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We present an analytical investigation of the optical absorption spectrum of monolayer molybdenum-disulfide.
Based on the density matrix formalism, our approach gives insights into the microscopic origin of excitonic
transitions, their relative oscillator strength, and binding energy. We show analytical expressions for the
carrier-light coupling element, which contains the optical selection rules and describes well the valley-selective
polarization in MoS,. In agreement with experimental results, we find the formation of strongly bound
electron-hole pairs due to the efficient Coulomb interaction. The absorption spectrum of MoS, features two
pronounced peaks corresponding to the A and B exciton. For MoS; on a SiO, substrate, these are characterized
by binding energies of 455 meV and 465 meV, respectively. Our calculations reveal their relative oscillator
strength and predict the appearance of further low-intensity excitonic transitions at higher energies. The presented
approach is applicable to other transition metal dichalcogenides and can be extended to investigations of trion

and biexcitonic effects.
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Transition metal dichalcogenides (TMDs) build a new
class of layered two-dimensional materials with remarkable
optical and electronic properties [1]. They show a crossover
from indirect- to direct-gap semiconductors depending on the
thickness of the material [2-5]. Furthermore, they are char-
acterized by a strong spin-orbit coupling that in combination
with the circular dichroism [6,7] enables selective valley and
spin polarization [8—13]. This makes TMDs interesting for
both fundamental research and technological applications [1].
In particular, monolayer molybdenum disulfide (MoS;) has
been intensively studied in the past years. It consists of
Mo atoms sandwiched between two layers of S atoms; cf.
Fig. 1(c). Viewed from above, the structure builds a hexagonal
lattice with alternating covalently bonded molybdenum and
sulfur atoms; cf. Fig. 1(b). Similar to graphene, MoS, shows
strong many-body interactions resulting in a variety of physical
phenomena [14-17].

In contrast to the bulk MoS,, the monolayer material
exhibits a direct gap giving rise to a strong photoluminescence,
which is characterized by tightly bound excitons and even trion
features have been observed [10]. So far, the experimental
data[10,13,15,18-22] has been complemented by a few calcu-
lations that significantly vary in their predictions with respect
to the excitonic effects [23-29]. Exploiting the Bethe-Salpeter
equation combined with the GoW approximation, Ramasub-
ramaniam et al. [23] predicted the appearance of strongly
bound excitons with a binding energy in the range of 1 eV. This
is in agreement with the estimation by Cheiwchanchamnangij
et al. [24] that relies on the Mott-Wannier effective-mass
theory. Recently, Molina-Sanchez et al. [26] and Qiu et al. [29]
provided well converged optical spectra in the framework of
Bethe-Salpeter including the spin-orbit coupling. Both studies
reproduce well the positions of experimentally observed peaks,
however, they significantly differ in the predicted excitonic
binding energies.
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In this article, we present an analytical solution to the
excitonic absorption spectrum of MoS,. Based on the density
matrix formalism, we derive the Wannier equation providing
access to eigenvalues including higher excitonic transitions as
well as excitonic eigenfunctions shedding light on the relative
intensities of the single transitions. Our goal is a thorough
understanding of the excitonic absorption spectrum of MoS;
and related structures.

We focus on optical transitions between the energetically
lowest conduction and the energetically highest valence band.
DFT calculations [30-36] show that in the vicinity of the
optically relevant K points, the valence band is mainly formed
by the 1/ \/E(dxz_,_yz =+ id,,) orbitals of the molybdenum atoms
with a small influence of 1/+/2(p, £i py) orbitals of the
sulfur atoms. In contrast, the conduction band is dominated
by d.. orbitals of the Mo atoms with a minor influence of
1/ 2(pe £ i py) orbitals of the S atoms. Here, + and — refer
to orbitals forming the K and the K’ point, respectively. For a
lattice with 2N atoms, we assume the following tight-binding
ansatz for the electronic wave function:

N
1 kR,
kN = —= Y1 CRE Y e e —Ry). (D)
R;

j=Mo,S

with ¢?A$(r —R}) as the linear combination of the relevant
atomic orbitals mentioned above. Here, R; denotes the coor-
dinates of the atoms in the sublattice j built by molybdenum
and sulfur atoms, and £ stands for the K and the K’ point,
respectively. The coefficients Clk.if determine the weight of the
single contributions stemming from different orbital functions.
They depend on the two-dimensional momentum k and the
index Ay, denoting either the valence (vy) or the conduction
bands (c;) with the spin s = 1 or =|. The top view on the
MoS, lattice reveals a hexagonal structure that similar to
graphene consists of two sublattices; cf. Fig. 1(b). However,
while in graphene they are formed by carbon atoms, in MoS,
one sublattice is built by molybdenum and the other by
sulfur atoms. Therefore, in contrast to graphene the inversion
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FIG. 1. (Color online) (a) Band structure of MoS, in the vicinity
of the K valley. Note that at the K’ point, the spin-up and spin-
down states are reversed. The arrows schematically indicate the
allowed optical transitions leading to A and B excitons in optical
spectra. Due to Coulomb-induced electron-hole interaction, the bound
excitonic states are located below the conduction band reflecting
the corresponding excitonic binding energies. (b) Top view on the
hexagonal lattice of MoS, lying in the xy plane. (c) Side view on the
MoS; structure illustrating the Mo layer sandwiched between the two
sulfur atom layers.

symmetry is broken giving rise to a band gap opening at the
K and K’ points; cf. Fig. 1(a). The side view shows that the S
atoms build two separate layers with a distance of +0.15 nm
with respect to the Mo layer, as shown in Fig. 1(c).

