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Ab initio lattice dynamical studies of silicon clathrate frameworks
and their negative thermal expansion
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The thermal and lattice dynamical properties of seven silicon clathrate framework structures are investigated
with ab initio density functional methods (frameworks I, II, IV, V, VII, VIII, and H). The negative thermal
expansion (NTE) phenomenon is investigated by means of quasiharmonic approximation and applying it to equal
time displacement correlation functions. The thermal properties of the studied clathrate frameworks, excluding
the VII framework, resemble those of the crystalline silicon diamond structure. The clathrate framework VII
was found to have an anomalous NTE temperature range up to 300 K and it is suitable for further studies of the
mechanisms of NTE. Investigation of the displacement correlation functions revealed that in NTE, the volume
derivatives of the mean square displacements and mean square relative displacements of atoms behave similarly
to the vibrational entropy volume derivatives and consequently to the coefficients of thermal expansion as a
function of temperature. All studied clathrate frameworks, excluding the VII framework, possess a phonon band
gap or even two in the case of framework V.
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I. INTRODUCTION

In addition to the crystalline silicon diamond structure
(d-Si), various other crystal structures contain tetrahedrally
bonded silicon atoms. Examples of such structures are the ex-
perimentally known semiconducting clathrates [1], which are
typically obtained as host-guest compounds such as Na24Si136,
where a porous Si clathrate II framework (sometimes denoted
as Si34 or Si136) is partially filled by Na guest atoms [2].
However, silicon clathrates with a (practically) guest-free Si
framework structure have been prepared, as well [3,4]. The
semiconducting clathrates have been investigated intensively
due to their interesting properties such as anomalous electronic
structure (differing from that of d-Si) [5,6], superconductiv-
ity [7], and relatively high thermoelectric efficiency [8–10].
In particular, the most intense research efforts on the thermo-
electric properties of clathrates have so far been directed at
germanium-based clathrates such as Ba8Ga16Ge30 [11,12].

Tang et al. have investigated the thermal properties of the
clathrate II framework by means of ab initio calculations
and experimental measurements and have shown that the
clathrate II framework exhibits negative thermal expansion
(NTE) in the temperature range of 10–140 K [13]. NTE is a
phenomenon in which a material contracts instead of expands
when heated to higher temperatures. From the point of view
of practical applications, NTE materials have been used to
design composite materials with zero thermal expansion [14].
The NTE materials have been studied actively after the
discovery of large temperature range NTE materials such as
ZrW2O8 [15,16], which shows NTE in a wide temperature
range from nearly 0 up to 1080 K. The underlying mechanisms
causing the NTE behavior are not fully understood. The
NTE phenomenon and the different NTE mechanisms have
been reviewed for example by Barrera et al. [17]. d-Si also
shows NTE within temperature range from 25 up to 120 K
[18]. However, to our knowledge, there are no elemental
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semiconductors with anomalously large NTE temperature
ranges comparable to the oxides such as ZrW2O8.

The NTE behavior of materials can be experimentally
studied by means of extended x-ray absorption fine structure
(EXAFS) spectroscopy, which enables the measurement of
local dynamics of the crystal lattice [19–22]. Quantities which
can be obtained from EXAFS spectra are, for example,
mean square displacements (MSD) and mean square relative
displacements (MSRD). Consequently, EXAFS has also been
used to study the NTE phenomenon [23,24]. However,
computational studies of the NTE phenomenon from the point
of view of MSRD are not common. To our knowledge, there
are no previous studies where the NTE behavior of materials is
investigated by means of full ab initio calculation of MSRDs.

In this paper we investigate the thermal properties and
negative thermal expansion of seven different silicon clathrate
frameworks by means of ab initio lattice dynamics. The
thermal properties of the materials are determined within
quasiharmonic approximation (QHA) [25]. The results are
compared with available experimental data and previous
computational predictions for d-Si to establish the accuracy of
the computational methods. We use equal time displacement
correlation functions to investigate the mechanisms of the
thermal expansion and to elucidate the negative thermal
expansion behavior of the silicon clathrate frameworks.

II. THEORY, COMPUTATIONAL METHODS,
AND STUDIED STRUCTURES

A. Lattice dynamics and thermal expansion

To obtain the various thermal properties, the phonon
eigenvalues and phonon eigenvectors have been extracted with
ab initio methods, by applying density functional perturba-
tion theory (DFPT) [26]. The DFTP formalism enables the
calculation of dynamical matrix (introduced by the relations
below), after which the phonon eigenvalues and eigenvectors
can be solved from an eigenvalue equation written within the
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harmonic approximation as [27]

ω2
j (q)eα(κ|qj ) =

∑
κ ′,β

Dαβ(κκ ′|q)eβ(κ ′|qj ), (1)

where α and β are Cartesian indices, κ and κ ′ are atom indices
within the primitive unit cell, ωj (q) is phonon eigenvalue
(referred as phonon frequency from now on) for phonon branch
j and wave vector q, eα(κ|qj ) are the components of the
phonon eigenvector, and Dαβ(κκ ′|q) are the components of
the dynamical matrix. The dynamical matrix is the Fourier
transform of the real space force constant matrix �αβ(lκ; l,κ,),

