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Weak localization and Berry flux in topological crystalline insulators
with a quadratic surface spectrum
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The paper examines weak localization (WL) of surface states with a quadratic band crossing in topological
crystalline insulators. It is shown that the topology of the quadratic band crossing point dictates the negative
sign of the WL conductivity correction. For the surface states with broken time-reversal symmetry, an explicit
dependence of the WL conductivity on the band Berry flux is obtained and analyzed for different carrier-density
regimes and types of the band structure (normal or inverted). These results suggest a way to detect the band Berry

flux through WL measurements.
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I. INTRODUCTION

Topological insulators (TIs) feature edge or surface states
with a gapless spectrum at band crossing points in the
Brillouin zone. These singularities of the band dispersion
have a vortexlike structure and carry quantized Berry’s
flux that contributes to the phase of the electronic wave
function, affecting scattering and transport processes. The
best studied example is a linear (Dirac) band crossing in
two-dimensional' = and three-dimensional*® TIs with strong
spin-orbit coupling (SOC) (see also reviews in Refs. 7-9). The
linear crossing point is protected by time-reversal symmetry
(TRS) and carries the Berry flux of m. In this case, the
pairs of states with opposite momentum directions appear
to be orthogonal to each other and, hence, unavailable for
scattering. The absence of such backscattering is the hallmark
of electron transport in the SOC TI materials (see, e.g., reviews
in Refs. 10-12). In particular, Dirac surface states escape
being localized by potential disorder. Instead, the surface
conductivity acquires a positive quantum correction, an effect
known as weak antilocalization (WAL).

Recently, a new subclass of TIs—topological crystalline
insulators (TCIs)—has been identified.'>-'® Unlike their SOC
counterparts, in the TCIs the gapless surface states are
protected by discrete symmetries of the crystal, which offers
diverse possibilities for engineering and controlling topolog-
ical states of matter.'*'® A vivid example of the distinct
topological properties of the TClISs is the possibility of gapless
surface states with a quadratic band crossing.'> These have
been predicted for crystalline materials with the fourfold C, or
sixfold C¢ rotational symmetry on the surface. The quadratic
band degeneracy point is characterized by the Berry flux of
27, which does not forbid backscattering, but nevertheless
has implications for quantum transport.'”'® Most important,
instead of WAL the carriers on high-symmetry TCI surfaces
are expected to show weak localization (WL), with a negative
quantum conductivity correction. In contrast to the SOC ma-
terials, the WL properties of the TCIs still remain unexplored.

In this paper, the WL conductivity correction for the surface
states with the quadratic band dispersion is calculated by
means of Kubo’s formalism. Special emphasis is placed on
establishing an explicit relation between Berry’s flux § and
the WL conductivity correction §o. It is shown that §o is
negative, which is determined by the topology of the quadratic
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band crossing point. If TRS is preserved, there is no other
dependence on the band structure, so that the WL correction
is typical of the orthogonal symmetry class of disordered
systems. Richer WL properties are found for the TCIs with
broken TRS in which the Berry flux can be tuned between 0
and 4. In this case, the WL shows a unitary behavior with
three characteristic regimes in which the WL conductivity is
given per spin by

[+ ()7, p—0.
2
so(B) = ;T—h x {im[24+2(1-£)], 27, (1)
[+ (1= £)] B4

where 7, is the dephasing time, and 7, < 7, is the character-
istic impurity scattering time. As explained below, the three
cases in Eq. (1) are realized depending on the filling of the
conduction band and the type of the band structure (normal
or inverted). In each case, Eq. (1) establishes a direct link
between the intrinsic band Berry flux 8 and the experimentally
accessible observable 6o . This is a distinctly different depen-
dence compared to that found in other TI materials, e.g., in
magnetically doped three-dimensional TIs,'*?° HgTe quantum
wells,!!21=23 and doped Kane-Mele TIs.?*

The subsequent sections provide a comprehensive account
of the theoretical approach adopted in this paper. In Sec. II a
model for the TCI surface state is introduced and incorporated
into the general Kubo formalism. Section III contains the
details of the calculation of the WL conductivity correction
based on the solution of the Cooperon equation. In Sec. IV the
results are summarized and discussed.

