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Density functional approach for the magnetism of β-TeVO4
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Density functional calculations have been carried out to investigate the microscopic origin of the magnetic
properties of β-TeVO4. Two different approaches, based either on a perturbative treatment of the multiorbital
Hubbard model in the strongly correlated limit or on the calculation of supercell total energy differences,
have been employed to evaluate magnetic couplings in this compound. The picture provided by these two
approaches is that of weakly coupled frustrated chains with ferromagnetic nearest-neighbor and antiferromagnetic
second-nearest-neighbor couplings. These results, differing substantially from previous reports, should motivate
further experimental investigations of the magnetic properties of this compound.
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I. INTRODUCTION

Oxides involving tetravalent vanadium in square-pyramidal
or octahedral coordination provide numerous examples of
open structures where the transition-metal coordination poly-
hedra share either corners or edges to form low-dimensional
frameworks [1]. Low dimensionality as well as pronounced
quantum fluctuations expected for spin- 1

2 systems are often
at the origin of unconventional magnetic properties in vana-
dates [2–6]. These properties are largely governed by the signs
and amplitudes of exchange interactions occurring between
localized magnetic moments. A straightforward application of
Goodenough-Kanamori-Anderson rules [7–10] is often greatly
hindered by the complex geometry met in these compounds.
This is first due to strong distortions of the V4+ coordination
octahedra, often better described as square pyramids and
characterized by a large dispersion of the V-O bond lengths. It
is also related to the weak π interaction between O-p and V-dxy

orbitals [11] mediating kinetic superexchange mechanisms. As
a result, a situation is often met where ferromagnetic (FM) and
antiferromagnetic (AFM) contributions are balanced and the
sign of the resulting exchange interaction is impossible to pre-
dict solely on the basis of simple geometrical considerations.

The structure of β-TeVO4 was first reported in 1973 by
Meunier et al. [12] as a high-temperature polymorph of
TeVO4, and despite its potentially interesting geometry as
a low-dimensional spin- 1

2 system, it has not received much
attention in almost 40 years. This vanadate crystallizes in
the monoclinic structure shown in Fig. 1(a) where V4+ are
located inside corner-sharing square pyramids forming zigzag
chains running along the crystal c axis. These chains are
well separated from each other by the large Te4+ ions and
are stacked along the crystal a axis. Apical oxygens of the
square pyramids are all pointing in the same direction within
a given chain. However, the two adjacent chains contained
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in the crystal unit cell are alternatively pointing above and
below the (b,c) plane. The specific geometry of the zigzag
chains in β-TeVO4 is fairly rare in vanadates and could be
at the origin of interesting magnetic properties. In addition to
nearest-neighbor interaction [J1 in Fig. 1(b)], the arrangement
of the V4+ coordination pyramids is indeed favorable to
the occurrence of second-nearest-neighbor interactions along
the chain [J4 in Fig. 1(b)] through V-O-O-V exchange
paths [13] and could therefore promote β-TeVO4 as a potential
realization of the J -J ′ (first and second nearest neighbor) chain
model. The determination of the signs and strengths of these
couplings, as well as other potential interchain interactions, is
however far from obvious.

From an experimental point of view, the first in-depth
reports of the magnetic properties of β-TeVO4 have been pub-
lished only very recently [13,14] and emphasize the complex
behavior of this compound. The temperature dependence of the
magnetic susceptibility, showing a broad maximum at about
14 K, has been investigated carefully by Savina et al. [13] and
eventually interpreted as that of a uniform antiferromagnetic
spin- 1

2 chain with a single exchange coupling. Attempts to
extend this analysis beyond a one-dimensional model only
showed that the strength of additional couplings does not
exceeds a few kelvins [13]. However, these results contrast
with the slightly positive Curie-Weiss temperature obtained
by fitting the high-temperature range (150–400 K) of the
magnetic susceptibility, which tends to support the presence
of weak ferromagnetic or at least balanced interactions in
this compound. The occurrence of a broad crossover (Tcros ≈
130 K) separating two magnetic regimes dominated either
by ferromagnetic correlations at high temperature or by
antiferromagnetic correlations at low temperature has been
proposed [13]. This crossover has recently been interpreted as
a consequence of a V4+ orbital reordering associated with a
shift of the transition-metal ion away from the apical oxygen
inside its coordination square pyramid [14]. Finally, a series of
low-temperature magnetic phase transitions has been observed
and attributed to the occurrence of a first long-range-ordered
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FIG. 1. (Color online) (a) Crystal structure of β-TeVO4. The
coordination square pyramids of vanadium are shown in green,
oxygen ions are in red, and tellurium ions are in blue. The crystal
unit cell is also represented. (b) Magnetic couplings in β-TeVO4

up to the eighth nearest neighbor. Couplings occurring within the
chains are represented in red (J1 and J4), couplings between chains
in the (b,c) planes are represented in blue (J3 and J8), and couplings
between chains of distinct (b,c) planes are represented in green (J2,
J5, J6, and J7).

antiferromagnetic state (TN ≈ 4.65 K) followed by subsequent
spin rearrangements [13].