Dαβ(κκ ′|q) = (MκMκ ′)−1/2
∑

l′
�αβ(lκ; l′κ ′)e−iq·[x(l)−x(l′)],

(2)

where Mκ and Mκ ′ are the atomic masses of atoms κ and
κ ′, respectively, and x (l) is the position vector of the lth unit
cell. The components of the eigenvector e (κ|qj ) are chosen
to satisfy the orthonormality and closure conditions [25]

∑
κ,α

eα(κ|qj ′)e∗
α(κ|qj ) = δjj ′ , (3)

∑
j

eα(κ|qj )e∗
β(κ ′|qj ) = δαβδκκ ′ , (4)

where δαβ is the Kronecker delta. The volumetric coefficient
of thermal expansion (CTE) αV is defined as

αV = 1

V0

∂V

∂T
, (5)

where V is the volume, V0 is the equilibrium volume, and T is
the temperature. The linear CTE is a measure of the change in
particular dimension of the crystal with respect to temperature.
In the cubic crystal system, linear CTE αL in the direction of
the principal axis can be written as

αL = 1

L0

∂L

∂T
= 1

3V0

∂V

∂T
= 1

3
αV . (6)

In noncubic crystals, the anisotropy of the crystal structure
must be taken into account. That is, the different components
of the thermal expansion along different principal axes must
be calculated separately to obtain the linear CTEs. In this
work only volumetric CTEs have been calculated for noncubic
structures. Using QHA, the expression for the volumetric CTE
can be written in terms of isothermal bulk modulus B, phonon
mode Grüneisen parameters γj (q), and phonon mode heat
capacities at constant volume cv,j (q) [28],

αV = 1

B

∑
q,j

cv,j (q) γj (q) . (7)

The heat capacity can be expressed in terms of Bose-Einstein
distribution function nq,j and phonon frequencies ωj (q),

cv,j (q) = ωj (q)

V0

∂

∂T
nq,j , (8)

and the Grüneisen parameters can be expressed as

γj (q) = − V0

ω0,j (q)

∂ωj (q)

∂V
, (9)

where ω0,j (q) is the phonon frequency for the phonon mode j

and wave vector q at the equilibrium volume V0. The Grüneisen
parameters can also be expressed as [29]

γj (q) = −1

2

V0

ω2
0,j (q)

∑
α,β

∑
κ,κ ′

e∗
α (κ|qj )

× ∂Dαβ(κκ ′|q)

∂V
eβ(κ ′|qj ). (10)

Equation (7) shows that when NTE occurs, the Grüneisen
parameters must have negative values since the bulk modulus
and the heat capacities have positive values. Furthermore,
from Eq. (9) it can be seen that to have negative Grüneisen
parameter values, the phonon frequencies must decrease with
decreasing volume. Analogously, Eq. (10) implies that in NTE
the components of the dynamical matrix have smaller values
with decreasing volume. Finally, an alternative way to express
αV is to make use of thermodynamical relations and to write
its expression in terms of vibrational entropy [17],

αV = 1

B

∑
q,j

∂Sj (q)

∂V
. (11)

From Eq. (11) it can be seen that the vibrational entropy S

must increase with decreasing volume for NTE to occur.

B. Correlation functions

Mean square displacements (MSD) are a special case of
the displacement time correlation functions derived by, for
example, Maradudin [27]. Equal time displacement correlation
function can be written as

〈uα(lκ)uβ(l′κ ′)〉 = �

2N (MκMκ ′)1/2

∑
q,j

eα(κ|qj )e∗
β(κ ′|qj )

ωj (q)

× eiq·[x(l)−x(l′)] coth

[
�ωj (q)

2kBT

]
, (12)

where N is the number of unit cells (and q points) and kB is the
Boltzmann constant. In the special case of l = l′ and κ = κ ′,
Eq. (12) is called the equal time displacement autocorrelation
function, vibrational amplitude, or MSD. From now on,
all discussed displacement correlation functions are equal
time displacement correlation functions and corresponding
autocorrelation functions, if not otherwise mentioned. To
analyze the NTE phenomenon, it is useful to know how
the atoms move relative to each other. Mean square relative
displacement (MSRD) in the interatomic direction between
atoms (lκ) and (l′κ ′), also known as the parallel MSRD, is
defined as [30]

〈u2
‖〉 = 〈{[u(lκ) − u(l′κ ′)] · r̂}2〉, (13)

where r̂ is unit vector in the direction of vector between atoms
(lκ) and

(
l′κ ′). Only the difference of l and l′ matters, not

their absolute values, thus l = 0 is chosen. Writing out the
component form of Eq. (13), the parallel MSRD is