II. MODEL

A. Effective Hamiltonian and Berry flux

We consider a two-dimensional (2D) system of spinless
fermions described by the Hamiltonian

Hy = di(k)o + dy(K)o + do(k)o, )

with
dik) = A(k} = k3),  da(k) = Bkeky, do(k) = CK* — pe,
3)
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FIG. 1. (Color online) Energy band dispersion in the (a) presence
and (b) absence of TRS [see also Egs. (2) and (4)]. Fermi level lies
in the conduction band at £ = 0.

where k = (k.,k,,0) is the wave vector; A, B, and C are
band structure constants; and p is the Fermi energy. The
model applies, in particular, to a surface state in crystalline
materials of the tetragonal system with a diatomic unit cell
along the ¢ axis.!? In this case, the surface state occurs on
the high symmetry crystal face (001) possessing the fourfold
C,4 rotational symmetry. Hence, the Pauli matrices o, and
o, represent the unit-cell degrees of freedom, and oy is the
unit matrix. In the following we focus on the isotropic case
with B = 2A. Hamiltonian (2) is invariant under the time
reversal (represented by complex conjugation), yielding a
gapless spectrum with a quadratic band degeneracy at the high
symmetry point k = 0 [see also Fig. 1(a)].

We extend the model by adding a TRS-breaking perturba-
tion Aoy,

H = Hy+ Aay, )

which opens a gap of 2| A| between the conduction and valence
bands at k = 0 [see also Fig. 1(b)]. This symmetry-breaking
mechanism can be incorporated into a spinful model and may
result from a magnetic proximity effect.>> The analogy with
the magnetic polarization becomes even more pertinent if one
makes a unitary transformation UHU' — A with matrix

N iog + oy +0, +o0;

U= 5
5 ()
to cast the Hamiltonian in the form
H = d(k) - o + dy(k)oy, (6)

where d(k) is the three-component vector
d(k) = (d(k),da2(k),A). )

Its out-of-plane component A accounts for the broken TRS,
while the in-plane vector (d, (k),d,(k),0) characterizes vortic-
ity associated with the quadratic Fermi point in momentum
space (see Fig. 2). The vortex carries the Berry flux:

p=-if W) ®)

where the integration path is chosen along a closed Fermi line
of radius kg at the crossing of the conduction band with the
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FIG. 2. (Color online) Vorticity of vector d(k) at the k = 0 point
[see also Eq. (7)]. The circle schematically indicates the Fermi
surface. All momenta are in units of A~1/2,

Fermi level (see also Figs. 1 and 2), and v (k) is the conduction
band eigenstate of (6) given by
oo+o-en)ri 1
Yk = = [o] = [

JTTe: .
ol = Gl ) ©

Here e(n) = d/|d| = [e.(n),e,(n),e,] is a unit vector describ-
ing the vortex structure on the Fermi surface as a function of
the unit wave vector, n = [cos ¢, sin ¢,0]:

ex(n) = e (n; —n}) = e, cos(2¢), (10)
ey(n) = e 2n.n, = ¢, sin(2¢9), (1)

2 2
e, =——, e =,/1-¢. (12)
A%k + A2

In view of the & periodicity of the vortex structure and broken
TRS, the Berry flux is

B=2m(1—e)=2m(1-A/JA%}+ A2). (13)

We assume a simple relation, kr = +/4mn, between the Fermi
wave number and surface carrier density n. Table I shows
the values of B close to modulo 27 depending on the type
of the band structure and the carrier-density regime. The
characteristic carrier density ng is given by

no = |A|/4T A. (14)

TABLE 1. Characteristic values of Berry flux g for different types
of the band structure and carrier-density regimes.

n > nop n K no
Normal band structure (A > 0) B — 27 B—0
Inverted band structure (A < 0) B — 2n B — 4w
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For high carrier densities, n > ng (or i > A), the Berry flux
is close to 2w independently of the band structure type. For
low carrier densities, n < ng (or u — |Al), the behavior of
B depends on whether the band structure is normal (A > 0)
or inverted (A < 0). For the normal structure § — 0, while
for the inverted one B — 4m. Other examples of materials
with nontrivial quadratic band dispersion and Berry’s phases
include semiconductor hole structures (see, e.g., Refs. 26-29)
and bilayer graphene (see, e.g., Ref. 17).