To obtain the electronic dispersion relation we solve the
Schrodinger equation HyW’é = g*W*¢ with the Hamilton
operator Hy = Hyi, + Hso. Here, Hyin = ﬁz /(2my) describes
the free-particle energy with the momentum operator p and
the free electron mass mg, while Hso = U(r)L - S denotes the
spin-orbit coupling (SOC) within the two-center approxima-
tion. Here, L and S stand for the momentum and the spin oper-
ator, respectively, while U(r) = 2m;czr % describes the radial
dependence of the SOC Hamilton operator with V, correspond-
ing to the spherical electrostatic potential and ¢ denoting the
speed of light. Since the explicit form of the radial dependence
of the molybdenum and sulfur orbitals is unknown, the
integration of the radial component will be fixed to the values
obtained from experimental data, as discussed below.

Since the orbitals have different symmetries at the K
and K’ point, we solve the Schrodinger equation around
both points separately. The two sublattices lead to a set
of four linear equations. In our nearest-neighbor approach
we assume that (¢>?“’5(r — Rj)lqb;\“'g(r —R))=4;; is a
good approximation, i.e., the overlap of orbital functions
of neighboring sides is neglected. Furthermore, we take
into account only the nearest-neighbor hopping integrals
1 = (¢S (r — R))| Hyinl!** (r — R;)). Then, we obtain an
analytical expression for the electronic band structure in the
vicinity of the K and K’ points reading

€y = ﬂt%\/(Aé‘?*)2 + 4(t% 2 f (K), )
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with & denoting the solution for the K and K’ valley.
Furthermore, A = v4,vy,cp,c¢, stands for the valence (v)
and the conduction (c) band as well as the spin-up (1) and
the spin-down states (). The + solution is valid for the
conduction and the — solution for the valence bands.

The momentum dependence of the band structure is given
by the function

f(K) =3+ 2 cos(ky) + 4 cos(k,/2) cos(«/gkX/Z)

stemming from the phase ¢’*R/ in the tight-binding wave
function in Eq. (1). Here k,k, are the Cartesian coordinates
of the two-dimensional momentum k given in units of the
lattice vector ay = 0.318 nm [23]. The function contains
the trigonal warping effect describing the deviation of the
equienergy contour from a circle around the K and K’ points
in the Brillouin zone [31-34]. Since this effect does not have
a qualitative influence on excitonic effects, we simplify the
electronic band structure from Eq. (2) by using a Taylor
expansion for small momenta leading to
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This parabolic band structure has already been shown to be
a good approximation in the optically relevant energy region
around the K and K’ points [30,36]. The tight-binding hopping
integrals t* determine the curvature of the electronic band
structure; cf. Eq. (3). The values ¢ and ¢t are fixed such that
we obtain first-principle values [31-34] for the effective mass
of the valence band m?; = 0.62m and of the conduction band
mgg = 0.48mg. The spin-dependent band gap Aeg’ = Egap +
gels. consists of the band gap energy &g, and the spin-orbit
splitting esk(;c, where & = +,— denotes the K and K’ points,
respectively. As a result, the spin-up (down) electronic state
is energetically raised (lowered) by the spin-orbit coupling
at the K point and lowered (raised) at the K’ point [2,3].
The broken inversion symmetry in MoS, gives rise to the
spin-independent band gap &,,, = 2.84 €V that is given by the
on-site energy difference of the molybdenum and the sulfur
atoms [23,24,29]. Both the valence and the conduction band
are split due to the efficient spin-orbit coupling; however, the
underlying processes are of different order [36]. Consequently,
the valence band splitting of &2, = 160 meV is two orders
of magnitude larger than the conduction band splitting of
eg. =3 meV [3,59,33]. Figure 1 illustrates the obtained
electronic band structure in the region around the K point. It
consists of four parabolic bands stemming from the spin-orbit
coupling that splits the valence and conduction band each in
two separate spin-up and spin-down bands. We find that the
spin-orbit coupling also renormalizes the effective masses of
spin-up and spin-down valence bands leading to mz}f = 0.66
and ngf = 0.575; cf. Eq. (3). This is in good agreement with
the results of Kormanyos et al. [33]

Solving the Schrodinger equation, we also obtain the
eigenfunctions of electrons in MoS,. Assuming that they are
normalized, we find for the tight-binding coefficients
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where gﬁyg = t*e(k)/ A;E ) = Zj b with
b; connecting the nearest-neighbor atoms; cf. Fig. 1(b).
Having determined the wave functions, we can now calcu-
late the coupling elements. The carrier-light matrix element
MUSE(K) = (UUE(K,r)|p| W (k,r)) is given as the expec-
tation value of the momentum operator p = —ihV [37,38].
Exploiting the nearest-neighbor tight-binding wave functions
[cf. Eq. (1)], we obtain the Cartesian components of M%< (k)
in x(y) direction,

M (k) =

vE*
x(y) MCMO,kC

3

o5 ik-b

S.k Z by x(yye™™
l

—MCSTCMO.(Z@ e @)

with the abbreviation M = £2(¢"*(r — R))|p.|¢*(r —
R;)) for the nearest-neighbor orbital overlap. While molyb-
denum orbitals forming the valence and the conduction bands
have the d symmetry, the sulfur orbitals are of p type. Due
to the Laporte rule [39], we expect the main contribution
to the optical absorption to stem from transitions between
p and d orbitals. For such transitions, the azimuthal quantum
number changes by one, i.e., Am; = =£1. They can be optically
excited by applying circularly polarized light, which carries
an azimuthal quantum number of m; = £1 depending on the
polarization direction. In this study, we focus on the qualitative
features in the optical spectra of MoS,, i.e., we do not aim for
the absolute values of the carrier-light coupling. Since we are
interested in the momentum dependence of the optical matrix
element and since we want to keep the number of tight-binding
parameters as small as possible, we set all overlap integrals
appearing in M to one.

