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We study the scaling of quantum discord (a measure of quantum correlation beyond entanglement) in spin
models analytically and systematically. We find that at finite temperature the block scaling of quantum discord
satisfies an area law for any two-local Hamiltonian. We show that generically and heuristically the two-site
scaling of quantum discord is similar to that of correlation functions. In particular, at zero temperature it decays
exponentially and polynomially in gapped and gapless (critical) systems, respectively; at finite temperature it
decays exponentially in both gapped and gapless systems. We compute the two-site scaling of quantum discord
in the XXZ chain, the XY chain (in a magnetic field), and the transverse field Ising chain at zero temperature.
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Quite a few fundamental concepts in quantum mechanics
do not have classical analogs: uncertainty relations [1–4],
quantum nonlocality [5–8], etc. Quantum entanglement [7,8],
defined based on the notion of local operations and classical
communication, is the most prominent manifestation of quan-
tum correlation. The set of separable (not entangled) states
is convex and has nonzero measure (volume), and a lot of
effort is devoted to entanglement detection [8–13]. However,
nontrivial quantum correlation also exists in certain separable
states. Quantum discord [14,15] is the most popular measure
of quantum correlation beyond entanglement and an active
research topic in the past few years [16]. The set of classical
(zero-discord) states is nowhere dense and has measure zero
[17]; computing quantum discord is difficult, since quantum
discord is NP-complete.

Quantum discord has already been extensively studied in
the context of condensed matter physics (spin chains) at
both zero [18–20] and finite [20–22] temperatures. These
papers mainly focus on pairwise quantum discord between
nearest-neighbor (or next-nearest-neighbor) spins and identify
its singularities at quantum phase transitions. As emphasized
in a recent review paper [16], the scaling of quantum discord is
also an interesting problem. There are a few relevant numerical
results [23–25]. The confidence that “simple” models (to
some extent) describe complicated real materials comes from
the notion of universality. The low-energy or long-range
properties (the focus of condensed matter physics) are the
same for different materials in the same universality class
(though the high-energy or short-range properties are not), and
models can be understood as representatives of universality
classes. Therefore, the scaling of quantum discord may be
more physically or practically relevant than pairwise quantum
discord between nearest-neighbor spins.

We study the scaling of quantum discord in spin models
analytically and systematically. We discuss two extensively
studied notions of scaling in condensed matter physics: block
scaling and two-site scaling. We find that at finite temperature
the block scaling of quantum discord satisfies an area law
for any two-local Hamiltonian. We show that generically
and heuristically the two-site scaling of quantum discord
is similar to that of correlation functions. In particular, at
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zero temperature it decays exponentially and polynomially
in gapped and gapless (critical) systems, respectively; at finite
temperature it decays exponentially in both gapped and gapless
systems. We compute the two-site scaling of quantum discord
in the XXZ chain, the XY chain (in a magnetic field), and the
transverse field Ising chain at zero temperature.

Preliminaries. In classical information theory, mutual in-
formation is the standard measure of correlation between two
random variables. As the quantum analog, quantum mutual
information

I (ρAB) = S(ρA) + S(ρB) − S(ρAB) (1)

quantifies the total (classical and quantum) correlation in a
bipartite quantum state ρAB , where

S(ρA) = −trρA ln ρA (2)

is the von Neumann entropy of the reduced density matrix
ρA = trBρAB . When ρAB is a pure state, S(ρA) = S(ρB) is the
so-called “entanglement entropy” [7,8]. Entanglement entropy
is the standard measure of entanglement for pure states, but
not for mixed states.

Let {�i} be a measurement on the subsystem B. Then,
pi = tr(�iρAB) is the probability of the ith measurement out-
come; ρi

A = trB(�iρAB)/pi and ρ ′
AB = ∑

i piρ
i
A ⊗ �i are the

postmeasurement states. Classical correlation is defined as [15]

JB(ρAB) = max
{�i }

J{�i }(ρAB) = max
{�i }

{
S(ρA) −

∑
i

piS
(
ρi

A

)}
.

(3)

The maximization is taken either over all von Neumann
measurements or over all generalized measurements described
by positive-operator valued measures. For simplicity, we
restrict ourselves to von Neumann measurements in this
article. Quantum discord is the difference between total
correlation and classical correlation [14],

DB(ρAB) = I (ρAB) − JB(ρAB)

= min
{�i }

D{�i }(ρAB) = min
{�i }

{I (ρAB) − J{�i }(ρAB)}

= S(ρB) − S(ρAB) + min
{�i }

∑
i

piS
(
ρi

A

)
= min

{�i }
SB(ρ ′

AB) − SB(ρAB), (4)
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where SB(ρAB) = S(ρAB) − S(ρB) is the quantum conditional
entropy. Quantum discord reduces to entanglement entropy
for pure states.