B. Kubo formula. Model of disorder

To calculate the electric conductivity, we use the linear
response theory with respect to an external uniform electric
field Ee~'*" at frequency . The longitudinal conductivity is
given by Kubo formula

2

. f dETf(E) — f(E +hw)]
Twa

X ZTr[

kK

Oxx =

05 Gy o (E +110)05 G ((E)],  (15)

where a is the area of the system, f(E) is the Fermi-Dirac
distribution function, Tr denotes the trace in o space, Dy, is the
x component of the velocity operator

19H 24 2C

Aoy Sy S 16
Uk ok, T ot g (16)

and G;Q,(E ) are the retarded and advanced Green functions
satisfying the equation

AR/A AR/A

R/A A
Gpw =Goi 8 kr+ZG0k Vit G - 17)

In the above equations and throughout, the “hat” indicates
. . A R/A .

2 x 2 matrices in o space. G, are the bare Green functions

defined by the equation (E — H)Gg;: = 0y. Assuming the

splitting between the conduction and valence bands at |[k| = kg

to be much larger than the characteristic scale of E,

2/ A%} + A? =2(u — Cky) > E, (18)

we find GOR;CA near the Fermi surface (|k| &~ k) as

Gg;: ~ P, ’ ﬁn _ oo+ o0 - e(n)7 (19)
E — & 2
where P, is the projector on the conduction band, and & =
VA2k* + A2 4 Ck* — pu is the conduction band dispersion.
Finally, Vi, in Eq. (17) is the matrix element of the
scattering potential. We consider scattering from a spin-
independent short-ranged random potential characterized by
the correlation function

N N h
(Vi ® View)) =

nNt,’
(20)

where the double brackets ({...)) denote averaging over
the ensemble of the disorder realizations, and ® indicates
the direct matrix product. The correlation strength ¢ is
parametrized in terms of the characteristic scattering time T,
and the density of states (DOS) at the Fermi level per spin N.

¢
;5k7k1,7k’+k200 ®o0, ¢ =
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FIG. 3. (Color online) Diagrammatic representations for (a) the
Kubo formula for the quantum correction to the Drude conductivity,
and (b) the Bethe-Salpeter equation for the Cooperon. Solid lines with
arrows correspond to the disorder-averaged retarded (R) and advanced
(A) Green functions (24), dashed lines to the disorder correlator (20),
and shaded area to the Cooperon.

III. THEORETICAL APPROACH

A. Quantum correction to classical conductivity
from Kubo formula

We follow the standard approach in which the Kubo formula
(15) is averaged over the disorder configurations, and the
quantum correction to the Drude conductivity do is given
by the crossed diagrams summing up into the Cooperon
Copap(q,w)as depicted in Fig. 3(a) (see, e.g., Refs. 30 and 31).
The corresponding analytic expression for §o is

eh / dE
b0 = ——— [ ——
aNt?2 ] 2nw

dk | .
X/a 7 (Ges

A R

X (Gq—k.E+hcu Vg qu KE aﬁ/ 2n)? Copap(q,0),
(2D

Lf(E) = f(E +ho)] )
afa’p’

AR
Gk,E-H"lu))ﬁ’a

where the Greek indices label the states in o space.
The Cooperon obeys the Bethe-Salpeter equation [see also
Fig. 3(b)],

Caﬁa’ﬁ’(q7w) _5010( (Sﬂﬁ + {/ (2 )2 Z Gay (k E +ha))

/8/
X Gys(q — k. E)Cyryap (q.0). (22)

Due to the chosen normalization of Cpg4 g (g, ), the prefactors
in Egs. (21) and (22) contain the elastic scattering time 7 given
by

1 27Ng [ dgn, 1 +e(n)-e(m) 1+ 23)

Tt h Jy 2=n 2 B ’
where the integration goes over the directions of the scat-
tered state specified by the unit momentum vector n; =
(cos @p,, sing,,,0). The same time 7 enters the disorder-

averaged Green functions Gz/z in Egs. (21) and (22),

0

R P ih
pE=———, E,,=E£—. 24)