The excitation pulse is characterized by the vector potential
A=A exp( 2)[cos(a)t)ex + sin(wt)e,] with the amplitude
Ag determlnlng the excitation strength and o, denoting
the pulse width. Projecting the optical matrix element in
the polarization direction, we can express the carrier-light
coupling by a linear combination of the Cartesian components

MP“% (k) and M*“** (k). For right- (o) and left-handed (o, )
circularly polarized light, we find M2%% (k) = MEE (k) &

1M}'f‘C g(k) [8]. Figures 2(a) and 2(b) 111ustrate the optical
matrix elements M §ff5 (k) and M ﬁf‘é (k), respectively. We
can clearly observe that the carrier-light coupling strongly
differs for different polarization of the light: For right-handed
circularly polarized light o_, it exhibits maxima at the K points,
while it vanishes at the K’ points; cf. Fig. 2(a). The behavior is
inverse for left-handed circularly polarized light oy, as shown
in Fig. 2(b). Furthermore, the matrix element shows similar
to the dispersion relation a strong trigonal warping effect
reflecting the threefold symmetry of the nearest neighbors in
the real space lattice; cf. Fig. 1(b). The appearing triangles
in the optical matrix element show a different orientation
depending on the polarization of light.

Figures 2(c) and 2(d) illustrate the absorption spectrum of
MoS; in the spectral region of the K and K’ valley, respectively,
after optical excitation with right- (¢_) and left-handed (o)
circularly polarized light. The carriers occupying the K valley
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FIG. 2. (Color online) Optical matrix element projected in the
direction of (a) right- (0—) and (b) left-handed (o+) circularly
polarized light. The corresponding absorption spectra in the spectral
region of the (c) K and (d) K’ valley after optical excitation with o —
and o+ light, respectively. The figure illustrates a pronounced valley-
selective polarization, i.e., the excitation with right-(left-)handed
circularly polarized light only leads to an absorption at the K (K')
point.

only couple to the o_ light leading to pronounced peaks in
the absorption spectrum. The excitation with o light does
not lead to any absorption due to the vanishing optical matrix
element; cf. Fig. 2(a). In contrast, at the K’ valley, the behavior
is reverse and we only observe pronounced peaks after the
excitation with o light. This valley-selective polarization has
also been observed in experiments and enables the full control
of the valley and spin occupation by optical excitation with
circularly polarized light suggesting the application of MoS;
in valleytronics [8—13].

The absorption spectra in Figs. 2(c) and 2(d) are charac-
terized by strongly pronounced excitonic Lorentzian-shaped
resonances reflecting the efficient Coulomb interaction in
MoS,. Similar to graphene [40] or carbon nanotubes [41,42],
the Coulomb interaction is known to be particularly important
in monolayer TMDs due to their low-dimensionality and the
relatively weak screening in such one-atom thick materials.
Therefore, we extend the Hamilton operator by the Coulomb
interaction to account for the Coulomb-induced features in the
absorption spectrum yielding in second quantization [43]

R
§ : § : kx“k' 2O +q, 1 Ak—q 0 VK q0
quAN

with the Coulomb matrix element
AHE s NE
Vk,k’, Ly K.q Va:

the annihilation and creation operators a,T( i and ay ,,, the

momenta k,k’, and the band indices AS,A’ of the involved
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electronic states. The Coulomb matrix element is determined
by the tight-binding coefficients,

ANE A€ AN Ex AsE
Meda= 2 OO CinaChia
j, f=S.Mo

and the Fourier-transformed two-dimensional Coulomb poten-
tial

&? 1

) &)
€0&; L |ql(1 + rolql)

Vo=

including the sample size L2, the vacuum permittivity &,
and the dielectric constant €, = €; + ¢, that accounts for
the screening from the surrounding media above (€;) and
below (¢,) the investigated monolayer MoS,. The form of the
Coulomb potential corresponds to the expression derived by
Keldysh and Cudazzo [44,45], including a consistent descrip-
tion of substrate-induced screening in quasi-two-dimensional
nanostructures with a thickness d. The latter determines
the screening length ro = de/€;, where € = € is assumed
to be the in-plane component of the dielectric tensor of
the bulk material [27,44,45]. In the limiting case of small
momentum transfers |q|, Eq. (5) corresponds to the regular 2D
Coulomb potential. In this work, we perform calculations on
free-standing MoS, (¢} = €, = 1) and for MoS; on the silicon
dioxide substrate (€; = €y,c = 1,6, = 3.9) [46]. To account
for the thickness d of the MoS, layer, we consider the distance
between the two sulfur atoms in the direction perpendicular to
the layer (d =~ 0.318 nm) [17,27].

Now, we have all ingredients including the electronic band
structure, the optical coupling element, and the Coulomb
matrix element to calculate the excitonic absorption spectrum
of MoS,. To obtain the absorption coefficient «(w), we need to
know the temporal evolution of the microscopic polarization
" = (ay . axk.,), which is a measurement for the optical
transitions of electrons in the state k between the valence (v,)
and the conduction (cy) band [38,40]. Exploiting the Heisen-
berg equation of motion [43], we derive the semiconductor
Bloch equation for the microscopic polarization yielding

(1) =& epice () — (fig — fie) u(0). (6)

Here, we used the cluster expansion to truncate the many-
particle hierarchy problem on the Hartree-Fock level [43,47].
The Coulomb interaction leads to the renormalization
of the band gap energy resulting in &, =€, — €’ —
Ywfee Vi g — feeVewq) and to the renormalization
of the Rab1 frequency resulting in € = MJ0% - A1) +

>k Yivg pl‘(/“é(t) Here, we introduced the abbrev1at10n

Vik.q = Vl? kx/s for A, # X, expressing the electron-hole

contnbutlon of the Coulomb interaction. Focusing on linear
optics, where the optical perturbation is weak, we can assume
for an undoped system in equilibrium f,; =0 and f; =1
neglecting thermal occupations. Since the band gap energy has
been fixed according to first-principle calculations including
the GW approximation [26], the Coulomb-induced energy
renormalization is already taken into account.

