PHYSICAL REVIEW B 89, 115418 (2014)

Nonrelativistic parity-violating hydrodynamics in two spatial dimensions
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We construct the nonrelativistic parity-violating hydrodynamic description of a two-dimensional dissipative,
normal fluid in the presence of small U(1) background fields and vorticity. This is achieved by taking the
nonrelativistic limit of the recently developed relativistic hydrodynamics in 2 4+ 1 dimensions. We identify and
interpret the resulting parity-violating contributions to the nonrelativistic constitutive relations, which include the
Hall current flowing perpendicular to the temperature gradient, the Hall viscosity, and the Leduc-Righi energy
current. Also a comparison of our findings is made with the nonrelativistic parity-violating hydrodynamics

obtained from a light-cone dimensional reduction.
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I. INTRODUCTION

Hydrodynamics is a universal language we use to describe
dynamics of interacting many-body systems in the limit of low
energies and long wavelengths. Although hydrodynamics is an
old subfield of physics, a lot of progress in its development has
been achieved during recent years. To a large extent these
advances were triggered by new experiments investigating
both extremely high-energy (relativistic heavy ion collisions)
and low-energy (ultracold quantum liquids) states of matter.

Many-body systems living in two spatial dimensions
are abundant in condensed matter physics. Among these
parity-violating fluids play a prominent role.! Here we will
consider parity-violating effects in the nonrelativistic fluid
composed of single species of massive particles. Such a
fluid has a U(1) internal symmetry associated with particle
number conservation.” The goal of this paper is to develop
nonrelativistic planar hydrodynamics of such a parity-violating
fluid in the normal, i.e., nonsuperfluid regime, at vanishing
background magnetic field and vorticity. However, we do take
into account effects due to vorticity and magnetic field which
are of first order in derivatives of hydrodynamic variables, as
we explain below.

Here we list physical systems, where this version of
hydrodynamics might be useful.

(i) Fluids of chiral molecules. Chiral molecules are not
identical to their mirror image and thus microscopically break
parity. While chiral hydrodynamics in three spatial dimensions
was studied before (see [1] and references therein), our theory
should be applicable to two-dimensional thin films of fluids
composed of chiral molecules.
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'In two spatial dimensions parity is a discrete transformation that
inverts one of the spatial coordinates.

2This internal U(1) symmetry may be global or local. Our
considerations in this paper apply to both of these cases. We will
refer to the sources coupling to the current associated with this U(1)
symmetry as electric and magnetic fields. Note that we set the U(1)
charge of a single particle to one.
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(ii) Fluids of spinning particles. Spin is a pseudoscalar in
two spatial dimensions and thus an ensemble of spin-polarized
particles breaks parity.

(iii) Two-dimensional systems with Rashba spin-orbit cou-
pling. In the presence of the external electric field E = £z
the Rashba spin-orbit coupling H,(SD) ~ S . (p x E) reduces
to the two-dimensional form H;ZD) ~ E(Sypy — Sypx). Since
this coupling acts as an effective momentum-dependent mag-
netic field, it breaks parity in two spatial dimensions. Two-
component Fermi gas with the Rashba spin-orbit coupling
of the form HY" ~ 3, ¥ (K)(o,py — 0y p)¥ (k) can be
now realized in experiments with ultracold atoms [2,3]. Our
hydrodynamics should be applicable in the normal phase of
this system.

(iv) Nonrelativistic anyons. Consider nonrelativistic mas-
sive particles minimally coupled to a statistical Chern-Simons
gauge field. Generically such a system exhibits anyonic
quasiparticles. Due to the Chern-Simons term, parity is broken
explicitly in this nonrelativistic model of anyons. At low
temperatures the anyon fluid is supposed to be superfluid and
can be described with hydrodynamics of [4]. We expect our
equations to be applicable in the normal (high-temperature)
phase of the anyon fluid.

Our main motivation for the derivation presented in this
paper is the assumption that every system on a microscopic
level has to obey relativistic symmetries. Furthermore, we wish
to find a low-energy effective description of systems like those
mentioned above. Therefore, our starting point is relativistic
hydrodynamics. Taking the speed of light to infinity we obtain
a nonrelativistic version of hydrodynamics consistent with
nonrelativistic general coordinate invariance, as discussed
below and in Sec. II. One of the virtues of this approach is its
systematic character. When deriving the relativistic equations
one can exploit Lorentz invariance in order to obtain all the
terms allowed by symmetry: one constructs all the Lorentz
covariant quantities which can be formed from index contrac-
tions among the hydrodynamic variables and their derivatives
[5]; see [6] for the parity-violating case in 2 + 1 dimensions.
This systematic approach in particular ensures that no terms
are missed and indeed the most general, complete version of
relativistic hydrodynamics is found. An analogous systematic
construction principle utilizing nonrelativistic symmetries is
currently not known, although we propose an approach in

Published by the American Physical Society


http://dx.doi.org/10.1103/PhysRevB.89.115418

MATTHIAS KAMINSKI AND SERGEJ MOROZ

Sec. II. Another virtue of our approach is the possibility that
it may be more restrictive. While traditional derivations of
nonrelativistic hydrodynamics impose Galilean invariance, our
derivation imposes a potentially more restrictive invariance
under nonrelativistic general coordinate transformations. As a
result of our analysis we find relations for various transport
coefficients. For example, our derivation implies that a
particular contribution to the energy current perpendicular
to a temperature gradient can be expressed in terms of the
equilibrium pressure, nonrelativistic energy density, and the
particle density. Similarly, we are able to determine the shift
in the pressure due to fluctuations in the magnetic field and in
the vorticity. Finally, there are some issues which are easily
addressed in the relativistic theory, but which are obscured in
the nonrelativistic context. One example for this is the issue of
hydrodynamic frames and the transformations between them,
which we discuss in Sec. V.

