layers and the observed MR.
The spin filtering effect in our experiments may have been
suppressed because the Py electrodes were polycrystalline
or of alloy rather than single crystals, which resulted in the
lower value of the interfacial spin-asymmetry coefficients
γ (=0.25 ± 0.05). Opening of an exclusive band gap for the
majority spins should be more rigorously examined, together
with good control over the interfacial contact resistance
between graphene and crystalline FM electrodes.

IV. CONCLUSION

Naturally stacked graphene layers having a varied number
of atomic graphene sheets were adopted as an insert between
two Py electrodes to form a FGF out-of-plane spin-valve junc-
tion. Passivation of Py electrodes by covering with graphene
in association with direct electrode deposition onto graphene
provided high-quality interfaces with a very small ARcont in
FGF junctions, as proven by the high MR up to 4.6% in a FGF
junction consisting of four-layer graphene. The enhanced MR
for more transparent interfaces indicates that the reduction of
scattering at the graphene/Py interface raised the spin-injection
efficiency in FGF junctions. However, fitting to a theoretical
model suggests that the graphene/Py interfaces in our FGF
junctions had an interfacial spin asymmetry coefficient of
γ (=0.25 ± 0.05), which was much less than the value pre-
dicted theoretically for the spin-filtering effect. AFM ordering
and the possible stray magnetic field at the interfaces of FGF
junctions may have induced the suppressed spin polarization
during transmission through graphene. The AFM-ordering
effect could be reduced by inserting an additional nonmagnetic
metal layer between graphene and the FMs, thus decoupling
graphene from the FM [48–51]. Lattice matching between
graphene and crystalline FMs [12–14] together with improved
interfacial properties could also lead to significantly enhanced
spin filtering.
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APPENDIX: FITTING EQUATION FOR
VARIATION OF MR

We used a fitting function [Eqs. (A1) and (A2)] for
MR variation as a function of interfacial resistance. These
functions were proposed by Fert and Jaffrès [41] and used
to obtain the curve fits in Fig. 5. In this model calculation,
MR is defined by MR = �R/RP for a FM/normal-metal/FM
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sandwiched structure along the out-of-plane direction. The
areal resistance of a FM (normal-metal) electrode is defined by
rF (N) = tF (N)ρF (N), where tF (N) and ρF (N) denote the thickness

and resistivity of the FM (normal-metal), respectively. The
quantity lNsf indicates the spin diffusion length of the normal
metal and r∗

b is the interfacial resistance, adopted as ARcont in
this study:

�R = 2(βrF + γ r∗
b )2

(r∗
b + rF ) cosh

(
tN
lNsf

) + rN

2

[
1 + ( r∗

b

rN

)2]
sinh

(
tN
lNsf

) , (A1)

RP = 2(1 − β2)rF + rN

(
tN

lNsf

)
+ 2(1 − γ 2)r∗

b + 2
(β − γ )2rF r∗

b + rN (β2rF + γ 2r∗
b ) tanh

(
tN

2lNsf

)
(r∗

b + rF ) + rN tanh
(

tN
2lNsf

) . (A2)
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