〈u2
‖〉 =

∑
α,β

rαrβ [〈uα(0κ)uβ(0κ)〉

+ 〈uα(l′κ ′)uβ(l′κ ′)〉 − 2〈uα(0κ)uβ(l′κ ′)〉 ]. (14)
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Perpendicular MSRD is defined as [31]

〈u2
⊥〉 = 〈u2

R〉 − 〈u2
‖〉, (15)

where

〈u2
R〉 = 〈‖u(0κ) − u(l′κ ′)‖2〉, (16)

which is the total MSRD of atoms (lκ) and (l′κ ′). Writing
Eq. (16) in the component form and substituting to Eq. (15),
perpendicular MSRD can be written as

〈u2
⊥〉 =

∑
α,β

(δαβ − rαrβ) [〈uα (0κ) uβ (0κ)〉

+ 〈uα(l′κ ′)uβ(l′κ ′)〉 − 2〈uα (0κ) uβ(l′κ ′)〉 ]. (17)

Similar calculations involving the displacement correlation
functions have been previously carried out by Nielsen and
Weber, who used empirical interatomic potentials to investi-
gate the correlation functions for d-Si [32,33]. Finally, the total
MSD of atom (lκ) is the sum of the autocorrelation functions
along the different Cartesian components

〈u2〉 = 〈‖u(lκ)‖2〉 =
∑

α

〈uα (lκ) uα (lκ)〉 . (18)

In a cubic crystal, the total MSD (within numerical accuracy)
is due to symmetry reasons equal to 3 〈uα (lκ) uα (lκ)〉, for any
α = 1,2,3.

Because the preceding displacement correlation functions
are valid only within harmonic approximation, they cannot be
used to describe the thermal expansion phenomenon as such.
If QHA is assumed to be valid, the relation [Eq. (9)] for the
volume dependence of the phonon frequencies can be used.
Inspection of Eq. (12) shows that the two terms including
the hyperbolic cotangent and the inverse of the frequency are
always positive. As in Sec. II A, from Eqs. (7) and (9) it can
be seen that in NTE, the change in the frequencies must be
in the same direction as the change in the volume. In general,
the change of Eq. (12) with respect to volume also depends
on the behavior of the phonon eigenvector and its components
eα (κ|qj ) as a function of volume. We show first with heuristic
deduction that the volume dependence of Eq. (18) in the case of
d-Si is only due to the volume dependence of the frequencies.
Equation (18) reads

〈u2〉 = C
∑

α

∑
q,j

|eα (κ|qj )|2 ξ [ωj (q) ,T ], (19)

where

C = �

2NMκ

(20)

and

ξ [ωj (q) ,T ] = ωj (q)−1 coth

[
�ωj (q)

2kBT

]
. (21)

The frequencies are not dependent on the Cartesian index α,
and ξ [ωj (q)] can be moved out of the sum over α,

〈u2〉 = C
∑
q,j

ξ [ωj (q) ,T ]
∑

α

|eα (κ|qj )|2 . (22)

From Eq. (3) it follows that the sum over α in Eq. (22) with any
chosen j and q must have value 1/2, in the case of d-Si with

two equivalent atoms in the primitive unit cell. Equation (18)
for d-Si is then

〈u2〉d−Si = C

2

∑
q,j

ξ [ωj (q) ,T ]. (23)

Preceding is also true for structures where the lattice constants
have been displaced in a way that preserves the original
symmetry and it is also confirmed for d-Si by means of a direct
calculation. This implies that in NTE, the MSD of a particular
atom (lκ) and a particular mode j increases with decreasing
volume. The reason for this behavior becomes clearer when the
hyperbolic cotangent is written in terms of the Bose-Einstein
distribution function nqj . Using the definition of the hyperbolic
cotangent, the last term in Eq. (23) is

ξ [ωj (q) ,T ] = ωj (q)−1 (2nq,j + 1). (24)

In NTE, Eqs. (11) and (23) actually have their values because
of the same underlying reason. In the following, the similarity
between these quantities, MSD for d-Si and S, in NTE is
considered when the temperature increases. If NTE occurs,
the phonon frequency of the state (qj ) contributing to NTE
must have lower values when the volume decreases. The same
effect occurs when the considered phonon mode corresponds
to a positive CTE and the volume increases. For the phonon
modes corresponding to NTE, the preceding implies that there
are more lower frequency states for phonons to occupy [nqj

have higher values for lower ωj (q) in a particular temperature
T ]. Therefore, the entropy increases and according to Eq. (11),
NTE occurs when the opposite effect of the phonon modes
corresponding to positive CTE is weaker. Similar conclusion
applies to Eq. (23) in NTE. If the state (qj ) has lower values
of frequency when the volume decreases, there are more low
frequency states that the phonons can occupy and ξ

[
ωj (q) ,T

]
has larger values, resulting in larger MSD values for the
phonon modes contributing to NTE. The opposite is true for the
phonon modes contributing to positive CTE. For both negative
and positive CTE, the total MSD increases with increasing
temperature. As a summary, in NTE, the MSD and entropy of
the phonon modes corresponding to positive CTE increase less
than the MSD and entropy of the phonon modes corresponding
to NTE.