The paper is structured as follows. In the next section,
Sec. II, we consider various derivations of nonrelativistic
hydrodynamics. In Sec. IIl we start from the relativistic
parity-violating hydrodynamics in 2+ 1 dimensions that
was constructed recently to first order in derivatives in [6].
Subsequently, in Sec. IV we perform the nonrelativistic limit,
i.e., send ¢ — oo, and obtain the nonrelativistic version
of parity-violating hydrodynamics. In the parity-preserving
case we recover the nonrelativistic dissipative (Navier-Stokes)
hydrodynamics written in textbooks. On the other hand, if
parity is broken the nonrelativistic constitutive relations are
modified. We identify these modifications and uncover their

J
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physical meaning. Frame transformations are discussed in
Sec. V and we draw conclusions in Sec. VI.

II. DERIVATIONS OF NONRELATIVISTIC
HYDRODYNAMICS

There are various distinct ways to derive nonrelativistic
hydrodynamics. In this section we briefly describe three of
these possibilities in order to contrast our approach from
others.

A. ¢ — oo limit of relativistic hydrodynamics

In this work we adopt the point of view that any truly
microscopic theory has to be relativistic. This means that these
microscopic theories have to obey Lorentz symmetry. Any
effective theory, such as hydrodynamics, describing the same
system in some regime has to obey Lorentz symmetry as well.
Now we choose to observe the system at velocities which are
much smaller than the speed of light. Therefore, the correct
nonrelativistic version of hydrodynamics should emerge from
relativistic hydrodynamics in the limit of infinite speed of light
¢ — oo. This is exactly the procedure we will carry out in this
paper.

Before getting started, let us mention that there is a caveat
to the above arguments. We have tacitly assumed that the
¢ — oo limit of the relativistic effective theory is identical to
the effective theory of the ¢ — oo limit of the microscopic
theory. In other words, we have assumed that the two limits
commute, i.e.,

hydrod. limit . .
—  relativistic hydrodynamics

Jc—> o0

hydrod. limit

nonrelativistic microscopic theory =~ —

Although we do not prove the commutativity here, in the
following subsection we propose an approach which may
answer this question.

B. General coordinate invariance

Probably the most rigorous derivation of the most general
nonrelativistic hydrodynamics should make use of general
coordinate invariance [7]. Here we would not have to rely
on limits or their commutativity. As we will review in Sec. III,
the equivalent approach exploiting the relativistic general
coordinate invariance has been extremely useful in deriving
the most-general version of relativistic hydrodynamics in 241
dimensions [6].

Nonrelativistic general coordinate invariance is a symmetry
with respect to nonrelativistic diffeomorphisms and Abelian
gauge transformations associated with particle number phase
rotation. It was shown in [7] that it can be obtained as
the nonrelativistic limit of a relativistic general coordinate
invariance. Nonrelativistic general coordinate invariance can
be looked upon as a local version of the Galilean invariance,
and thus it is more restrictive than Galilean symmetry.

nonrelativistic hydrodynamics.

(

In order to find the most general constitutive equations of
hydrodynamics, one has to write down all possible contri-
butions to energy-momentum tensor and conserved currents
which are covariant under nonrelativistic general coordinate
transformations. These expressions are then restricted after-
wards by use of the positivity of the local entropy production
as explained in standard textbooks such as [5]. For the
parity-invariant case this approach was carried out in [8].

C. Light-cone dimensional reduction of relativistic
hydrodynamics

Light-cone dimensional reduction (LCDR) is an alternative
path to nonrelativistic hydrodynamics in two spatial dimen-
sions. In this framework one starts with the relativistic fluid
in (341)-dimensional Minkowski spacetime parametrized by
the light-cone coordinates {x™,x~ ,x'}. Then, by imposing that
all hydrodynamic variables are independent of the light-cone
coordinate x ~, the nonrelativistic hydrodynamic equations in
two spatial dimensions are obtained. The light-cone coordinate
xT plays the role of the time in the nonrelativistic theory.
LCDR of the ideal and viscous parity-invariant conformal
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hydrodynamics was performed in [9]. The extension to the
charged parity-violating conformal case was undertaken in
[10].

It is worth emphasizing that the hydrodynamic transport
coefficients of the nonrelativistic fluid obtained from LCDR
are not the most general ones allowed by symmetries, but
obey additional constraints. For instance, it was found in [9]
that the Prandtl number of the nonrelativistic conformal fluid
obtained from LCDR is always equal to one. In the Appendix
A we identify some of the LCDR constraints on the transport
coefficients in the parity-violating sector. As a result, LCDR is
a viable method to construct some version of (parity-violating)
nonrelativistic hydrodynamics in two spatial dimensions. It
remains to be seen, however, whether the LCDR constraints on
the transport coefficients have some deeper physical meaning
or if they are just artifacts of this particular method.

III. RELATIVISTIC PARITY-VIOLATING
HYDRODYNAMICS

From a modern point of view hydrodynamics is an
expansion in gradients of hydrodynamic variables, such as
temperature, fluid velocity, and chemical potential, or gradi-
ents of external sources. Gradients in Fourier space can be
rewritten in terms of frequency @ and momentum k, such that
in relativistic hydrodynamics w,k < T.3

In this section we review the most general formulation of
the theory of relativistic hydrodynamics with a U (1) conserved
current. By this we mean the form of the so-called constitutive
equations

TH" = TM(T,pu"; A, ey

T =TT, ut; AM), 2)

and the corresponding hydrodynamic conservation equations
encoding the flow of energy, momentum, and charge

V. T" =F"™],, 3

v, J* =0. )

Here Greek indices run over the 2 4 1 space-time dimensions,
u,v, ... =0,1,2 and V,, stands for the covariant derivative.
The constitutive equations (1) express the relativistic energy-
momentum tensor 7#" and the U(1) conserved current J*
in terms of the hydrodynamic variables: temperature 7T'(x),
chemical potential u(x), and fluid velocity u*(x), and the
external electromagnetic source A*(x). These are all functions
of the space-time coordinates x = (¢,x;,x,). These equations
are invariant under field redefinitions of the hydrodynamic
variables T — T + 8T, u — u + 8, and u* — ut + Su'.
This field ambiguity means that the constitutive equations
can be written in different forms which are known as
hydrodynamic frames. We will discuss this fact in more detail
in Sec. V.