: ER/A — & 2t
Since velocity operator (16) is odd in k, the vertex corrections
vanish identically. As a result, the transport scattering time
coincides with 7, the diffusion constant is D = v27,'/2, and
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there are no additional corrections to the conductivity in
Eq. (21). Equations (21) to (24) are valid in the metallic regime

kpvt > 1. (25)

Since under conditions (18) and (25) only the vicinity of
the Fermi surface matters, we employ the standard integration
over & in Eq. (21), after which the conductivity correction
assumes the form?*?

8e’D ——— ———
b0 =—— D [Paty Pl o[ PonZuPon],

aﬁalﬂ/

dq
« / s Cupe .00, 26)

where the bar denotes averaging over the directions of the

unit vector n: (---) = 0277 -+ +d¢,/Q2m). In order to sum out
the spin degrees of freedom, we expand the Cooperon in the
orthonormal basis of the two-electron spin states,

Caparp(q.0) =Y C(q.w) W, Wi, 27)
ij
where the basis functions \I/;ﬁ can be chosen as follows:
00y
V2
The index j = 0 labels the singlet state, while j = x,y, and z

correspond to the three triplet states. After the straightforward
summation with the use of Egs. (27) and (28), we find

W= CJ=0xyz Y WL =5, (28)
op

4e’D dq iy
o= 22 [ - e v m(i-e) e

+n2(1 —€2) C¥ + nZe, i(C™ — C*)]. (29)

This expression reflects the m periodicity of the vortex
structure in momentum space, with e(—n) = e(n). Because
of that, there is no contribution of the singlet Cooperon C 00,
which is responsible for the WAL in the Dirac systems.** The
correction (29) is always negative.** At the same time, Eq. (29)

- {1 -l
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differs from the WL conductivity of a conventional 2D electron
gas (2DEG) with a o-independent quadratic Hamiltonian. To
illustrate the difference, in Appendix A we obtain the WL
correction for the conventional 2DEG from Eq. (26). We note
that a negative WL conductivity has also been found for the
semiconductor hole systems under appropriate conditions (see,
e.g., Refs. 35, 29, and 36) and for bilayer graphene. '8

Apart from the diagonal triplet Cooperons, Eq. (29) con-
tains the off-diagonal ones C*¥ and C**. These are induced by
the polarization term and both proportional to ie,. Technically,
the off-diagonal Cooperon terms originate from the matrix
elements 005 “5Pe, and 67 *cPe, in the prefactor in front
of the integral in Eq. (26). Without the off-diagonal Cooperons
C* and C”* Eq. (29) cannot correctly describe the case
of strong polarization, |e,| — 1. In the next subsection we
calculate the required triplet Cooperon amplitudes.

B. Cooperon amplitudes

The equation for the Cooperon amplitudes C"(g,w) =
> apalp \I’;’E\Ilé/ﬁ/ Copp(w,q) follows from Eq. (22). After
the standard integration procedure’” we find

2
.. T N A .
Clqw)= =8+ — 3 THP_y01P10,)CY (q.0),
T, T

0 §=0,x, ¥,Z
(30)
where the brackets (- - - ) stand for the integral

m g
(...>=/0 Pn 3D

27 1 —itw+itvn-q’

taken over the momentum directions on the Fermi surface.
Equation (30) reproduces the Cooperon amplitudes for the
conventional 2DEG (see Appendix A). In our case, the
specifics of the system consists in the 7 -periodic pseudospin
texture determined by vector e(n) in Eqgs. (10) to (12). First,
we make use of the fact that e(n) is an even function of n. This
allows us to reduce Eq. (30) to

(ie; +exey) (—iey, +exe;) c*r  Ccv  Cxz 1 0 0
(—ie; +eye,) 14+el—(1—¢e}) (iey +eye;) cx c» o Cc¥|l=t|0 1 0], (32)
(iey + e.ey) (—iey +ee,) 1+e2—(1—¢?) = o 0 0 1
[

and C% = (t?/7,)80,. Note that the Cooperons with the singlet OV O O — O 2ie; C 35)
first index (i = 0) decouple from the rest and are independent - ’ - C1+e2 ’
of q and w. In Appendix B we solve Eq. (32) in the diffusion . 1
approximation C*(q.0) = (36)

tn-qg K1, oKl (33)