To get insights into the intrinsic properties of the system,
we first investigate the homogeneous solution of Eq. (6), which

Cs Vs

ihpy's
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defines the eigenvalue problem

& o0 (k) — Z Vv oo (K) = E3.05 (k) (7)
corresponding to the well-known Wannier equation [43,47].
The eigenvalues Ej. present solutions of the excitonic
problem giving access to the spectral position as well
as the binding energies of the s-like excitonic states.
The excitonic wave functions Qgé(k) determine the oscil-
lator strength of the excitonic transitions appearing in the
absorption spectrum. The absorption coefficient «(w) is
proportional to the imaginary part of the susceptibility x(w),
which can be expressed via the macroscopic current density
Jj(w) [38]. The latter is directly determined by the microscopic
polarization p‘“”‘ (t). With the solution of Eq. (7), we can
express the mlcroscopic polarization by transforming Eq. (6)
using the relations py;” (1) = 3, p,i"* ()6, (k) and py;” (1) =
>k Pre (0)6;£(k) [47]. The new quantity py.” (1) depends on
the exmtomc elgenvalues and can be expressed analytically in
the frequency domain yielding

>k My é(k)A(co)exgxlo
El, —ho —iy

P () = @®)

Finally, we obtain for the absorption coefficient the analytical

expression [43,47]

@ N

I _— . 9
a)m ; Vé—ha)—ly ©)

a(w) =
€0Er

This equation corresponds to the Elliot formula, which
describes the macroscopic answer of the system to an external
optical perturbation [43,47]. Note that we have introduced a
phenomenological dephasing rate y = 25 meV to account for
higher correlation terms neglected on the Hartree-Fock level.
This rate determines the width of transition peaks appearing in
the absorption spectrum; however, it does not have any influ-
ence on their position or the excitonic binding energy. We find
that the oscillator strength of the peaks in the absorption spec-
trum is determined by the square of the optical matrix element

M () and the sum over excitonic wave functions ®}, =

Zk 05 (k,o)M2* (k) P [65: ()M *¥(K')]*. The eigenval-
ues E}, of Eq. (7) appearing in the denominator of the Elliot
formula determine the position of the excitonic peaks as well
as their binding energy.

The absorption spectrum of MoS, features pronounced
peaks clearly arising from excitonic transitions, as free-particle
band-to-band transitions in a two-dimensional material give
steps in absorption; cf. Figs. 3(a) and 3(b). The appearing
two peaks stem from transitions between the two energet-
ically highest spin-split valence bands to the energetically
lowest conduction band; cf. Fig. 1(a). The energetically
lower (higher) transition is denoted as the A (B) exciton
in literature [3]. In the case of free-standing MoS,, i.e.,
without considering a substrate-induced dielectric background
screening of the Coulomb potential, the A exciton is located
at 1.9 eV and the B exciton at 2.04 eV. We also calculate
the Coulomb-renormalized band-to-band transitions in the
absorption spectrum to be able to determine the excitonic
binding energies E{\ 1s.» = 860 meV and EB .o = 870 meV; cf.
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FIG. 3. (Color online) Absorption spectrum of the free-standing
MoS, focusing on the well-pronounced (a) A and (b) B exciton
arising from the transition from the two energetically highest spin-
split valence bands to the energetically lowest conduction band,
respectively. The corresponding excitonic binding energies E ﬁ{ ,f can
be directly read off from the difference to the free-particle transitions;
cf. the black lines. Note that we have doubled the free-particle
absorption intensity for better visibility throughout the paper. Higher
excitonic transitions with binding energies Eg/ 7 and E;;/ 7 can also
be observed. The corresponding eigenfunctions 6, (k) of 1s and 2s
excitons are shown in (c) and (d), respectively. They determine the
oscillator strength of the excitonic transitions.

the arrows in Figs. 3(a) and 3(b). The difference of 10 meV
can be traced back to the unequal effective masses of the
spin-split valence bands. Our results are in good agreement
with recent first-principle calculations by Ramasubramaniam
et al. [23] and Qiu et al. [29] predicting values in the range of
1 eV. The relatively smaller value obtained in an effective-mass
approach by Berkelbach ef al. [27] can be traced back to a
stronger screening in their model.

Besides the two main A and B peaks, we also observe fur-
ther higher excitonic resonances with a much smaller intensity.
In analogy to the Rydberg series in the hydrogen atom, each
exciton transition splits into a series of optically active exciton
states. In the absorption spectrum of MoS,, we observe the 2s
excitonic resonances that are located at 0.5 eV above the A and
B excitons (corresponding to the 1s transitions), respectively.
They show a weak intensity that is by one magnitude smaller
than the corresponding 1s transitions. Their excitonic binding
energy E?S/ f is in the range of 400 meV. To investigate the
relative oscillator strength of the observed peaks, we plot the
excitonic eigenfunctions Gjé(k) found as a solution of Eq. (7).
Figure 3(c) reveals that the eigenfunction of the B exciton
is slightly higher. We can trace this behavior back to the
difference in the effective mass mj of the involved electronic
bands X;. Our calculations show that the oscillator strength is
enhanced for increasing mj . Due to the spin-orbit coupling,
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FIG. 4. (Color online) Excitonic absorption spectrum of MoS,
on a silicon substrate. Compared to free-standing molybdenum
disulfide shown in Fig. 3, the excitonic binding energy is strongly
reduced to Ef, , =455 and Ef , = 465 meV due to the substrate-
induced screening of the Coulomb interaction.

the effective mass of the energetically higher valence band
is larger, giving rise to a larger oscillator strength of the B
exciton. However, this effect is almost completely canceled
due to the 1/w dependence of the absorption coefficient [cf.
Eq. (9)], which suppresses energetically higher transitions. As
a result, the absorption spectrum shows that both peaks have
nearly the same oscillator strength.