In physics, scaling typically refers to the asymptotic
behavior of some quantity as some reference scale (e.g., length)
diverges. Its mathematical definitions are different in different
contexts. There are at least two extensively studied notions
of scaling in condensed matter physics: block scaling and
two-site scaling. Examples are, respectively, the asymptotic
behavior of the entanglement entropy SL of a block of L spins
as L → +∞ and that of the correlation function 〈XiXj 〉 as
|i − j | → +∞ for some local operator X at sites i,j .

Block scaling. The block scaling of entanglement entropy
and mutual information has been extensively studied in spin
chains. At zero temperature the block scaling of entanglement
entropy satisfies an area law [26] in one-dimensional (1D)
gapped systems [27]. The area law may be violated in 1D
gapless (critical) systems. For instance, SL ∼ (c ln L)/3, when
the critical theory is a conformal field theory with central
charge c [28,29]. At finite temperature the block scaling of
mutual information satisfies an area law for any two-local
Hamiltonian [30]. Note that entanglement entropy is no longer
a measure of entanglement for mixed states.

The block scaling of quantum discord for a nondegenerate
ground state is not new as quantum discord reduces to
entanglement entropy for pure states. At finite temperature we
observe a very general result that the block scaling of quantum
discord satisfies an area law for any two-local Hamiltonian,
regardless of the energy gap or the dimension/geometry of the
underlying lattice. However, we believe that computing the
block scaling of quantum discord numerically (or analytically)
is difficult even for exactly solvable models.

Theorem 1. (Area law for quantum discord). Let G = (V,E)
be the underlying lattice (graph) of a two-local Hamiltonian
H = ∑

(i,j )∈E hij , where V is the set of all sites in the spin
system, and hij |(i,j )∈E acts only on the sites i,j . Let A ⊆ V be
a region and B = V \A be the rest. The thermal state ρAB =
e−βH /tr e−βH at inverse temperature β satisfies

D(ρAB) � 2β|∂A| max
(i,j )∈∂A

‖hij‖2, (5)

where |∂A| is the cardinality of the boundary ∂A = ∂B =
{(i,j ) ∈ E|i ∈ A,j ∈ B}, and ‖ · ‖p is the p-norm.

Proof. This is a straightforward consequence of the area
law for mutual information [26,30] as mutual information
is an upper bound on quantum discord. The thermal state
ρAB minimizes the free energy F (σ ) = tr(Hσ ) − S(σ )/β.
Therefore,

F (ρAB) � F (ρA ⊗ ρB) ⇒
D(ρAB) � I (ρAB) � β

∑
(i,j )∈∂A

tr[hij (ρA ⊗ ρB − ρAB)]

� 2β|∂A| max
(i,j )∈∂A

‖hij‖2. (6)

�
Two-site scaling. The two-site scaling of entanglement is

generically trivial. In the absence of long-range order, the two-
site reduced density matrix approaches the identity matrix I

as |i − j | → +∞. As the set of separable states contains a
neighbourhood of I [31], entanglement is exactly zero for not

too small |i − j | (for |i − j | � 5 in practice). This argument
does not apply to the two-site scaling of quantum discord as
the set of classical states is nowhere dense and has measure
zero [17].

Theorem 2. Let {Xk} be a complete set of local operators
and ρ∞ = lim|i−j |→+∞ ρij . Suppose the convergence speed of
all correlation functions is (tightly) bounded by a nonnegative
monotonically decreasing function f :∣∣〈Xk1

i X
k2
j

〉 − 〈Xk1Xk2〉ρ∞

∣∣ � f (|i − j |) (7)

for any k1,k2. Then,

|D(ρij ) − D(ρ∞)| = O( − f (|i − j |) ln f (|i − j |)). (8)

Proof. As {Xk1
i X

k2
j } is a complete set of two-site operators,

Eq. (7) implies ‖ρij − ρ∞‖1 = O(f (|i − j |)). Then, Eq. (8)
follows from the continuity of quantum discord [32]

|D(ρ) − D(σ )| � −4‖ρ − σ‖1 ln ‖ρ − σ‖1 + O(‖ρ − σ‖1).

(9)

�
Remark. Generically and heuristically,

|D(ρij ) − D(ρ∞)| ∼ f n(|i − j |), (10)

where n (typically equal to 1,2) is a small positive integer.
When the two-site scaling of quantum discord can be obtained
from the scaling of correlation functions via Taylor expansion
around ρ∞, n is determined by the leading order in the
expansion. Therefore, the two-site scaling of quantum discord
is similar to that of correlation functions. In particular, at
zero temperature it decays exponentially and polynomially
in gapped and gapless (critical) systems, respectively; at finite
temperature it decays exponentially in both gapped and gapless
systems.