To study the effect of thermal expansion phenomenon to
the MSD as a function of temperature, we define the following
dimensionless quantity:

〈u2〉r ≡ 1

Na

(
V0

〈u2〉V0

∂〈u2〉
∂V

− 〈u2〉r,T0

)
, (25)

which includes the volume derivatives of the total MSD, and
where

〈u2〉r,T0 = V0

〈u2〉V0,T0

∂〈u2〉T0

∂V
. (26)

In Eq. (25) Na is the number of atoms within the primitive
unit cell, V0 is the volume of the equilibrium structure, 〈u2〉V0

is the total MSD for the equilibrium structure, and T0 indicates
the value of the function at T = 0 K. Equation (25) measures
the product of the total MSD volume derivative and the ratio
of the equilibrium volume and the equilibrium values of the
total MSD. The values of Eq. (25) are therefore negative for
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modes for which the values of the frequency decrease as the
volume decreases, at a particular temperature T . This is based
on the discussions above and the fact that the MSD [Eq. (18)]
have only positive values for all values of T . The values of
the first term within the brackets in Eq. (25) differ from zero
when T → 0 K. For clarity, a normalization factor is defined
[the second term within the brackets in Eq. (25)], which has
a constant value for any chosen state (qj ). The normalization
factor ensures that Eq. (25) is equal to zero when T →
0 K. The preceding normalization works properly since the
first term within the brackets in Eq. (25) increases (positive
CTE) or decreases (negative CTE) with all relevant T > 0.
In addition, a second normalizing factor Na is introduced to
facilitate comparisons between structures with different-sized
primitive unit cells. Na is related to the number of phonon
modes Nj by the relation Nj = 3Na . The same scheme is
implemented for the parallel and perpendicular MSRD to study
changes in the relative displacements with respect to volume
and their role in the NTE phenomenon. They are defined as

〈u2
‖〉r ≡ 1

Na

(
V0

〈u2
‖〉V0

∂〈u2
‖〉

∂V
− 〈u2

‖〉r,T0

)
(27)

and

〈u2
⊥〉r ≡ 1

Na

(
V0

〈u2
⊥〉V0

∂〈u2
⊥〉

∂V
− 〈u2

⊥〉r,T0

)
. (28)

The preceding quantities in Eqs. (25), (27), and (28) are
named as relative MSD and MSRD volume derivatives, and
these quantities are denoted as MSD-VD and MSRD-VD,
respectively.

Properties analogous to the MSD-VD and MSRD-VD
introduced above can be derived also for equal time momentum
correlation functions, which can be written within harmonic
approximation as [27]

〈pα(lκ)pβ(l′κ ′)〉

= �

2N
(MκMκ ′)1/2

∑
q,j

eα (κ|qj ) e∗
β(κ ′|qj )ωj (q)

× eiq·[x(l)−x(l′)] coth

[
�ωj (q)

2kBT

]

= MκMκ ′ω2
j (q) 〈uα (lκ) uβ(l′κ ′)〉, (29)

where pα (lκ) is the momentum for the atom (lκ) in the
direction α. The difference is that the change of the mean
square momentum (MSM) with respect to the volume, derived
from Eq. (29), is opposite in direction to the MSD-VD and
MSRD-VD. This means that if the volume decreases and
the temperature increases for example by 1 K (NTE occurs),
the phonon modes contributing to NTE (positive CTE) resist
(assist) the increase of the MSM, but since the changes
in the frequencies are small [|�ωj (q) |/ωj (q) 
 1], MSM
increases in both cases.

Finally, few remarks about the method of calculating CTE
from Eq. (7) or (11) and the related properties calculated from
Eq. (25) are necessary. In general, the Grüneisen parameters
are not independent of the temperature, which also means
that ωj [q,V (T ) ,T ]. When the temperature independence is
assumed it follows from Eqs. (7) and (11) that the phonon

FIG. 1. (Color online) Schematic figures of the silicon clathrate
structures included in this work. The vertices of the polyhedral cages
present silicon atoms. Crystallographic unit cell edges are drawn
in black. For a more comprehensive description of the structural
characteristics, see [36].

modes corresponding to positive CTE (NTE) have positive
(negative) contribution to CTE at all finite T > 0. The same
features result for the MSD-VD and MSRD-VD and the related
quantities derived for momentum.

C. Studied structures and computational details

The structural characteristics of the studied seven silicon
clathrate frameworks are illustrated in Fig. 1 and described in
Table I. The semiconducting clathrate structures are classified
according to the polyhedral cages they are composed of. The
structural properties of the clathrates have been reviewed in,
e.g., [2,34,35].