3Note that this expansion can be always carried out. The question
of when this is a reliable effective description of the underlying
system is separate. For a recent discussion of the applicability of
hydrodynamics, see for example [11].
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a. Constitutive equations with Q and B. Our goal in this
section is to describe a charged relativistic normal fluid in
2 + 1 dimensions. The most general constitutive equations of
parity-violating hydrodynamics in 2 + 1 dimensions with one
conserved current J* were obtained to first order in derivatives
in [6]. This derivation allows for a small* magnetic field B and
small vorticity 2. Both €2 and B are pseudoscalars in 2 + 1
dimensions. In the so-called magnetovortical frame> one finds

T = (e — ZqQuMu’ + (P — {Vou® — XpB — XqQ)A"’

—not’ —7[eh?, (5a)

Jh=(n — ZpQut + o V* + 6V + g E"
+ Xre""’u,V,T, (5b)

where € is the relativistic energy density, P is the pressure, n
is the relativistic charge density, and the well-known transport
coefficients of electrical conductivity, shear viscosity, and
bulk viscosity are given by o, n, and ¢, respectively. In the
following we distinguish hydrodynamic transport coefficients
from thermodynamic transport coefficients; see [6] for a
detailed discussion. The thermodynamic transport coefficients
X1, Xr and Xq, Xp are associated with parity violation and are
known exactly in terms of derivatives of the thermodynamic
quantities P.e,n.’ In addition, fj and & are two parity-
violating hydrodynamic transport coefficients that are not fixed
by thermodynamics. The other quantities appearing in the
constitutive relations (5) are

1
Q=—-e""u,Vyu,, B= —EG”V”uMva, (6a)

E" = F'y,, VH=EF TM”VV%, (6b)

AMY = utu’ + ng*,
o = A”aA”ﬁ(Vauﬂ + Vg — gaﬁvxux), (60)
and

Et = e"Pu,E,, V" =e"u,V,, (6d)

~uv __ 1 ( pap v vop n
G —2(6 ugo," + € uy0, ) (6e)

These constitutive equations were found in [6] following
a two step procedure. The first step is to write down all
possible vectors and tensors which can be constructed from the
hydrodynamic variables and the external source using single
derivative and the completely antisymmetric tensor €***. In the
second step these vectors and tensors are restricted to the ones
appearing in the constitutive relations (5). The two alternative
ways to achieve this restriction are as follows: (i) follow

4Small denotes that B and 2 are built from first derivatives acting
on hydrodynamic variables or on the external source A*.

It is important to note that in the parity-invariant case, i.e.,
Xr = Xg = Xq = Xp =1 = 6 =0, the magnetovortical frame is
equivalent to the well-known Landau frame.

6Compared to [6], here the charge density in the rest frame will be
denoted by n. Otherwise, in this section we follow the conventions of
[6] and have 77, = (— + +), €"? = €2 = +1,and ¢ = 1.
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Landau’s entropy argument and require the local entropy
production to be positive [5]; (ii) analyze the hydrodynamic
two-point functions and derive restrictions from basic field
theoretic principles such as unitarity (see [6] and [12,13] for
details).

b. Parity-odd thermodynamic and hydrodynamic transport
coefficients. The constitutive equations (5) contain the ideal
fluid parts T}j., = euu” + P A" and J}.,, = nu'*. But more
interestingly the equations (5) describe the response of the
current J# and energy-momentum tensor 7" to gradients of
the hydrodynamic variables and external sources. The strength
of this response is encoded in transport coefficients. The parity-
even transport properties encoded in Eq. (5) are well-known
from textbooks [5]. Let us now briefly describe the most
interesting (previously neglected) parity-odd contributions. In
our notation these transport coefficients are marked with a
tilde. The parity-odd cousin of the electric field E* appears
in Eq. (5) with two distinct coefficients ¥r and &. Together
they contribute to the anomalous Hall conductivity [6].
Correspondingly, the parity-odd cousin of the shear viscosity
7 is the Hall viscosity introduced in [14,15] (see also recent
works [16—18]). Finally, the Hall response of the current J#
to a temperature gradient appears in Eq. (5) [19]. This is
proportional to a separate transport coefficient jf7.

c¢. Thermodynamic equilibria with nonzero 2 and B. As ar-
gued in [6,12] neither magnetic field nor vorticity contribute to
entropy production. Furthermore, a (small) constant magnetic
field and vorticity do not push the system out of equilibrium.
Hence both vorticity and magnetic field can be used to label
equilibrium states. Consequently all thermodynamic quantities
such as pressure P, energy density €, or entropy density s are
functions not only of temperature 7 and chemical potential
W, but also of the vorticity €2 and magnetic field strength B.
For the pressure P(T, u, B, 2) evaluated at B = Q = 0 this
implies in particular for the total differential

AP =sdT +ndu+ Lap+ L aq )
=7 AT 5B Qe

where the partial derivatives are evaluated at B = O and 2 = 0.
Note, however, that the relation € + P = sT + nu remains
unmodified since we study only equilibria with B = Q = 0in
this paper. The nonzero B and €2 appearing in the constitutive
equations (5) can be regarded as small perturbations around
these equilibrium states. These perturbations in the magnetic
field and in the vorticity are of the same order in the gradient
expansion as the first order gradients of temperature, chemical
potential, and fluid velocity appearing in the constitutive
relations (5).