Methods. In the remainder of this article, we explicitly com-
pute the two-site scaling of quantum discord for the thermal
ground state ρ = limβ→+∞ e−βH /tr e−βH (which respects all
the symmetries of the Hamiltonian H ) in the XXZ chain,
the XY chain (in a magnetic field), and the transverse field
Ising chain. The Z2 symmetry of these models implies that the
two-site reduced density matrix ρij is a so-called “X state”,
which has nonzero elements only on the diagonal and the
antidiagonal:[

H,
⊗

i

σ z
i

]
= 0 ⇒

[
ρ,

⊗
i

σ z
i

]
= 0

⇒ [
ρij ,σ

z
i ⊗ σ z

j

] = 0

⇒ ρij =

⎛
⎜⎝

a 0 0 α

0 b β 0
0 β̄ c 0
ᾱ 0 0 d

⎞
⎟⎠ . (11)

We emphasize that the analytical formula of quantum discord
for general two-qubit X states is unknown (the formula
claimed in [33] is not exactly correct [34–36]). Fortunately,
the following lemma suffices for our purpose.

Lemma 1 ([35]). The optimal measurement is σx if

|
√

ad −
√

bc| � |α| + |β|. (12)
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As in the computational basis the Hamiltonians are real, the
matrix elements of ρij are all real, and are given by [19]

a = (
1 + 〈

σ z
i

〉 + 〈
σ z

j

〉 + 〈
σ z

i σ z
j

〉)/
4,

b = (
1 + 〈

σ z
i

〉 − 〈
σ z

j

〉 − 〈
σ z

i σ z
j

〉)/
4,

c = (
1 − 〈

σ z
i

〉 + 〈
σ z

j

〉 − 〈
σ z

i σ z
j

〉)/
4,

(13)
d = (

1 − 〈
σ z

i

〉 − 〈
σ z

j

〉 + 〈
σ z

i σ z
j

〉)/
4,

α = (〈
σx

i σ x
j

〉 − 〈
σ

y

i σ
y

j

〉)/
4,

β = (〈
σx

i σ x
j

〉 + 〈
σ

y

i σ
y

j

〉)/
4.

The quantum conditional entropy is

Sj (ρij ) = −H
(
1/2 + 〈

σ z
i

〉/
2
) −

4∑
k=1

λk ln λk, (14)

where H (λ) = −λ ln λ − (1 − λ) ln(1 − λ) is the binary en-
tropy function, and the eigenvalues of ρij are [23]

λ1,2 = (
1 − 〈

σ z
i σ z

j

〉 ± 〈
σx

i σ x
j

〉 ± 〈
σ

y

i σ
y

j

〉)/
4, (15)

λ3,4 = 1
4

(
1 + 〈

σ z
i σ z

j

〉 ± √
4
〈
σ z

i

〉2 + (〈
σx

i σ x
j

〉 − 〈
σ

y

i σ
y

j

〉)2)
.

(16)

The quantum conditional entropy of the postmeasurement state
ρ ′

ij after the (optimal) measurement σx is

Sj (ρ ′
ij ) = H

(
1
2 + 1

2

√〈
σ z

i

〉2 + max
{〈

σx
i σ x

j

〉2
,
〈
σ

y

i σ
y

j

〉2})
. (17)

XXZ chain. The Hamiltonian is

H =
∑

i

σ x
i σ x

i+1 + σ
y

i σ
y

i+1 + 	σz
i σ z

i+1. (18)

The model is exactly solvable by the Bethe ansatz. It is gapless
(critical) for −1 < 	 � 1 and gapped for |	| > 1. In the
critical regime −1 < 	 < 1, the scaling of the correlation
functions is [37]〈

σ z
i σ z

j

〉 ∼ Az(−1)|i−j ||i − j |−1/η − π−2η−1|i − j |−2,
(19)〈

σx
i σ x

j

〉 = 〈
σ

y

i σ
y

j

〉 ∼ Ax(−1)|i−j ||i − j |−η,

where 0 < η = π−1 arccos(−	) < 1, and the prefactors
Az,Ax are given [38–40] in the Appendix. The validity of
(12) can be verified explicitly, and the optimal measurement
is σx . We obtain the two-site scaling of quantum discord via
the Taylor expansion of (14) and (17):

D(ρij ) ∼ 2−1
〈
σx

i σ x
j

〉2 ∼ 2−1A2
x |i − j |−2η. (20)

At the critical point 	 = 1, the scaling of the correlation
functions is [41,42]

〈
σ z

i σ z
j

〉 = 〈
σx

i σ x
j

〉 = 〈
σ

y

i σ
y

j

〉 ∼ 21/2(−1)|i−j | ln1/2 |i − j |
π3/2|i − j | .