The ab initio density functional calculations to optimize the
structures and to calculate the phonon dispersion relations were
carried out with the Quantum Espresso program package (QE,
version 5.0.3) [37]. The Si atoms were described by Martins-
Troullier-type norm-conserving pseudopotentials [38,39] and
the local density approximation (LDA) was used as the
exchange-correlation energy functional [40]. In all calcula-
tions, the following kinetic energy cutoffs have been used:
40 Ry for wave functions and 160 Ry for charge densities
and potentials. The applied k and q sampling for each studied
structure is listed in Table I. The q meshes for the phonon
density of states (PDOS) and correlation function calcula-
tions were Fourier interpolated from the mesh used in the
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TABLE I. Structural data and computational details for the studied structures.

Structure Space Group Atoms/cella Elect. (k1,k2,k3)b Phon. (q1,q2,q3)c PDOS (q1,q2,q3)c Corr. (q1,q2,q3)c

d-Si Fd 3̄m (227) 2 16,16,16 8,8,8 80,80,80 20,20,20
I Pm3̄n (223) 46 4,4,4 4,4,4 30,30,30 –
II Fd 3̄m (227) 34 4,4,4 4,4,4 30,30,30 8,8,8
IV P 6/mmm (191) 40 4,4,4 3,3,3 30,30,30 –
V P 63/mmc (194) 68 4,4,3 4,4,3 30,30,30 –
VII Im3̄m (229) 6 8,8,8 8,8,8 60,60,60 –
VIII I 4̄3m (217) 23 6,6,6 4,4,4 40,40,40 –
H P 6/mmm (191) 34 4,4,4 3,3,3 30,30,30 –

aThe number of atoms in the primitive cell.
bThe mesh used for the electronic k sampling.
cThe meshes used for phonon calculations, PDOS calculations, and correlation function calculations, respectively. The meshes for the PDOS
and correlation function calculations were Fourier interpolated from the meshes used in the phonon calculations.

corresponding phonon calculation (QE module mat-
dyn.x) [26]. We carried out convergence tests for both SCF
and phonon frequency calculations with different k meshes.
The lattice constant for the optimized structure was practically
identical for (8,8,8) and (16,16,16) k meshes and the final
energy was about 5 × 10−3 eV lower with the (16,16,16) mesh.
The maximum differences between the phonon frequencies
obtained with the (8,8,8) and (16,16,16) k meshes are about
1.5%. Since a reasonable convergence was found for the (8,8,8)
k mesh in the case of d-Si, the k meshes listed in in Table I
for the clathrate frameworks were chosen as a compromise
between accuracy and computational cost. For d-Si, the use
of the denser (16,16,16) k mesh was still computationally
feasible. We have also confirmed the convergence of the
calculated phonon frequencies with respect to the applied q
meshes. Both the lattice constants and the atomic positions
of the studied structures were fully optimized (applying the
space group symmetries listed in Table I). The Grüneisen
parameters were calculated by displacing the structures from
the equilibrium lattice constant by ±0.5%, optimizing the
atomic positions, and calculating the numerical derivatives
using central differences. Bulk moduli were calculated by
displacing the structures from the equilibrium lattice constant
up to ±2% with a step size of ±0.5% and calculating the
bulk modulus using the Murnaghan’s equation of state (QE
module ev.x.). Phonon density of states values were calculated
using the tetrahedron method (QE module matdyn.x) [41].
In all cases where a summation over q is involved, the
appropriate weights to normalize the sums have been used.
The algorithms for calculating the thermodynamic quantities
and the correlation functions were implemented as MATLAB

routines.
Calculation of the correlation functions involves some nu-

merical issues, which need to be discussed. To our knowledge,
there is no way to label the phonon modes uniquely in a point of
degeneracy when the diagonalization of the dynamical matrix
in Eq. (1) is done numerically. This is true also for the QE
program package and probably results in minor numerical
inaccuracies in the calculation of the correlation functions.
Some phonon labeling could be carried out by continuity
arguments for the phonon eigenvectors in a particular direction

when using relatively dense q meshes, but in the absence of a
rigorous general approach, the labeling of the phonon modes
is left to the default algorithm in QE. The numerical accuracy
is also sensitive to the applied fast Fourier transform (FFT)
mesh. In this work, the default settings of QE were used to
choose the FFT grid.

III. RESULTS AND DISCUSSION

A. Optimized structures and phonon dispersion relations

Table II lists the lattice constants, the relative energies �E

with respect to d-Si, and the bulk moduli for the optimized
silicon clathrate frameworks. As could be expected, structure
II, which has been synthesized as a nearly guest-free silicon
framework, shows the lowest relative energy among the studied
clathrate frameworks. It is followed closely by structure V,
which is a hypothetical hexagonal modification of structure
II [36]. The predicted relative energies are in good agreement
with previous results obtained with the PBE0 hybrid density
functional method and localized Gaussian type basis sets
(GTO) [36]. Structure VII shows the largest difference in
�E in comparison to the PBE0 results (0.03 eV/atom), while
for the other structures the difference is only 0.01 eV/atom.
Structure VII is a rather strained one with a high relative energy
and it is not experimentally as relevant as the other studied
structures. The predicted bulk moduli are systematically

TABLE II. Lattice constants a,c, relative energies (�E), and bulk
moduli (B) for the optimized structures.