To compare our results with the recent experimental
data [10], we study the absorption spectrum of MoS, on the
silicon dioxide substrate. The latter gives rise to an efficient
screening of the Coulomb potential affecting the position and
the binding energy of excitonic transitions. The corresponding
absorption spectrum is shown in Fig. 4. Compared to free-
standing MoS,, the excitonic binding energies are reduced
to E{, , =455 and E{} , = 465 meV. Our calculations could
not reproduce the measured relative oscillator strength of
the A and B excitons. While in the experiment, the A
exciton is higher in intensity, our theoretical spectra show
nearly the same oscillator strength for both excitons. This
might be due to the higher-order effects beyond the con-
sidered Hartree-Fock approximation and will be studied in
future work.

In conclusion, we have presented an analytical description
of the excitonic absorption spectrum of the MoS, monolayer.
Our approach is based on the density matrix formalism
allowing a consistent treatment of the carrier-light and carrier-
carrier interaction on microscopic footing. We investigate the
formation of bound electron-hole pairs and their influence
on the absorption spectrum of MoS,. In agreement with
experimental data, our calculations show the possibility of
valley-selective polarization as well as the appearance of
strongly pronounced A and B excitons with binding energies
in the range of few hundreds of meV. Furthermore, we
predict the occurrence of still unobserved higher excitonic
transitions characterized by much lower intensities. Moreover,
we investigate the impact of the excitonic eigenfunctions
on the relative oscillator strength of the excitonic peaks
as well as the influence of substrate-induced screening
on the excitonic binding energies. Our approach can be
applied to the optical properties of other transition metal
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dichalcogenides as well as extended to investigations of the
nonequilibrium carrier dynamics beyond the Hartree-Fock
level [48,49].

PHYSICAL REVIEW B 89, 125309 (2014)

We acknowledge the financial support from the Einstein
Foundation Berlin. We thank Andreas Knorr and Florian
Wendler for inspiring and fruitful discussions.

[1] S. Z. Butler, S. M. Hollen, L. Cao, Y. Cui, J. A. Gupta, H. R.
Gutiérrez, T. F. Heinz, S. S. Hong, J. Huang, A. F. Ismach, E.
Johnston-Halperin, M. Kuno, V. V. Plashnitsa, R. D. Robinson,
R. S. Ruoff, S. Salahuddin, J. Shan, L. Shi, M. G. Spencer, M.
Terrones, W. Windl, and J. E. Goldberger, ACS Nano 7, 2898
(2013).

[2] B. Radisavljevic, A. Radenovic, J. Brivio, V. Giacometti, and
A. Kis, Nat. Nano 6, 147 (2011).

[3] K. F. Mak, C. Lee, J. Hone, J. Shan, and T. F. Heinz, Phys. Rev.
Lett. 105, 136805 (2010).

[4] C. Lee, H. Yan, L. E. Brus, T. F. Heinz, J. Hone, and S. Ryu,
ACS Nano 4, 2695 (2010).

[5] A. Splendiani, L. Sun, Y. Zhang, T. Li, J. Kim, C.-Y. Chim,
G. Galli, and F. Wang, Nano Lett. 10, 1271 (2010).

[6] W. Yao, D. Xiao, and Q. Niu, Phys. Rev. B 77, 235406 (2008).

[7] H.-Z. Lu, W. Yao, D. Xiao, and S.-Q. Shen, Phys. Rev. Lett. 110,
016806 (2013).

[8] T. Cao, G. Wang, W. Han, H. Ye, C. Zhu, J. Shi, Q. Niu, P. Tan,
E. Wang, B. Liu, and J. Feng, Nat. Commun. 3, 887 (2012).

[9] K. F. Mak, K. He, J. Shan, and T. F. Heinz, Nat. Nano 7, 494
(2012).

[10] K. F. Mak, K. He, C. Lee, G. H. Lee, J. Hone, T. FE. Heinz, and
J. Shan, Nat. Mater. 12, 207 (2013).

[11] H. Zeng, J. Dai, W. Yao, D. Xiao, and X. Cui, Nat. Nano 7, 490
(2012).

[12] S. Wu, J. S. Ross, G.-B. Liu, G. Aivazian, A. Jones, Z. Fei,
W. Zhu, D. Xiao, W. Yao, D. Cobden, and X. Xu, Nat. Phys. 9,
149 (2013).

[13] G. Sallen, L. Bouet, X. Marie, G. Wang, C. R. Zhu, W. P. Han,
Y. Lu, P. H. Tan, T. Amand, B. L. Liu, and B. Urbaszek, Phys.
Rev. B 86, 081301 (2012).

[14] S. Das and J. Appenzeller, Nano Lett. 13, 3396 (2013).

[15] Y. Zhao, X. Luo, H. Li, J. Zhang, P. T. Araujo, C. K. Gan, J. Wu,
H. Zhang, S. Y. Quek, M. S. Dresselhaus, and Q. Xiong, Nano
Lett. 13, 1007 (2013).

