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Circuit QED with hole-spin qubits in Ge/Si nanowire quantum dots
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We propose a setup for universal and electrically controlled quantum information processing with hole spins
in Ge/Si core/shell nanowire quantum dots (NW QDs). Single-qubit gates can be driven through electric-dipole-
induced spin resonance, with spin-flip times shorter than 100 ps. Long-distance qubit-qubit coupling can be
mediated by the cavity electric field of a superconducting transmission line resonator, where we show that
operation times below 20 ns seem feasible for the entangling

√
iSWAP gate. The absence of Dresselhaus

spin-orbit interaction (SOI) and the presence of an unusually strong Rashba-type SOI enable precise control
over the transverse qubit coupling via an externally applied, perpendicular electric field. The latter serves as an
on-off switch for quantum gates and also provides control over the g factor, so single- and two-qubit gates can
be operated independently. Remarkably, we find that idle qubits are insensitive to charge noise and phonons, and
we discuss strategies for enhancing noise-limited gate fidelities.
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In the past decade, the idea of processing quantum in-
formation with spins in quantum dots (QDs)1 was followed
by remarkable progress.2 While the workhorse systems are
highly advanced, such as self-assembled (In)GaAs QDs3–10

and negatively charged, lateral GaAs QDs,11–17 an emerging
theme is the search for systems that allow further optimization.
In particular, Ge and Si have attracted attention because they
can be grown nuclear-spin-free, which eliminates a major
source of decoherence.18–20 Promising examples based on
Ge/Si are core/shell nanowires (NWs),21–31 self-assembled
QDs,32–34 lateral QDs,35,36 and ultrathin, triangular NWs.37

In addition, spin qubits formed in the valence band (VB,
holes) were found to feature long lifetimes.4,31,38–42 Finally,
new sample geometries such as NW QDs are investigated
and have allowed for electric-dipole-induced spin resonance
(EDSR)43 in InAs44–46 and InSb47 with spin-flip times down
to several nanoseconds only.

Prime examples for novel qubits are hole spins in Ge/Si
NW QDs,25,26,31,42,48 because they combine all the advantages
of group-IV materials, VB states, and strong confinement
along two axes. The Si shell provides a large VB offset
∼0.5 eV,22 induces strain, and removes dangling bonds from
the core. Furthermore, the holes feature an unusually strong
Rashba-type spin-orbit interaction (SOI), referred to as direct
Rashba SOI (DRSOI), that is not suppressed by the band
gap.48 We show here that these properties are highly useful
for implementing spin qubits.

In this work, we propose a setup for quantum information
processing with holes in Ge/Si core/shell NW QDs. In stark
contrast to previous systems,13,43–47,49 where the EDSR relies
on conventional Dresselhaus and Rashba SOI,50 the dynamics
in our setup are governed by the DRSOI whose origin funda-
mentally differs. We find that EDSR allows flipping of hole
spins within less than 100 ps. Two-qubit gates can be realized
via circuit quantum electrodynamics (CQED), i.e., with an on-
chip cavity,51–53 where we estimate that operation times below
20 ns are feasible for

√
iSWAP. The long-range spin-spin

interactions49,54–56 enable upscaling. Compared to the original

proposal for electron spins in InAs,49 which was recently
followed by encouraging results,46 we find several new and
striking features. First, because of bulk inversion symmetry,
the SOI and the quantum gates can be precisely controlled by
perpendicular electric fields. In particular, these fields serve as
on-off switches for two-qubit operations performed on any two
spins in the cavity. Second, a strong electric-field-dependence
of the g factor allows fine tuning and independent control of all
quantum gates. Third, the large DRSOI leads to remarkably
short operation times. Finally, we find that noise becomes
an issue during quantum operations only, and we discuss
how noise-limited gate fidelities can be enhanced. While
this Rapid Communication summarizes our main results, the
Supplemental Material57 (Refs. 1,21–31,42,44–46,48–54, and
58–72 cited therein) explains all the derivations and provides
the details of the theory.

Figure 1(a) depicts the setup we consider. Electric gates
(not shown) form a Ge/Si NW QD with harmonic confining
potential V (z) = h̄ωgz

2/(2l2
g) along the wire axis z, where

h̄ωg is the level spacing, lg = √
h̄/(mgωg) is the confinement

length, and mg is the hole mass along z in the subband of
lowest energy. An electric (magnetic) field Ey (By) along y

controls the DRSOI (Zeeman splitting). The electric field Ez

is induced either externally, Ez = Ee
z,0 cos(ωact), or by the

cavity, Ez = Ec
z,0(a† + a), where ωac is the angular frequency,

E
e,c
z,0 is the amplitude, and a† (a) is the creation (annihilation)

operator for the quasiresonant cavity mode.51,57

When the Ge/Si NW QD of core (shell) radius R (Rs)
is elongated, lg � R, the low-energetic hole states are well
described by the Hamiltonian