The perturbations in B and €2 in the constitutive relations
break parity extrinsically. Note, however, that some of the
parity-violating transport effects are present even when the
perturbations in magnetic field B and vorticity € vanish
explicitly in the constitutive equations (5). For instance,
the current J# responds to a temperature gradient with the
contribution 7€’ u,V,T in Eq. (5). This shows that the fluid
under consideration has to break parity intrinsically. On the
level of our effective hydrodynamic description this intrinsic
parity violation is encoded in the transport coefficients 7j, &
and thermodynamic transport coefficient ¥r.
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IV. NONRELATIVISTIC LIMIT

In this section we take the nonrelativistic limit of the
constitutive and hydrodynamic equations reviewed in the
previous section. For this purpose we first consider the well-
known parity symmetric case, and then discuss separately the
parity-violating contributions. In this section we will restrict
our analysis to flat space-time.

A. Parity-preserving case

Taking the nonrelativistic limit involves splitting the rela-
tivistic energy density in the rest frame into the rest mass and
the internal part,

€ = nmc’ + €,,, 8)

where n denotes the number density of particles of mass m
in the rest frame. In similar spirit, the relativistic chemical
potential u decomposes as

nw — mC2 + Mnr s (9)

which defines the nonrelativistic chemical potential p,,.
Furthermore, we have to reinstate powers of ¢ in

ut — (1,0 /c),

Oy —> (9:/c,0y),
(10)

1 1
Vi ZEr— T A
c c? T

F"" ], — cF"],,

1
1-v2/c
our findings in terms of the rest-mass energy density in the
moving frame which is given by pc? = I'nmc? (see [20] for
an alternative viewpoint).”

The nonrelativistic limit of the parity-invariant part of the
energy-momentum tensor 7" in Eq. (5) reads

where ' = = In addition, it is convenient to express

1
T = %p + [en, + Eptﬂ] + 01/,

TY% = cpv’ + % [(wn, + %pv2)vi - E"jv]} +0(1/c%),
Ji=Jim
T = P87 + pv'v/ — TV +0(1/c?), (11)
T1ij
with
Wor = €ur + P, (12)

2V = 0 (0707 + 870" = 87800 + 4,87 0t (13)

"In this paper we perform the nonrelativistic limit of the charged
fluid of massive particles. This should be contrasted to the nonrela-
tivistic scaling limit of the conformal fluid of massless particles (e.g.,
photon gas) performed recently in [21-24].
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where we introduced the nonrelativistic shear viscosity n,, =
n/c and bulk viscosity ¢, = ¢/c assuming they are finite in
the nonrelativistic limit [5].

In a similar fashion we find the nonrelativistic limit of
the parity-invariant part of the U(1) symmetry current J* in
Eq. (5),

70 =L Lo,
" (14)

. 11 ;
J=-5 k0T 4001/,
N —

m
il
Following [5] we introduced the nonrelativistic thermal con-
ductivity «,, = lim,_, o "?% and assumed that it is finite.
Now we are ready to demonstrate how the relativistic
hydrodynamic equations,

V, T = F*"J,, V,J" =0, (15)

reduce in the nonrelativistic limit to the well-known equations
of the nonrelativistic dissipative (Navier-Stokes) hydrodynam-
ics. One finds the particle mass density, momentum, and energy
hydrodynamic equations (see e.g. [5]),

O p + d;(pv") =0,
d(pv') + 0,117 = £ (61 4 Beilv)) . (16)
m

0 (enr + lpU2> + 3l]é = Bgivi’

2 m
where B = F'? and & = cF% denote the magnetic and
electric fields, respectively. The first equation requires the
conservation of mass (continuity equation). The second
equation governs the time evolution of momentum in the
presence of external electromagnetic fields (Lorentz force).
These equations are obtained from taking the limit ¢ — oo
of the equation V,T*" = F'*J,. Obviously, in this limit
V,J* =0 becomes redundant since we are dealing with
a one-component fluid with a fixed charge-to-mass ratio.
The third equation that dictates the time evolution of the
nonrelativistic energy (including Joule heating) is obtained by
subtracting the rest-mass energy current from the total energy
current, i.e.,

V(T —mc? "y = FOJ,. (17)

In summary, the relativistic viscous hydrodynamics formu-
lated in the Landau frame reduces to its nonrelativistic
textbook version in the limit ¢ — oo. We will demonstrate
in Sec. V that by taking the nonrelativistic limit of the
viscous hydrodynamics formulated in the Eckart frame one
also recovers the canonical constitutive relations of the Navier-
Stokes nonrelativistic hydrodynamics [25].

8We find «,, /o, = m*/T, where o,, = o¢® was introduced. Due
to Galilean invariance the heat conductivity «,, is proportional the
charge conductivity o,,,. In hydrodynamics, the proportionality factor
however should be contrasted with the celebrated Wiedemann-Franz
law which predicts «,, /o, ~ T.
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In the absence of the external electromagnetic sources
the conservation equations (15) have to be satisfied order by
order in the 1/c? expansion. In other words, they give rise to
(generically) an infinite number of conservation equations for
the expansion coefficients of J# and T#" of the nonrelativistic
expansion. By examining Eqs. (11) and (14), it is obvious that
the leading-order coefficients satisfy the conservation laws.
At the next-to-leading order, however, the situation becomes
subtle in the Landau frame and it requires clarification. Neither
our derivation nor any of our results depend on these subtleties.
Therefore, we leave this issue for future investigation.