For the required Cooperon amplitudes we find
1
(I+e)(Dg* —iw)+ (1 —e)?/27

1
+ (1 —e)Dg? —iw)+ (1 + 61)2/21] > G4

1
C*q.o) =5 [

(1 —e2)(Dg? —iw) +2e2 /T’

In these equations, parameter e, quantifies the degree to which
the TRS is broken by the polarization field. In the TRS case
(e, = 0), Cooperon C** is gapless, while C** and C?” both
have a large relaxation gap of 1/2t.If the TRS is broken, all the
Cooperons are gapped as expected for the unitary universality
class. For a weak polarization with eg <« 1, a small gap of
Zeg /T opens in C**. For a strong polarization with |e,| — 1,
Cooperons C** and C*” become gapless, while the gap in C**
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increases to 2/t. In each case, the conductivity correction is
determined by the Cooperons with a small gap.

IV. RESULTS

The TRS breaking parameter e, can be controlled by tuning
the carrier density n [see Eqs. (12) and (13) and text after].
We begin by evaluating WL conductivity (29) at high carrier
densities

n > no, (37
which corresponds to |e,| < 1. In this case,
1

, 38
Dq? —iw +2e2/t (38)

C¥(q.0) ~

and the other Cooperons can be neglected. With the upper
integration cutoff Dg? = t~! & 173 !and replacement —iw» —
7, ', Egs. (29) and (38) yield

5 ¢ (% +2¢? (39)
o —— — .
2mh Ty 2

The case of strong polarization (Je;| — 1) corresponds to low
carrier densities

n < ny. (40)

Under this condition, Cooperons C**/*Y (34) and C**/?* (35)
are

1/2

O o A v . @
2(Dg? —iw)+ (1 — [e,])?/2t

C¥* = —C*¥ ~isgn(e,) C**, (42)

and C** is negligible. With the upper integration cutoff qu_ =
! ~ 27, " in Eq. (29), we find

2 1 — 2
b0~ Sy dZleD7) (43)
2mh 27y 4

In view of Eq. (13) the dependence on the polarization e, is
equivalent to the dependence on the Berry flux 8. Replacing

n/n,
0 5 10 15 20 25

—21 ,
) //
O /
W /
-3
(Ze] unitary
41
orthogonal —»
_5 4

«— orthogonal

FIG. 4. (Color online) WL conductivity correction 6o versus
carrier density n [see also Eqgs. (39) and (43)]; o9 = ¢?/(2mh) and
74/7, = 100.
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T,/7T,
0 0.1 0.2 0.3 0.4 0.5

unitary

(a) n/n;=100
orthogonal (b) n/i ny= 10

61 n/n0=5

FIG. 5. (Color online) WL conductivity correction do versus
normalized dephasing rate t,/74 for different carrier densities [see
also Eq. (39)].

e, by B in Egs. (39) and (43), we arrive at Eq. (1) for the WL
conductivity correction 6o (f) announced in the Introduction.
We note that the regimes e, — =+1 are realized in the normal
and inverted structures with 8 — 0 and 8 — 4, respectively.

In conclusion, we discuss two possible experimental
signatures of the Berry-flux dependence of §o. One is a
nonmonotonic carrier-density dependence of Jo, which
follows from asymptotics (39) and (43). In Fig. 4 Egs. (39)
and (43) are plotted as a function of the normalized
density n/ng. In the two extreme limits n/ng — 0 and
n/ny — oo the system behavior is typical of the orthogonal
universality class with a logarithmically large negative
b0 = —(e2/2nh) In(z4/7,). On the crossover between the
orthogonal limits at n ~ ng, the WL correction should reach
a maximum value of the order of —e? /27 h. The maximum is
the signature of the Berry flux in the well-developed unitary
regime in which the phase-coherent quantum interference is
limited by a short time scale ~ .37 This corresponds to the
large gaps in the Cooperon amplitudes in Egs. (34) to (36).
The other possibility is to examine the dependence of §o on
the dephasing rate 7, !, as shown in Fig. 5. For a sufficiently
large carrier density (curve a in Fig. 5) the correction o tends
to be divergent in the limit 7, ' — 0. This indicates that B is
very close to 2. For somewhat lower densities (e.g., curve c in
Fig. 5), 60 is less sensitive to r¢_l. Its finite value at rd)_' — 0,

£
2
is the measure of the Berry flux 8. Experimentally, this limit

can be achieved at sufficiently low temperatures.