In this paper, the electronic structure and the magnetic
properties of β-TeVO4 are investigated on the basis of density
functional calculations. The picture emerging from this work
differs substantially from the uniform AFM spin- 1

2 chain
model proposed earlier [13]. These calculations indeed support
the model of weakly coupled frustrated chains where dominant
intrachain interactions are (i) ferromagnetic for the nearest-
neighbor couplings [J1 in Fig. 1(b)] and (ii) antiferromagnetic
for second-nearest-neighbor couplings [J4 in Fig. 1(b)]. The
above-mentioned hypothesis based on a temperature-induced
orbital reordering is also discussed.

II. COMPUTATIONAL DETAILS

Band structure calculations and total energy calculations
were performed with the QUANTUM ESPRESSO [15] and
WIEN2K [16] codes. These codes are based on density func-
tional theory and use respectively the pseudopotential plane-
wave and the full-potential linearized augmented plane-wave
plus local orbitals (FP-LAPW+lo) methods.

QUANTUM ESPRESSO calculations were performed using
ultrasoft pseudopotentials [18] with plane-wave and charge-
density cutoff of 40 Ry and 400 Ry, respectively. Maximally

localized Wannier function (MLWF) interpolation of the band
structure was calculated using WANNIER90 [19] interfaced
with QUANTUM ESPRESSO. With this code, the generalized
gradient approximation of Perdew, Burke, and Ernzerhof
(GGA-PBE) [17] has been employed for exchange and
correlation.

WIEN2K calculations were performed with a cutoff param-
eter RKmax = 7 and muffin-tin sphere radii set to 1.74 a.u. for
Te, 1.61 a.u. for V, and 1.42 a.u. for O. Besides the generalized
gradient approximation of Perdew, Burke, and Ernzerhof
(GGA-PBE) [17] two different DFT+U implementations [20]
based either on the “around-mean-field” (AMF) [21] or on
the “self-interaction-correction” (SIC) [22] schemes were
employed. A value of Ueff = 4 eV, reasonable for V4+
ions [6,23,24], was used in both approaches. Hybrid PBE0 [25]
was also used. As in the case of DFT+U calculations, its
use was however restricted to the subspace spanned by states
corresponding to strongly correlated electrons [26,27], i.e., the
V-3d states.

Total energy calculations were performed with WIEN2K

because of the high accuracy of the FP-LAPW+lo and the
availability of different implementations of DFT+U . They
have been carried out using the experimental crystal structure
determined by Meunier et al. [12]. In order to assess the effect
of the structure on the magnetic couplings, structural relaxation
was carried out with QUANTUM ESPRESSO and supercell
total energies recalculated with WIEN2K. The consistency
of the results obtained with these two codes was verified
systematically for calculations performed with the GGA-PBE
exchange-correlation functional.

III. RESULTS AND DISCUSSION

A. Model Hamiltonian approach

The density of states and band structure of paramagnetic
β-TeVO4 are shown in Figs. 2(a) and 2(b), respectively. The
valence band of this compound extends over a 7 eV range
from about −10 to −3 eV and is largely dominated by the
O-2p states. The four half-filled V4+ states of dxy symmetry
(the monoclinic P21/c unit cell contains four formula units),
responsible for the magnetic properties of this compound,
are very well separated from this valence band located at
lower energy, as well as from the remaining crystal-field-split
V-3d states at higher energy. This result illustrates clearly
the strong crystal-field stabilization of the V-dxy states in a
square pyramid environment. Indeed, a second group of eight
bands is found with a dominant V-dxz and V-dyz character at
about 1 eV above the Fermi level, i.e., above the V-dxy states.
Although a nonnegligible hybridization with the Te-5p states
occurs in this energy range, these bands are largely dominated
by their V-3d component. The weight of the Te-5p states
increases starting from 1.5 eV above the Fermi level, i.e., in
the high-energy region where antibonding states of V-dx2−y2

and V-dz2 character are also found. In a first approach, we
evaluated the magnetic couplings through a mapping of this
paramagnetic band structure onto a modified Kugel-Khomskii
model [23,28,29]. This mapping has been performed first by
computing a set of twelve MLWFs following the method of
Marzari and Vanderbilt [30] and spanning the twelve bands of
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FIG. 2. (Color online) Nonmagnetic GGA-PBE electronic struc-
ture of β-TeVO4. (a) Total and projected densities of states and (b)
DFT-GGA (black solid line) and Wannier-interpolated (in blue) band
structure of β-TeVO4. The high-symmetry point coordinates in the
Brillouin zone are given in units of the reciprocal lattice basis vectors
of the monoclinic P21/c unit cell.