B. Parity-violating case

Following the same steps as in the previous subsection,
the nonrelativistic limit of the parity-violating part of the
constitutive relations can be found. First we reinstate powers
of ¢ in the parity-violating sector

1
n—igd > n— —-ipQ. (18)
c
Guided by the parity-invariant dissipative hydrodynamics, we
will introduce the nonrelativistic parity-violating transport
coefficients #j,, and &,.. On the other hand, for the thermo-
dynamic transport coefficients ¥g, X¥o, Xg, and ¥r derived
in [6]

. P (19)
Xp=—,
5 9B
tq = O (20)
XQ = EYoR
on no oP on
fr=—+—"-|——c—|, 21
XE 8B+60+P0[BB casz] @D
1 de no P o€
Tir=-— — - —, 22
AT caB+eo+Po[asz 39] @2)
the leading terms in the nonrelativistic expansion read’
. oP 23)
Xp—> —,
9B
X b (24)
N
%,
- 1[0 1 0 1 pv?
% —_— — — — _—— —
XET i |98 T m 0%, 2 2
1 [dP  wyo 0
+— | D
mc? | 9B mpy 02,
1 oI
= ——, 25
mc? OB ()

9Subscript zero emphasizes that a given thermodynamic function is
evaluated at B = €, = 0. Thus by definition for any function f one

o — o _
finds 5% = 5= =0
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T%m s 1[0 1 9 2 1,
- == - — ¢+ €, — =pv
X8 T mas, | \P 2°
n 1 oP Wyro 0P
mc | 082, po 082,
1 oIl
= , 26
mc 082, (26)

where the nonrelativistic vorticity is given by €, = €”9;v;
and we introduced I1 = P + w0 In p. In addition, we used
the equivalence of the Lorentz and Coriolis forces in the un-
derlying microscopic nonrelativistic theory. In the underlying
microscopic nonrelativistic theory of our fluid the particles
simultaneously carry both mass and a U(1l) charge. Hence,
if exposed to a magnetic field and vorticity simultaneously,
these particles will experience both the Coriolis force and the
Lorentz force. As a consequence, we assume that the micro-
scopic theory depends on B and 2 only in the combination
B+ mS,,. One may think of this property as a symmetry
of the microscopic theory which ties the magnetic field to
the vorticity. Alternatively, this observation can be interpreted
as a consequence of the nonrelativistic general coordinate
transformation introduced in [7]. Indeed, while neither the
magnetic field 15 nor the nonrelativistic vorticity €2, are scalars
under these transformations, the linear combination B + m,,,
transforms as a scalar. Any effective description, in particular
our nonrelativstic hydrodynamics, has to obey the same
symmetries as the underlying microscopic theory. Therefore,
we assumed that thermodynamic and hydrodynamic quantities
depend only on the linear combination B + m<,,,."° Hence in
the following % = %%

For the parity-violating part of the energy-momentum
tensor 7" in Eq. (5) we obtain

P
92,

T’ = — o= + O/,

o _ L[ i LR 3
TP = Z vaHa11+ PPU — mgnrv +O(1/C )’ (27)

jeilf

Ty = (€8 +i < Vi +PpsT + O(1/c),

ij
Tijan

where Pp = —%B — %Qn, and V¥ = % (Bkv’ + alvk).
Similar to the relation between the relativistic and nonrela-
tivistic dissipative viscosity coefficients, here we defined the
nonrelativistic Hall viscosity coefficient 7,, = 7/c. By com-
bining this with Eq. (11), the parity-violating modifications to
the constitutive relations can be identified in the nonrelativistic

19This might be only true to linear order in B and €,,,. Indeed, for
a nonrelativistic system, the Hamiltonian H, written in the frame
rotating with the angular velocity w = €2,,/2 and the Hamiltonian
Hjy in the presence of the constant magnetic field B = m<2,, differ
from each other by a term ~Q? x*. This quadratic term, however,
does not modify the nonrelativistic expansion of the parity-odd
thermodynamic transport coefficients.
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hydrodynamics. First, we find the nonrelativistic Hall contri-
bution to the stress tensor Ty, known as the Hall viscosity
[14-17] and the corresponding modification of the energy
current of the form j’ ., = v, T;i,y- The nonrelativistic Hall
viscosity is dissipationiess, since its contribution to the entropy
production equation is ~Ty,,V;; = 0. Second, the parity-
violating magnetic field 53 and vorticity €2, produce a shift of
the pressure Pp which leads to the corresponding additional
terms in the stress tensor and the energy current. Finally, the
vorticity €2, also generates a shift in the nonrelativistic energy
density and a contribution in the energy current.

The nonrelativistic limit of the parity-violating terms in the
U(1) symmetry current J* in Eq. (5) reads

1 /17T oI . P
J?Q: —2( [ }6”1},‘8]‘ lnT—_Qnr> +O(1/C4)7
C

m | 9%, 3B
i 117 a0 by 1T 1 1,i+8PQ ;
= —— €’ 0;In — =\ —Jz 5 NanrU
P em o, |€Y A\m’e T 9B
+01/c%). (28)

Here we introduced

. I aIT .. . aIl y
Ji = =A€Y, T +—[e"E; — Bv'] — O InTeVv;.
——— _ 0B 92,
Jean iy i
(29)

We introduced the nonrelativistic thermal Hall conductivity
coefficient

s (30)

With &,y = lim, oo 2 50
nating from the subleading O(1/c?) term of the nonrelativistic
expansion of ¥r. For the sake of simplicity they are not
displayed explicitly. Similar to the parity-preserving case, &,
is assumed to be finite.

By comparing with Eq. (14), we are now ready to read
off the additional parity-violating terms in the nonrelativistic
constitutive relations.

We start with the parity-violating corrections to the non-
relativistic energy current. First, we identify the thermal Hall
contribution j! ,, . In the literature, the Hall energy flow sourced
by the temperature gradient is known as the Leduc-Righi
effect. In condensed matter physics it is predicted to appear
in various topological states of matter such as quantum Hall
systems, chiral superfluids, and topological insulators [26,27],
where the thermal Hall conductivity &, is quantized. Second,
we obtain the (anomalous) electromagnetic Hall energy current
jt, that originates from the nonrelativistic limit of the 7
term in the relativistic constitutive relation. Third, we find the
energy current contribution jé',v that is perpendicular to the
velocity field and proportional to the time derivative of the
temperature 7.