2

o ~ —In
wh

) (44)

APPENDIX A: WL CORRECTION AND
COOPERON AMPLITUDES FOR A CONVENTIONAL
2DEG FROM EQS. (26) AND (30)

Since matrix P, in Eq. (26) is still arbitrary, this equation
is valid also for a 2DEG with a spin-independent quadratic
Hamiltonian. In this case, A = B = 0in Eqgs. (2) and (16), and
the Green functions are given by Eq. (24) where ﬁ,, should be
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replaced by the unit matrix oy. Then, using Eq. (27) we find
from Eq. (26)

462 D
8 CDt o
o =-22 [ o4 Y

4¢*D
= - CUTH W W
- o )ZZ il ]

(AD)

_4¢’D :
_ e /(2 )2 Cxx_}_cyy +sz —COO].

Unlike Eq. (29), the above equation involves both triplet and
singlet diagonal Cooperons. These can be calculated from
Eq. (30) with P, = o0p and T = 7,/2 as

PHYSICAL REVIEW B 88, 205404 (2013)

The factor of 1/2 is due to the chosen normalization of
the Cooperon. Equations (Al) and (A4) lead to the well
known result: o = (2 )h -2 where the factor of 2 in the
numerator accounts for the band degeneracy.

APPENDIX B: COOPERON AMPLITUDES FROM EQ. (32)

We seek the solutions of Eq. (32) with the diffusion pole
structure similar to that in Eq. (A4). Let us first estimate the
off-diagonal matrix elements (e, ,) and (e.e,) in Eq. (32). To
do so we expand the denominator in Eq. (31) and perform
averaging over n under conditions (33). Since e, , are both
second harmonics of ¢ [see Egs. (10) and (11)], the expansion

Cli(q.) /2 5 (A2) must be to the second order in Tvn - ¢ at least. Consequently,
’ W) = ———— ijs
1= () ~ 3 (q2 = ¢2). (ey)) ~ Tv’quqy.  (BD)
where (1) is the angle integral . 40 4
) 9 These terms produce a fourth order correction t*v-g* in the
(1) = " Wﬂ 1 Al itw— Tvgq diffusion pole, and, for this reason, can be neglected. The aver-
S 2rl—itw+itvn-q 2 7 age product (e.e,) ~ t#v?g* leads to even smaller negligible
(A3) corrections. Next, we note that the main approximation for
2 .
e ) is
under conditions (33). Inserting this into Eq. (A2), we have ()
i, 12 vie er,)~el/2. (B2)
C(g.0) = Dq* — inij» D= - (Ad) Therefore, Eq. (32) can be approximated as
|
1+e +1-— (1) i(ez) 0 cxx  Ccv Cx 1 0 0
—ile) BE a1 0 cx v oo |=1|0 1 0 B3)
0 0 1+ e2 _(1 —e2) c¥ Cc¥ Cc% 0 0 1
It splits into three equations for the required triplet Cooperons:
1+e . ]
+1-—(1 ie (1 c* 1
( > 1+e Z( ) [ny}:r[o}’ (B4)
| —ei(l) +1 (1)
1+e . 7]
+1-(1 ie (1 cv 0
(n . A1) [ny]:f[l] (B5)
—ie (1) +1—(1) |
[(1—e)A— (1) +2ef]C =7 (B6)

Solving these equations and using Eq. (A3) for (1) we obtain Cooperon amplitudes (34) to (36).

IC. L. Kane and E. J. Mele, Phys. Rev. Lett. 95, 226801 (2005).

’B. A. Bernevig, T. L. Hughes, and S.-C. Zhang, Science 314, 1757
(20006).