Structure a (Å) c (Å) �E (eV/atom) B (GPa)

d-Si 5.38 − 0.00 96.5
I 10.08 − 0.09 84.1
II 14.52 − 0.08 82.4
IV 10.07 10.23 0.11 78.5
V 10.26 16.80 0.08 82.1
VII 6.63 − 0.27 72.6
VIII 9.95 − 0.10 86.6
H 10.36 8.43 0.11 79.6
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somewhat smaller in comparison to previous results obtained
with the PBE0 functional [42], but the result for d-Si is
similar to previous LDA predictions [43]. The previous LDA
predictions for the clathrate frameworks I and II (87 and
87.5 GPa, respectively) are also comparable to the present
results [44]. LDA slightly underestimates the bulk modulus
(≈1.3% in the case of d-Si) in comparison to experiment,
the experimental value for d-Si being 97.8 GPa [45]. The
difference between the calculated and experimental lattice
constant value is approximately 1% [46]. The experimental
value of the bulk modulus for the silicon clathrate framework
II has been found to be 90 ± 5 GPa [47].

Figures 2 and 3 illustrate the phonon dispersion relations in
the studied structures and the corresponding phonon density of
states (PDOS). Figure 2 also shows the experimental phonon
dispersion data for d-Si [48]. The LDA results for d-Si are in
relatively good agreement with the experiment, the differences
being the largest for large wave vectors (the maximum
difference is approximately 7%). The estimated experimental
error is ±1 cm−1 [48]. The LDA phonon dispersion data for
the clathrate framework II are also in agreement with previous
computational results [13]. The PDOS of the silicon clathrate
frameworks I and II have also been determined experimentally
using inelastic neutron scattering for structures containing
some potassium and sodium impurities (e.g., Na : Si ratio
1 : 34). Despite the impurities, the experimental results show
similar main features when compared to the results shown in
Fig. 3, such as the high PDOS values at the frequencies of
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FIG. 2. Phonon dispersion relations along high symmetry paths
in the first Brillouin zone for (a) d-Si (experimental values indicated
by diamonds [48]) and (b) for structure VII.

approximately 175 cm−1 [49]. In structure VII [Fig. 2(b)], a
significant decrease of the lowest optical modes towards the
acoustic modes can be observed, in particular for small wave
vectors. This indicates strong anomalies in the interatomic
forces. The other clathrate frameworks show very similar
phonon dispersion relations compared to each other. The
structures other than d-Si and structure VII have a phonon band
gap within the frequency range of 400–475 cm−1, structure V
even shows two phonon band gaps at frequencies of about 440
and 390 cm−1 (Fig. 3).

B. Thermal properties from the quasiharmonic approximation

The calculated heat capacities at constant volume are shown
in Fig. 4. The results are very similar for all structures, the
strained structure VII showing the largest difference to the
other structures. The results for structure II are in agreement
with previous experimental and computational results [50].
The reason for the deviation observed for the heat capacity of
structure VII can be seen from Fig. 5, where Eq. (8) has been
plotted. At low T , only the low frequency modes affect the heat
capacity significantly. When T increases, the contribution of
the low frequency modes does not increase as rapidly as the
contribution of the higher frequency modes. Since structure
VII has more low frequency modes and less higher frequency
modes in comparison to the other structures, it has a slightly
higher heat capacity at low temperature and lower heat capacity
at higher temperatures. This also affects the CTE of structure
VII. The very similar heat capacities suggest that in the studied
structures, and within QHA, the Grüneisen parameters and the
differences in the values of the bulk moduli have the greatest
effect on the magnitude of CTE.

Figure 6 shows the Grüneisen parameters for the studied
structures as a function of the phonon frequency. For ev-
ery structure, approximately 75 000 frequency values have
been used to generate the Grüneisen parameter data. The
Grüneisen parameters predicted for d-Si and structure II
are in agreement with previous computational results [13].
Structure VII has distinctly different Grüneisen parameters
from the other structures, showing negative values that are
approximately 10 times larger than for the other structures.
An interesting feature is that the Grüneisen parameters only
have negative values when the phonon frequency is under
a certain threshold that is 220 cm−1 for d-Si and VII and
190 cm−1 for the other structures. However, in every structure,
the acoustic modes with frequencies significantly below
100 cm−1 do have positive Grüneisen parameter values at some
q. For the longitudinal phonon mode of d-Si, the Grüneisen
parameter values are positive for all wave vectors. On the
other hand, the two transverse acoustic phonon modes have
positive values of the Grüneisen parameter only at a few wave
vectors. The Grüneisen parameters of the clathrate frameworks
show features similar to amorphous silicon [51], where the
Grüneisen parameter values are spread out at low frequency
values. This is in contrast to d-Si, where the Grüneisen
parameters show a rather symmetric shape as a function of
frequency in comparison to the studied clathrate frameworks
and amorphous silicon.
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FIG. 6. Grüneisen parameters for the studied structures, each dot represents one mode at a particular q point.