[16] P. Cudazzo, M. Gatti, and A. Rubio, Phys. Rev. B 86, 075121
(2012).

[17] H. Shi, R. Yan, S. Bertolazzi, J. Brivio, B. Gao, A. Kis, D. Jena,
H. G. Xing, and L. Huang, ACS Nano 7, 1072 (2013).

[18] T. Korn, S. Heydrich, M. Hirmer, J. Schmutzler, and C. Schller,
Appl. Phys. Lett. 99, 102109 (2011).

[19] G. Plechinger, S. Heydrich, J. Eroms, D. Weiss, C. Schller, and
T. Korn, Appl. Phys. Lett. 101, 101906 (2012).

[20] P. Tonndorf, R. Schmidt, P. Bottger, X. Zhang, J. Borner,
A. Liebig, M. Albrecht, C. Kloc, O. Gordan, D. R. T. Zahn,
S. M. de Vasconcellos, and R. Bratschitsch, Opt. Express 21,
4908 (2013).

[21] W. Jin, P-C. Yeh, N. Zaki, D. Zhang, J. T. Sadowski, A. Al-
Mahboob, A. M. van der Zande, D. A. Chenet, J. I. Dadap, 1. P.
Herman, P. Sutter, J. Hone, and R. M. Osgood, Phys. Rev. Lett.
111, 106801 (2013).

[22] N. Scheuschner, O. Ochedowski, A.-M. Kaulitz, R. Gillen, M.
Schleberger, and J. Maultzsch, Phys. Rev. B 89, 125406 (2014).

[23] A. Ramasubramaniam, Phys. Rev. B 86, 115409 (2012).

[24] T. Cheiwchanchamnangij and W. R. L. Lambrecht, Phys. Rev.
B 85, 205302 (2012).

[25] N. Singh, G. Jabbour, and U. Schwingenschlogl, Eur. Phys. J. B
85,1 (2012).

[26] A. Molina-Sanchez, D. Sangalli, K. Hummer, A. Marini, and
L. Wirtz, Phys. Rev. B 88, 045412 (2013).

[27] T. C. Berkelbach, M. S. Hybertsen, and D. R. Reichman, Phys.
Rev. B 88, 045318 (2013).

[28] Q. C. Sun, L. Yadgarov, R. Rosentsveig, G. Seifert, R. Tenne,
and J. L. Musfeldt, ACS Nano 7, 3506 (2013).

[29] D. Y. Qiu, F. H. da Jornada, and S. G. Louie, Phys. Rev. Lett.
111, 216805 (2013).

[30] D. Xiao, G.-B. Liu, W. Feng, X. Xu, and W. Yao, Phys. Rev.
Lett. 108, 196802 (2012).

[31] F. Zahid, L. Liu, Y. Zhu, J. Wang, and H. Guo, AIP Adv. 3,
052111 (2013).

[32] F. Parhizgar, H. Rostami, and R. Asgari, Phys. Rev. B 87, 125401
(2013).

[33] A. Kormanyos, V. Zdélyomi, N. D. Drummond, P. Rakyta,
G. Burkard, and V. I. Fal’ko, Phys. Rev. B 88, 045416 (2013).

[34] E. Cappelluti, R. Roldén, J. A. Silva-Guillén, P. Ordején, and
F. Guinea, Phys. Rev. B 88, 075409 (2013).

[35] G.-B. Liu, W.-Y. Shan, Y. Yao, W. Yao, and D. Xiao, Phys. Rev.
B 88, 085433 (2013).

[36] H. Ochoa and R. Roldén, Phys. Rev. B 87, 245421 (2013).

[37] E. Mali¢, M. Hirtschulz, F. Milde, A. Knorr, and S. Reich, Phys.
Rev. B 74, 195431 (2006).

[38] E. Malic and A. Knorr, Graphene and Carbon Nanotubes:
Ultrafast Optics and Relaxation Dynamics, 1sted. (Wiley-VCH,
Berlin, 2013).

[39] O. Laporte and W. FE. Meggers, J. Opt. Soc. Am. 11, 459 (1925).

[40] E. Mali¢, T. Winzer, E. Bobkin, and A. Knorr, Phys. Rev. B 84,
205406 (2011).

[41] E. Malié, J. Maultzsch, S. Reich, and A. Knorr, Phys. Rev. B
82, 035433 (2010).

[42] E. Mali¢, J. Maultzsch, S. Reich, and A. Knorr, Phys. Rev. B
82, 115439 (2010).

[43] H. Haug and S. W. Koch, Quantum Theory of the Optical
and Electronic Properties of Semiconductors, 5th ed. (World
Scientific Publishing Co. Pre. Ltd., Singapore, 2004).

[44] L. V. Keldysh, JETP Lett. 29, 658 (1978).

[45] P.Cudazzo, 1. V. Tokatly, and A. Rubio, Phys. Rev. B 84, 085406
(2011).

[46] R.Singh, H.S. Rathore, R.P.S. Thakur, S. S. Ang, M. J. Laboda,
and R. K. Ulrich, Low and High Dielectric Constant Materials:
Materials Science, Processing, and Reliability Issues, Proceed-
ings of the Fifth International Symposium (Electrochemical
Society, New York, 2000).

[47] M. Kira and S. W. Koch, Progress in Quantum Electronics 30,
155 (2006).

[48] T. Winzer, A. Knorr, and E. Mali¢, Nano Lett. 10, 4839
(2010).

[49] T. Winzer, E. Malié, and A. Knorr, Phys. Rev. B 87, 165413
(2013).