M. Konig, S. Wiedmann, C. Briine, A. Roth, H. Buhmann, L. W.
Molenkamp, X.-L. Qi, and S.-C. Zhang, Science 318, 766 (2007).

4L. Fu and C. L. Kane, Phys. Rev. B 76, 045302 (2007).

3S. Murakami, New J. Phys. 9, 356 (2007).

6. E. Moore and L. Balents, Phys. Rev. B 75, 121306(R) (2007).
M. Konig, H. Buhmann, L. W. Molenkamp, T. Hughes, C.-X. Liu,
X.-L. Qi, and S.-C. Zhang, J. Phys. Soc. Jpn. 77, 031007 (2008).
8M. Z. Hasan and C. L. Kane, Rev. Mod. Phys. 82, 3045 (2010).

°X.-L. Qi and S.-C. Zhang, Rev. Mod. Phys. 83, 1057 (2011).

1D, Culcer, Physica E 44, 860 (2012).

1G. Tkachov and E. M. Hankiewicz, Phys. Status Solidi B 250, 215
(2013).

12Y. Ando, J. Phys. Soc. Jpn. 82, 102001 (2013).

BL. Fu, Phys. Rev. Lett. 106, 106802 (2011).

4T, H. Hsieh, H. Lin, J. Liu, W. Duan, A. Bansil, and L. Fu, Nat.
Commun. 3, 982 (2012).

15Y. Tanaka, Z. Ren, T. Sato, K. Nakayama, S. Souma, T. Takahashi,
K. Segawa, and Y. Ando, Nat. Phys. 8, 800 (2012).

16P. Dziawa, B. J. Kowalski, K. Dybko, R. Buczko, A. Szczerbakow,
M. Szot, E. Lusakowska, T. Balasubramanian, B. M. Wojek, M. H.
Berntsen, O. Tjernberg, and T. Story, Nat. Mater. 11, 1023 (2012).

205404-6


http://dx.doi.org/10.1103/PhysRevLett.95.226801
http://dx.doi.org/10.1126/science.1133734
http://dx.doi.org/10.1126/science.1133734
http://dx.doi.org/10.1126/science.1148047
http://dx.doi.org/10.1103/PhysRevB.76.045302
http://dx.doi.org/10.1088/1367-2630/9/9/356
http://dx.doi.org/10.1103/PhysRevB.75.121306
http://dx.doi.org/10.1143/JPSJ.77.031007
http://dx.doi.org/10.1103/RevModPhys.82.3045
http://dx.doi.org/10.1103/RevModPhys.83.1057
http://dx.doi.org/10.1016/j.physe.2011.11.003
http://dx.doi.org/10.1002/pssb.201248385
http://dx.doi.org/10.1002/pssb.201248385
http://dx.doi.org/10.7566/JPSJ.82.102001
http://dx.doi.org/10.1103/PhysRevLett.106.106802
http://dx.doi.org/10.1038/ncomms1969
http://dx.doi.org/10.1038/ncomms1969
http://dx.doi.org/10.1038/nphys2442
http://dx.doi.org/10.1038/nmat3449

WEAK LOCALIZATION AND BERRY FLUX IN ...

7K. S. Novoselov, E. McCann, S. V. Morozov, V. I. Fal’ko, M. L.
Katsnelson, U. Zeitler, D. Jiang, F. Schedin, and A. K. Geim, Nat.
Phys. 2, 177 (2006).

18K. Kechedzhi, V. I. Fal’ko, E. McCann, and B. L. Altshuler, Phys.
Rev. Lett. 98, 176806 (2007).

YH.-T. He, G. Wang, T. Zhang, 1.-K. Sou, G. K. L. Wong, J.-N.
Wang, H.-Z. Lu, S.-Q. Shen, and E.-C. Zhang, Phys. Rev. Lett. 106,
166805 (2011).

0H.-Z. Lu, J. Shi, and S.-Q. Shen, Phys. Rev. Lett. 107, 076801
(2011).

21G. Tkachov and E. M. Hankiewicz, Phys. Rev. B 84, 035444
(2011).