The results in Figs. 4 and 6 suggest that only structure
VII should show significantly different CTE in comparison to
the other studied structures. This is confirmed by the linear
and volumetric CTE values shown in Fig. 7 for all studied
structures. For d-Si, the experimental values for the linear
CTE are also shown [18]. The CTE values obtained from
Eqs. (7) and (11) are identical. In comparison to experiment,
LDA overestimates the magnitude of the NTE for d-Si and
underestimates the CTE at positive values. In all studied
structures, excluding structure VII, the CTE values are very
similar. Structure VII with distinctly different Grüneisen
parameters shows NTE behavior up to approximately 300 K
and the NTE is nearly five times larger than for d-Si.
As discussed above, structure VII has a very high relative
energy and it is not experimentally as relevant as the other
structures. However, it is still an interesting test case for
detailed studies on the NTE phenomenon due to the small size
of its primitive unit cell and its anomalous lattice dynamical
properties.

Figure 8 illustrates the change in entropy �S with respect
to the change in the volume �V for each phonon mode
as a function of temperature for d-Si, and the clathrate
frameworks II and VIII. In d-Si, the longitudinal acoustic
mode has a positive �S/�V at all temperatures, having
a positive contribution to CTE [Eq. (11)]. The transverse
acoustic modes have a negative contribution to CTE, giving
rise to the experimentally confirmed NTE behavior of d-Si.

In structures II and VIII, according to QHA, all acoustic
modes have a negative contribution to CTE at all considered
temperatures. The reason for this was discussed at the end of
Sec. II B. An interesting feature of structures II and VIII is that
several optical modes (all optical modes in structure II) have
larger contributions to NTE than the acoustic modes when T >

100 K. Similar crossing occurs between optical phonon modes
having a positive contribution to CTE, as shown in Fig. 8.
The difference is that the crossing occurs at T ≈ 200 K.
For the studied structures, the maximum value of �S/�V ,
when the temperature changes by ±1 K, is six orders of
magnitude smaller than the absolute value of S at the same
temperature.

C. Thermal expansion and displacement correlation functions

Figure 9 shows the displacement autocorrelation functions
[Eq. (12)] for all atoms within the primitive unit cells of d-Si
and clathrate II. The results for d-Si are in good agreement
with previous results of Nielsen and Weber obtained using
empirical potentials [32], and with the results of Strauch et al.
obtained using ab initio methods [52]. The differences between
d-Si and the clathrate framework II are small. In the case of
structure II, the values are separated in three different groups
corresponding to the three different Wyckoff positions in the
crystal structure. The primitive unit cell of structure II is shown
in Fig. 10 to facilitate the discussion on the results related to the

024305-8



Ab INITIO LATTICE DYNAMICAL STUDIES OF . . . PHYSICAL REVIEW B 89, 024305 (2014)

0 100 200 300 400 500 600
−4

−3

−2

−1

0

1

2

3

4

T (K)

 (
K

−
1

)

exp.
I
II
VII
VIII

d-Si

α L
x 

10
−

6

0 100 200 300 400 500 600
−4

−2

0

2

4

6

8

10

12

T (K)

H

IV

V

(K
−

1
)

x 
10

−
6

α
v

d-Si

FIG. 7. Top: Linear CTE for the studied cubic structures. The
experimental values for d-Si are indicated with circles [18]. Bottom:
Volumetric CTE for the studied hexagonal structures, d-Si is included
as a reference.

displacement correlation functions. The highest MSD values
correspond to atoms 1 and 2 in Fig. 10 (Wyckoff position 8a),
the intermediate values to atoms 3–10 (32e), and the smallest
values to atoms 11–34 (96g). The MSD values calculated for
the symmetry equivalent atoms in structure II show a minor
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FIG. 8. �S/�V for each phonon mode in the d-Si, II, and VIII
structures as a function of the temperature. The zero level is at the
point where the lines representing the phonon modes coincide at
T = 0 K. The acoustic modes are indicated with dash-dotted lines.
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FIG. 9. Displacement autocorrelation functions for d-Si and
the clathrate framework II [Eq. (12)]. Each line represents the
displacement autocorrelation function for one atom in the primitive
unit cell.

deviation from each other. The highest deviations correspond
to atoms 11–34, when the maximum difference within this
group is approximately 1.8%, which occurs at T = 500 K.
One possible reason for this is the issue of phonon mode
labeling for degenerate modes during the diagonalization of the
dynamical matrix, as discussed in the end of Sec. II C. The total
MSD [Eq. (18)] calculated for structure VII is approximately
25% higher than the total MSDs calculated for d-Si and
structure II.