H = H1D + V (z) − eEzz. (1)

Here e is the elementary positive charge and H1D is the effec-
tive one-dimensional (1D) Hamiltonian derived in Ref. 48. For
our setup, one finds H1D = HLK + HBP + HB + HDR + HR,
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FIG. 1. (Color online) Proposed setup. (a) An electric (magnetic)
field Ey (By) is applied perpendicularly to the Ge/Si NW QD.
Ac fields Ez(t) shift the confining potential along the NW axis z.
(b) When placed between the center conductor (C) and the ground
plane (G) of a transmission line resonator, the hole-spin qubits (red
arrows) can interact via the cavity field Ec, with the interaction
strengths controlled by local electric fields E(i)

y . In the sketch, a
two-qubit gate is performed between qubits 2 and 4. The setup does
not require equidistant QDs and is robust against misalignment.

with

HLK + HBP = A+ + A−τz + Ckzτyσz, (2)

HB = μBBy(−X2σy − X1τzσy + Lkzτxσz), (3)

HDR = −eEyUτy. (4)

The Pauli operators τi and σi act on the transverse
band index {g,e} and the spin index {+,−}, respectively.
Equation (2), where A± = h̄2k2

z (m−1
g ± m−1

e )/4 ± �/2 and
� = 0.73 h̄2/(mR2) + �BP(γ ), combines the Luttinger-Kohn
(LK)58,59 with the Bir-Pikus (BP) Hamiltonian,73 which
describe, respectively, the kinetic energy and the effects
of strain. The strain-induced energy �BP(γ ) increases with
γ = (Rs − R)/R, and we note that 10 meV � � � 25 meV
in typical Ge/Si NWs with R ∼ 5–10 nm and γ ∼ 10%–50%.
Equation (3), HB , accounts for the orbital effects and the
Zeeman coupling due to By . The SOI comprises the DR-
SOI HDR induced by Ey , Eq. (4), and the much smaller
standard Rashba SOI (RSOI) HR due to Ey and Ez. For
the explicit form of HR, see Ref. 57. The parameters for
Ge are48 C = 7.26 h̄2/(mR), U = 0.15R, X1 ≡ (K + M)/2,
X2 ≡ (K − M)/2, L = 8.04R, K = 2.89, M = 2.56, mg =
0.043m, me = 0.054m, m is the bare electron mass, and
h̄kz = −ih̄∂z is the canonical momentum along z.

Our main result is the derivation of the effective 2 × 2
Hamiltonian for the hole-spin qubit,

Hq = EZ

2
σ̃z + Tqσ̃x. (5)

Hq describes the lowest-energy subspace of H , Eq. (1). Its
parameters are the Zeeman splitting EZ = |gμBBy | ≡ h̄ωZ ,
with g factor g, and the transverse coupling Tq = ν̄Ez.
Introducing νe,c = ν̄E

e,c
z,0, one obtains Tq = νe cos(ωact) for

EDSR and Tq = νc(a† + a) for the cavity field. The tilde over

the σ̃i denotes that the Pauli operators act on the two QD states
forming the qubit. Both EZ and ν̄ are chosen here as positive.
The derivation of Hq comprises several basis transformations,
two of which we expand perturbatively.57 While the resulting
formulas (“model”) for EZ and ν̄ are too lengthy to be
displayed here, they can be very well approximated for realistic
Ge/Si NW QDs. Performing a linear expansion in By and
neglecting HR completely, we find (“approximation”)

ν̄ � 2EZ|Ey |e2UC

(h̄ω̃g)2�̃
, (6)

g � 2

(
K̃ − LC�

l̃2
g�̃

2

)
exp

[
−

(
2eUCEy

l̃gh̄ω̃g�̃

)2
]
, (7)

where

K̃ = K − (K + M)E2
y(

�̃+�
2eU

)2 + E2
y

, (8)

�̃ = √
�2 + (2eUEy)2 is the effective subband spacing,

h̄ω̃g = h̄ωg

√
1 − 2mgC2�2

h̄2�̃3
(9)

is the effective level splitting, and l̃g = lg
√

ω̃g/ωg . Comparing
with the exact diagonalization of H (“numerics”),57 we
find that Eqs. (6) and (7) provide a quantitatively reliable
description of the qubit. Considering the complex character
of holes and the nontrivial setup with three control fields,
the derived formulas are surprisingly simple and therefore
provide insight into the role of various parameters. Next, we
demonstrate the usefulness of our results by quantifying the
basic characteristics of these qubits, such as operation times
and lifetimes, and by identifying the most suitable operation
schemes.