22V, Krueckl and K. Richter, Semicond. Sci. Technol. 27, 124006
(2012).

M. Miilhlbauer, A. Budewitz, B. Biittner, G. Tkachov, E. M.
Hankiewicz, C. Briine, H. Buhmann, and L. W. Molenkamp,
arXiv:1306.2796.

24K.-I. Imura, Y. Kuramoto, and K. Nomura, Phys. Rev. B 80, 085119
(2009).

251, Vobornik, U. Manju, J. Fujii, F. Borgatti, P. Torelli, D. Krizmancic,
Y. S. Hor, R. J. Cava, and G. Panaccione, Nano Lett. 11, 4079
(2011).

PHYSICAL REVIEW B 88, 205404 (2013)

26T, Jungwirth, Q. Niu, and A. H. MacDonald, Phys. Rev. Lett. 88,
207208 (2002).

?’B. Zhou, C.-X. Liu, and S.-Q. Shen, Europhys. Lett. 79, 47010
(2007).

28M. Jadskeldinen and U. Ziilicke, Phys. Rev. B 81, 155326 (2010).

V. Krueckl, M. Wimmer, 1. Adagideli, J. Kuipers, and K. Richter,
Phys. Rev. Lett. 106, 146801 (2011).

30B. L. Altshuler, D. Khmel’nitzkii, A. I. Larkin, and P. A. Lee, Phys.
Rev. B 22, 5142 (1980).

317, Rammer, Quantum Transport Theory (Westview Press, Boulder,
CO, 2004).

328ee, e.g., Appendix of Ref. 21.

33H. Suzuura and T. Ando, Phys. Rev. Lett. 89, 266603 (2002).

*In the TCIs with an even (e.g., two) number of the surface Dirac
cones the WAL and WL processes may compete, depending on the
strength of the scattering between the Dirac points.

3N. S. Averkiev, L. E. Golub, and G. E. Pikus, Zh. Exp. Teor. Fiz.
113, 1429 (1998) [JETP 86, 780 (1998)].

%F. V. Porubaev and L. E. Golub, Phys. Rev. B 87, 045306 (2013).

37We note that, unlike the Dirac materials, here the Berry flux of @
is achieved in a system with a broken TRS (short phase-coherence
time) and does not lead to the WAL.

205404-7


http://dx.doi.org/10.1038/nphys245
http://dx.doi.org/10.1038/nphys245
http://dx.doi.org/10.1103/PhysRevLett.98.176806
http://dx.doi.org/10.1103/PhysRevLett.98.176806
http://dx.doi.org/10.1103/PhysRevLett.106.166805
http://dx.doi.org/10.1103/PhysRevLett.106.166805
http://dx.doi.org/10.1103/PhysRevLett.107.076801
http://dx.doi.org/10.1103/PhysRevLett.107.076801
http://dx.doi.org/10.1103/PhysRevB.84.035444
http://dx.doi.org/10.1103/PhysRevB.84.035444
http://dx.doi.org/10.1088/0268-1242/27/12/124006
http://dx.doi.org/10.1088/0268-1242/27/12/124006
http://arXiv.org/abs/1306.2796
http://dx.doi.org/10.1103/PhysRevB.80.085119
http://dx.doi.org/10.1103/PhysRevB.80.085119
http://dx.doi.org/10.1021/nl201275q
http://dx.doi.org/10.1021/nl201275q
http://dx.doi.org/10.1103/PhysRevLett.88.207208
http://dx.doi.org/10.1103/PhysRevLett.88.207208
http://dx.doi.org/10.1209/0295-5075/79/47010
http://dx.doi.org/10.1209/0295-5075/79/47010
http://dx.doi.org/10.1103/PhysRevB.81.155326
http://dx.doi.org/10.1103/PhysRevLett.106.146801
http://dx.doi.org/10.1103/PhysRevB.22.5142
http://dx.doi.org/10.1103/PhysRevB.22.5142
http://dx.doi.org/10.1103/PhysRevLett.89.266603
http://dx.doi.org/10.1134/1.558539
http://dx.doi.org/10.1103/PhysRevB.87.045306