The parallel and perpendicular displacement correlation
functions between the nearest neighbors in d-Si (lκ =
l1; lκ ′ = l2) are presented in Fig. 11. The perpendicular
MSRDs have larger values than the parallel MSRDs. Similar
behavior has been confirmed with experimental EXAFS
studies and computational results for d-Ge [32,53], and
also for other materials such as CdTe with zincblende
structure using EXAFS [24]. In cubic crystal structures, the
perpendicular MSRD values must be larger than the parallel
MSRD values due to symmetry reasons. If a three-dimensional
Cartesian coordinate system is considered to have one of its
orthonormal basis vectors along the vector between the nearest
neighbor atoms in d-Si, the difference in the magnitudes
of perpendicular and parallel MSRD becomes more evident,
as the perpendicular vibrations can be represented as linear
combinations of the two other basis vectors. Because the
MSDs of the atoms have the same values for each Cartesian

FIG. 10. The primitive unit cell of the clathrate framework II
shown in (a) [100], (b) [111], and (c) general direction. Unit cell
edges are drawn in black.
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component, it is expected that the relative displacements are
distributed among the perpendicular and parallel MSRD as
shown in Fig. 11.

Figure 12 shows the normalized parallel and perpendicular
MSRD values for the clathrate framework II. All results
presented in Fig. 12 are for κ ′ = 2 and κ runs over all atoms
within the same unit cell. The normalized parallel correlation
functions have again similar values as in the previous works
for d-Si obtained using empirical potentials [32] Both the
parallel and perpendicular MSRD have similar characteristics,
that is, the nearest atoms have the smallest MSRD values and
vice versa. The atoms κ = 7–10 have the smallest values and
the atoms κ = 1,3 the largest values in all cases in Fig. 12.
The atoms κ = 1,3 are on the opposite side of the cavity
with respect to atom κ ′ = 2 (see Fig. 10), which may partly
explain the higher values of the MSRD in comparison to the
other atoms. The perpendicular MSRD values do not form as
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distinct groups for the three symmetry equivalent atoms as in
the case of the parallel MSRD.

Figure 13 shows the MSD-VD and MSRD-VD values for
d-Si. The values in Fig. 13 for the different modes and for the
total volume derivatives have similar characteristics as CTE
calculated from Eq. (11). The reason for this similarity was
discussed at the end of Sec. II B. The MSD-VD values for
the phonon modes corresponding to NTE are negative within
the whole temperature range similar to the entropies shown in
Fig. 8. Like in the case of the entropy, the MSD-VD values are
negative for two acoustic phonon modes, while one acoustic
mode and the optical modes have a positive contribution to
CTE. The similarity of the MSRD-VD and CTE results could
be due to the fact that in d-Si only the relative motion of the
two atoms within the primitive unit cell atoms determines the
CTE. According to our results, the parallel and perpendicular
MSRD-VD have nearly identical values.

The MSD-VD values for the clathrate framework II shown
in Fig. 14 correspond relatively well to the values for d-
Si. Only three atoms representing the different symmetry
independent positions in the crystal structure are shown.
Comparison of Figs. 8 and 14 implies that the MSD-VD and
�S/�V behave similarly as a function of temperature also
for structure II. The MSD-VD results also agree with the
results obtained for CTE in the sense that structure II has
slightly lower MSD-VD values in both positive CTE and NTE
temperature ranges when comparing it to d-Si. The proper
treatment of MSRD-VD values in larger structures requires
symmetry considerations.
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IV. CONCLUSIONS

We have investigated the thermal properties of silicon
clathrate frameworks by combining ab initio DFT lattice
dynamics with QHA. The computational results for d-Si
were in relatively good agreement with the experimental
values for the phonon dispersion relations, heat capacities,

and CTE. Studied clathrate frameworks have similar phonon
spectra, only structure VII differs from the others signif-
icantly. All studied clathrate frameworks were found to
possess a phonon band gap and similar threshold frequencies
confining the phonons that can have negative Grüneisen
parameter values. A similar threshold frequency was also
found for d-Si. Furthermore, the clathrate framework V has
two phonon band gaps. The NTE temperature range of the
studied clathrate frameworks is slightly wider than for d-Si.
The MSD and MSRD values calculated for d-Si were in
agreement with the previous computational results. The results
obtained from the displacement correlation functions for the
clathrate framework II were similar to d-Si. Equal time
displacement correlation functions were used to study the
NTE phenomenon. The MSD-VD and MSRD-VD quantities
defined here behave almost identically to the vibrational
entropy volume derivatives in the studied structures. The
parallel and perpendicular MSRD-VD results for d-Si indicate
that both quantities behave in similar fashion as a function of
temperature. Further application of the volume derivatives of
the displacement correlation functions may produce useful
information on the mechanisms of the NTE phenomenon.
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