We consider a Ge/Si NW QD with R = 7.5 nm,
lg = 50 nm, and � = 16 meV based on Rs � 10 nm. At
Ey = 0, g ∼ 2K and h̄ω̃g = 0.56 meV ≡ h̄ω̃0. When
2KμB |By | � h̄ω̃0, a linear expansion in By applies and both
EZ ∝ |By | and ν̄ ∝ |By |. In Fig. 2 (top), we plot ν̄/|By |
as a function of Ey and find excellent agreement between
numerical and perturbative results. The electrical tunability
is remarkable. The coefficient ν̄ goes from the exact zero at
Ey = 0 through a peak at Ey � 1.8 V/μm into a decreasing
tail. Most striking is the magnitude, ν̄/|By | � 10 nm e/T,
which allows for ultrafast single-qubit gates through EDSR.
When ωac = ωZ , a π rotation on the Bloch sphere requires
the spin-flip time tflip = h̄π/νe.2 For Ee

z,0 = 103–104 V/m
and By = 0.5 T, for instance, νe � 5–50 μeV and tflip ∼
400–40 ps, an extremely short operation time.

The decrease of ν̄ at large |Ey | is related to the g factor
decay. As shown in Fig. 3 (top), g decreases from g � 5.5 at
Ey = 0 toward g ∼ 0 when Ey is increased to several V/μm.
This tunability was already observed numerically in Ref. 42,
and our model provides an explanation for the rapid decay of
g in this setup. First, as seen in Eqs. (7) and (8), the main
contribution K̃ changes from K toward a much smaller value
(K − M)/2 when Ey strongly mixes the subbands g and e. In
addition, the g factor averages out to zero when the spin-orbit
length becomes much smaller than l̃g ,42,49,74 leading to the

241405-2



RAPID COMMUNICATIONS

CIRCUIT QED WITH HOLE-SPIN QUBITS IN Ge/Si . . . PHYSICAL REVIEW B 88, 241405(R) (2013)

FIG. 2. (Color online) Electrical tunability of ν̄ for the QD in
the text. Solid blue (dotted red) curves result from the numerical
calculation (effective model);57 dashed black lines correspond to
Eq. (6). The thin blue lines (RSOI only, HDR = 0) illustrate that
much stronger Ey would be required for realizing a given ν̄ with
the conventional RSOI. Top: Result for |By | � 0.5 T, where a linear
expansion in By applies. Bottom: By = 1.5 T, beyond the linear
regime. Inset: Height and position of the peak as a function of By .
For Ey = 0, a level crossing in the numerics occurs at By � 1.8 T
(vertical dashed line). The achievable operation times scale with 1/ν̄.

exponential suppression. We note that a similar tunability of g

was recently measured34 in SiGe nanocrystals.
For the QD under study, the linear expansion applies

well for |By | � 0.5 T (2KμB |By | � h̄ω̃0/3). However, it may
also be useful to operate the qubit at rather strong By . In
Fig. 2 (bottom), we plot ν̄ for the example By = 1.5 T. As

FIG. 3. (Color online) The g factor [|By | � 0.5 T (top)] and
Zeeman splitting [By = 1.5 T (bottom)] as a function of Ey for
the parameters in the text. Solid blue (dotted red) lines are calcu-
lated numerically (perturbatively);57 dashed black lines result from
Eq. (7). The thin blue lines (RSOI only, HDR = 0) confirm that the
strong electrical tunability results from the DRSOI, Eq. (4). Inset: EZ

at the Ey for which ν̄ is maximal (see inset of Fig. 2).

expected, the perturbative results show deviations from the
exact calculation as EZ approaches the orbital level spacing.
Nevertheless, they remain correct qualitatively. Compared
to |By | � 0.5 T, the simulated ν̄ peaks at smaller |Ey | and
the maximum value, ν̄ � 16 nm e, is even greater than the
one extrapolated from Fig. 2 (top). For Ee

z,0 = 103–104 V/m,
tflip ∼ 100–10 ps. As plotted in the inset of Fig. 2, the trends
found for By = 1.5 T are enhanced as By approaches the value
at which neighboring levels cross, allowing the realization of
ν̄ > 20 nm e. Figure 3 (bottom) shows that the perturbative
results for EZ are reliable even at high magnetic fields.

Thus far, we have identified three major features: a tunable
g factor, a strong transverse coupling driven by Ez, and precise
electrical control via Ey . When combined, these features
prove ideal for implementing two-qubit gates via CQED. The
proposed setup is sketched in Fig. 1(b). Ge/Si NWs are placed
perpendicularly to the 1D resonator and host a qubit each
inside the cavity. Because the ith qubit can only couple to the
cavity electric field when E(i)

y 	= 0, the fields E(i)
y can be used to

control qubit-cavity interactions and, hence, two-qubit gates.
In addition, the E(i)

y provide precise control over the detunings

�(i)
q = E

(i)
Z − h̄ωc, where h̄ωc is the energy of the cavity mode.