dominant V-dxy , dxz, and dyz character located between −0.3
and 1.5 eV. The Wannier-interpolated band structure obtained
following this procedure is superimposed on the DFT-GGA
band structure in Fig. 2(b). It should be noted here that these
MLWFs are not eigenstates of the on-site (crystal-field) part of
the Hamiltonian, as assumed in the Kugel-Khomskii model,
even though they are already very close in this particular case.
In order to correct this point, a diagonalization was performed
and the hopping integrals provided in the output of WANNIER90

were recalculated accordingly. Hopping integrals obtained
through this first step were then employed in the following
expression of the magnetic couplings [29]:

Ji = 4
(
t (i)
xy,xy

)2

U
−

∑

m=xz,yz

4
(
t (i)
xy,m

)2
JH

(U + �m)(U + �m − JH )
. (1)

In this expression, U is the on-site Coulomb term, JH is the
intra-atomic exchange interaction, �m is the energy difference

TABLE I. Magnetic couplings up to the eighth nearest neighbor
calculated using Eq. (1) with U = 4 eV, J = 1 eV, on-site energies,
and hopping integrals from MLWF calculations. According to the
convention used in Eq. (1), positive couplings correspond to AFM
interactions.

distance (Å) J AFM J FM J

J1 3.642 5 −23 −18
J2 4.379 0 0 0
J3 4.915 6 −2 4
J4 5.446 49 −1 48
J5 5.476 13 −1 12
J6 5.633 0 −1 −1
J7 5.758 1 0 1
J8 5.935 0 0 0

between half-filled (dxy) and empty (dxz,dyz), low-lying (at
about 1 eV above the Fermi level) vanadium orbitals and
t (i)
xy,m are the corresponding hopping integrals. The first term of

this expression arises from the interaction between half-filled,
magnetically active, V-dxy orbitals and is antiferromagnetic in
nature. On the contrary, the second term favors a ferromagnetic
alignment of the moments through the interaction between
half-filled and empty, low-lying dxz and dyz orbitals. In the
following, we will restrict our analysis to this three-band
model mainly because V-dz2 and dx2−y2 bands arise at much
higher energies (between 1.5 and 4 eV above the Fermi
level) and strongly hybridize with the Te-5p states. Numerical
results obtained using on-site energies and hopping integrals
between MLWFs in Eq. (1) together with U = 4 eV and
J = 1 eV typically employed for V4+ ions [23,29,31] are
given in Table I. A clear and somewhat surprising picture
arises from these results: as expected, dominant magnetic
couplings in β-TeVO4 happen along the zigzag chain but
the largest interaction corresponds to the second-nearest-
neighbor interaction (J4) and is antiferromagnetic whereas the
nearest-neighbor interaction (J1) is weaker and ferromagnetic.
Interchain couplings are antiferromagnetic and much weaker
in amplitude as could be anticipated from the weak dispersion
of the V-dxy bands along � → B, D → Z, or � → Y . The
image of the magnetism of β-TeVO4 given by this approach
is therefore that of weakly coupled frustrated ferromagnetic
chains. The most striking result, namely that J1 is predicted to
be ferromagnetic, arises from a weak hopping integral between
neighboring V-dxy orbitals along the chain. If one neglects any
other interaction than the first- and second-nearest-neighbor
interactions along the chains, the energy dispersion of the
V-dxy bands in β-TeVO4 are given by

ε(�k) = εxy ± 2t (1)
xy,xy cos πk3 + 2t (4)

xy,xy cos 2πk3, (2)

where �k = (k1,k2,k3) is the adimensional reciprocal vector in
units of the reciprocal lattice basis vectors. Qualitatively, the
V-dxy bands, shown in Fig. 2(b), present a dependence along
B → D, Z → �, or Y → E. They are clearly dominated by
the last term of Eq. (2) (∝ cos 2πk3) indicating that |t (4)

xy,xy | >

|t (1)
xy,xy |. In order to understand this result, it is instructive to

look at the shape of the MLWF of dominant V-dxy character
shown in Fig. 3. It can be seen that the tails of the Wannier
function on the 2p states of the two bridging oxygens forming
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FIG. 3. (Color online) MLWF of dominant V-dxy character cal-
culated with WANNIER90 in β-TeVO4. Antibonding 2p tails on
neighboring oxygens are also clearly visible.