125309-6


http://dx.doi.org/10.1021/nn400280c
http://dx.doi.org/10.1021/nn400280c
http://dx.doi.org/10.1021/nn400280c
http://dx.doi.org/10.1021/nn400280c
http://dx.doi.org/10.1038/nnano.2010.279
http://dx.doi.org/10.1038/nnano.2010.279
http://dx.doi.org/10.1038/nnano.2010.279
http://dx.doi.org/10.1038/nnano.2010.279
http://dx.doi.org/10.1103/PhysRevLett.105.136805
http://dx.doi.org/10.1103/PhysRevLett.105.136805
http://dx.doi.org/10.1103/PhysRevLett.105.136805
http://dx.doi.org/10.1103/PhysRevLett.105.136805
http://dx.doi.org/10.1021/nn1003937
http://dx.doi.org/10.1021/nn1003937
http://dx.doi.org/10.1021/nn1003937
http://dx.doi.org/10.1021/nn1003937
http://dx.doi.org/10.1021/nl903868w
http://dx.doi.org/10.1021/nl903868w
http://dx.doi.org/10.1021/nl903868w
http://dx.doi.org/10.1021/nl903868w
http://dx.doi.org/10.1103/PhysRevB.77.235406
http://dx.doi.org/10.1103/PhysRevB.77.235406
http://dx.doi.org/10.1103/PhysRevB.77.235406
http://dx.doi.org/10.1103/PhysRevB.77.235406
http://dx.doi.org/10.1103/PhysRevLett.110.016806
http://dx.doi.org/10.1103/PhysRevLett.110.016806
http://dx.doi.org/10.1103/PhysRevLett.110.016806
http://dx.doi.org/10.1103/PhysRevLett.110.016806
http://dx.doi.org/10.1038/ncomms1882
http://dx.doi.org/10.1038/ncomms1882
http://dx.doi.org/10.1038/ncomms1882
http://dx.doi.org/10.1038/ncomms1882
http://dx.doi.org/10.1038/nnano.2012.96
http://dx.doi.org/10.1038/nnano.2012.96
http://dx.doi.org/10.1038/nnano.2012.96
http://dx.doi.org/10.1038/nnano.2012.96
http://dx.doi.org/10.1038/nmat3505
http://dx.doi.org/10.1038/nmat3505
http://dx.doi.org/10.1038/nmat3505
http://dx.doi.org/10.1038/nmat3505
http://dx.doi.org/10.1038/nnano.2012.95
http://dx.doi.org/10.1038/nnano.2012.95
http://dx.doi.org/10.1038/nnano.2012.95
http://dx.doi.org/10.1038/nnano.2012.95
http://dx.doi.org/10.1038/nphys2524
http://dx.doi.org/10.1038/nphys2524
http://dx.doi.org/10.1038/nphys2524
http://dx.doi.org/10.1038/nphys2524
http://dx.doi.org/10.1103/PhysRevB.86.081301
http://dx.doi.org/10.1103/PhysRevB.86.081301
http://dx.doi.org/10.1103/PhysRevB.86.081301
http://dx.doi.org/10.1103/PhysRevB.86.081301
http://dx.doi.org/10.1021/nl401831u
http://dx.doi.org/10.1021/nl401831u
http://dx.doi.org/10.1021/nl401831u
http://dx.doi.org/10.1021/nl401831u
http://dx.doi.org/10.1021/nl304169w
http://dx.doi.org/10.1021/nl304169w
http://dx.doi.org/10.1021/nl304169w
http://dx.doi.org/10.1021/nl304169w
http://dx.doi.org/10.1103/PhysRevB.86.075121
http://dx.doi.org/10.1103/PhysRevB.86.075121
http://dx.doi.org/10.1103/PhysRevB.86.075121
http://dx.doi.org/10.1103/PhysRevB.86.075121
http://dx.doi.org/10.1021/nn303973r
http://dx.doi.org/10.1021/nn303973r
http://dx.doi.org/10.1021/nn303973r
http://dx.doi.org/10.1021/nn303973r
http://dx.doi.org/10.1063/1.3636402
http://dx.doi.org/10.1063/1.3636402
http://dx.doi.org/10.1063/1.3636402
http://dx.doi.org/10.1063/1.3636402
http://dx.doi.org/10.1063/1.4751266
http://dx.doi.org/10.1063/1.4751266
http://dx.doi.org/10.1063/1.4751266
http://dx.doi.org/10.1063/1.4751266
http://dx.doi.org/10.1364/OE.21.004908
http://dx.doi.org/10.1364/OE.21.004908
http://dx.doi.org/10.1364/OE.21.004908
http://dx.doi.org/10.1364/OE.21.004908
http://dx.doi.org/10.1103/PhysRevLett.111.106801
http://dx.doi.org/10.1103/PhysRevLett.111.106801
http://dx.doi.org/10.1103/PhysRevLett.111.106801
http://dx.doi.org/10.1103/PhysRevLett.111.106801
http://dx.doi.org/10.1103/PhysRevB.89.125406
http://dx.doi.org/10.1103/PhysRevB.89.125406
http://dx.doi.org/10.1103/PhysRevB.89.125406
http://dx.doi.org/10.1103/PhysRevB.89.125406
http://dx.doi.org/10.1103/PhysRevB.86.115409
http://dx.doi.org/10.1103/PhysRevB.86.115409
http://dx.doi.org/10.1103/PhysRevB.86.115409
http://dx.doi.org/10.1103/PhysRevB.86.115409
http://dx.doi.org/10.1103/PhysRevB.85.205302
http://dx.doi.org/10.1103/PhysRevB.85.205302