We now consider the parity-violating corrections to the
nonrelativistic charge current (28). While the anomalous Hall

and - - - denoting the terms origi-
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charge current is absent in nonrelativistic hydrodynamics,'!

we find the charge current Hall response to the temperature
gradient.'> The presence of this term in the charge current is
disturbing since it does not appear in the leading O(1/c) order
term of 7, ;i . For the internal consistency of the nonrelativistic

limit, J* and T% must agree at the leading order of the non-
relativistic expansion. Note, however, that for a susceptibility
that depends only on temperature, but not on the chemical
potential, i.e., % = f(T), the parity-violating modification
is actually a curl and thus the nonrelativistic conservation law
of charge,

;1 oIl
atﬁ + 9; <£U’ + —
m m m r

€79;1n T) =0, @31

is consistent with the conservation law of mass,
dp+ 3 (pv') =0, (32)

obtained from the nonrelativistic limit of 9, 7% = F"*J,,.
Since we found no general argument why this susceptibility
should not depend on the chemical potential, we will state this
as an assumption for the rest of this paper. In particular, we
assume

O py g om0 fry (33)
o, = I ) p1 = s

where f(T) is some unspecified function of 7 and we
introduced P; and p; by the Taylor expansion,

P(,unrsT’Qnr) = PO(PLnr’T) + Pl(“nrvT)Qnr + O(Qir),
PWnr s T,2) = po(nr, T) + p1(nr, T2 + O(Qﬁr)

(34
Since p; = 9 P;/du,,, we get the differential equation
Wyro OP
P+ L=, (35)
L0 aI"fnr
which has the solution
B po(A,T) .
Pi(ar,T) = Cy exp [ - / %du} + (D),
Mnr.0 wnr,O(MvT)
(36)

where C; = Pi(tnr0,T) — f(T). We thus come to the con-
clusion that the internal consistency of the nonrelativistic limit
implies that the function P;(u,,,T) can be fixed in terms of
the function f(7') and thermodynamics at €2, = 0.

In general, one can always redefine the spatial part of the
conserved current by adding a curl, i.e.,

J' = ' +€9,F, 37

where F is an arbitrary scalar function of ¢ and x. Since
this does not affect the conservation law, one may wonder

""Note that at T = 0 any Galilean-invariant system has a vanishing
Hall conductivity in the absence of the magnetic background field
[26]. Our result suggests that the findings of [26] might be valid more
generally for T # 0.

12Similar current response arises in a two-dimensional electron
liquid in an external magnetic field [28].
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if the current can be defined in the unique way. It turns
out that the current can be fixed by studying its coupling to
external electromagnetic field. To this end we write down the
hydrodynamic equations of the parity-violating nonrelativistic
theory in the presence of electromagnetic sources,

dp + 9(pv') =0,
3 (pv') + 8,11, = EjO + Be j, (38)
a’jeo,tot + aijei,tot = gijiv

where we introduced the total stress tensor, energy density,
and energy current,

Ny, = 09 —7,, (%87 +i < j)Vy +Pps",

Tiga
. 1 aTl . 39)
Jeo,zot =€y + Epvz - |:BQ ] €'v;0;InT,
nr
jei,mt = Jel + Jé + Tlf[jauvj + PRUi,
and the charge density and current,
=L
m
o1, em (40)
it = — | pv' €79;InT |.
S [p HE }

In order to see how parity-violating effects change nonrel-
ativistic hydrodynamics we have to compare Eqs. (16) and
(38). The first equation, i.e., the continuity equation, remains
unchanged after allowing parity violation. On the right-hand
side of the second equation in (38) the external electromagnetic
field couples to the charge current which now contains the
Hall term discussed earlier in this section. On the left-hand
side of that equation the stress tensor receives two parity-odd
contributions: one due to the Hall viscosity 7, the other due to
a shift Pp of the equilibrium pressure which depends on the
magnetic field B and the vorticity €2, [see definition below
Eq. (27)]. The third equation in (38) now contains the total
energy density which is corrected by the temperature gradient
as seen from (39). The total energy current j! , , receives three
corrections: one due to the presence of Hall viscosity, another
again due to the shift Pp of the equilibrium pressure, and the
third correction due to the parity odd current j! defined in (29).

Finally, it is worthwhile to compare our finding from this
section for the nonrelativistic charge current with the result of
LCDR obtained in the Appendix A. The general structure of
the nonrelativistic current looks similar, but there are some
important differences. First, both methods give rise to the
convective contribution to the current. Note, however, that
while the charge density obtained in this section is independent
of vorticity, it is directly proportional to €2,, within LCDR.
Second, both the calculation in this section and LCDR lead
to the parity-violating Hall contribution in the nonrelativistic
charge current. They are, however, not equivalent, since in the
former case the Hall current flows perpendicular to the gradient
of temperature, while in the latter case there is a Hall response
to the gradient of the entropy per particle.
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V. HYDRODYNAMIC FRAMES

Here, following closely the lucid presentation in [25], we
first discuss how to transform between hydrodynamic frames
in relativistic hydrodynamics. Then we take the limit ¢ —
oo and consider frame transformations in the nonrelativistic
regime.

In relativistic hydrodynamics the energy-momentum tensor
and the current can be generally decomposed with respect to
the vector u* as

" = Eutu’ + PA" + ("u” + q"u") + "7, 41)

JH = Nu* + j*, (42)

with the scalars £, P, and N, transverse vectors g and j*,
and the transverse symmetric and traceless tensor .

Since out of equilibrium neither of the hydrodynamic
variables has a fundamental microscopic definition, one can
perform their redefinitions known as frame transformations

T—>T+68T, w— u+du, u"*— u"+8su*. (43)

Note that the variations 67, éu, and Su* depend only on
gradients of the hydrodynamic variables and thus vanish in
equilibrium.'? By definition, the frame transformation should
not change the energy-momentum tensor 7" and the current
JH*. For 8T, 6, and Su” that are first order in gradients, this
implies

8g" = —(E +P)sut, §j"* = —-Ndu", (44)

while the rest of the coefficients in the decomposition (41)
remain invariant to first order. It is clear from Eq. (44) that

"= jr—

0
e+p? )
is invariant with respect to the frame redefinition.