the chain are not symmetric but with a larger weight on the
nearest oxygen (the V-O distance is 1.927 Å compared to
2.034 Å for the second bridging oxygen). The alternating V-O
bond lengths along the chain are therefore responsible for the
small overlap between Wannier functions centered on adjacent
sites and, thus, for the small hopping integral t (1)

xy,xy (∼20 meV)
leading to a weak AFM component for J1. The FM component
therefore dominates through nonnegligible hopping between
half-filled and empty orbitals (t (1)

xy,xz ∼ 84 meV and t (1)
xy,yz ∼

−46 meV). These results, although qualitative, differ from the
image originally drawn from the analysis of the experimental
magnetic susceptibility [13] and as such, require further
investigations. A second method, based on the calculation
of supercell total energy differences and allowing for an
independent evaluation of the magnetic couplings, has thus
been employed.

B. Supercell total energy approach

The calculation of magnetic couplings can be carried out
within the broken symmetry formalism, i.e., by mapping total
energies corresponding to various collinear spin arrangements
within a supercell onto a Heisenberg Hamiltonian

Ĥ = Ĥ0 +
∑

i>j

Jij Ŝi · Ŝj, (3)

where Ĥ0 is the spin-independent part of the Hamiltonian, Jij

are the magnetic couplings to determine, and Ŝi and Ŝj are,
in our case, the S = 1/2 spin operators localized on V4+ ions
located at site i and j respectively. It is straightforward to show
that the expectation value of Hamiltonian (3) on a DFT state |α〉
(obtained by preparing the initial electron density according
to a particular collinear spin arrangement in the supercell and
performing a self-consistent calculation until convergence) can
be simply written under the form of an Ising Hamiltonian [32]

εDFT
α = 〈α|Ĥ |α〉 = ε0 + 1

4

∑

i>j

Jij σiσj , (4)

with σi = ±1. In strongly localized systems, such as 3d

transition metal oxides, Eq. (4) can be employed to model large
sets of spin configurations, and a least-squares minimization
of the difference between DFT and Ising relative energies
can be applied to obtain a numerical evaluation of the
couplings [33,34]. In the case of β-TeVO4, the determination

TABLE II. Magnetic couplings calculated using the total energy
approach with four different functionals. According to the convention
used in Eq. (3), positive couplings correspond to AFM interactions.

GGA+U GGA+U

GGA (AMF) (SIC) PBE0

J1 −191 −28 −87 −90
J2 −9 1 −4 −1
J3 17 3 9 13
J4 70 42 30 46
J5 3 14 2 4
J6 −7 0 −4 −2
J7 −7 0 −4 −2
J8 −19 1 −7 −9

of the magnetic couplings up to the eighth nearest neighbor
requires the use of two 48-atom supercells obtained by
doubling the unit cell along the crystal a axis (2 × 1 × 1)
or along the c axis (1 × 1 × 2), respectively. Taking crystal
and spin reversal symmetries into account, this leads to a
total of 50 distinct spin configurations, 22 for the 1×1×2
supercell and 28 for the 2 × 1 × 1 supercell. The results of the
least-squares procedure applied to this set of configurations
for four different functionals, namely GGA, GGA+U either
within the SIC or AMF scheme, and hybrid PBE0 are shown
in Fig. 4, and the numerical values of the couplings are
summarized in Table II. The excellent correlation obtained
between DFT energies of the various spin configurations
and the corresponding Ising expressions is clearly visible in
Figs. 4(a) to 4(d), independently from the actual functional
employed in the calculations. A standard deviation of σ ≈
4 K is indeed obtained in the four cases, demonstrating the
relevance of the mapping procedure employed here.