(21)

As the antiferromagnetic Heisenberg model is SU(2) invariant,
any measurement is optimal. We obtain the two-site scaling of

quantum discord:

D(ρij ) ∼ 〈
σx

i σ x
j

〉2 ∼ 2π−3|i − j |−2 ln |i − j |. (22)

XY chain. The Hamiltonian is

H = −
∑

i

σ x
i σ x

i+1 + ασ
y

i σ
y

i+1 (0 � α � 1). (23)

The model is gapless (critical) for α = 1 [43] and gapped for
0 � α < 1. In the gapped regime, the scaling of the correlation
functions strongly depends on whether i − j is even or odd
[44]. For even i − j ,〈

σ z
i σ z

j

〉 = 0,〈
σx

i σ x
j

〉 ∼
√

1 − α2 + 4π−1(1 − α2)−3/2|i − j |−2α|i−j |+2,〈
σ

y

i σ
y

j

〉 ∼ 2π−1(1 − α2)−1/2|i − j |−1α|i−j |, (24)

and for odd i − j ,〈
σ z

i σ z
j

〉 ∼ −2π−1|i − j |−2α|i−j |,

〈
σx

i σ x
j

〉 ∼
√

1 − α2 + 2(1 + α2)α|i−j |+1

π (1 − α2)3/2|i − j |2 , (25)

〈
σ

y

i σ
y

j

〉 ∼ 2π−1(1 − α2)−1/2|i − j |−1α|i−j |.

The validity of (12) can be verified explicitly, and the optimal
measurement is σx . We obtain the two-site scaling of quantum
discord for both even and odd i − j :

D(ρij ) ∼ 2−1α−2〈σy

i σ
y

j

〉2
∼ 2π−2(1 − α2)−1|i − j |−2α2|i−j |−2. (26)

Transverse field Ising chain. The Hamiltonian is

H = −
∑

i

σ x
i σ x

i+1 + hσ z
i (h � 0). (27)

The model is gapless (critical) for h = 1 and gapped otherwise.
The magnetization is [45]

〈
σ z

i

〉 = 1

π

∫ π

0
(h + cos θ )/

√
(h + cos θ )2 + sin2 θ dθ, (28)

and in the ferromagnetic regime h < 1 there is long-range
order

〈σxσ x〉∞ = lim
|i−j |→+∞

〈
σx

i σ x
j

〉 = (1 − h2)1/4. (29)

We only present the final results in order not to tire the reader
with technical details. The two-site scaling of quantum discord
is different in different regions:

D(ρij ) ∼ A1
〈
σx

i σ x
j

〉2 ∼ 21/6e1/2A−6A1|i − j |−1/2, (30)

D(ρij ) ∼ A1
〈
σx

i σ x
j

〉2 ∼ A1h
−2|i−j |

π (1 − h−2)1/2|i − j | , (31)

D(ρij ) ∼ Dσx (ρ∞) + A2
(〈
σx

i σ x
j

〉 − 〈σxσ x〉∞
)

∼ Dσx (ρ∞) + A2h
2|i−j |+2

2π (1 − h2)7/4|i − j |2 (32)
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for h = 1, h > 1, and h < 1, respectively, where A =
1.282 427 129 1 . . . is the Glaisher-Kinkelin constant, and the
prefactors A1,A2 are given in the Appendix.

XY chain in a magnetic field. The Hamiltonian is

H = −
∑

i

(1 + γ )σx
i σ x

i+1/2 + (1 − γ )σy

i σ
y

i+1/2 + hσ z
i ,

(33)

where 0 < γ � 1 and h � 0. The XY chain and the transverse
field Ising chain are special cases of this model. This model is
exactly solvable by the Jordan-Wigner transformation, and is
essentially a model of free fermions. It is gapless (critical) for
h = 1 and gapped otherwise. The magnetization is [46]

〈
σ z

i

〉 = 1

π

∫ π

0
(h + cos θ )/

√
(h + cos θ )2 + γ 2 sin2 θ dθ,

(34)

and in the regime h < 1 there is long-range order [47]

〈σxσ x〉∞ = 2γ 1/2(1 + γ )−1(1 − h2)1/4. (35)

The two-site scaling of quantum discord is different in different
regions:

D(ρij ) ∼ A1
〈
σx

i σ x
j

〉2
∼ 213/6e1/2A−6γ 3/2(1 + γ )−2A1|i − j |−1/2, (36)

D(ρij ) ∼ A1
〈
σx

i σ x
j

〉2
∼ 2γA1λ

2|i−j |

π (1 + γ )2|i − j |

√
1 + γ 2 + 2γ

1 + λ2

1 − λ2
, (37)

D(ρij ) ∼ Dσx (ρ∞) + A2
(〈
σx

i σ x
j

〉 − 〈σxσ x〉∞
)

∼ Dσx (ρ∞) + γ 1/2(1 − h2)1/4A2λ
−2|i−j |

π (1 + γ )(λ − λ−1)2|i − j |2 , (38)

D(ρij ) = Dσx (ρ∞), (39)

D(ρij ) ∼ Dσx (ρ∞) + A3
〈
σ

y

i σ
y

j

〉
∼ Dσx (ρ∞) + A4|i − j |−1[(1 − γ )/(1 + γ )]|i−j |

(40)

for h = 1, h > 1,
√

1 − γ 2 < h < 1, h =
√

1 − γ 2, and
0 < h <

√
1 − γ 2, respectively, where

λ = (h −
√

γ 2 + h2 − 1)/(1 − γ ), (41)

and the prefactors A3,A4 are given in the Appendix. The
numerical results in [23,24] are consistent with (36)–(40).

Conclusion. We have studied the scaling of quantum discord
in spin models analytically and systematically. We have found
that at finite temperature the block scaling of quantum discord
satisfies an area law for any two-local Hamiltonian. We have
shown that generically and heuristically the two-site scaling
of quantum discord is similar to that of correlation functions.
In particular, at zero temperature it decays exponentially and
polynomially in gapped and gapless (critical) systems, respec-
tively; at finite temperature it decays exponentially in both
gapped and gapless systems. We have computed the two-site
scaling of quantum discord in the XXZ chain, the XY chain
(in a magnetic field), and the transverse field Ising chain at zero
temperature.
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APPENDIX

The prefactors are given as follows:

Az = 23− 1
η π

− 1
2η

−2
�

1
η

(
η

2 − 2η

)
�

− 1
η

(
1

2 − 2η

)
exp

[∫ +∞

0

dx

x

(
sinh(2ηx − x)

sinh(ηx) cosh(x − ηx)
− 2η − 1

ηe2x

)]
, (A1)

Ax = 2−1−ηπ− η

2 (1 − η)−2�η

(
η

2 − 2η

)
�−η

(
1

2 − 2η

)
exp

[∫ +∞

0

dx

x

(
η

e2x
− sinh(ηx)

sinh x cosh(x − ηx)

)]
, (A2)

A1 = 4−1
(
1 − 〈

σ z
i

〉2)−1 + 8−1
〈
σ z

i

〉−1
ln

[(
1 − 〈

σ z
i

〉)/(
1 + 〈

σ z
i

〉)]
, (A3)

A2 = 1

4
ln

1 + 〈σxσ x〉∞ − 〈
σ z

i

〉2
1 − 〈σxσ x〉∞ − 〈

σ z
i

〉2 + 〈σxσ x〉∞
4
√

〈σxσ x〉2∞ + 4
〈
σ z

i

〉2 ln
1 + 〈

σ z
i

〉2 +
√

〈σxσ x〉2∞ + 4
〈
σ z

i

〉2
1 + 〈

σ z
i

〉2 −
√

〈σxσ x〉2∞ + 4
〈
σ z

i

〉2

+ 〈σxσ x〉∞
2
√

〈σxσ x〉2∞ + 〈
σ z

i

〉2 ln
1 −

√
〈σxσ x〉2∞ + 〈

σ z
i

〉2
1 +

√
〈σxσ x〉2∞ + 〈

σ z
i

〉2 , (A4)

A3 = 1

4
ln

1 + 〈σxσ x〉∞ − 〈
σ z

i

〉2
1 − 〈σxσ x〉∞ − 〈

σ z
i

〉2 + 〈σxσ x〉∞
4
√

〈σxσ x〉2∞ + 4
〈
σ z

i

〉2 ln
1 + 〈

σ z
i

〉2 −
√

〈σxσ x〉2∞ + 4
〈
σ z

i

〉2
1 + 〈

σ z
i

〉2 +
√

〈σxσ x〉2∞ + 4
〈
σ z

i

〉2 , (A5)

A4 = 4π−1γ −1/2(1 − γ )−1(1 − h2)1/4(1 − γ 2 − h2)|(1 − γ )λ2 + (1 + γ )λ−2 − 2|−1A3. (A6)
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