In practice, one can take advantage of the frame ambiguity
and pick up a particular frame that is suitable for a given
problem. In particular, in parity-invariant hydrodynamics it
is convenient to choose T and u such that £ =€ and N =
n, where € and n are energy density and charge density in
equilibrium. As for the choice of u*, there are two popular
choices of frames as follows. In the Eckart frame one has
j* =0, i.e., there is no charge current in the local rest frame.
Alternatively, in the Landau frame ¢* = 0 and thus no heat is
transported in the local rest frame.

By taking the nonrelativistic limit of Eq. (43) we obtain that
for v/c <« 1 the frame transformations are parametrized by'*

T —T+68T, Wp —> Mpr + Sibnr, vl = vl 4 8v'. (46)

3This becomes more subtle for parity-violating equilibria with
finite vorticity. We do not consider this case in the present paper.

'4Although the space-time velocity #* has one more component
than the spatial velocity v’, the number of independent frame trans-
formations is actually the same in the relativistic and nonrelativistic
regimes. Indeed, due to the normalization condition of the relativistic
velocity, Su* must be transverse, i.e., du*u, = 0, and thus du* has
only two independent components in two spatial dimensions.
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This is natural, since T, [, and v’ are the hydrodynamic
variables of nonrelativistic hydrodynamics. As before, the
variations in Eq. (46) should vanish in equilibrium.

As the first example, we consider the transformation of
parity-invariant hydrodynamics from the Landau to the Eckart
frame in the nonrelativistic regime. It is worth emphasizing
first that in the parity-preserving hydrodynamics the difference
between the Landau and Eckart frame is tiny in the nonrela-
tivistic regime because v’ = O(1/c?). Indeed, since at low
velocities most of the total energy is stored in the rest energy
of the particles, the energy and the charge currents are almost
collinear for a one-component fluid.!> This particular frame
transformation is achieved by the substitution

. . 1 .
v+ =il + 0 /eh, (47)
c’p
which induces

p— p+O(1/ch, (48)

since we defined p = I'nm, and the I" factor is defined by the
square of the velocity, v2. All other identifications we have
made previously in order to relate relativistic quantities to
nonrelativistic ones are only affected at order 1/c* or higher,
as can be checked by explicit computation. By substituting
transformations (47), (48) into Eq. (14), we find that the Eckart
conditions,

=L L o0/,

m

o (49)
7 =% Loased,

c m

are satisfied (up to higher orders in 1/c¢ expansion), i.e., the
current is purely convective in the nonrelativistic regime. At
the same time, the form of the energy-momentum tensor is
modified by

AT® = O(1/c?),
. 1 .
ATY = - Jln 00/, (50)

ATV = O(/c?).

In other words, in the Eckart frame the thermal conductivity
term j’,, is a part of the energy current. Since the frame
transformation does not modify Eq. (17), we find the textbook
nonrelativistic dissipative hydrodynamics also as the limit of
the relativistic hydrodynamics formulated in the Eckart frame.

Let us now look at the transformation from the magnetovor-
tical to the Eckart-like frame in the nonrelativistic regime of
the parity-violating hydrodynamics. This is done by the frame
transformation

. . ol .. 11 . .
vi > — = €13, InT + ——[ji,, + ji1+ O(1/ch,
0 0, ctp©
1 E)BTPQVH‘ (51)
T — T+ —="—+0(1/c",
<

SThis means that the transformation from the Landau to Eckart
frame does not belong to the set of transformations which could be
realized in the nonrelativistic hydrodynamic theory.
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which together [due to the identification p = I'nm and the
relation §p = (dp/0T)6T] induce

AL B RN VN
g - 5 ;0 1n - nr
pP=r=a\ o, | VY a9,

+O/c%). (52)

By substituting these transformations into Eqgs. (14) and (28)
we find that the Eckart conditions (49) are satisfied. We
observe that if parity is broken, the variation of the velocity
field is not small anymore, but contains the term that is
0(c"). In addition, in contrast to the parity-invariant sector
the frame transformation includes the transformation of the
temperature 7.

We find that in the Eckart-like frame the terms j E’ . and ji
from Eq. (29) contribute to the energy current. In addition, if
the susceptibility ;’Tri is nonvanishing, we find corrections
to the energy density, momentum current, energy current,
and stress tensor. We refrain from writing out these lengthy
expressions here.

As a general lesson our results suggest that we are always
free to start in any relativistic hydrodynamic frame, take the
nonrelativistic limit, and we will arrive at the corresponding
nonrelativistic frame. However, there are frames between
which there exists no simple transformation in the nonrela-
tivistic theory itself. One example for this is the transformation
from Landau to Eckart frame presented previously. The dif-
ference between these frames becomes visible if one includes
relativistic corrections to the nonrelativistic hydrodynamics.
Hence it seems necessary to start in the relativistic parent
theory, make the frame transformation there, and then perform
the 1/c expansion. In this process one has to include the
transformations which are hidden in thermodynamic quantities
such as the particle density p, as seen from the examples above.