This allows the implementation of fast quantum gates through
fine-tuning of �(i)

q . Moreover, as illustrated in Fig. 4, all single-
and two-qubit gates can be performed independently.

Quantitative information about the cavity field is summa-
rized in Refs. 51 and 57. For the mode of lowest energy,
we estimate57 that eEc

z,0/(h̄ωc) ∼ 10−2/μm is feasible by
decreasing the mode volume compared to Refs. 51–53.
From Fig. 4, we deduce EZ � 0.35 meV at maximal ν̄ for

FIG. 4. (Color online) Basic operation scheme with the numerical
results from Figs. 2 and 3. When Ey = 0 (idle), the qubit features long
lifetimes. Two-qubit operations are envisaged at Ey with maximal
ν̄ (cavity). Single-qubit gates can be performed independently by
applying a different Ey (EDSR) for which all cavity modes are
far off-resonant. The associated change in the g factor (EZ) is
indicated by �g (�EZ). For |By | � 0.5 T (left), ν̄ is maximal at
Ey � 1.8 V/μm, where g � 3.4 and ∂Ey

g � −1.6 μm/V. For By =
1.5 T (right), ν̄ peaks at Ey � 1.1 V/μm, where EZ � 0.35 meV and
∂Ey

EZ � −0.13 nm e.
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By = 1.5 T. With Ec
z,0 = 3 V/m, νc � 50 neV. Thus, Rabi

oscillations in the qubit-cavity system require h̄π/νc ∼ 40 ns
for a full cycle at resonance. When ν(i)

c /|�(i)
q | < 1, the coupling

between qubits i and j is determined by the transverse
spin-spin interaction

J (i,j )
xy = ν(i)

c ν(j )
c

(
1

�
(i)
q

+ 1

�
(j )
q

)
, (10)

which is the basis for the entangling
√

iSWAP gate.49,51,54,57,62

For numerical estimates, we set ν(i)
c = ν

(j )
c = νc, �(i)

q =
�

(j )
q = �q , and J

(i,j )
xy = Jxy = 2ν2

c /�q . Because corrections
to Jxy are on the order of ν4

c /�
3
q only, we allow for νc/|�q | �

0.1–0.5, which results in short
√

iSWAP times, h̄π/|2Jxy | ∼
100–20 ns. At larger By (and/or larger Ec

z,0), these can be
reduced further.

In general, qubits that can be manipulated electrically are
also sensitive to charge noise.17,75 Remarkably, idle qubits in
our setup are insulated from the environment; at Ey = 0 = Ez,
all first derivatives of EZ and Tq with respect to Ey and Ez

vanish, cavity fields are negligible due to off-resonance, and
relaxation via phonons is suppressed42 for the magnetic field
B along y. At maximal ν̄, we derive57

1/T el
1 = 2κ2

z ν̄2RzEZ/h̄2, (11)

1/T el
ϕ = κ2

y (∂Ey
EZ)2RykBTy/h̄

2, (12)

from the Bloch-Redfield theory63–65 and the spectral functions
for Johnson-Nyquist noise.66–68 Here T el

1 (T el
ϕ ) is the relaxation

(dephasing) time due to electrical noise, Rα (Tα) is the
resistance (temperature) of the gate that generates Eα along
α ∈ {y,z}, and the κα convert fluctuations in the gate voltages
to fluctuations in Eα . Considering EZ > kBTα , we find T el

ϕ �
T el

1 for the values from Fig. 4, which implies T el
2 = 2T el

1 ∝
1/(κ2

z E3
Z) for the decoherence time. Thus, the setups should

be designed such that κz is small. Assuming Rα = 102  and
κz = 0.1/μm, we obtain T el

2 = 1 ms (30 μs) for By = 0.5 T
(1.5 T). If gate fidelities are limited by charge noise, they
can be increased by lowering EZ or κz or even by operation
away from maximal ν̄. If, instead, the fidelities are limited by
phonons, they can be much enhanced in the short-wavelength
regime at larger EZ .42,49,64,70 Noise that is slow compared to
the operation times can be dynamically decoupled.2,17,76,77

We studied variants in the setup geometry. For B along
x, ν̄ = 0 even at Ey 	= 0. Although large ν̄ are possible for
B along z, such a setup requires stronger B due to the
smaller g factor31,42 and exact alignment of all NWs, which
is challenging. When the ac fields are perpendicular to the
NW, ν̄ becomes several orders of magnitude weaker because
of lg � R. Hence, the setup we propose in Fig. 1 is the most
favorable one.
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