http://dx.doi.org/10.1103/PhysRevB.85.205302
http://dx.doi.org/10.1103/PhysRevB.85.205302
http://dx.doi.org/10.1140/epjb/e2012-30449-7
http://dx.doi.org/10.1140/epjb/e2012-30449-7
http://dx.doi.org/10.1140/epjb/e2012-30449-7
http://dx.doi.org/10.1140/epjb/e2012-30449-7
http://dx.doi.org/10.1103/PhysRevB.88.045412
http://dx.doi.org/10.1103/PhysRevB.88.045412
http://dx.doi.org/10.1103/PhysRevB.88.045412
http://dx.doi.org/10.1103/PhysRevB.88.045412
http://dx.doi.org/10.1103/PhysRevB.88.045318
http://dx.doi.org/10.1103/PhysRevB.88.045318
http://dx.doi.org/10.1103/PhysRevB.88.045318
http://dx.doi.org/10.1103/PhysRevB.88.045318
http://dx.doi.org/10.1021/nn400464g
http://dx.doi.org/10.1021/nn400464g
http://dx.doi.org/10.1021/nn400464g
http://dx.doi.org/10.1021/nn400464g
http://dx.doi.org/10.1103/PhysRevLett.111.216805
http://dx.doi.org/10.1103/PhysRevLett.111.216805
http://dx.doi.org/10.1103/PhysRevLett.111.216805
http://dx.doi.org/10.1103/PhysRevLett.111.216805
http://dx.doi.org/10.1103/PhysRevLett.108.196802
http://dx.doi.org/10.1103/PhysRevLett.108.196802
http://dx.doi.org/10.1103/PhysRevLett.108.196802
http://dx.doi.org/10.1103/PhysRevLett.108.196802
http://dx.doi.org/10.1063/1.4804936
http://dx.doi.org/10.1063/1.4804936
http://dx.doi.org/10.1063/1.4804936
http://dx.doi.org/10.1063/1.4804936
http://dx.doi.org/10.1103/PhysRevB.87.125401
http://dx.doi.org/10.1103/PhysRevB.87.125401
http://dx.doi.org/10.1103/PhysRevB.87.125401
http://dx.doi.org/10.1103/PhysRevB.87.125401
http://dx.doi.org/10.1103/PhysRevB.88.045416
http://dx.doi.org/10.1103/PhysRevB.88.045416
http://dx.doi.org/10.1103/PhysRevB.88.045416
http://dx.doi.org/10.1103/PhysRevB.88.045416
http://dx.doi.org/10.1103/PhysRevB.88.075409
http://dx.doi.org/10.1103/PhysRevB.88.075409
http://dx.doi.org/10.1103/PhysRevB.88.075409
http://dx.doi.org/10.1103/PhysRevB.88.075409
http://dx.doi.org/10.1103/PhysRevB.88.085433
http://dx.doi.org/10.1103/PhysRevB.88.085433
http://dx.doi.org/10.1103/PhysRevB.88.085433
http://dx.doi.org/10.1103/PhysRevB.88.085433
http://dx.doi.org/10.1103/PhysRevB.87.245421
http://dx.doi.org/10.1103/PhysRevB.87.245421
http://dx.doi.org/10.1103/PhysRevB.87.245421
http://dx.doi.org/10.1103/PhysRevB.87.245421
http://dx.doi.org/10.1103/PhysRevB.74.195431
http://dx.doi.org/10.1103/PhysRevB.74.195431
http://dx.doi.org/10.1103/PhysRevB.74.195431
http://dx.doi.org/10.1103/PhysRevB.74.195431
http://dx.doi.org/10.1364/JOSA.11.000459
http://dx.doi.org/10.1364/JOSA.11.000459
http://dx.doi.org/10.1364/JOSA.11.000459
http://dx.doi.org/10.1364/JOSA.11.000459
http://dx.doi.org/10.1103/PhysRevB.84.205406
http://dx.doi.org/10.1103/PhysRevB.84.205406
http://dx.doi.org/10.1103/PhysRevB.84.205406
http://dx.doi.org/10.1103/PhysRevB.84.205406
http://dx.doi.org/10.1103/PhysRevB.82.035433
http://dx.doi.org/10.1103/PhysRevB.82.035433
http://dx.doi.org/10.1103/PhysRevB.82.035433
http://dx.doi.org/10.1103/PhysRevB.82.035433
http://dx.doi.org/10.1103/PhysRevB.82.115439
http://dx.doi.org/10.1103/PhysRevB.82.115439
http://dx.doi.org/10.1103/PhysRevB.82.115439
http://dx.doi.org/10.1103/PhysRevB.82.115439
http://dx.doi.org/10.1103/PhysRevB.84.085406
http://dx.doi.org/10.1103/PhysRevB.84.085406
http://dx.doi.org/10.1103/PhysRevB.84.085406
http://dx.doi.org/10.1103/PhysRevB.84.085406
http://dx.doi.org/10.1016/j.pquantelec.2006.12.002
http://dx.doi.org/10.1016/j.pquantelec.2006.12.002
http://dx.doi.org/10.1016/j.pquantelec.2006.12.002
http://dx.doi.org/10.1016/j.pquantelec.2006.12.002
http://dx.doi.org/10.1021/nl1024485
http://dx.doi.org/10.1021/nl1024485
http://dx.doi.org/10.1021/nl1024485
http://dx.doi.org/10.1021/nl1024485
http://dx.doi.org/10.1103/PhysRevB.87.165413
http://dx.doi.org/10.1103/PhysRevB.87.165413
http://dx.doi.org/10.1103/PhysRevB.87.165413
http://dx.doi.org/10.1103/PhysRevB.87.165413