VI. CONCLUSION

In this paper the nonrelativistic hydrodynamics of a parity-
violating two-dimensional normal fluid was constructed. Our
main results are the nonrelativistic constitutive equations
(27) and (28), and the nonrelativistic conservation equations
(38) including various parity-violating contributions. We have
arrived at these results making the following two assumptions.
(i) We assumed that thermodynamic quantities only depend on
the general coordinate invariant combination B + m£2,,,. The
physical motivation for this assumption is the fact that our fluid
consists of single species of particles which carry both charge
and mass inseparably. If simultaneously subjected to vorticity
and magnetic field, these particles will experience a Lorentz
force whenever they experience a Coriolis force. (ii) We have
assumed that the susceptibility 0I1/9€2,, can only depend on
the temperature 7', but not on the chemical potential . One
might speculate that our assumption (i) was too restrictive and
that assumption (i) forced us to make assumption (ii). But at
this time we have no indication in favor of or against this
speculation. Therefore, we have to conclude that our results
apply to a subset of all possible nonrelativistic parity-violating
fluids, namely those which satisfy assumptions (i) and (ii).
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As advertised in the Introduction, our derivation implies that
a particular contribution to the energy current perpendicular
to a temperature gradient can be expressed in terms of
thermodynamic quantities as seen in Eq. (39). Provided the
energy density, pressure, and particle density are known,
our approach predicts the linear response of the system to
a temperature gradient. Similarly, given fluctuations in the
magnetic field and in the vorticity, the resulting shift in the
pressure is predicted to be given by Pp = —g—gB — aaTIZ,.Qnr'

One open question remaining is if we indeed get a more
restricted version of nonrelativistic hydrodynamics than one
would obtain from merely requiring Galilean invariance alone.
In order to find the answer, we would need to construct
the constitutive relations for parity-violating hydrodynamics
invariant only under Galilean symmetry. We know of no
systematic construction principle for that case, but finding it
would be a worthwhile task for future work.

Another possible application of our method and extension
of our work should be the systematic computation of relativis-
tic corrections to nonrelativistic hydrodynamics. In the spirit
of corrections to an effective field theory, this would require
one to retain terms of higher order in our expansion in the
inverse speed of light. In this work we have not carried out this
analysis explicitly, but we deem it worthwhile for future work.

Our nonrelativistic parity-violating normal fluid hydrody-
namics should give an effective description of the physical
systems mentioned in the Introduction. However, arguably the
most interesting parity-violating nonrelativistic quantum fluids
cannot be described by the present theory. Among the most
interesting we mention the following.

(i) Chiral py + ip, superfluids. In chiral superfluids sponta-
neous symmetry breaking of continuous symmetries leads to
parity breaking. The superfluid hydrodynamics at vanishing
temperature is governed by the dynamics of Goldstone
boson(s). These degrees of freedom are absent in our present
description.

(ii) Nonrelativistic quantum Hall fluids. Finite background
magnetic field B is a necessary ingredient of the quantum Hall
physics. In contrast, in this work we always expanded around
the equilibrium with vanishing background magnetic field.

For recent developments of the parity-violating hydro-
dynamics of chiral p, +ip, superfluids and quantum Hall
systems we refer to [29-33]. It would be very interesting to
develop the hydrodynamic description of the above-mentioned
parity-violating quantum fluids starting from the relativistic
version of hydrodynamics in the future.

Furthermore, it would be worthwhile testing our assump-
tions and results explicitly within a holographic model making
use of the gauge/gravity correspondence [34] developed for
nonrelativistic field theories in [35,36]. One concrete example
for a nonrelativistic holographic model derived from string
theory is the system discussed in [37].
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APPENDIX: LIGHT-CONE DIMENSIONAL REDUCTION

Here we refrain from the systematic study and as a
relativistic parent theory take the ideal hydrodynamics in 3+1
dimensions supplemented with the anomalous current

JM — g nvpo 9

an — 26 Uydplie .
As shown in [38], this current is required by triangle anomalies
and the second law of thermodynamics. It is responsible for
the chiral vortical effect, i.e., chiral separation in a relativistic
rotating fluid. The anomalous current is present even at the
vanishing density n = 0, when there is no convection. In that
case £ = C,u* + CrT?* with C,, and Cr determined by the
anomalies.

LCDR of the anomalous current J,;,, generates the nonrela-
tivistic charge density g,, and charge current j’, . In particular,
we find'®

(AD)

. £ p
qan = .]+ = _é(u+)29nr = - Qs
4wy,

. i & ii (u+)2 1
Jan = qanV —Eéj P BjP+u—+8ju+

convection

Hall

= Gan¥' — éeij |:aj:0 _ ajenri|

- an ’
4 o Wy

H;

(A2)

where Q,, = €/%9;v; and u" = v 52—. Here following the
main part of our paper p, €,,, w,, and P represent the
nonrelativistic mass density, internal energy density, enthalpy

19In the light-cone coordinates for the metric we use the convention
Ni— =n_y = —1 and n;; = §;;. In addition, e = €V = ¢;; with
€0 = 1.
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density, and pressure, respectively. In the derivation we used
identifications between ideal relativistic and nonrelativistic
hydrodynamics variables found in [9], the momentum con-
servation equation of the ideal nonrelativistic hydrodynamics,
and the kinematic identity —2,, v’ = €/v*(d;vx — 3v;).

Using thermodynamic arguments we can simplify our result
for H;. Indeed, in the canonical ensemble the first law of
thermodynamics,

dE,, =TdS — pdV, (A3)
can be rewritten in the intensive form as

TdS Wy, dp

—; = Q€ — . (A4)

0
This allows us to write
Hie e T 55— PT 4 (AS)
I TV, YT T, 0P

We observe that the nonrelativistic charge density is a kind
of angular momentum density since it is generated by a rigid
rotation with a constant €2,,. The charge current j’ splits
naturally into the convective and the Hall parts. The Hall
contribution is proportional and perpendicular to the gradient
of the entropy per particle S, = %

For n =0, due to the anomaly the current JZ, is con-
served only if E¥B,, =0, where E* = F*"y, and B* =
%e”"””qupa. In this particular case LCDR leads to the
conservation of the nonrelativistic charge, i.e.,

I =0— 31qun +0:j., =0.

nan

(A6)

For a systematic study of the parity-violating hydrodynamics
from LCDR, we refer to [10].
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