All the calculations tend to confirm the results obtained
previously from the model Hamiltonian approach, assessing
the presence of ferromagnetic nearest-neighbor and antiferro-
magnetic second-nearest-neighbor couplings along the chains.
Large variations are observed, however, in the amplitude of the
couplings with the exchange-correlation functional employed
in the calculations, emphasizing the semiquantitative nature
of DFT results when applied to the prediction of magnetic
properties of solids. While GGA-PBE usually overestimates
the amplitude of magnetic couplings as other local or semilocal
functionals [35], it has been recently shown that the choice
of double-counting correction schemes in DFT+U can also
have a rather strong consequence on the amplitude and even
the sign of short-range couplings, in particular for geometries
where direct exchange can occur [23]. Our results confirm
most of these aspects: GGA provides couplings about twice
as large as those obtained using functionals designed to
improve the treatment of strongly correlated systems. Large
differences are also found between AMF and SIC versions
of DFT+U , particularly on the amplitude of the nearest-
neighbor interaction. It should be mentioned here that AMF
calculations are in close agreement with the results obtained
based on the perturbative treatment of multiorbital Hubbard
model presented above. If the large dispersion of the results,
particularly on the amplitude of J1, prevents us from assessing
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FIG. 4. (Color online) Determination of the magnetic couplings by the method of total energy differences. For each configuration, the DFT
relative energy is represented versus the optimized Ising energy. The best-fit values are given in the inset. According to the convention used in
Eq. (3), positive couplings correspond to AFM interactions.

a definite value of the ratio α = J4/J1, all these results agree
on the magnetically frustrated nature of this system.

As already mentioned, these results are rather different
from the uniform AFM chain model proposed previously
to interpret the temperature dependence of the magnetic
susceptibility [13]. Different factors might be at the origin
of this discrepancy and affect our calculations.

First, magnetic couplings are very sensitive to the detailed
atomic structure of the compound under consideration. In order
to investigate this point in the present case, structural relaxation
has been carried out in PBE-GGA for paramagnetic β-TeVO4

and the magnetic couplings have been recalculated. Although
substantial variations of the amplitudes were observed, the sign
of the dominant interactions along the chains remained un-
changed. Second, the possibility of a change in the symmetry
of the magnetically active V-3d orbital [14] was investigated
by artificially increasing the distance between the vanadium
and the apical oxygen atoms. Even for unrealistically large

vanadyl bond length, no orbital reordering was observed. This
is consistent with the large crystal-field stabilization (∼1 eV)
of the V-dxy orbital visible in Fig. 2. Third, as mentioned
above, large variations in the amplitude of the ferromagnetic
nearest-neighbor coupling J1 have been observed (a factor
∼3 is obtained between AMF and SIC versions of GGA+U ).
Assuming that this coupling cannot be correctly calculated
and that its actual amplitude is much weaker than that of the
second-nearest neighbor (|J1| 
 |J4|), β-TeVO4 would get
closer to the uniform AFM chain model proposed earlier with
a single, nonnegligible intrachain coupling J4. This model
is however unable to explain the slightly positive Curie-
Weiss temperature obtained for this compound, indicating the
presence of balanced interactions.

We should stress here the fact that the determination of
a magnetic model on the basis of a fit of the measured
susceptibility is often hampered by the existence of multi-
ple, equally satisfying solutions. The quasi-one-dimensional
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helimagnet LiCuVO4 is now known to be a weakly coupled
frustrated ferromagnetic chain system, both experimentally
from inelastic neutron scattering and theoretically from DFT
calculations [36,37], but has been initially presented as a
uniform AFM chain system [38,39]. Similarly, a good fit of
the magnetic susceptibility of NaCu2O2 can be obtained with
a uniform AFM chain model whereas the incommensurate
magnetic helix ground state of this compound is explained
only when accounting for a ferromagnetic nearest-neighbor
and an antiferromagnetic second-nearest-neighbor couplings
along the chains [40]. The spin chains in these two systems
arise from edge-sharing CuO4 plaquettes with Cu-O-Cu angles
close to 90◦. It is therefore reasonable to expect a weak
ferromagnetic nearest-neighbor coupling in such cases. As
mentioned previously, even the prediction of the signs of the
magnetic interactions in β-TeVO4 on the basis of such simple
geometrical arguments is far from obvious and requires further
experimental investigations. In particular, neutron diffraction
could be envisaged to determine the nature of the long-range
magnetic order below TN .

IV. SUMMARY

In conclusion, density functional calculations have been
carried out to investigate the magnetic properties of β-TeVO4.

In particular, two distinct approaches have been employed to
evaluate magnetic couplings in this compound, based either on
a perturbative treatment of the multiorbital Hubbard model in
the strongly correlated limit or on the calculation of supercell
total energy differences. A picture of weakly coupled frustrated
ferromagnetic chains emerges from these calculations and
is different from the uniform AFM chain model proposed
previously for this compound [13]. We hope that these
results will stimulate further experimental investigations of
the puzzling magnetic properties of β-TeVO4.
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